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Preconditioning in Implicit Initial Value Problem Methods on
Parallel Computers

P.J. van der Houwen
CWI
P.O. Box 4079, 1009 AB Amsterdam, The Netherlands

Implicit step-by-step methods for numerically solving the initial-value problem {y' = f(y),
y(0) = yo} usually lead to implicit relations of which the Jacobian can be approximated by a
matrix of the special form K =1 - hM®J, where M is a matrix characterizing the step-by-step
method and J is the Jacobian of f. Similar implicit relations are encountered in discretizing
initial-value problems for other types of functional equations such as VIEs, VIDEs and DDE:s.
Application of (modified) Newton iteration for solving these implicit relations requires the
LU-decomposition of K. If s and d are the dimensions of M and J, respectively, then this LU-
decomposition is an O(s3d3)-process, which is extremely costly for large values of sd. We
shall discuss parallel iteration methods for solving the implicit relations that exploit the
special form of Jacobian matrix K. Their main characteristic is that each processor is required
to compute LU-decompositions of matrices of dimension d, so that this part of the
computational work is reduced by a factor s3. On the other hand, the number of iterations in
these parallel iteration methods is usually much larger than in Newton iteration. In this
contribution, we will try to reduce the number of iterations by improving the convergence of
such parallel iteration methods by means of preconditioning.

1980 Mathematics Subject Classification: 65M10, 65M20
Key Words and Phrases: numerical analysis, implicit step-by-step methods, preconditioning,
parallelism.

1. Introduction

In this paper we study parallel step-by-step methods for solving initial-value problems (IVPs) for a variety of
functional equations, such as ordinary differential equations (ODEs), Volterra integral equations (VIEs), Volterra integro-
differential equations (VIDEs), delay-differential equations (DDEs), etc. Our approach is the parallel iteration of the
implicit relations associated with an implicit integration method (the corrector method). The corrector methods will be
represented in the partitioned General Linear Method (GLM) form introduced by Burrage and Butcher [5]:

Y =Fy(h, Yg, Y1, ..., Yp) + hY(M®DG(Y), Yp41 =Hp(h, Yo, Y1, ..., Yy, Y),

(1.1)
Y = (Y1T, YT, .., Y, DT, Y, = (YT, Yoo, ..., Yo DT, n=0,1,2, ...,

where v is the order of the IVP, M is an s-by-s matrix with constant entries characterizing the corrector, Y and Y,
present an s-dimensional and r-dimensional block vector of numerical approximations to the exact solution of the IVP.
If the IVP has dimension d, then Y; and Y are vectors in rd-dimensional and sd-dimensional vector spaces, respectively,
and Fy, Gp, and Hy, are functions depending both on the IVP and the step-by-step method. Furthermore, M®I denotes
the direct product of the matrices M and .

In each step, the block vectors {Yg, Y1, ..., Yy} are the input vectors, Y41 is the output vector, and Y is the
internal stage vector or 'blackbox' vector. We shall say that the method has s internal stages and r output points. The
equations defining Y and Y41 are respectively called the stage vector equation and the output formula (or: step point
formula). Both equations have a 'history' term only containing backvalues, and a 'future’ term containing the unknown
stage vector Y.
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Each step requires the solution of the stage vector equation in the corrector method (1.1). It will be assumed that
the Jacobian of (M®I)G, satisfies a relation of the form

1.2) (M®I) a—%—‘-“-{@— = M®]J;, + o(h),

where J;, is a d-by-d matrix evaluated at a single point and completely determined by the IVP. Before discussing the
iteration process for solving the stage vector equation, we first consider examples of step-by-step methods of the form
(1.1). For simplicity of notation, all formulas refer to IVPs for scalar functional equations and we shall extensively use
‘componentswise' notation, that is, given a function f : R — R, then f(v) denotes the vector with entries f(v;).

1.1. Ordinary differential equations. Consider the IVP for ordinary differential equations (ODEs)

13)  yV@© =1t y®), yto)=yo, 10<t<tend,
and consider the GLM as presented in [5]:
(1.4) Y =C12Y, + hVCyif(tpe + he, Y), Ypi+1 =C22Yn + hVCoif(the + he, Y), n=0,1,2, ...

Here C12 is an s-by-r matrix, Cj1 is an s-by-s matrix, C3 is an r-by-r matrix, and C3; is an r-by-s matrix. This
method can be cast into the form (1.1) with

Fy(h, Yo, ... , ¥p) = C12Yn, MGy(Y) = Cy1f(tge + he, Y),
Hn(h, YO, oo g Yn, Y) = C22Yn + th21f(tne + hc, Y),

so that (1.2) is satisfied with M = C11 and J;, = (3f/9y)n.

