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1 Introduction

In this paper we consider a queueing model for a sequence of multiplexers at
the edge of an ATM network. Our main goal is to study the influence of the
interference of traffic sireams on the cell delay in the multiplexers. In particular,
the end-to-end delay of a cell and the covariance between the delays of a cell in
successive queues are derived.

The basic model is a discrete-time model and consists of two queues in
tandem, both with unit (deterministic) service time. The output of the first
queue enters the second queue. In both queues there are external batch arrivals.
So the input process of the second queue consists of the interference of an internal
sequence of cells and an external sequence of cells (see Fig. 1).

Fig. 1

External arrivals at the two queues in successive time slots are assumed to
be independent and identically distributed in each time slot. However, within
a time slot the arrivals at the two queues may be correlated. Cells are served
in first come first served order. Furthermore we assume that, when cells arrive
simultaneously at the second queue, external arrivals are served before the cell
coming from the first queue.

We look at the system at discrete time points n, n = 0, 1,2, .. .. Cells arriving
in the time slot (n — 1, n) are taken into account only at time n. The cell which
is served in the time slot (n — 1, n) is not taken into account at time n.

We are interested in the following three quantities:

¢ The joint queue length process in the two queues.
o The end-to-end delay of a cell arriving at the first queue.

e The covariance between the delay in the first queue and the delay in the
second queue of a cell arriving at the first queue.

In section 2 we present an expression, due to Morrison [4], for the generating
function ¢(s1, s2) of the stationary distribution of the joint queue length process.
The expression for ¢(s;,ss) is in terms of (s, s2), the generating function



of the joint arrival process, and o, the solution for fixed s; of the equation
5 = "p(sl) 32)-

In section 3 we study the end-to-end delay of an arbitrary cell arriving at the
first queue. In section 4 we use the results of section 3 to calculate the covariance
between the delay in queue 1 and the delay in queue 2 of a cell arriving at the first
queue. A numerical example which provides some insight into the covariance
between the delays in successive queues is given. In the example, the input of
the first queue consists of two independent Bernoulli streams and in the second
queue there is interference of another independent Bernoulli stream.

In section 5 we compare the mean delay in the model with two queues
in series with the mean delay in a corresponding model with only one queue.
Because of the bursty arrival processes occurring in ATM networks, we drop
the assumption of independence of arrivals in successive slots in section 6. The
dependence is modelled by Markov modulation. Finally, in section 7 we extend
the analysis of section 2 to a model with more than two queues in series.

We finish the introduction by giving a short review of related literature. In
Morrison [4] the joint queue length process of the basic model mentioned before
is analysed. In [4] only the model with two queues in tandem and independent
arrivals in successive time slots is considered. In Morrison [3] so-called con-
centrating rooted tree networks of discrete-time single server queues with unit
service time are considered. It is shown that the network of queues may be
replaced by a single queue, which has the same output as the queue at the root
of the tree. The result is applied to the case of several queues in tandem. This
leads to an expression for the generating function of the queue length distribu-
tion in individual queues (not of the joint queue length distribution) in the case
that arrivals to different queues are independent.

In Kaplan [1] and Shalmon and Kaplan [5] a related queueing system in
continuous time is considered. In {1] only two queues in tandem are considered,
whereas in [5] more than two queues in series are considered. The external
arrivals to the different queues are given by independent Poisson processes. An
expression is given for the steady-state joint Laplace Stieltjes transform of delays
in the successive queues that a certain cell stream passes. As a special case this
result contains the steady-state Laplace Stieltjes transform of the end-to-end
delay of a cell arriving at a certain queue.

