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Abstract

Higher-order algebraic specification is a synthesis of first-order al-
gebraic specification and higher-order functional programming which
is both logically appealing as well as considerably more expressive than
its two predecessors. To illustrate this, we describe the static seman-
tics of a simple block-structured programming language using second-
order equations in addition to first-order ones. The specification has
a highly non-deterministic character and does not use a type environ-
ment. Furthermore, it supports error recovery and early detection of
errors in incomplete programs.
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1 Introduction

1.1 Higher-order algebraic specification

Higher-order algebraic specification (Parsaye-Ghomi [22], Poigné [24], Méller
[18], Jouannaud and Okada [14], Meinke [16], Heering [8]) is a synthesis of
first-order algebraic specification and higher-order functional programming
which is both logically appealing as well as considerably more expressive
than its two predecessors. It is obtained by allowing both signatures and
equations in algebraic specifications to be higher-order. The higher-order
signature defines the abstract syntax of a language of typed A-terms whose
semantics is given by the equations of the specification, in conjunction with
the built-in rules of a-, 8- and 7n-conversion for typed A-terms.

The implementation of higher-order algebraic specifications in terms of
rewrite rules uses higher-order matching (matching of typed A-terms) as its
basic computational primitive. Higher-order matching is the special case
of higher-order unification in which only one of the terms involved is in-
stantiated. Since higher-order unification is available in the generic theorem
prover Isabelle [21] as well as in the AProlog programming language [19], it
is not difficult to perform operational experiments with higher-order alge-
braic specifications. The specifications in this paper were implemented in
AProlog using the translation schemes outlined in [8].

Second-order matching (which is all we need in this paper) is discussed
by Huet and Lang [11], and, in a more general setting, by Dowek [5]. A
good reference on higher-order unification is the recent book by Snyder
[25]. We note that second-order matching is decidable, whereas second-
order unification is not.

Alternatively, an implementation of higher-order algebraic specifications
could be based on higher-order narrowing, which is a combination of higher-
order unification and rewriting similar to first-order narrowing. Such an
implementation would be a higher-order analogue of a system like RAP
[12], which is a first-order algebraic specification system based on narrow-
ing. Although the above-mentioned AProlog schemes support higher-order
narrowing ¢n principle, narrowing requires much tighter control than rewrit-
ing to be effective. We have not yet performed serious experiments in this
direction.



1.2 The higher-order algebraic specification formalism

We use a higher-order extension of the ASF+SDF language, a first-order
algebraic specification formalism with general user-definable syntax [2, 7,
10]. Its basic features will be explained in due course, so the reader need
not be familiar with it. Suffice it to say at this point that the right- and
left-hand sides of equations are written in the concrete syntax defined in the
declarations part (signature) of the specification. While a highly incremental
language definition system based on ASF+SDF is available [15], we do not
yet have an implementation of the full higher-order extension of ASF4+SDF.
The AProlog implementation route mentioned in Section 1.1 does not handle
user-definable syntax.

1.3 Some issues in the specification of static semantics

Our point of departure is the observation that most first-order static se-
mantics specifications are overly deterministic. The declaration and use of
an identifier in a program can be related only by an explicit traversal of
the program, the declaration information being carried along in the type
environment. In view of this, our first two desiderata for static semantics
specifications are:

e No explicit program traversal.
e No type environment.

Since it is to be expected that execution of a specification in this style is
not hampered by incorrect or missing parts in the program being checked,
we mention another desirable property:

e Early detection of errors in incomplete programs containing editor

place holders (cf. Bahlke and Snelting [1, Section 4.1]).

Keeping these issues in mind, we improve on an earlier specification in
[2, Chapter 9], and construct a second-order algebraic specification for the
static semantics of the toy language Pico in Section 2. Block structure will be
added in Section 3. The use of higher-order abstract syntax (typed A-term
representation) for blocks will enable us to extend the original specification
in a modular way.

