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Abstract

We examine some quasi-Newton methods for interface problems which arise
from domain decomposition methods. These interface problems are usually
sparse systems of linear or non-linear equations. We are particularly inter-
ested to apply these methods to systems of linear equations where we are
not able or willing to calculate the Jacobian matrices. We also examine
the suitability of implementing these algorithms on coarse-grained parallel
computers.
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1. Introduction

Some quasi-Newton methods for interface problems which arise from do-
main decomposition methods are compared. Such interface problems are
obtained by applying a non-overlapped domain decomposition technique to
given differential problems. The original problem is then reduced to an in-
terface problem defined along the non-overlapped interfaces. The interface
problem is described by a defect equation [5] specially designed to couple the
interface in between two non-overlapped subdomains. Our technique is to
find numerical solutions to the defect equation D(A) = 0 where D : R®* — R®
is the interface problem. In most cases, it is possible to know the sparsity
pattern of the Jacobian matrix. However, we are not able to calculate the
Jacobian matrix analytically. Furthermore, we are not willing to find a finite
difference approximation to the Jacobian matrix, because the computational
work is expensive. Our motivation is to study a class of quasi-Newton meth-
ods which would allow efficient computation of a sequence of approximations
to the Jacobian matrix and hence an efficient algorithm for the numerical
solutions of interface problems. The approach is different from most of the
current domain decomposition approaches [3] where the subdomain solutions
are treated as a preconditioner to be used in a conjugate gradient algorithm
applied to the entire discretised problem. Some related work in applying a
fixed point iteration scheme for interface problems can be found in Ref. [5].

The organisation of this report is as follows. First, we briefly describe
the formulation of the interface problem to a given differential problem. We
also comment on the advantages of solving interface problems in different
physical situations. Second, we describe a number of quasi-Newton methods,
in particular when these methods are applied to linear systems and we also
present the convergence properties of these methods. Third, we examine the
suitability for parallel implementation of the algorithms on coarse-grained
parallel computers with shared or distributed memory. In particular, we are
interested to know the minimum number of subdomains such that the par-
allel implementation of the algorithms can be regarded as efficient. Finally,
we present some numerical results to a 1-D convection-diffusion problem and
our conclusions and future research direction.

2. Formulation of the Interface Problem

We confine our description to the interface problem of the following two-
point boundary value problem,
d? d
—d—:;+c(w)£+r(x)¢:0, € Q={zla<z<b} (1)
subject to Dirichlet boundary conditions ¢(a) = ¢, and ¢(b) = ¢, where ¢,

and ¢ are given constants. Under the conditions 0 < C; < ¢(z) < C, and
0 <Ry <r(z) < Ry, ¢ is unique and ¢ € C%(Q). The domain  is split



into s + 1 nonoverlapped subdomains, %, £ =1,2,---,s+ 1, such that
Q= {UiE U} U Ui TR} (2)

where Qp = {z|zp 1 < © <z}, O = {xp_1, 21}, Tx = xx. Each of the

subdomains has the following related two-point boundary value problem,
d2uk
dz?

+e@ ™ i@ =0, € (3)
dz

subject to boundary conditions ug(zg—1) = Ag—1 and ug(zr) = A, and

u1(zg) = @g and us41(T541) = @p where zg = a, 541 = b. Let u, = ug(z; )

denote the solution of (3) in Q, where A=1[A1 A2 -+ X;] € Qp C R*. In

order to obtain unique values of ¢'(xy), k = 1,2,---, s, we define the defect

D:Qp C R°— R® as

D(A) = [De(N)] = [543 A) = ot (s M) (4)

and require to solve the defect equation D(X) = 0. The continuity of the
function ¢ across the interfaces is implicit in (3). The defect equation rep-
resents the reduced interface problem and guarantees the continuity of ¢’
across the interfaces. It can be easily seen that D € C''(Qp). In the two
subdomain case, the defect equation is a scalar equation involving one inter-
face and thus only one unknown. In the multidimensional case, the Jacobian
matrix J(A) = D’(X) is a nonsymmetric tridiagonal matrix [5]. If A = X* is
a root of D(X) = 0, then the function

Ab—1 T = Tp—1
o(z) =< ur(z; A*) 21 <z < Ty k=1,2,---,5s+1 (5)
)\;’; xr= :L'k

where A\j = ¢, and X}, | = ¢, is a solution of (1).

The coupling of subdomain solutions is incorporated into a defect equa-
tion which involves unknowns along the subdomain interfaces. This is par-
ticularly important in the coupling of different mathematical models in dif-
ferent subdomains such as viscous and inviscid coupling in aerodynamic
applications. Once the mathematical interface coupling is defined, the de-
fect equation can be easily set up and contributions to the defect equation
from different subdomains can be separately computed which ensures highly
parallel computing tasks.

