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Introduction

In [6], Baddeley and Van Lieshout developed a statistical approach to the problem of ob-
ject recognition in image analysis. Here a scene composed of possibly overlapping objects
is observed subject to blur and noise, and the task is to determine the number of objects
and locate them. Applications include document reading and robot vision. Their approach
is formally similar to the well-known Bayesian formulation of image segmentation and clas-
sification problems due to Besag [7] and Geman & Geman [9], but differs in that discrete
Markov random fields are replaced by continuous-space Markov spatial processes borrowed
from stochastic geometry [26, 1].

The deterministic algorithms presented in [6] are strongly analogous to Besag’s ICM
method [7]. An obvious question is whether there is also an analogue of stochastic annealing
[9, 10] in our context. The present paper explores the existence and convergence of certain
spatial birth-and-death processes which are the counterparts of stochastic annealing algo-
rithms (see also Winkler [28] for discrete time and [3]). Similar questions in autoradiography
are apparently studied by Miller et al. [21].



The next section gives detailed background and notation. Section 2 introduces the class
of nearest-neighbour Markov models that will be used as prior distribution. Convergence
in total variation of inhomogeneous Markov processes is the subject of section 4. Section 5
studies existence and convergence of spatial birth-and-death processes on bounded subsets of
R4, while section 6 treats the discrete case. The results of the previous sections are used in
section 7 to develop analogues of simulated annealing in object recognition. Finally, section 8
gives a simple concrete example.



1 Preliminaries

This section gives an overview of notation and the main concepts that will be used in the
sequel. For a more detailed description and examples we refer to [6].

1.1 Notation

The observed image y is digitized on a finite pixel lattice 7" (‘image space’) and for every
t € T, y; denotes the value at pixel t. The values may be real, integer or binary or may
belong to any arbitrary set. A typical choice is {0,1,...,255} for digital grey-level images.

The objects to be recognized are assumed to be representable by a finite number of real
parameters that determine size, shape and location. Let U denote the set of possible vectors of
parameter values (‘object space’), so that a single point u € U represents an object R(u) C 7.
For example discs of fixed radius can be identified by their centre points, a line segment by
position, orientation and length or an industrial robot can be specified by the position and
orientation of the body and the attitude of each joint. We shall assume U is either a bounded
Borel region (‘continuous case’) or a finite set of points in R? (‘discrete case’). Furthermore,
U is equipped with its relative Borel o-algebra and a reference measure 0 < v(U) < oo.
We will take v to be Lebesgue measure in the continuous case and counting measure in the
discrete case.

An object configuration is an unordered list of objects

x={z1,...,Zn}, z;, €U, i=1,...,n, n>0.

The number of objects is variable and the empty list is allowed. Configuration x is often
associated with its ‘silhouette’ scene S(x) = J R(z;) in image space.

1.2 Independent noise models

The ‘true’ configuration x gives rise to the observed image y through a known probability
distribution with density f(y | x). The stochastic models we use consist of a deterministic
‘deformation’ followed by random noise: every pattern x determines an ideal signal image
6%) in pixel space T’ the values y: are conditionally independent given x with the distribution
of y; depending only on the value of ) at that same pixel. Hence

fiy1x) =[] 9lye | 6%(1))

teT

where g(+|@) is a family of known probability densities (cf. Definition 1 in [6]). If the signal
0™ (t) at site t depends only on whether ¢ belongs to the silhouette S(x) or not, the model
is called blur-free.

1.3 The Bayesian approach

In the Bayesian approach, the true image x is assumed to have been generated at random
according to a prior probability distribution with density p(x). The posterior probability for



x after observation of data image y is p(x | y) « f(y | x) p(x). The Mazimum A Posteriori
(MAP) estimator of x is

% = argmax y f(y | x) p(x). (1)

The prior p(x) can be viewed as a penalty assigned to the optimization; because of this
interpretation MAP estimation is also known as penalized maximum likelihood estimation.

1.4 Connection with Hough transform

As (1) is an optimization problem over lists of variable length and additionally the prior is only
known up to a normalizing constant, it is generally impossible to compute the MAP estimator
analytically. Both the iterative methods in [6] and the alternatives based on spatial birth-
and-death processes add and delete objects using log likelihood ratios that can be interpreted
as the differences in ‘goodness-of-fit’ attained by altering the list.