2 The joint queue length process
Let (Yl(n), Yz(") ) be the number of external arrivals to the two queues in the n-th
time slot with, for all n, generating function

(r) (n)
Y(s1,52) = E(s1* 85° ). (1)



Let furthermore (X gn)’Xgn) ) denote the contents of the two queues at time n,
with generating function

(n) (n)
$™)(s1,52) = E(s]* 53° ). @)

If the mean total input rate is less than one, i.e. E’(Yl(") + Yz(")) < 1, then
one can show (see Morrison [4]) that a stationary distribution of the joint queue
length process exists. Let 1[-] denote the indicator function. From the equations

X0 = xM g x™ 5 0] + v (3)

and
x5 = x0 x> 0]+ 11x™ > 0]+ Y™ )

one can derive that the generating function of the stationary distribution of the
joint queue length process, ¢(sy,s2) = lim,_.co ¢(*)(s1, 52), satisfies

o1, 52) = B(o1,52){—[b(s1,52) — $(51,0) — $(0, 52) + (0, 0)]

81

+ o10(0,52) = 400, 0]+ Z[6(61,0) — 6(0,0)]+ 6(0,0)}. (5)

This is the key equation from which an expression for the generating function
#(s1,s2) can be derived. In (5) the term ¢(s1, 52) — ¢(s1,0) — ¢(0, 52) + #(0,0)
corresponds to the situation where both queues are nonempty. In this case one
customer goes from queue 1 to queue 2 in a time slot and one customer from
queue 2 leaves the system. Hence the total result is that one customer from
queue 1 leaves the system in a time slot and so we get the factor 1/s;. The
term ¢(0, s2) —¢(0, 0) corresponds to the situation where only the second queue
is nonempty. In this case one customer from queue 2 leaves the system and so
we get the factor 1/s;. The term ¢(s1,0) — ¢(0, 0) corresponds to the situation
where only the first queue is nonempty. In this case one customer goes from
queue 1 to queue 2 and so we get the factor sz/s;. Finally the term ¢(0,0)
corresponds to an empty sytem.

An explicit expression for the generating function ¢(s1, s2) is given by (see
Morrison [4])

81,8 = . — (1—32)1/)(31152) .
é(51,52) [1—=1(1,1) = 9o(1, 1)] o)

[¢(51)0) _ §1 — 82 . ¢(0) 0)] (6)
¥(1,0) o—s2 %(1,0)7
where o = o(s3) is, for fixed |s2| < 1, the unique root within the unit circle of the

equation sy — 9(sy, s2) = 0, and the subscript 7 in 9;(-, -) denotes differentiation
with respect to the i-th variable.




In particular, for the generating function of the stationary queue length
distribution in the first queue we find the well-known single queue result (see
Morrison [4], formula (2.18)), and for that in the second queue we have

b(,52) = [1—a(1,1)— (1, 1)) L= 220¥(L52)

"/)(1) 52) -1
1—s9 1,0(0', O)
[ o — Sg 1/)(1,0)]‘ 0
For the mean contents EX; and FX; in queue 1 and queue 2, respectively,
we find Ea(Y: - 1)]
_ 1Y —
EXl_EY1+—————-———2(1_EY1) ) (8)
and
$i(1,0) | L. EYa(Ye - 1)]
B = ywo) VPRt s0- v, — Byy)
E{Y1Ys] + Enm-1)] EY, )
1-EY, - EY, 2(1-EY;) 1-EY,-EYy

So far we summarized the results of Morrison [4]. In the rest of this paper
we shall concentrate on the following four questions:

e What is the end-to-end delay of a cell arriving at the first queue?

¢ What is the covariance between the delay in queue 1 and the delay in
queue 2 of this cell?

e Can one extend the result to systems where the arrivals in successive time
slots are dependent?

e Can one extend the results to systems with more than two queues in series?

3 End-to-end delay

Let K be an arbitrary cell arriving at the first queue. In this section we shall
concentrate on the end-to-end delay of K. As preparation, we first study the
joint distribution of U;, the number of cells arriving before K in the same time
slot as K at the first queue, and Uz, the number of external cells arriving in
the same time slot as K at the second queue. Let v(s1,s2) = E(sV*5Y?) be the
generating function of the joint distribution of (Uy, Uy).