3. Quasi-Newton Methods

In this section we consider various quasi-Newton methods for the solution
of the interface problem governed by the defect equation D(A) = 0. Let



D : Qp C R® — R® where Qp is an open set, D € C'(Q2p), D(A*) = 0,
J(X¥) nonsingular, and, for all A € Qp

1J(A) = JAD < LA = A7[P (6)

for some norm ||.||, and some L, p > 0. The general quasi-Newton method
for the solution of D(X) = 0 is given by

A+ — A _ o =1p(A) (7)

where «,, € L(R®), and L(R’) being a finite dimensional linear space. We
have the following convergence result.

Theorem 3.1 (Dennis and Moré [1]) Suppose A* satisfies the above as-
sumptions. Then given r € (0, 1), there exists € = ¢(r), 6 = 6(r) such that
if [[A@ —X*|| < e and ||y, — J(A*)|| < é for alln = 0,1,2, ..., the sequence
generated by (7) is well defined, converges to A* and satisfies

ACHD — X < rlIAT — X))

foralln=0,1,2,....

It is also proved in [1] that {A"} converges Q-superlinearly to A* if and
only if
o — JA))AD _ \(7)
Ll = TN ]l

n—oo ||A(n+1 _ A(n)“ =0

One classical technique of choosing «, is called Broyden’s update. Let
Quo = {& € L(R®*),u,v € R° : Gu = v}. Then Broyden’s update is
obtained as the solution to the minimisation problem [2]

min{||& — an|[F : & € @s, y,.} (8)

where s, = AT — Ay = DACD) _D(AM), ||| is the Frobenius
norm. The solution of (8) is given by
D(A(TH—I))ST
Qpt1 = Oy + <s.5, > ()
Suppose W and W are nonsingular matrices in L(R®), then a weighted
update can also be obtained as the solution to the minimisation problem [2]

min{||W (& — an)W||F : & € Qs, y,} (10)
and is given by
D(A(n+1))VT
Opt1 = Oy + <vis,> ( )

where v, = WTW1s,. We are interested to apply the above techniques,
as well as some other extensions as described below, to a linear system
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D(A) = JA —b = 0 where J is an s x s matrix. For some interface prob-
lems, the sparsity structure of the Jacobian matrices is known, therefore
one should employ the so-called Schubert’s update rather than Broyden’s
update. The difference between Broyden’s method and Schubert’s method
is that the former does not take care of the sparsity of the Jacobian matrix
while the latter preserves the sparseness structure of the Jacobian matrix.
Any algorithm listed below with its name begining with Schubert has its
sparseness structure of the Jacobian matrix being preserved.

Algorithm 3.1 Modified Newton’s Method [5]. Given A(?) and ag, com-
pute A using (7). Then evaluate J(A™M) by means of a finite difference
approximation. Finally use (7) to compute A+ by choosing o, = J(AD),
n=12....

ap is chosen as a diagonal matrix or in such a way that its sparseness
is the same as that of the Jacobian matrix. Also a constant c,, is chosen
because it is expensive to evaluate the Jacobian matrix. The convergence of
this method is guaranteed by Theorem 3.1.

Algorithm 3.2 Broyden’s Method [2]. Given A and ag, compute A"V
using (7) and ;41 using (9), forn =0,1,....

For simplicity aq is chosen as a diagonal matrix. However the subsequent
generated matrices, a.,, are full matrices. The inverses of these matrices are
expensive and there is no guarantee that these matrices are nonsingular.
The convergence properties of this method are given by Theorem 3.2.

Algorithm 3.3 Schubert’s Method [7]. Perform the same steps as that
given in Algorithm 3.2 but the successive updates a,+1 are made in such a
way that the sparseness structure is preserved.

For simplicity ag is chosen as a diagonal matrix. As in the previous
case, the sequence of matrices generated by (7) is not necessarily nonsingu-
lar. The convergence properties of this method are also given by Theorem
3.2.

In a recent paper published by Kim and Tewarson [4], they proposed a
weighted mean of (9) and (11) with v,, = —aZD(A™), ie.

< Sp,Sp > < Vp,Sp >

nt1 = an + (1 — p)

where p is chosen to satisfy

D™ ”n 'y Mn
< n,sn < n7 Tl>

from which g is obtained as

_ < —azD(A(")), Sy >2 (13)
B o sn >< —aITD(A™), —aTD(AM) >




We implemented the weighted update of Kim and Tewarson by means of
Schubert’s approach, i.e. the sparsity of the Jacobian matrix is preserved.