1.2. Second-kind Volterra equations. Consider the second-kind Volterra equation (VIE)

t
(1.5) y(t) = g(t) + J Ktx,yx) dx, 0<t<T,
0

and the Volterra Runge-Kutta (VRK) method (cf. [1])

Y = F*(tpe + hc, the) + h®(Y), Dj(ty, Y) := aiTK(tne + hcie, thpe + he, Y), i=1, ..., s,
(1.6)
Yn+1 = F*(tn + h, t) + hbTK(tqe + he, tpe + he, Y),

The VRK parameters are stored in the s-dimensional vectors aj, b and ¢, and e denotes the unit vector (1, ..., DT
F*(t,s) denotes a numerical approximation to the lag term

S
1.7 F(t,s) :== g(t) + j K(t, x, y(x)) dx
0

only using the input valuess {yo, Y1, ... » Yn}. The method (1.6) fits into the class (1.1) withr =1, Y, =y, and

Fp(h, Y0, ... , Yp) := F¥(tge + h0, the), MGp(Y) := &(tp, Y),
Hp(h, Y0, ... , Yn, Y) 1= F¥(t; + h, tn) + hbTK(tqe + he, tae + he, Y).

Let A be the matrix with row vectors aj!. Then, M = A and J, = (9K/0y)n.
Another class of VIE methods that can be presented in the form (1.1) is the block version of Volterra Linear
Multistep method for the VIE (1.5)



(1.8) Yn+1 = AY; + BF*(tpe + hO, tpe + ha) + hCK(tpe + hb, te + he, Yp41), n=0,1,2, ...,

where 0, a, b and c are k-dimensional vectors, A, B and C are k-by-k matrices and where F*(t, s) denotes a numerical
approximation to the lag term (1.7) only using values of the input vectors (Yo, Y1, ..., Yy}. By setting r = s and
defining

Fn(h, Y0, ... , Yp) := AYy + BF*(tze + b, tye + ha), MGy(Y) := CK(tpe + hb, tye + he, Y),
Hp(h, Yo, ... , Yp, Y) ==Y,

the method (1.8) fits into the class (1.1), and (1.2) is satisfied with M = C and J, = (6K/0y)n.

1.3. Volterra integro-differential equations. Consider the IVP for Volterra integro-differential equations

t
19 y® =)+ 20, 20 = OI K@, s ys) ds, y0)=yo, 0<L<T,

and the VDRK method (cf. [1])

Y = ype + hAf(Y) + hA[Z(tpe + he) + h®(ty, Y)],
(1.10)  ®(tn, Y) := (ejTA*K(tpe + hdj, the + he, Y)), i=1,...,s,
Vil = Yo + BTATL(Y - ype),

where C is assumed to be nonsingular and Z(t) denotes a numerical approximation to the lag term

t
(1.11)  Z@):= J K(t, x, y(x)) dx
0

only using the input values {yo, ¥1, ... » Yn}. The method (1.6) fits into the class (1.1) withr = 1, Y, = yp, and

Fn(h, Yo, ..., Yn) :=ype + hAZ(tye + he), MGL(Y) := A[f(Y) + h®(Y))],
Hp(h, Y0, ... , Y, Y) := yn + bTAL(Y - ype).

Condition (1.2) is satisfied with M = A and J, = (3f/dy)n.

1.5. Delay-differential equations. Consider the IVP for delay-differential equations
(112)  y'(t) =fiy®) + z(), z(t) =g(y(t-a), 0<t<T,
where a(t) is positive and y(t) is prescribed for t < 0. This IVP can be solved by the RK method

Y = ype + hAZ(tye + he) + hAf(Y),
(1.13) n=12, ..,
Yn+1 = Yn + bTAL(Y - yqe),

where A is assumed to be nonsingular and Z(t) denotes a numerical approximation to the delay term z(t) only using the
input values {yg, Y1 .. » Yn}. The method (1.6) fits into the class (1.1) withr =1, Yy = yp, and

Fn(h, Yq, ... , Yp) := ype + hCZ(tpe + hc), MG (Y) = Af(Y),
Hp(h, Y0, ... , Yn, Y) := yn + bTATL(Y - yre).

Condition (1.2) is satisfied with M = A and J, = (0f/dy)n.



2.  Preconditioned parallel iteration methods
We shall study iterative methods for solving the stage vector equation on parallel computers. Let us write the
stage vector equation in (1.1) in the form

(21a) Ry(h,Y):=Y -Fyh, Yy, ..., Yy) - hV(MBDGp(Y) =0.
A general format for describing well known iteration methods for solving this nonlinear system is of the form
(21b)  Kpj(YD) = Kpj(YGD) - Rp(h, YGD), j=1,..,m,

where Y9 is a given initial iterate and Ky is an operator that may depend on the step point index n and the iteration
index j. Evidently, if (2.1b) converges, then it converges to the stage vector Y. The most simple choice is Kpj =1 to
obtain fixed-point iteration (or functional iteration). At the other end of the scale, we have the Newton iteration process
with Kpj=1- hV(M®I)3Gy,(YU-1))/aY. All sorts of 'intermediate’ choices are possible. In the case where the residual
function Rp(h, Y) originates from an implicit method for ODEIVPs, Burrage [3] discussed a number of such
'intermediate’ choices, among which a few cases that are suitable on parallel computers.