A first-order static semantics specification that does not use a type en-
vironment (although for a different reason) has been discussed by Walters

[26].



2 Static semantics of Pico

2.1 The syntax of Pico

The following ASF+SDF module defines the concrete and (first-order) ab-
stract syntax of Pico (cf. [2, Chapter 9]):

module Pico-syntax

imports Layout Identifiers Naturals Strings

sorts PROGRAM DECLS DECL SERIES STATEMENT EXPR TYPE
functions begin DECLS SERIES end — PROGRAM

declare {DECL , }*; — DECLS

ID : TYPE — DECL
(STATEMENT ; }* —, SERIES

ID := EXPR — STATEMENT

if EXPR then SERIES else SERIES fi — STATEMENT
while EXPR do SERIES od — STATEMENT

EXPR + EXPR — EXPR {assoc}
EXPR — EXPR — EXPR {left-assoc}
EXPR || EXPR — EXPR {assoc}

ID — EXPR
NATURAL — EXPR

STRING — EXPR

(EXPR) — EXPR {bracket}
natural — TYPE

string — TYPE

From the viewpoint of concrete syntax, sorts correspond to non-terminals
and a function declaration is a BNF syntax rule written in reverse. The cor-
responding abstract syntax is obtained by reading the function declarations
in the usual way from left to right and ignoring the distfix character of
function names. Associative (flat) lists with elements of sort S and con-
crete list separator d are denoted by {S d}*. These may be decomposed
by means of patterns containing list variables of type {S d}* in addition to
other elements. Associative lists and list variables are a built-in feature of
ASF+SDF [10, Chapter 3]. The sorts ID, NATURAL, and STRING occur-
ring in the signature are imported from modules Identifiers, Naturals, and
Strings respectively. These are not shown.



2.2 Type checking—the basic case

The basic static semantics of Pico requires only 9 equations, all of them

first-order except the first one:

module Pico-typecheck

imports Pico-syntax (Section 2.1)
functions tp(TYPE) — ID
variables Series(ID) — SERIES

begin

declare D1, X : 7, Do;
Series(tp(T))

end

tp(natural)

D1, Do — {DECL , }*
S, 8", S1, S — {STATEMENT ; }*
X — ID
T — TYPE
n — NATURAL
o — STRING
equations
begin
declare D1, X : 7, Do;
Series(X)
end
n
g =

Sy;tp(7) :=tp(7); S2 =

Sp;if tp(natural) then S else S’ fi; So =
S1;while tp(natural) do S od; Sy =
tp(natural) + tp(natural) =
tp(natural) — tp(natural) =

tp(string) || tp(string) =

tp(string)
51552
51;8;8"; 8,
51;5; 5o
tp(natural)
tp(natural)

tp(string)

()

2)
®3)
(4)
()
(6)
(")
(8)
(9)

Equation (1) uses the second-order variable Series. According to its dec-
laration in the variables-section, it is of type ID — SERIES. The variables
D; and Dy are list variables of type {DECL , }* (see Section 2.1). Viewed
as a left-to-right rewrite rule, equation (1) picks up a declaration X : 7 in
the list of declarations by means of associative list matching, and an arbi-
trary number (possibly 0—see below) of occurrences of X in the statements
section by means of second-order matching. It then replaces the occurrences



of X (if any) with 7, or rather with the corresponding identifier tp(7). The
character of second-order variables is such that an identifier X can be picked
up in the statements section regardless of the depth at wich it occurs.

For instance, let P be the (statically incorrect) Pico program

begin
declare a : natural, b : string;
while a do b := a od

end.