Algorithm 3.4 Schubert - Kim Method. Given A© and ag, compute A(®+1)
using (7) and 41 using (12), for n =0, 1,....

It is worth to note that when u = 1, the method actually fails to con-
verge for some interface problems, in particular the 1-D convection diffusion
problem described later. Convergence results shown in [4] do not take care
of the sparseness structure of the Jacobian matrix. However a slight modi-
fication of the proof will lead to the same result as that given in Theorem 3.2.

All methods described so far do not take care of the nonsingularity of
the matrix a,,4+1. Following the well known determinant property

det (I +uvl) =14+ < u,v >

for any u and v in R®, one can deduce that if o, is nonsingular then, o+ is
nonsingular if and only if < s,,a; 'y, ># 0. Powell defined a modification
to Broyden’s method given by [8]

D(A(n+1))ST
Qpt1 = ap + 60, ——= 14
+ < Sp,Sp > ( )
where 8, is chosen so that a,41 is nonsingular. In other words, we require

|det app1| > | det ), |6n —1] <7 (15)

for any given n € (0,1). Using the above determinant property, one can
easily deduce the following relation

o _{ L [Ynl 27 (16)
n — 1-S1 n
LS8 Onn -y <

where 7, =< s,,a; 'y, >/ < sp,s, >, and sign (0) = 1. We implement, in
Algorithm 3.5, the above modification by means of Schubert’s approach.

Algorithm 3.5 Schubert - Powell Method [7]. Given A and ag, compute
A+ ysing (7) and a1 using (14) and (16) for n = 0,1,....

The convergence properties [7] of this algorithm is described by Theorem
3.2. In addition to the results given by the theorem, the algorithm is also
globally convergent [8].

Theorem 3.2 (Lam [6], Marwil [7], Moré and Trangenstein [8]) Suppose
D satifies the assumption given in (6) with p = 1, and consider Algorithms
3.2, 3.3, 3.4, 3.5. Then given r € (0, 1), there exists € = £(r), § = 6(r) such
that if ||[A® — X*|| < &, and ||ay, — J(A®)|| < 6 for all n = 0,1,2,..., the
sequences {A™} generated by Algorithms 3.2, 3.3, 3.4, 3.5 are well defined,
converge to A* and satisfy

IACHD — X < rlIA™ — X7



for all n =0,1,.... Moreover, the convergence rate is Q-superlinear, i.e.

i Man — J(A)) (AT — x()|)

n—oo ||A(n+1 _ A(n)H =0

Finally, we describe an algorithm based on a sequence of adaptive pa-
rameters [5]. Here the technique for a scalar defect equation is essentially an
optimal one-point iteration method where «, is obtained by setting G’ = 0,
where G = A™ — o7!D(A™). This adaptive parameter a,, is equiva-
lent to the scalar e-algorithm [5]. An adaptive a for the extension [5] to
s-dimensional problems is

IDAT) DA
IDA™))|

Qptl = Qp (17)

Algorithm 3.6 Adaptive o [5]. Given A and ag, compute A1) using
(7) and @41 using (17), forn =0,1,....

Since the adaptive « technique is equivalent to choosing a diagonal ma-
trix with constant diagonal elements, the proof of convergence proceeds in
the same way as that given in Ref. [6]

4. Parallel Performance Monitor

Suppose a finite difference scheme is applied to each of the subdomains,
then each subproblem solver involves the solution of a sparse system of lower
dimension compared with the system of the entire problem with the same
sparsity structure. Nevertheless the number of iterations, n;, obtained by
using an exact subproblem solver is similar to that obtained by using a dis-
cretised subproblem solver [5].

Let M denote the total number of nodes in the entire computational
domain. One work unit is defined as the computational work required to
solve the sparse system with M — 2 unknowns. For 1-D steady problems,
solving the entire computational problem requires one work unit. For 1-D
time dependent problems, solving the entire computational problem requires
ny work units where n; is the number of time steps. Let the entire computa-
tional domain be divided into s+ 1 subdomains, M}, be the number of nodes
in the k-th subdomain, £ =1,2,---,s+ 1 and n;; be the number of updates
in order to obtain a converged solution (i) along the interfaces by using a
quasi-Newton scheme. Suppose there is a set of s + 1 concurrent processors
and that the connectivity is the same as the layout of the subdomains. Since
most of the computational work is devoted to the solutions of subproblems,
then it is possible to estimate the parallel computing time by taking the
sum of the maximum work unit in any iteration involved in the subproblem
solutions, i.e.