Lemma 'l

¥(s1,52) = "/’(2:}2/3);11/:(8;1,)52) . (10)




2roof: Let Up be the total number of cells (including K) arriving at the first
1e in the same time slot as K. Then

ko - P(Yy = ko, Yo = k2)
E1) ’
ke=1,2,..., ky=0,1,..., (11)

PUy=ko,Uzs=ks) =

1
P(U1 =k1|Uo=ko,U2 kz) “"-", kl =0,1,...,k0—1. (12)
0

lemma follows by a straightforward calculation from (11) and (12).

n particular, for the first moment of U; and Uz we find

E(M[Y1 —1))

E(Uy) %%—) (14)

Vext, define X; as the number of cells present in queue 7,7 = 1,2, at the
nning of the time slot in which K arrives. Of course, the joint generating
tion of (X1, X2) equals ¢(s1, s2). Furthermore, define X, as the number of
in queue 1 before K at the end of the time slot in which K arrives, and X,
1e number of cells in queue 2 at the end of the time slot in which K arrives.
#(s1, 52) be the joint generating function of (X1, Xa).

ma 2
#(s1,82) = 7(51,52){ [¢(31,Sz) $(s1,0) — ¢(0, 52) + ¢(0,0)]
+ ;;[(1’(0: s9) — ¢(0,0)] + 3[95(81, 0) — ¢(0,0)] + 4(0,0)}. (15)

>roof: We have .
X =X1—1[X1>0]+U1, (16)

Xo =Xz — 1[X3 > 0] + 1[X1 > 0] + Us. 17
- the results follows analogous to formula (5). (Remark the resemblance
reen (3), (4) and (16),(17)).

*inally, define Z;, ¢ = 1, 2 as the delay of K in queue i, with joint generating
tion x(s1,s2) = E(s%'s )



Lemma 3

¢’(1 82)

fl

x(51, 52) =222 4(519(1, 52), 52) (18)

+ (1- g)¢(1,32)¢(31¢(1’ 52),0).

Proof: We have Z; = X 1 and
_ ~ Xi+1
Zy=X—1[X > 0]+ > v, (19)

i=1

where YZ('), t=1,2,..., are i.i.d. random variables with generating function
¥(1,s). Equation (19) follows by changing the order of service in the second
queue. In the first time slot after the time slot in which K arrives, one of the
cells present in the second queue, if any, is served. In subsequent time slots cells
arriving from queue 1 at queue 2 are immediately served in queue 2. Hence
the only cells present in queue 2 at the arrival moment of K at queue 2, are
those already present at the end of the time slot in which K arrived at queue 1,
possibly -1, plus the external arrivals to queue 2 during the stay of K in queue
1. (Remember that we assume that, when cells arrive simultaneously at the
second queue, external arrivals are served before the cell coming from queue 1.)
From (19) we have

x(s1,82) = Z Z P(Xy = 21, X3 = 22) E(s7's2°| X1 = 21, X3 = 1)

=0 x2=0
m ~ ~
= Y P(X1=21, X = 0)sT9(1, 55)" +
=0
o oo . .
+ 3 Y P(Xy = 21, Ka = 22)sr 5T P(L, 52)
$1=0$g=1

= ¢(t282)$(811/1(1, s82),82) + (1 — ;1;)¢(1:32)‘Z(31¢(1’ 52),0)-

Combination of the Lemma’s 1,2 and 3 gives an expression for x(s1,s2) in
terms of ¢(s1,s2) and ¥(sy1,s2). Furthermore, for the end-to-end delay Z =
Zy + Z» with generating function 7(s) := E(s%), we have 7(s) = x(s, 5).