In this paper, we also exploit parallel computers to improve the rate of convergence of the iteration process
(2.1b). However, our considerations will not be restricted to ODEIVPs, but we consider general residual functions
Rp(h, Y) only restricted by the condition that the Jacobian of G, (Y) satisfies (1.2).

The most obvious way for getting fast convergence is the use of high-order predictors. In fact, Burrage gave a
detailed analysis of the effect of the predictors on the overall accuracy and showed that it is advisable to use high-order
predictor formulas for computing the intial iterate YO (see also [2] and [4]). One possibility for constructing a high-
order, parallel predictor formula consists of applying the step-by-step method not only at step points, but also (in
parallel) at offstep points, so that, in each step, a whole block of approximations to the exact solution is computed.
These approximations can then be used in the next step for obtaining a high-order predictor formula. By choosing the
off-step points narrowly spaced, we achieve a much more accurately predicted value than can be obtained by predictor
formulas based on preceding step point values. For ODEs, the performance of such a block predictor approach was
studied in [10] and shown to lead to substantial reduction of the number of iterations. It seems that this approach can
also be applied to the more general step-by-step method (1.1).

Having determined a suitable predictor, we should try to exploit parallel architectures for improving the
convergence of the iteration process. This will be the subject of the rest of this paper.

We shall consider operators Kp; of the form

(210  Kyi(Y®) := Py 1[I - h¥(T®Jy)].

Here, P; is a real sd-by-sd matrix, T is a real s-by-s matrix, and J, is the d-by-d matrix determined by (1.2) and assumed
to be evaluated at (tn, Ynre). Substitution of (2.1c) into (2.1b) yields

[ - hY(T®JIY D = [I - WY (T®IIYG-D) - PRy(h, YUD), j=1,..,m.

Let us first consider the case Pj=1. For T = O and T = M, we easily recognize standard fixed point iteration and
standard modified Newton iteration, respectively. For nonstiff problems, fixed point iteration is an efficient iteration
method particularly on parallel computers because of its intrinsic parallelism (cf. [17, 13, 11]). In the case of stiff
problems, fixed point iteration cannot be used. On the other hand, setting T = M, the computational complexity is quite
large and cannot sufficiently be reduced on parallel computers. Therefore, instead of T = M, we choose for T a triangular
s-by-s matrix of the form

D, 0 O ..

F,D, O ..
@1 T=| ,
F, F; D; ...

where the D; are diagonal s*-by-s* matrices and the F; are allowed to be full s*-by-s* matrices. Recalling that Y is a
vector with s vector components of the IVP dimensinon d, we see that matrices T of the form (2.1d) demands s*
processors to compute the first s* vector components of Y in parallel, next these s* processors compute the second set
of s* vector components of Y, etc. Thus, each iteration requires the solution of s/s* implicit relations of dimension d



per processor. The resulting iteration process will be called diagonally implicit iteration. We remark that for nonstiff
problems, we may set T = O, so that s* = s processors and s parallel evaluations of the s vector components of
Rp(h, YU-1)) per iteration are required. As far as we know, until now, only the case s* = s (i.e., T diagonal) has been
considered [12]. It would be of interest to investigate whether more effcient choices of T using nonzero F; are possible.
Another possibility is to rearrange the components of the stage vector Y (and the stage vector iterates YU)) in d blocks
of s components where the ith block contains the ith component of the s vectors Yj, j = 1, ..., s. Using diagonal
matrices T would again lead to a diagonally implicit iteration process, now using d processors where each iteration
requires the solution of one implicit relation of dimension s per processor. Iteration methods of this type will be
analysed in a forthcoming paper. '

If P; # I, then Pj may be considered as a preconditioner for the residual function Ry(h, Y). In time marching
techniques for solving steady boundary value problems, the use of preconditioners for the conditioning of residual terms
has frequently been used in the literature [15, 14, 17, 18, 9]. The possibility of preconditioning residual terms in
diagonally implicit iteration methods was already suggested in [3] and [8] and will be elaborated in this paper.

In order to see the effect of preconditioning on the iteration error YU) - Y we consider the error equation

2 [1- M(T®IY] [YD - Y] = hVP; (MOD[G(YU-D) - Go(Y)] + [I - Pj - h¥(T®Jy) [YG-D - Y].

We shall confine our considerations to the case where Gy, is linear in Y, satisfying the relation

(M®)) [Gp(U) - Gp(V)]=M®J) [U - V],

where J is a constant d-by-d matrix. On substitution into (2.2) and setting J,, = J, we obtain the linear recursion
@3)  YO-Y=7z[Y(D-Y], Z:=[1-wv(ToN]" (- 0V(TJ) - P; [1- WV M&D)]).

We remark that in many nonlinear problems, this linear error equation presents an O(hV+1) approximation to the
nonlinear error equation (2.2).

We shall consider the recursion (2.3) in the cases where the matrix Pj is such that Z; has one or more zero
eigenvalues (spectral fitting) or Z; behaves as O(h?v).