it M —2
= 1
T nz=:1 1§I£2§+1{ M -2 } (18)



For 1-D steady problem, a quasi-Newton algorithm described previously is
considered as an efficient parallel algorithm provided 7 < 1. Assuming that
nyg = C(s+1)?, g > 0, C > 0 and that the interfaces are evenly distributed,
then

_C(M—-2—-s5)(s+1)1

o (s+1)(M-2)
Proposition 4.1 Suppose the number of iterations, n;, of applying a quasi-
Newton iteration scheme to an iterface problem for a steady 1-D problem is
related to the number of subdomains, s+1, by the expression n;; = C(s+1)9,
where C' > 0, ¢ > 0 and the interfaces are evenly distributed, we have

(19)

1. For0<g<1,if s+1>CY19 then 7 < 1.
2. Forg=1,7<1ifC < 1.
3. Forg>1,if s+ 1% CY'"% then 7 < 1.

Proof : For the first case, we require C(M —2 —s)/(s + 1)!79(M - 2) <
1, ie. (C—(s+1)""O)M—-2)—Cs < 0. Ifs4+1> CY179 then
C — (s +1)!72 < 0, and hence the result follows. For the second case, we
require C(M —2—-3s)/(M —2) < 1,i.e. (C—1)(M —2)—Cs < 0 which is true
if C' < 1. For the third case, we require C(M —2—s)(s+1)7"1/(M —-2) < 1,
ie. (C(s+1)7 1 =1)(M —=2)—Cs(s+1)9" <0. If s+ 1 $ C'/179 then
C(s+ 1)1 < 1, and hence the result follows.

5. Numerical Examples

We consider the following convection dominant flow problem,

Po  dp _

=0, 4(0)=0,6(1) =1 (20)

where v > 1. The domain is subdivided into s + 1 subdomains with in-
terfaces, I'y, £k = 1,2,...,s, distributed evenly across the domain. We use
exact solutions in each of the subdomains and are interested to compare the
number of iterations, n;, required to update the function values along the
interfaces. The stopping criterion is [|A™ — X*|| < 0.5 x 1072, The results
are presented in Tables 1 and 2 for v = 40 and 50 respectively. Note that an
7x” represents divergence of the test. We also compute and present in Table
3 the values of C' and ¢ for the various algorithms applied to the present
problem.

Obviously, Algorithm 3.1 is very attractive because ¢ = 0. From Propo-
sition 4.1, we can choose s + 1 > 2 in order to provide an efficient paral-
lel method. Note that the construction of J(A(M) requires 2s subproblem
solvers. Whereas the subproblem solvers involved in the construction of the
Jacobian matrix can be performed in two parallel parts, the same situation
does not repeat in 2-D case. Therefore Algorithm 3.1 is only recommended



Algorithm s+1

4 8 16 32 64

3.1 2 2 2 2 2

3.2 6 14 29 50 112

3.3 9 14 21 21 39

3.4 11 15 18 24 46

3.5 10 16 19 26 38

3.6 13 19 35 59 143

Table 1: ng for v = 40.

Algorithm s+1

4 8 16 32 64

3.1 2 2 2 2 2

3.2 6 14 25 48 88

3.3 7 13 19 21 36

3.4 7 13 18 24 X

3.5 9 14 16 22 36

3.6 10 19 31 51 102

Table 2: n;; for v = 50.

as a parallel shooting method for 1-D problems and should not be employed

in the 2-D case [5].

For Algorithm 3.2, we have C' = 1.57 and ¢ = 1.03 which gives C1/1-¢ =
3 x 1077 and it is impossible to have the number of subdomains less than
this value. Hence Algorithm 3.2 is not suitable for the present applications.

For Algorithms 3.3, 3.4, and 3.5, the minimum numbers of subdomains
are estimated as 21, 33, and 24 respectively. However for Algorithm 3.6, the
minimum number of subdomains is 5 x 10° which is unrealistic and hence is

also not suitable for parallel implementation.

Algorithm | 3.1 | 3.2 | 3.3 | 34 | 35 | 3.6
C 2 | 1.57 | 4.02 | 3.14 | 4.38 | 2.45
q 0 | 1.03 | 0.54 | 0.67 | 0.53 | 0.96

Table 3: Values of C' and gq.




6. Conclusion

We examine a number of quasi-Newton methods for the solutions of

interface problems. We establish a criterion for the minimum number of
subdomains to be employed in order to assess whether an algorithm can
be efficiently implemented on coarse-grained parallel computers of either
shared or distributed memory. Extension to 2-D problems and theoretical
estimations of C and q are currently being studied.
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