4 Covariance between delays

The result in the previous section enables us to find an expression for the co-
variance between the delay in queue 1 and the delay in queue 2. We have

Cov(Z1, Z3) = Cov(X1,X2) + Cov(X1,1[Xa = 0]) + E(Ya)Var(X;). (20)




course E(Y2) = 45(1,1) is a known quantity. For the other three quantities
find after tedious calculations

. _ l¢1 (13 1)
Var(X;) = 7(,D)([1-7(1,1)+ Ig__';;_lzijl_)_
3%1(1,1) i¥u(1,1)?
+ (L, 1)+ 13_ $:1(1,1) + (14— $1(1,1))’

Coo(Fp1[Fe=0)) = ‘=D —¥aLl 4

%(1,0)
-7(L0)(n (1, 1)+ 2@%?(;)1))

I

Y . 1 1,1
(XX = ma(l,1) = m(l, Vst 1) + 2-P122(h 1)

21— (L, 1)
+ 1¢(1, Daa(1,1) + 1¢2(1, 1)¢p1a(1,1)°
6 (1-¢1(L,1))* "4 (1-41(1,1))°
+ 1911(1,0) 1 =41 (1, 1) — (1, 1) + 1 412(1, D)¢h11(1, 1)

2 %(1,0) 1—91(1,1) 2 (1-41(1,1))2

nark that the formulas become much simpler in the case that the arrival
cesses to the two queues are independent.

Next we use a simple example to provide some insight into the correlation
ween delays in successive queues. We assume that a Bernoulli stream with
ameter p passes two queues. In both queues there is interference of one other
am. These interfering streams are also Bernoulli streams with parameter ¢;
g2 respectively, see Fig. 1 with an additional ¢q; stream at the first queue.

All Bernoulli streams are independent of each other. Hence the generating
ction of the external arrivals is given by

Y(s1,52) = (L= p+ps1)(1 — 1 + q151)(1 — g2+ g252).

are interested in the correlation of the delays in the two queunes of an arbi-
y cell arriving at the first queue. For Cov(Z1, Z5) and Var(Z1) (= VarX;)
ressions were found before. Similarly we can find an expression for Var(Z2).
this example some results are shown in Fig. 2 and Fig. 3, see page 18. In
h figures p, i.e. the load of the main stream, equals 0.25. In Fig. 2 we vary
load of the interfering stream in queue 1 for some fixed values of the load of
interfering stream in queue 2. In Fig. 3 we vary the load of the interfering
am in queue 2 for some fixed values of the load of the interfering stream in
ue 1. Remark that in the figures the range over which the parameters ¢; (in




g. 2) and ¢ (in Fig. 3) vary, is not fixed. For example in Fig. 3 if ¢; = 0.25,
varies from 0 to 0.5, whereas if ¢ = 0.74, ¢, varies from 0 to 0.01. From the
ures we conclude the following:

e As expected the correlation between the delays is always positive.

o Both when g, is varied and when ¢ is varied the correlation first increases,
then reaches a maximum and finally decreases again.

¢ In moderate traffic the correlation is not very large (< 0.25).

o When the load in queue 1 is high and the load of the interfering stream
in queue 2 is small the correlation can be large (> 0.4).

o When the load in queue 2 tends to 1 the correlation tends to 0. This
can be explained by the fact that the load in queue 1 stays away from 1.
Therefore the delay in queue 1 remains finite, whereas the delay in queue
2 tends to infinity. Hence the delay in queue 1 has hardly any influence
on the delay in queue 2.

o When the load of the interfering stream in queue 1 (resp. queue 2) equals
0 there is no delay at all in the first (resp. second) queue and hence the
correlation equals 0.

Comparison of mean delays

this section we compare the mean delays in the following two models. In
 first model a certain stream (called a-stream) passes two queues in tandem,
:h an interfering stream (called b-stream) in the second queue. In the second
'del both the a-stream and the b-stream are input streams of a single queue.
s EZ denote the mean delay of an arbitrary cell of the a-stream in the single
:ueing model and let EZ), resp. EZ,, denote the mean delay of an arbitrary
| of the a-stream in the first, resp. second, queune of the tandem queueing
del. To make the comparison fair, we assume in both models that in the case
simultaneous arrivals, cells of the b-stream have priority above cells of the
tream.

mma 4 For the quantities EZ, EZ, and EZ;3, we have

(1= EY, — EYy) 2EY, EY,

52, < B =]

A AL (22)



57, = L2 Biva = 0) - BYi] + g o
L BY] 1-BY% | BY(G-U] EhH(-EY) .