2.1. Spectralfitting
Suppose that we choose

24 Pj=[I- hVo;(T: ®N][I - hij(M®I)]'1,

where j is a fixed point independent of h on the nonpositive real axis. Such preconditioners require the inversion of m
s-by-s matrices each time the value of h¥wj is changed. Since s is usually small (s < 5), the computational costs are
hardly increased.

The convergence of {(2.3), (2.4)} can be investigated by considering a scalar IVP y(V) = Ay where A runs through
the eigenvalues of the matrix J;, of the original problem. Setting J = A in the equations {(2.3), (2.4)} yields

YO - Y =Zi(hA) [YG-D - Y], Zj(h) := b (0 - A - WATY (T - PM).

Evidently, we have convergence for h is sufficiently small. In particular, we have strong damping in the neighbourhood
of the point ;. This iteration method will be said to be fitted at the point @;. We remark that the preconditioner (2.4)
allows only real fitting points. By replacing the iteration scheme (2.1) by a three-terms recursion, it is possible to allow
complex fitting points.

If oj vanishes (i.e., Pj =), then Zj(h,A) := - hVA(I - h"l’D'l(T - M). This leads to amplification factors

25)  a@VA):=hM (- AT ! (M- T)),

where p(A) indicates the spectral radius of a matrix A. It is our aim to reduce the magnitude of the amplification factor
a(hvA) by a judicious choice of wj.

In the following two subsections, we consider the effect of spectral fitting in a single iteration. In Subsection
2.1.3, the effect of a sequence of different values ©j is investigated. In both cases, we set T = T I with 7 a given,
nonnegative number.



2.1.1. The effect of a single iteration for stiff problems. In the case of stiff problems, we should use nonzero values for
7. A suitable choice of T minimizes the spectral radius of Zjheo)=-I- ~iM1- h"ij]'1 (cf. [HS]). Assuming that
7 is defined, we want to determine the region where the use of preconditioning results in stronger damping then obtained
by applying unpreconditioned iteration. This region will be called the region of improved damping.

Theorem 2.1. Let M have its eigenvalues 1 in the positive half plane. Then, the region of improved damping consists
of the exterior of the union of disks Dy(1,w;) defined by

Do(u,@j) : = {A: |7L+ 9—’-] < e [1-hVou |}, ¢j=|1-hVou 2-1.
S S
Proof. The eigenvalues of the iteration matrix Zj(h,A) corresponding to p are given by

LeLop)) = hY (L- @) (@-w) (1-hVAD ! (1 - Ve L.

The region where the use of preconditioning results in stronger damping is determined by the inequality IC(p.,o)j,)»)I <
1&(1.0,A)), ie. by, IA - @;l < IAl 11 - hVajul. Recalling that @; is assumed to be nonpositive and using Re(i) 2 0, it can
straightforwardly be shown that this inequality is satisfied outside the disks Do(i.,w;). []

Thus, if the spectrum of Jy, is in the left halfplane and if ©; is chosen negative, then this theorem indicates that
preconditioning should result in better damping of those error components that do not correspond to eigenvalues close to
the imaginary axis.

Next, we consider the region where the amplification factors are bounded by a prescribed number a. To that end,
we introduce the quantities

=
1= =—————— Y\ 1-2hVm:Re(w) + h2Vw:2lui2,
It - pl hY jrett i
(2.6a)
. 2 2 .2
I ©) ko N 2, O-0pf
A= 12022V 8j(ou, @) = ‘\/lj + <2522y

and we define the disk D(o.11,03)) of radius 8; and centered at A;:
(2.6b) D(oup,@y) : = {A: I - A1 < §5(0up,@p)).

The following theorem is now straightforwardly proved.

Theorem 2.2. The eigenvalues {(11,0;,A) are bounded by o if either A € D(o.u,0;) and | T8hY 1 < 1 or if A ¢ D(oLp,0;)
and It8hY 1>1.Q1

From this theorem we conclude that for m; < 0 and for small values of o (i.e., small values of 8), the
amplification factors are bounded by o inside the disks D(0.11,00) centered on the negative axis. The radius of these disks
increases as o increases. If § becomes larger than (th)-1 (assuming that T # 0), then the disks D(a,1L,00j) are centered on
the positive axis and the amplification factors are bounded by o outside these disks.

In the case of stiff problems, it is of particular interest to consider the case where the stepsize is relatively large,
so that we we have to take into account the amplification factors in the whole left halfplane. A maximal amplification
factor a in the whole left hand plane can be obtained by requiring that Aj > §; and | t8hV | > 1. On substitution of (2.6a)
we obtain the condition

o2 [1 - 2hVeRe(p) + hYofipP] 2 kt - w2 max{h?Vo}?, le }.



This leads us to the following result:

Theorem 2.3. The maximal amplification factor in the left hand plane is given by

11 - pt-1 max(hVtiw;l,1)
‘\ll - 2hVojRe(n) + h¥o;2uP?

a(hV@;) :== max 1

Example 2.1. Consider the two-point Gauss-Legendre corrector for first-order ODEs (v = 1), where

Mo 3 3273
T 12 (3+2«!? 3 )

Hence, Re(u) = 1/4 and w2 = 1/12. Without preconditioning, we find otho) =11 - pt-ll By applying preconditioning,
we find

11 - pt-ll max(hrlogl,1) max(htlwi,1)
V1-hoy2 + 20212 V1-hoy2 + k212

a(ho;) = a(0) .