The left-hand side of equation (1) matches P in 6 different ways. Apart
from the values of the list variables D1 and Dy, the solutions are

7 = natural Series = AU. while U do b := U od
7 = natural Series = AU. while U do b := a od
7 = natural Series = AU. while a do b := U od
7 = natural Series = AU. while a do b := a od

SEECECERS
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b 7 =string Series = AU. whileadoU :=aod
X =b 7=string Series=AU. whileadob:=aod,

where U is a bound variable of sort ID. Hence, after a single application of
(1) the possible results are

begin begin

declare a : natural, b : string; declare a : natural, b : string;
while tp(natural) do b := tp(natural) od while tp(natural) do b := a od
end end

begin begin

declare a : natural, b : string; declare a : natural, b : string;
while a do b := tp(natural) od while a do b :=a od

end end

begin begin

declare a : natural, b : string; declare a : natural, b : string;
while a do tp(string) := a od while a do b :=a od

end end

The second-order matching strategy actually used does not matter, but the
two solutions with

Series = AU. while a do b := a od



do not pick up an identifier in the statements section. Although they are al-
gebraically harmless, they cause a loop in the rewrite implementation which
has to be suppressed. The AProlog implementation schemes described in [8]
will take care of this.

We note that the left-hand side of (1) is not a higher-order pattern (HOP)
in the sense of Nipkow [20] and Miller [17], since the argument X of Series
is not (n-equivalent to) a bound variable. Matching of HOPs resembles first-
order matching in that it is unitary, a property not shared by the left-hand
side of (1) as the above example shows. For this reason, it is important to
make sure that the matching strategy does not influence the result.

Now, returning to Pico-typecheck, the replacement of items with their
type is continued by equations (2) and (3). These apply to constants and
do not need access to the declarations section of the Pico program. Note
that their left- and right-hand sides are terms of sort EXPR rather than
NATURAL or STRING since EXPR is the only sort that can be assigned
to both sides.

The remaining equations eliminate parts of the Pico program that are
statically correct. Equation (4) deletes an assignment statement whose left-
and right-hand sides have the same type, and equations (5) and (6) remove
the skeleton of an if- or while-statement whose expression part has the cor-
rect type tp(natural). Expressions are evaluated by equations (7)—(9).

If the program is correct, its statements section is completely eliminated
by Pico-typecheck, yielding the normal form

begin declare ---; end.

If it is incorrect, remnants of the offending statements will be present in the
normal form. For instance, the normal form of P is

begin
declare a : natural, b : string;
tp(string) := tp(natural)
end,

where the non-standard statement

tp(string) := tp(natural)

is a remnant of the incorrect statement b := a. The skeleton of the while-
statement is correct and has been eliminated by (6).



Remnants of offending statements can be related to the parts of the
program they originated from by a suitably extended origin tracking facility
in the style of van Deursen, Klint, and Tip [3]. Furthermore, equations
converting the normal form into a set of user-friendly diagnostic messages
can be added to the specification in a straightforward way—see Dinesh and
Tip [4].

The appropriate use of list variables in conjunction with second-order
variables lends Pico-typecheck a highly non-deterministic character. No tree
traversal is specified. As a consequence, the corresponding rewrite system
not only works well on complete Pico programs but also on incomplete ones
containing editor place holders (variables).

For instance, Pico-typecheck reduces

begin
declare a : natural, b : natural;

while a do < STATEMENT >; b:=a od

end,
where < STATEMENT > is a place holder of sort STATEMENT, to

begin

declare a : natural, b : natural;
< STATEMENT >

end.

Whether a statically correct value will be substituted for the place holder
remains to be seen, so it is retained in the normal form. Everything else is
eliminated.