1-EY; —EY, EY; ' 2(1- EY; — EY;) EYy(1 — EY)

Proof: In the single queue model the delay Z of an arbitrary cell K equals
number of cells before K at the end of the time slot in which K arrives. For
s number of cells, a formula similar to (16) can be derived with U; replaced
Uy + Us. Now, formula (21) follows from (8), (13) and (14). Formula (22)
ows directly from (21) by putting Y2 = 0. From (17) and (19) one derives

EZy,=FEXy+EUs -1+ ‘)/(1, 0)[¢(0, 0) -+ ¢2(0, 0)] + EZ,EY,. (24)
w (23) follows from (9), (10), (14) and (22) after straightforward calculations.

From Lemma 4 we conclude that

_1-FY - _EMt ~1)]
EZ,~EZ = — [E[Y1]Y2 = 0] — EY; 20— BT ] (25)
l
1~ EY; EY, ElYi(Y; -1
7+ EZy,—EZ = 2[E[V1]Ys = 0] — EY;] 4 =2 [ = D] (26)

EY; EY: 2(1-EY:)

conclude that in the case of independent arrivals (i.e. E[Y1]Ys = 0] = EY}),

have
EZy < EZ << EZy+ EZ,. (27)

In the case of dependent arrivals, we dot not have these inequalities. For
mple, if Y1 = 0 or 1 with probability 1 and E[Y;|Y2 = 0] > EY), then
's > EZ. On the other hand, if Y; = 0 or 1 with probability 1 and EfY;|Y2 =
L EYy, then EZ1 + EZ: < EZ.

Dependent arrivals

:his section we extend the results of section 2 to a model in which the arrivals
successive time intervals may be dependent. Remember that in ATM net-
ks we are dealing with bursty arrival processes and hence we are interested
lependence between arrivals. The dependence is modelled by Markov mod-
tion, i.e. we assume that the number of arrivals in a time interval depends
the state of an underlying Markov chain. Let T,,n = 1,2, ... be the Markov
in with state space {1,2} and transition matrix

P:(l‘” ik > (28)

T2 1-—1’2

10



ien the Markov chain is in state i, the number of external arrivals to the two
wues has generating function ¥()(s), s,). We are interested in the steady-state
it generating function of the queue lengths distribution when the underlying
rkov chain is in state §, j = 1,2, i.e.

®0)(s1,52) = lim B EOT, = ) (29)

Define

- YW Mg, s ) s
U(s1,s2) = ( e ™ e ) (9

(54, s
oered) = Gy ) @)

:n we can prove the following analog of (5) in the case of Markov modulated
vals:

1
®B(s1,52) = ‘I’(sl,sz){a[@(sl,sz) = ®(s51,0) — 2(0,s2) + 2(0,0)] (32)
1
+51200,52) = 2(0,0)] + 2[(s1,0) - 2(0,0)]+ 2(0,0)}.
2
s enables us to find an expression for the vector ®(sy, so) if we can determine

boundary vectors ®(s1,0), ®(0, s2) and ®(0,0). Letting s3 — 0 in (32) we
in

s1,0) = oy, 0)[8(0,0)+ lim = (2(0,55) ~ 2(0,0))]

¥(sy1,0)[¥(0,0)]"1(0,0). (33)

1ark that the inverse [¥(0, 0)]~! only exists when ¥(1)(0,0) # 0, ¥()(0, 0) #
id 71 # 1 —ry. From now on we assume that these three conditions are
lled.

n order to determine the boundary vector ®(0,s;) we need the following
na (see Khamisy and Sidi [2]). In [2] a single server queue with two priority
ses is considered. The analysis of this model leads to a similar equation as
and hence several lemmas proved in [2] are also useful for the analysis of
model.

l

mma 5 For a given |s3] < 1 the following equation in sy,

st = sil(1— )8 sy, 89) + (1= r2) ¥ D5y, 5,)]
+ (-7 - rg)‘Il(l)(sl,sz)\If(z)(sl,52) =0 (34)

ezactly two solutions oy = o1(s2), k = 1,2, in the unit circle |s;| < 1.