For a typical value of T = 1/4 (cf. [12]), the reduction factor varies from 1 for h(x)j =0t0 0.48 for h(oj =-4.1

2.1.2. The effect of a single iteration for nonstiff problems. For nonstiff problems we may use T = O to obtain fixed
point iteration. Since the Theorems 2.1 and 2.2 also apply to the case T = O by setting T = 0, we can achieve strong
damping in prescribed disks D(o,p1,@;) by a suitable choice of ®; and h. The analogue of Theorems 3.3 becomes:

Theorem 2.4.If =0 and w; = -6p, 6 > 0, p denoting the spectral radius of J,, then the maximal amplification factor in
the disk D(o,p,;) is bounded by

hY, a A - o;
a(LBhVp) = () i b RO P LA T
V1 +26Re(u)hVp + 62ii2h2vp?2
Table 2.1. Spectrum function (), 0 := -0j/p.
Half disk spectrum ~ (A: [A] < p, Re(A) < 0} o®):=V1 + 62, 020
Interval spectrum {A:-p<A<0) 6(0):=max {0,11-61}, 6>0
Full disk spectrum  {A: |A - 6gp|<p,1/2£09<1} o(0):=1-86, 0<0<9

o(0):=1+6 - 20, 02>0g

The spectrum function 6(0) depends on the type of spectrum of the Jacobian matrix and determines the magnitude
of ou(l1,8,hVp). We remark that in the unpreconditioned case (8 = 0), we have Y(0) = 1, so that the amplification factors
are given by InlhVp, that is, they do not depend on the type of spectrum. By applying preconditioning, the particular
type of spectrum can be exploited. For future reference, Table 2.1 presents the functions 6(0) for a few special cases.

Example 2.2. Consider again the two-point Gauss-Legendre corrector (compare Example 2.1). The corresponding
amplification factors are given by

o(0)hp
V12 + 66hp + 02h2p2

a(u,8,hp) ==




Let us consider the case of a disk spectrum and let us choose 6 = 8. Then

(1 - 8g)hp
V12 + 660hp + 6g2h2p?

o(iL,80,hp) = > <8< 1.

Without preconditioning, we have ai(1,0,hp) = hp / V12, so that the amplification factors of the preconditioned iteration
method are smaller by at least a factor 1 - 6g. I

It follows from Theorem 3.4 that a(l,8,hVp) < ¥(6)/6 for any value of hVp and all values of W in righthand plane.
Hence, if we can choose 0 such that 6(6) < 6, then we have unconditional convergence for correctors with Re(w) = 0 (for
example, in the case of an interval spectrum with 6 = 1/2). In all other cases, we have to satisfy a convergence condition
for the stepsize h. We shall derive an upper bound for h such that we have prescribed damping o of all error components
corresponding to the eigenvalues A of J,. From Theorem 2.4 it follows that h should satisfy the inequality

a2 (1 + 26Re()p hY + 621n2p2h2Y) > (5(6) Iul p)2 h2v,
This leads to
(6%(6) - 0262122 h?V - 2026Re(u)p hY - 02< 0.

Assuming that OB a262 is positive, this condition is fulfilled if h satisfies the convergence condition

020 Re(w) + V [0o(O)lul]? - [020 Im(u)]2
(02(0) - 0262)lur )

phY <
Hence, we have the corollary:

Corollary 2.1. Let the conditions of Theorem 2.4 be satisfied and let 72(0) > 0262, Then the spectral radius of the
iteration matrix Z(h,\) is bounded by o for all h satisfying the inequality

hv <

1(0,9) 3 020 Re(u) +  [a5(0)Iul]? - [620 Im(u)]2
S Y(.9) := Max, { 6 - TP }.o

For small values of ., the convergence boundary y(a,0) reduces to the simple expression

, o<< 1.

o
N0.0) = ———
o(®)pM)
Thus, for small values of a, the convergence boundary is increased by a factor 1/5(0) by applying preconditioning. In

Table 2.2, we present convergence boundaries for the case where M is defined by the stage vector matrix in the Butcher
array of a few well-known Runge-Kutta methods for first-order ODEs.

Table 2.2. Convergence boundaries ‘Wa,0) for various values of (o,0).