2.3 Recovery from undeclared variables

Undeclared variables cannot be eliminated by Pico-typecheck (Section 2.2),
and are left in the statements section of the normal form. In addition to
these, the normal form may contain the non-standard identifiers tp(natural)
and tp(string). Apart from two (important) conditions that will be added
to each of the equations later on, the following module adds declarations for
variables that were not declared:

module Pico-recover (initial version—not yet complete)
imports Pico-typecheck (Section 2.2)
variables Series(STATEMENT) — SERIES



Series(EXPR)
D

E
£
-

equations

begin
declare D;
Series(id(€) := tp(7))

end

begin
declare D;
Series(tp(7) :=1d(£))

end

begin
declare D;
Series(if id(€) then S else S’ fi)

end

begin

declare D;

Series(while id(€) do S od)

end
begin
declare D;
Series(id(§) + F)
end
begin
declare D;
Series(E +1d(£))
end
begin
declare D;
Series(id(§) — F)

end

— SERIES

— {DECL , }*
— EXPR

— CHAR+

— TYPE

begin
declare D,id(€) : T;
Series(id(€) := tp(7)) (10)

end

begin
declare D,id(¢) : T;
Series(tp(7) := id(&)) ()

end

begin

declare D,id(€) : natural;  (12)
Series(if id(€) then S else S’ fi)
end

begin

declare D,id(€) : natural; (13)
Series(while id(€) do S od)

end

begin

declare D,id(€) : natural; (14)
Series(id(§) + F)

end

begin

declare D,id(§) : natural; (15)
Series(E +id(£))

end

begin

declare D,id(€) : natural; (16)
Series(id(§) — F)

end



begin begin
declare D; declare D,id(§) : natural;

Series(E — id(£)) - Series(E —id(£)) (1)
end end

begin begin

declare D; _ declare D,id(§) : string; (18)
Series(id(¢) || E) Series(id(€) || F)

end end

begin begin

declare D; _ declare D,id(§) : string; (19)
Series(E || 1d(€)) Series(E || 1d(€))

end end

Pico-recover picks up a standard identifier id(¢), that is, not tp(natural)
or tp(string), with sufficient context to determine its type, and adds the
corresponding declaration to the declarations section. For instance, if a
value of type 7 is assigned to an undeclared variable id(£), equation (10)
adds a declaration id(£) : 7 to the program. The other equations are similar.
We note that variable Series is overloaded. It is of type STATEMENT —
SERIES as well as of type EXPR — SERIES. For more details on the lexical
constructor function id, which is of type CHAR+ — ID, see [7, Sections 8.1.3
and 9.

A few details have been neglected in the specification. First, we have to
exclude the values AU.t with U not free in ¢ from the range of Seriesin (10)-
(19). Allowing this value to be assigned to Series would result in extension
of the declaration section with an uninstantiated declaration id(£) : 7. The
negative condition

(for no S) Series = AU.S,

with S a variable of sort SERIES, takes care of this. Admittedly, this con-
dition is not very elegant, and one would prefer it to be implicit in the no-
tion of higher-order algebraic specification. We could have added the same
condition to equation (1) to make the loop check in the implementation
superfluous.

A second point is that an undeclared variable id(£) should not be added
to the declarations D more than once. This is enforced by the negative
condition

(for no D; 7' D3) declare D;= declare D1,id(£) : 7', Dy;

10



As a result we obtain the specification

module Pico-recover
imports Pico-typecheck
variables Series(STATEMENT) — SERIES

Series(EXPR) — SERIES

S — SERIES

U — ID

D, Dy, Do — {DECL , }*

E — EXPR

¢ — CHAR+

T, T — TYPE
equations

(for no S) Series = AU.S

(forno Dy 7' D3) declare D; = declare Dq,id(§) : 7/, Do; 50
begin begin (20)
declare D; _ declare D,id(¢) : T;

Series(id(§) :=tp(7)) =~ Series(id(§) := tp(7))
end end

The left-to-right rewrite rule interpretation of Pico-recover is incomplete.
For instance, the program

begin
declare b : string;
while a do b := a od

end,
with undeclared variable a, normalizes either to
begin
declare b : string, a : natural;

tp(string) := tp(natural)
end,

11



or to
begin
declare b : string, a : string;
while tp(string) do od
end.

