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1 Introduction

In spite of the fact that Hankel operators have become, after the seminal paper of
Adamjan, Arov and Krein [2], a central tool in systems theory and in interpolation
theory, some of its features have been studied in detail only recently in [1]. Among
the relevant results are the connection between restricted shift realizations and be-
tween the singular values of the original operator and those of its Nehari extension.
We present a simple derivation of these results and some generalizations.

2 Preliminaries and Notation

We work in the Hilbert space setting of the plane; we define L%(S) to be the set of
the square integrable functions on the imaginary axis, and H? to be the subspace
of L? of functions analytic in the right half-plane and s. t.
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(H? is defined similarly on the left hand-plane).
The inner product in H2 is

1 7 —_—
) = — ; ] 2.1
(f,9) = o L (i) gliw) dw (2.1)
where bar denotes conjugate. If p(s) is a polynomial with real coefficients, we set

p*(s) == p(-s).
Let f = Z be a stable rational function of L?: we denote by P+(P~) the orthog-

onal projection of L? onto H3(H?). The Hankel operator with symbol f is defined
as

Hih = P fh heH? 2.2)
A Schmidt pair (€,7) of Hy is a pair of vectors ¢ € H2, n € H? so to

Hy§ = on, Hin = of. (2.3)

for a convenient positive number o, called singular value. It can be shown (see [1]
or [2]) that if f € H2 and it is rational of degree n, then there exist n different
singular values.

01 2 03 2 ... 2> 0p

and n pair (&1,m1) . .. (&n, ) (Schmidt pairs) satisfying (2.3).
Moreover there exist polynomials ps,...,p, of degree at most n — 1 such that

& = d,,, n = &;% where ¢; is a constant of modulus 1. In view of the definition
(2.2), (2.3) becomes

’g% = &0 112 + E;" (24)
where 7; are convenient polynomials of degree at most n — 1.

The polynomials p; are in general determined up to a (constant) factor by Z,
as well as the values o; and &;. We set A\; = ¢;0; and assume in the sequel that
01> 02 > ... > 0, In this case the p; are unique (up to a constant factor) and &
is orthogonal to & for ¢ # j (see [1]).

The equation (2 4) is called fundamental equation (see [1]). In what follows we
will also assume d monic.



3 Main Results

The fundamental equation (2.4) can be written (see [1], [2]) as

nd p _ \p
SR B LD .
A1 pid  d* P + o (3.1)
Therefore
pid w 2P} pi pid
= = A — XA
'pds T pt g Yd pd*
*
= )F?i _ 2P )‘i__
1 d* 1 d* pl
) D
= -\ - =
m + (/\1 t) d*
i.e. p d. —Lo has signed singular values As, ..., \, and singular vectors =2 I’ —n ThlS

result has been obtained first by Fuhrmann and it admits a simple generahzatlon
to the all pass functions generated by any Schmidt pair.
- Theorem 3.1. Let p, = UkSk, With u; unstable and sy stable and let ¢ = %b,%;

if pr has s-vectors % and signed singular values p;, (1 = pa. .. = por—1 > por >
-+ > fintk—1, then o} has signed singular vectors fi; = —pop i1, 1 <i < n—k, and

s-vectors %, where the %:— satisfy the fundamental equation.

Proof. From the fundamental equation we get

oy o; B .
= pi— + = i=2k,..., k-1
.uk‘Pkd* = Mgt o n+
and
ﬂ* - 2 G!: « Qi
l‘upk = Hg d* Hrlbip du* -
= 02 o 2 0 Bs
Megew = M oo = B
_ P o
= . + (g — pd) Iu
and hence the result. Q.E.D.

Another result in [1] adrmttmg a simple genera,hzatlon is the following: the

1 d* ph _ pi
function  d Pa has s-values - x;» and s-vectors .

To see thls from the fundamental equation for i = n we obtain



pid  "dpm B
applying this equality to the fundamental equation again we get

ey md T d

md* p; pi , T
wBEE B T
‘pid & T d

_ pnd*gz_{_,’rd*f
pr d d  piop, d*

Multiplying by = we get

d* * d* 7!' * ¥
"d pn d* d  pn p1 d* Dn DI
division by A;\, yields the result.
The same idea is behind the next theorem:

Theorem 3.2 Let ) have s-vectors & = 75—, 2k <1 < k+n— 1 and S

— Qk4n Cl'l

P1 = ... = lok_1, M2k« - Mktn—1- Lhen —-i'-——1 2% has SSV [ = Mkin—1, U2
- du

Pty -+ Pk = .. = Bkgn—1 = U] and s- vectors —

oty
Proof. Write the fundamental equation for ¢ *

*

a; _ Q; + ﬂl
kudr ~ Murd
yielding
op = Qpn-1Ukd* | Brik-1  urd’
k — * * * *
O 1ukd S Opyk—1

applying the above to ——*— we obtain

. *
Onpk—1Urd"  Qf Brik-1 upd* o
Gy Ukd Urd* s ahip g ud*

ai ﬂz

ukd Sk

multiplication by %ﬁ:*—f gives

* * * *
Qg ud' a; i a; Prti—10; _ Q1P
; =

Qnyk—1 U*d ud* uid SpOnk—1ud* Olptk—15k

Division by p;p, yields the result. ' Q.E
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y: From the above result we obtain a duality structure for the generic
ich is slightly more complex than the one presented in [1].

Dr d*

Pr = ot d (3.2)
k
L prdt
* prd
_ n+k—1 'U,kd
Prn Ot b1 ut d
Brn = ﬁ%‘n_k_ls}‘;d
™ Bon—k_15%d

= is the last s-vector of ¢, and —3’;—;‘2——1— is the last s-vector of @, . Then
esults can be summarized as follows:

i (0x) = oninj (Prm (3.3)

0 (Pr) = 02_11.1—k—j+1 (Prn)

> seen that a Hankel operator is uniquely determined by its first or its
t vectors. Is this true for any Schmidt vector? The answer is positive,
result shows.
m. Let 2 be a stable strictly proper rational function of degree n with
0S. Then there is a unique (up to a constant factor) Hankel operator of
th 2= -+ as its k-th s-vector.
We want to find a stable p; and A, Ax such that.

)\lflfd_* - ,\k’i’if + med”

pi d pid  pink

ing by & A\;! we obtain

AP P md
Ml Pk PiB
ng in z; (zeros of d) we get

) _ pk

P1 “ Di

is a Pick-Navanlinna problem and it admits a unique solution of minimal
hus the conclusion.
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