Half disk spectrum Interval spectrum
Corrector p (@0 (1,172 (1/2172) (o<<1,1/2) | 1,00 (1/2,172) (1/4,172) (a<<1,1/2)
Radau ITA 3 240 3.6 1.3 2.1a 240 4.4 1.5 480
Gauss-Legendre 4 3.40 52 1.9 3.0 3.4a 6.4 2.2 6.8a




2.1.3. Chebyshev preconditioning. Let {a)J] be a given set of fitting points on the negative axis and consider the
accumulated amplification factor

m m m
QN @A) := 111 Lonoj) = [V - (- ivan) '] n (- @)1 - WWojuyl,
J=

Ideally, we should choose the parameter vector {w;} such that maxy, | {m(1.,A) | is minimized in the region of relevant
values of A (relevant values of A are understood to{)e values corresponding to dominant error components). In general,
exact solution of this minimax problem is not possible. However, by observing that for T > 0 the function
max, | Cm(p,A) | has no poles in the lefthand plane and always has m zeros wj, we can approximately solve the
minimax problem by ldentlfymg the set {w;} with the set of zeros of the minimax polynomlal of degree m
corresponding to the reglon of relevant values of'k In the case where the relevant values of A are in a real interval [a, b],
this approximate minimax solution is obtained by identifying {w;} with the set of zeros of the Chebychev polynomial
of the first kind shifted to [a, b}, i.e., the zeros o; of maxy, | {m(u, }») | should coincide with the zeros of the polynomial

2\ b
Sm()\') = Tm(—"'g"""

For other regions of relevant values of A, approximations to the minimax solution can be obtained by employing Faber
polynomials. Coefficients of the approximating polynomials for circular sectors, including the important case of a half
disk region, were given by Coleman and Smith [6]. However, the zeros of these polynomials need not to be real, so that
the iteration process should be modified (by using three terms recursions) in order to achieve fitting at complex points.
This will be the subject of future research. In this paper, we confine our considerations to minimization on the interval
[a, b]. This leads us to the Chebyshev preconditioner defined by

2.8) = [1- WWayTOD][I - Va;M®D]?, ;= -[(a b) cos(EE) 4 a4 b], j=1,.

The following theorem presents an upperbound for the corresponding maximal averaged amplification factor defined by

am(A) ;= maxy, VIEn®@M]| .

Theorem 2.5. If T > 0 and b < 0, then the following assertions hold for the Chebyshev preconditioner (2.8):
(a) In the interval a < A <b, the maximal averaged amplification factor satisfies the inequality

p((1 - A7)t (M - 1D)

ming (i [ (202 b)l)

(b) Let the eigenvalues of M be in the right hand plane, and let -hV(a+b)p(M) be sufficiently small. Then, in the interval
a< A <b, the maximal averaged amplification factor is bounded by « for all h satisfying the inequality

om(@) <

hY < by(_a)’ Y(o) = —de .
"8 V2 p(ai-M)

(c) Let the conditions of assertion (b) be satisfied. Then Chebyshev preconditioning reduces the maximal averaged
amplification factors by a factor 21/M(1 - b/a)/4.
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Proof. (a) Since >0 and b <0, we derive from (2.7) and the relation
m 2\ -a-
I1 (A - ©;) = const. Tm(——a%-t-’-),
=1

the following estimate for the averaged amplification factor:

m
m\/ 1Em@A)| =hvk-pll(l- h"kc)'ll V lr'_n[ A -0 - hVo;u)!

= I -yt el - u—\/ le(2 b)“Tm( 2(h"u)1-a 2%y -a- by

In the interval a < A <b, this estimate is bounded by oy (a,b) as defined in the theorem.
(b) If Re(u) = 0 and if hV(a+b)p(M) << 1, then it is easily shown that

amM) < + V2B (b-2) p((1 - AR (M- D) < 3 V21V (b-2) p(M-1D)

Hence, to achieve a damping by a factor o in the interval a < A < b, the stepsize should satisfy the condition given in
part (b) of the theorem.

(c) From (2.5) we deduce that for unpreconditioned iteration and a < A < b, the amplification factors satisfy the
inequality

@2.5)  a(hVA) = hVIA p((1 - VA1) (M - 2I)) < hVial p((M - 71)
A comparison with the upperbound for oy,(A) yields part (c) of the theorem. []
2.2. Order h2Viteration
So far, the amphﬁcauon matrix Z in (2.3) has been of O(hVY) as h tends to zero. Suppose that we choose P such
that Z becomes O(h ) as h tends to zero. It is easily verified that this can be achieved if P satisfies
(29)  P=I+h'M - T)®J + O(hv+l),

Itis possxble to derive the condition for P ensuring that Z has an arbitrarily high order in h. However, this would only
be of value in the case of problems where the Jacobian matrix is constant. In more general problems, there will be no
advantage in using iteration methods of higher order than order two, so that we will restrict the analysis to order h 2v
iteration.

Let us define

210)  P=[I-W(T®I)]™ [1+ V(M - 2D)®Tp)],
to obtain for the test equation y() = Ay the recursion
YO - Y = Z@VA) [YG-D - Y], Z(OVA) := h2VA2 [1- VAT]2 [M2 - 2TM + T2].
We shall refer to (2.10) as the O(h2V) preconditioner. The corresponding amplification factors are given by
@2.11)-  a(hVA) := h2VAZ p((1 - VAT) 2 (M2 - 2TM + T2)), A€ A.