Computing these log likelihood ratios usually involves only pixels ‘local’ to the altered
object. More precisely, for blur-free independent noise models with g(:|-) > 0

L(X ) {u} ; Y) - L(X ; Y) = Z h(yt790791) (2)
teR(u)\S(x)

where L(x ; y) =log f(y | x) and A(y:, 0, 61) = log %171, The right hand side of (2) is a

generalization of the Hough transform [17, 18] used in image processing for detecting simple
objects [6, §4].



2 Prior object model

Here we introduce the class of Markov models used as prior distribution on object configu-
rations. The models can be simulated by running a spatial birth-and-death process.

2.1 Nearest-neighbour Markov object processes

We need a prior model on the set of configurations Q = U (N7 (U),
NFW) = {{z1,..., 2} : z; €U, all z; distinct },

defined by its density with respect to the Poisson process in the continuous case, or counting
measure in the discrete case. Note that {2 is hereditary in the sense that x € Q implies y € 2
for all subsets y C x. Moreover, in the continuous case, {2 has probability 1 under the Poisson
model.

The appropriate prior models p(-) belong to the class of nearest-neighbour Markov point
processes [1]. Their essential property is that objects in a given context interact only with
their nearest neighbours. Formally, assume that for each x € 2 there is a symmetric relation
~x defined on x. Related objects are called x-netghbours and the x- neitghbourhood of any
subset y C x is defined by

Ny |x)={uex : u~xvfor some v € y}.

Finally, a subset y C x is called a clique in x iff every pair of objects in y are x-neighbours.

Definition 1 A nearest-neighbour Markov object process with respect to ~x is a
stochastic point process on U whose probability density p(-) satisfies

(M1) p(x) > 0 implies p(y) > 0 for all y C x;

(M2) for each x € Q with p(x) > 0 and each u ¢ x,

p(xU{u})
p(x)

depends only on u, N({u} | xU{u}) and the restrictions of ~x, ~xuqu} to N({u} | xU{u}).
Remarks

1. Consider the case that ~x does not depend on x. Then the definition is equivalent to
that of a Markov random field in the discrete case and to a Ripley-Kelly process [26]
in the continuous case.

2. A Markov overlapping object process [6] is a nearest-neighbour Markov object
process with respect to the relation defined by

u~u & R(u)NR(W) # 0.



3. An example where ~ does depend on the context is for instance the Dirichlet object
process for translation models where

u~u < C(u|x)and C(u | x) share a common edge.
Here C(u | x) denotes the Voronoi cell of u in configuration x.

An equivalent definition in terms of iteractions between objects can be obtained from an
analogue of the Hammersley-Clifford theorem.

Theorem 1 (Baddeley-Mgller, 1989)

Under certain regularity assumptions [1, C(1)-C(2)] the point process with density p(-) is a
nearest-neighbour Markov object process with respect to ~x if and only if there exist interac-
tion functions [1, Definition 4.11] ® such that

p(x) =[] ®(y %)

ycx

for all x € Q.

Usually we will consider only pairwise interactions
n

px)=a]]B) I awiz)

=1 1<J;T; VX T
To enforce (M2) we require the relation ~x to satisfy

x(y | 2) # x(y | 2U {u}) implies y € N({u} | zU {u});

forally Cx € Q, z 3 u € U, where y denotes the clique indicator function. Furthermore
« > 0 is a normalizing constant, 5 : U — (0,00) a strictly positive measurable function and
g : UxU — [0,00) a measurable function making p(-) integrate up to 1 and satisfying one
of the following conditions.

(a) q(:,-) > 0;
(b) if g(z;,z;) > 0 for all z; ~x z; € x then g(z;,z;) > 0 for all z;,z; € x;
(c) z; ~x x; implies z; ~yxygyy ; for all u € x.

Any of (a)-(c) implies (M1), hence p(-) is a Markov function. The special case that 5 and ¢
are constant is called a Strauss process.

To enforce mutual inhibition between objects we require g(z;,z;) < 1 for all z;,z; € x
with z; ~x ;.



2.2 Spatial birth-and-death processes

A Markov object process may arise as the equilibrium distribution of a spatial birth-and-death
process 1, 24, 26]. In our context this is a continuous time, pure jump Markov process with
states in €2, with the property that the only transitions are the birth of a new object (a
transition from x to x U {u}) or the death of an existing one (transition from x to x\ {u}).
The process is said to have birth rate B(x, F') and death rate D(x, u), for measurable F' C U
and v € U, when it can be described as follows:

e given the state x at time ¢, the waiting time to the first transition after time ¢ is
independent of the history of the process and exponentially distributed with parameter
D(x) + B(x), where

D(x) = TyexDlx\ {zi}, )
B(x) = B(x,U).

e the next transition is a birth with probability B(x)/[D(x) + B(x)] and a death with
probability D(x)/[D(x) + B(x)].

e given that the next transition is a birth, the new point belongs to the measurable subset
F with probability B(x, F')/B(x).

e given that the next transition is a death, z; is deleted from x with probability

D(x\{zi}, i)/ D(x).