11
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&

:
: can rewrite (32) in the form

( ®(W(sy, 52) ) = K(s1,59)" ( e(s1,82)  r2¥(sy,52) ) )

(I)(2)(sh 52) 7‘1‘1’(1)(51 y 32) 62(81, 52)
321
( ®D(51,0) 21(0,s5) @(1)(0,0) 512,
@(2)(31’ O) Q(z)(()) 52) @(2)(01 0) jsz—lahsszl—sg!
’ 5152
ere
(s,
K(ower) = det(1— 20
1
= 1- ;—1'[(1 - T'1)‘I’(1)(81, 82) + (1 - Tz)\I’(z)(Sl, 32)]
1
+ g(l — 1 — 1) ¥(5, 52)¥ (51, 52)
d

i(s1,82) = (1 —r)¥O(sy,85) — (1 =1 — 72);}"‘1’(1)(31,32)‘1’(2)(51, s2). (35)
1

ice ®(1)(sy,s2) is analytic in the disk |s;] < 1, i = 1,2, and K(o%, s2) = 0 for
= 1,2, we have

cl(o"k, 32) {(82 - 1)@(1)(0'];, 0) + 9—;;-2@(1)(0, 52)

+(32 — 1)(ox — 52)@(1)(0, 0)} + ¥ (o, 59) {(32 —1)8®(04,0)
82

+u¢(2)(0’ 82) + (82 - 1)(ak - 32)@(2)(0’ 0)} =0
89 §2

m which the boundary functions ®U)(0,s;), j = 1,2 can be expressed as
wctions of ®6)(0,0), § = 1,2 (see also (33)). We could also use the equa-
n for ‘I>(2)(sl,sz) instead of <I>(1)(sl,32) to obtain the boundary functions
1)(0,s2), j = 1,2, but this leads to the same results (i.e. the equations are
ear dependent).

Finally we have to determine the constants ®7)(0,0), j = 1,2. Let m; be
: limiting probability of the underlying Markov chain in state j, j = 1,2, i.e.

. . r3_j
;= lim Pr(T, = j)= :1—31]72- (36)

ien we have the normalization condition

D1, 0)+@?(1,0) = 1-m (¥(1, 1)+ (1, 1)) - (¥ (1, 1) +852(1, 1)).
(37)

rthermore we need the following lemma (see Khamisy and Sidi [2])

12




Lemma 6 Under the assumption of steady-staie, i.e.
m(E0(1 D+ L D) + mEP )+ EP L)) <1 (39)
the following equation in s,

s — 5[(1—r1 ) ¥D(s, )+ (1= 72) W P(s, )] 4 (1 — 71 —r2) ¥ (s, 5)¥D(s,5) = 0

(39)
has ezactly two solutions 1, ¢ = o(s), wn the unit circle |s| < 1.
Since ®(1)(s, 5) is analytic in the disk |s| < 1 we have
c1(o,0)8Y (o, 0) + r. 83 (e, 0)@*)(a, 0) = 0. (40)

Using (33) we can rewrite (37) and (40) in two independent linear equations in
the unknowns ®U)(0,0), j = 1,2 and hence we can determine ®U )(0,0),j =

1,2.

7 The model with more than two queues

In this section we show that the analysis of section 2 can be generalized to
models with more than two queues in series. We mainly restrict our attention
to a model with three queues. The analog of formula (5) in the case of three
queues 1n series is

&(s1, 52, 83) = ¢(s1, 52, 53) {;1;[‘#(51’ 52,53) = #(51,52,0) — $(0, 52, 83)
— (51,0, 35) + #(51,0,0) + $(0, 53, 0) + 4(0, 0, 53) — (0,0, )]
4220461, 2,0) — 9(s1,0,0) ~ 6(0,52,0) + $(0,0,0)]

*2_[4(s1,0,53) — ¢(s1,0,0) — 6(0,0, 53) + (0,0, 0]
8183

+—31;[¢(0, 52,83) — $(0, 52, 0) — 6(0, 0, 53) + 6(0, 0, 0)]