In the case of nonsuff problems, we may set T = O, so that the amplification factors per iteration are given by
a(hVA) = [hVIA p(M)]2. A companson with the amplification factors of iteration without preconditioning (see (2.5) with
T = O) shows that we achieve in one iteration the same amplification factor as the unpreconditioned iteration method in
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two iterations. The price we have to pay for this second-order effect is two-fold: the evaluation of the Jacobian matrix J
during the integration process and the matrix-vector muluphcauon (M®))Rp(h, YG-1) in each iteration. However, from
the definition of the residual term (2.1a) it follows that this price is quite reasonable, provided that

(i) the evaluation of J is ‘cheap' with respect to the evaluauon of Fy(h, Yq, ... , Yp),
(ii) the matrix-vector multiplication (M®J)Rp(h, YU-1) is ‘cheap' with respect to the evaluation of G,(YG-1)).

Condition (i) is usually satisfied in the case of Volterra integral equations where Fy(h, Yo, ... , Yn) contains the

expensive lag term (hence, the parallel methods described in [7] can be accelerated by preconditioners of the form (2.10)).

Moreover, in many problems, there is no need to update the Jacobian in each step. Condition (ii) implies that the

mulu%hcauon by the d-by-d matrix J should be 'cheap’ compared with the evaluation of a d-dimensional component of
1)), For IVPs of moderate dimension, this requirement is usually fulfilled.

For stiff problems, we choose T such that the spectral radius of Z is minimized for A = o, i.e., T minimizes the
spectral radius of the matrix T~ 2M2 . 2T IM + 1 (cf. Subsection 2.1.1). Unlike nonstiff iteration, the amplification
factors for stiff iteration with T # O are not exact squares of the amplification factors defined by (2.5) (this would only
be true if T and M commute). However, the O(h2V) behaviour of Z should at least lead to a considerable improvement
of the rate of convergence for the nonstiff error components. Since the Jacoblan Jn and the LU-decomposmon of

I - hY(T®J,,) are already available, we conclude that the application of O(h2V) preconditioners does not increase the
computational effort much, provided that

(iii) the forward/backward subsututron associated with L and U, and the matrix-vector multiplication
(M - 2T)®J)Rp(h, YU-D) is ‘cheap' with respect to the evaluation of G, (YU-1)).

3. Numerical experiments
In this section, we report a few first numerical results obtained by introducing preconditioning in the parallel,
iterated RK methods (PIRK methods, cf. [11]) for nonstiff, first-order IVPs

@3.n y'(©) = f(t, y(®), y(to) = yo.

The PC pair will be based on the last step value predictor and on Gauss correctors with Butcher arrays {A, b, ¢}. The
PIRK method is then given by

YD = yne + hP1 (A®D) f(tae +neh, yne),
(32 Y@O=YGD.-p;j[YGED-ye - h(A®D) f(tye +ch, YG1)], j=2,...m,
Yn+1 = Yn + h®T®I) f(tge + ch, Y(M),

where P; is given by either (2 8) or (2.10). The parameter 7| is introduced to tune the arguments in the righthand side
function f(tne + mch, ype) in the case of nonautonomous problems. The most natural choice is such that applying the
method to (3.1) yields the same results as applying the method to the autonomous form of (3.1). This leads to 1 = 0,
and, in general, this value turns out to be shghtly better in the case of unpreconditioned iteration and Chebyshev
preconditioners. However, in the case of O(h ) preconditioners, the choice 1 = 1 seems to be more effective.

In all experiments, the (fixed) stepsize is chosen such that the total number of sequential right hand sides equals a
prescribed number N, specified in the tables of results. The absolute error obtained at the end point of the integration
interval is presented in the form 104 (d may be interpreted as the number of correct decimal digits). In order to test the
order of the method, we also list the effective order defined by p* := [d(h) - d(2h)] / 0.3, h being the smallest stepsize
used. The theoretical order p is given by p=m+1 and p = 2m+1 for spectral preconditioners and O(h2) preconditioners,
respectively.

We shall present results for three choices of the preconditioner:

() No preconditioning (spectral preconditioning (2.4) with T = O and w; = 0)

(ii) Chebyshev preconditioning (2.8) with T = O and [a, b] determined by the range of the diagonal entries of
(an approxrmatlon to) the Jacobian matrix

(iii) O(h2) preconditioning (2.10) with T = O and with J;, (an approximation to) the Jacobian matrix.
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We do not at all claim that the interval [a, b] as defined above is optimal for Chebyshev preconditioning, but it is
reasonably cheap and it reflects some information on the location of the eigenvalues (in fact, for strongly diagonally
dominant Jacobian matrices, the above choice should be quite good). The determination of generally effective parameters
a and b will be subject of future research.

3.1. Scalar test problem
We start with the scalar test problem

(B3)  y® =-[1+sint+ y5©)] [y - exp(-] - exp(-t), y(0) =1, 0<t<5,

with exact solution y(t) = exp(-t). Along the exact solution, the derivative of the righthand side function is given by
offdy = - 1 - sin(t + y). Table 3.1 shows that the Chebyshev preconditioner yields a spectacular improvement of the
accuracy when compared with unpreconditioned iteration. This is of course due to the fact that Chebyshev
preconditioners are more effective as the eigenvalue interval is smaller. The O(h2) preconditioner yields a less
spectacular improvement, but is still quite effective for larger stepsizes (* indicates divergence and the highest accuracy
obtained for equal numbers of sequential function calls are given in boldface).