If an undeclared variable is used inconsistently, the implementation adds one
of the possible declarations for it. Hence, the incompleteness of the rewrite
rule interpretation reflects the non-deterministic character of the recovery
process, and the specification is not a suitable candidate for (higher-order)
critical-pair completion (cf. Hussmann [13]).

Pico-recover actually performs higher-order narrowing (Section 1.1). Let
N be a Pico-typecheck normal form and let N’ be obtained from N by
adding an uninstantiated declaration id(£) : 7 at the end of its declarations
section. Narrowing of N’ with equation (1) followed by narrowing with
equations (2)—(9) instantiates £ and 7 to values Pico-recover would have
obtained by rewriting N with equations (10)—(19). Hence, an implementa-
tion of higher-order algebraic specifications based on narrowing rather than
rewriting would, at least in principle, make Pico-recover largely superfluous.

3 Adding block structure to Pico

3.1 Higher-order abstract syntax

We extend Pico to Pico-B by adding block structure to it. The obvious
extension of Pico-syntax to

module FO-Pico-B-syntax
imports Pico-syntax (Section 2.1)

functions block DECLS SERIES end — STATEMENT

yields a suitable concrete syntax, but the corresponding abstract syntax is
first-order and does not exploit the possibilities of a typed A-term repre-
sentation as discussed by Huet and Lang [11] and Pfenning and Elliot [23].
Furthermore, it does not allow us to reuse Pico-typecheck and Pico-recover.

If local Pico-B variables are represented by A-bound variables, higher-
order matching automatically takes the block structure into account. As a
consequence, Pico-typecheck and Pico-recover can be reused in a straight-

12



forward way. From this perspective, the block

block
declare a; : typeq,...,an : type,;
end.
corresponds to the second-order term
block(Aaj ... a,. pair(declare(decl(as, type;), . ..,decl(an, type,)), - *)),
rather than to the first-order term
block(declare(decl(ai, type;), ..., decl(an, type,,)), )

defined by FO-Pico-B-syntax.
An extension of Pico-syntax that (partly) defines such a higher-order
representation is:

module HO-Pico-B-syntax

imports Pico-syntax (Section 2.1)
functions block ID* — PAIR end  — STATEMENT
DECLS SERIES — PAIR

According to HO-Pico-B-syntax, the “block --- end” constructor is of type
(ID* — PAIR) — STATEMENT. No concrete syntax is associated with
the binder. HO-Pico-B-syntax is not complete. It does not say that the
identifiers occurring in the DECLS-part should become bound variables in
the PAIR-part. We are still developing a suitable notation for this as part
of the extension of SDF to higher-order abstract syntax [9]. See also the
recent proposal by Felty [6].

3.2 Basic static semantics

Apart from an additional equation, the basic static semantics specification
of Pico-B can be based on Pico-typecheck:

module Pico-B-typecheck

imports HO-Pico-B-syntax, (Section 3.1)
Pico-typecheck (Section 2.2)
variables Series(ID) — SERIES
D1, Dy — {DECL , }*
X — ID
T — TYPE

13



equations

declare D1, X : 7,Dp;  declare D1, X : 7, Do; (21)
Series(X) ~ Series(tp(1))

Equation (21) is identical to (1), except that it applies to the pair-constructor
of sort PAIR (which has no concrete representation) rather than the “begin

- end” constructor of sort PROGRAM. Because of the higher-order ab-
stract syntax enforced by the “block --- end” constructor, the application
of (21), unlike that of (1), requires the abstraction rule

Ft =1
FAX.t =AX1y

This rule of higher-order equational logic corresponds to reduction under
abstraction in the rewrite rule interpretation (see [8, Section 2.3]).
3.3 Recovery from undeclared variables

Recovery from undeclared variables is defined in the same way as before.
Pico-recover is still valid, and can be reused:

module Pico-B-recover
imports Pico-B-typecheck, (Section 3.2)
Pico-recover (Section 2.3)

Declarations for undeclared variables are added to the outermost declara-
tions section of the program.
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