+2204(51,0,0)— 9(0,0,0) + 2 [#(0,52,0) ~ $(0,0,0)

-+

+;1;[¢(0, 0, s3) — $(0,0,0)] + #(0,0, 0)} . (41)
Letting s3 — 0 in (41) gives

¢(511 0, 33) = "/)(311 o, 53){;:'[;[‘13(0’ 0, 33) . ¢(0) 0, 0)] + ¢(0’ 0, O)
+ (33 - 1)¢2(O, 0, 0) + ¢2(0, 0, 83)}. (42)
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1is implies

— ¢(8 ’0153)
(51,0, 83) = ———-———W,’, 0.5g) 0(0:0: ), (43)
d hence " 0.0
81,0,0) = £ 6(0,0,0) (44)

tting s3 — 0 in (41) gives
(o1,92,0) = $(on,52,0) { Z16(61,0,0) = 4(0,0,0]1+ 6(0,0,0)
22 45(61,0,0) + (1= 2)6(0,0,0) b = ¥(o1,52,0)- (45)
{22400(51,0,0)+ 6(e1,0, 001+ (1 - Z2)s(0,0,0) + 40,0, on}.

ste that the term within large brackets in (45) only contains ¢ functions with
ros at both the 2nd and 3rd positions. The explanation is that, if queue 3 is
1pty at the (n+ 1)th slot, then queue 2 must have been empty at the nth slot
iile queue 3 must have had at most one customer at the nth slot. This leads to
e terms ¢(s;,0,0) and ¢3(s1,0,0) and similar terms with s, replaced by zero.
1e same argument explains why those terms can subsequently be expressed in
functions with zeros at all three positions, and why ¢(s1,0, s3) in (43) could
expressed in ¢(0,0,.53).
Substituting s; = 0 in (42) and letting s3 — 0 gives

¢(0,0,0) = %(0,0,0){¢s(0,0,0) + ¢(0,0,0)} (46)
d differentiating (43) with respect to s3 gives
. ¢(31:090) (¢(3110 33))
¢753(31 3 O’ 0) - ¢(Oa 0’ 0) ¢3(0 0 0) + (0 0 83) 5220 ¢(0’ 0) 0) (47)

mnce we have expressed ¢(s1, 53,0) in ¢(0, 0, 0) and the known function ¥(., ., .):

¢(51,2,0) = ¢(31,82,0){82 1f{;((s()l,(;) (?)) zgg (()) g;

¥(s1,0, 33)) _ 82, 4(0,0,0)
A (¢(0 0,52) ) 1o PO 0O 0= 5050,0,0)

- (48)

Letting s; — 0 in (45) gives

¢(Or 52, 0) = ¢(0; 525 0){¢3(0’ 0, 0) + ¢(01 0, 0)
+ 52(613(0,0,0) + 41(0,0,0))} (49)
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and differentiation of (43) and (44) with respect to s; gives
$(0,0,0)

¢1(0;010) = m¢1(0’ 01 0)1 (50)
and

Hence we have expressed ¢(0,52,0) in ¢(0,0,0). We have so far succeeded
in expressing ¢(s1,s2,53) in ¢(0, s2,s3) and its special terms 4(0,0,s3) and
$(0,0,0). A relation between ¢(0, s2, s3), ¢(0,0, s3) and ¢(0,0,0) is obtained
in the following way. Rewrite (41) by multiplying both sides with s;s583. This
gives ~

$(51, 52, 53)s253[s1 — Y(s1, 52, 83)] = (51, 52, 53) {5253(s3 — 1)é(s1, 52, 0)
+52(52 — 53)$(s1,0, 53) + s3(s1 — 52)9(0, 52, 53)

+82(82 - 33)(83 - 1)¢(81, 0, 0) -+ 83(31 - 82)(33 — 1)(]5(0, 59, O)

+(81 —_ 32)(82 - 53)¢(0, 0, 83) + (81 - 82)(82 - 83)(63 - 1)¢(0, 0, 0)} . (52)

Now let o1 = 0 (s2, s3) for fixed s; and s3 be the unique solution within the
unit disk of s; = 9(sy, 52, s3). Then

(0, 52, 53) = (1 — 53)$(0, 52, 0) + (1 — z—Z-)¢(0, 0, 53)
o {(ss = D(o,52,0)

+(§§ —1)¢(01,0,83) + (1 — %32-)(1 — 83)¢(01,0,0)}.