Table 3.1. Correct decimal digits at t = 5 for problem (3.3)
using the eighth-order Gauss corrector.

Preconditioner M m  Neg=8 Ngg=16 Nyg=32 Ny,=64 p*
(2.4) with =0 0 7 0.9 3.9 6.6 9.0
1 7 * 0.8 3.6 6.4 9.3
(2.8) witha=b=(0fdy), 0 7 2.9 4.7 8.3 12.0
1 7 3.2 4.7 7.7 83
(2.10) with J;=(0f/dy)y 0 3 * 25 4.5 6.6 7.0
1 3 * 2.7 49 7.1 73

3.2. Spectral fitting at positive points
Our second test problem is again a scalar initial-value problem

34) y'(t) = sin(y®) - sin(cos’(t)) - sin(t), y(0)=0, 0<t<2,

with exact solution y(t) = cos(t). The derivative is given by of/dy = 5y*cos(y>) assuming only positive values. This
example was chosen to see the effect of spectral fitting at positive points (we recall that the spectral fitting points ;
were assumed to be nonpositive). Table 3.2 shows that the Chebyshev preconditioner is less robust, but if convergent,
it again produces a considerable improvement, while the O(h2) preconditioner yields improved but erratic results.

Table 3.2. Correct decimal digits at t = 2 for problem (3.4)
using the eighth-order Gauss corrector.

Preconditioner M m  Ne=8 Ng=16 N =32 N =64 p*
(2.4) with @=0 0 7 1.9 3.4 4.8 7.0 7.3
1 7 2.0 3.7 5.6 7.5 6.3
(2.8) with a=b=(0fdy), 0 7 * 6.5 9.0 8.3
1 7 * 5.4 7.2 6.0
(2.10) with J;=(f/dy)y 0 3 2.5 3.1 49 6.7 6.0
1 3 4.4 4.4 6.5 8.3 6.0
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3.3. Autonomous system
Next, we consider the autonomous system of equations

-1 cos(yy)

1
35 ‘©=A )  A0)=
B3  y®O=AF®YO ( 1 ) ® ( cos(y2) -2

), y0) =0, 0<t<2,

where the exact solution values at t = 2 are approximately given by y(2) = (- 0.954439856927, - 0.071572789676)T.
Let us approximate the Jacobian of this system by the matrix A. It can be verified numerically that its eigenvalues are
complex with constant real part equal to -3/2, so that the diagonal-entries-range [-2, -1] is far from optimal.
Nevertheless, Table 3.3 shows that Chebyshev preconditioning is surprisingly effective. Furthermore, taking into
account that the matrix A is a rather poor approximation to the true Jacobian matrix, we may conclude that the O(h?)
preconditioner leads to considerably improved results.

Table 3.3. Correct decimal digits at t = 2 for problem (3.5)
using the eighth-order Gauss corrector.

Preconditioner M m Ng=8 Ng=16 Nyy=32 N =64 p*
(2.4) with =0 - 17 0.9 4.2 6.7 9.2 83
28on[abl=[-2,-11 - 7 4.2 6.6 9.0 8.0
(2.10) with J, = A, - 3 32 5.8 8.6 9.3

3.4. Nonautonomous system
Finally, consider the nonautonomous system

- (1 +1t) sin(yy) )
. <t<L2,

3.6 'O = A(t, y(t t)+gt), Al,y):=
(B6) YO =A@Ly®D) y®O+g®), Aly) ( sinGgp) - (2- 1)
where the initial conditions and the source function g(t) are determined by the exact solution y(t) = (sin(t), cos(t))T.
Again approximating the Jacobian matrix by the matrix A, it can be shown that initially the eigenvalues of A are
complex with real part -3/2 and become both real at a point t between 1 and 3/2. At t = 2 they are close to - 3.1 and 0.1.
Table 3.4 presents results similat to the preceding example. Notice that it pays to use better approximations to the
Jacobian in the O(h2) preconditioner.

Table 3.4. Correct decimal digits at t = 2 for problem (3.6).
using the eighth-order Gauss corrector.

Preconditioner M m Ng=8 Ng=16 Ny =32 Neg=64 p*
(2.4) with =0 0o 7 1.0 2.7 5.0 7.5 8.3
1 7 0.4 2.4 5.1 8.2 10.3
(2.8)on [a,b]=[-1-t,-2+t] O 7 33 4.1 6.3 7.3
1 7 2.7 4.5 6.8 7.7
(2.10) with J, = A, 0 3 14 3.5 4.8 6.0 4.0
1 3 1.5 32 4.8 6.1 43
(2.10) withJ;= 0fPdy), 0 3 2.1 3.5 5.2 7.0 6.0
1 3 2.3 4.8 6.7 6.3
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