+(s3 — 1)(1 - %)¢(o,o,0)+

Hence we have expressed ¢(0, s, s3) in terms of ¢(0, 0, s3) and ¢(0,0,0).
We next express ¢(0,0, s3) in ¢(0,0,0). Substitution of s; = s3 = s in (52)
gives

#(s, 5, 53)s53[s — 9(s,,53)] = (s, s, s3){s53(s3 — 1)¢(s, 5,0)
+5(s — 83)¢(s,0, 83) + (s — s3)(s3 — 1)6(s, 0, 0).

Now let o3 = 03(s3) for fixed s3 denote the unique solution within the unit disk
of s = (s, s,53). Then we have

¢(0'2) 07 83) = (1 - 33)(]5(0'2, 0) O) + M‘ﬁ(”?: 032, 0) (53)
o9 — 83

and so we have expressed ¢(0,0, s3) via (43), (44), (48) and (53) in $(0,0,0).
Finally we get ¢(0,0,0) from (48) and the normalization condition ¢(1,1, 0)=
1- ¢1(1) 1: 1) - ¢2(1a 1’ 1) - ¢3(1) 1; 1)
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For four or more queues, a similar approach should be followed. It is easy
write down the analog of (5) and (41) in the case of four queues, a func-
1al equation for ¢(s1,s2, 83,54). The approach to subsequently determine
i function is as follows.

|. Taking s4 — 0 leads to an expression for ¢(s1, sg,s3,0) in ¢(s1,52,0,0)
and ¢4(s1, 82,0, 0), and eventually only in ¢(0, 0, 0, 0) and known functions
(cf. (45)-(48)).

(3

. Taking s3 — 0 eventually only leaves ¢ functions with zeros on the first
three positions (cf. (42),(43)). Taking s — 0 eventually only leaves ¢
functions with zeros on the first two positions.

}. Hence it remains to determine ¢(0, s2, s3, 54), ¢(0,0, s3,54), ¢(0,0,0, s4)
and ¢(0,0,0,0). For this purpose, multiply the functional equation for
#(s1, S2, 53, 54) with 51528354 (cf.(52)). Now consider the unique solution
of s1 = Y(s1, 52, 53, 54) in the unit s, disk for fixed 53, 53, 54. This expresses
#(0, 52, 53, 54) in ¢(0,0, 53,54), ¢(0,0,0, s4) and ¢(0, 0,0, 0). Subsequently
the same procedure is followed for s = ¢(s, s, $3, 54) (in order to express
#(0,0, 53,54) in ¢(0,0,0,54) and ¢(0,0,0,0)) and for ¢t = ¥(¢,¢,%,s4). Fi-
nally the remaining unknown ¢(0, 0, 0, 0) is determined from a normaliza-
tion condition.

Remark: It would be interesting to interpret taking s; = s9, and 81 = s2 =
(hence aggregating queue lengths in the first few queues) in terms of the
e reduction procedure of Morrison [3]. Morrison shows the following for
type of queueing network studied in the present paper: Upstream queues
and ()2 may be replaced by a single equivalent queue @, with a certain
scribed input and the same output as @); similarly @1,Q2 and Q3 may
replaced by a single equivalent queue Qs. While this reduction procedure
s not yield the joint queue length distribution that has been derived in the
sent paper, it does contribute to one’s understanding of the tractability of
analysis of this tandem model.

Note: After the submission of this paper, dr. J.A. Morrison has kindly
t us his unpublished manuscript ‘Three discrete-time queues in tandem’;
s report concerns the 3-queue case of section 7, but with independent arrivals
;he different queues.
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