If B(x,-) is absolutely continuous with respect to the reference measure v on U, its
Radon-Nikodym density will be denoted by b(x,-).

However a given set of rates does not necessarily define a unique spatial-birth-and-death
process; conditions on B(-) and D(-) have to be imposed to avoid explosion, i.e. an infinite
number of state transitions can occur in a finite time.



3 Convergence of inhomogeneous Markov chains

3.1 Definitions

Let p and v be probability measures on a common measurable space (S,.A). Their total

variation distance is defined as the maximal difference in mass on measurable subsets
Ac A

Il u—v |l =sup [ u(A)—v(A) |
AeA

If |S] < o0
lu—vll=g X u)—v(i) |

i€S

Similarly in the continuous case, if both u and v are absolutely continuous with respect to
some measure m with Radon-Nikodym derivatives f, and f,,

lu=vli=3 [1549)= ls) I m(ds).

Definition 2 For a transition probability function (stochastic matriz) P(-,-) on (S, A), Do-
brushin’s contraction coefficient c(P) is defined by

c(P) = Sup, | P(z,) = Py, ) ||

We list some properties that will be used in the sequel (see Dobrushin [8, section 3]).

Lemma 2 Let A be the set of all probability measures on (S, A). Then for all transition
probability functions P and @ and for all u,v € A the following hold

(i) e«(P)<1;

(1) c(PQ) < e(P) ¢(Q);

(iii) c(P) =sup,z,en AT
(i) [P =vP (| <e(P) || n—v|;

(v) If S is finite, c(P) =1— p(P), where p(P) denotes the ergodic coefficient of P

p(P)=min » P(z,k) A P(y,k),
z,yel kel

(N denoting minimum).



3.2 Limit theorems

The main theorems of this section state sufficient conditions under which a sequence of
Markov chains converges in total variation to a well-defined limit.

Theorem 3 Let (X;)i>0 be a non-stationary Markov chain in continuous time on a finite
state space I, with transition rates defined by a sequence (R, )nen, such that Ry is in force
at time t, with n(t) /" oo as t — oco. Assume that for each n € N the ‘rate in = rate out’
equations have a unique solution u, and

(C) D lbn = pntal] < o0
n=1
(D)  c¢(Py) —0 ast — oo forallt>0

where Py (i,j) = P(Xy = j | X¢ = 1). Then pe = limu, ezists and vPy — poo in total
vartation as t — 0o, uniformly in the initial distribution v.

Theorem 4 Let (X;);>0 be a non-stationary Markov process on a measurable space (S, A),
defined by a sequence of transition semi-groups (Q™)nen, such that Q™ s in force at time
t, with n(t) /" oo ast — oco. Assume that for each n € N, Q™ has an invariant measure i,
1.€.

Q0 (@, F) n(de) = pa(F)
for oll F € A and t > 0. Assume moreover that the following hold

(C) Zl|l‘n_ﬂn+1||<oo
n=1
(D) c¢(Pw) —0 ast' — oo forallt>0

where Py (z,F) = P(Xy € F | Xy = ). Then loo = lim p,, exists and vPy — oo in total
variation as t — oo, uniformly in the initial distribution v.

Proof: (both cases)

Condition (C) implies that (u,) is a Cauchy sequence in || - || and hence converges in total
variation t0 feo, SAY.

Define t, = inf{t : n(t) > k} and choose 0 <t < t,,()41 < t' < 0o. Then

oo Prtr = ttoo = (floo = tin(t)) Prtr + tng) Pty — Hoo
= (,uoo - :un(t))ljtt' + /’l’n(t)Pttn(t)+1Ptn(t)+1t’ — Moo-

Since fi,(y) is an invariant measure one sees that
PooPior = ftoo = (foo = Hn(t)) Pre + Pin() Pryy 417 — Moo

n(t')—1

= (ftoo = b)) Pur + Y (1r = ikt 1) Pryyrtr + by — Hoo-
k=n(t)
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Hence
n(t')—1

| oo Py — oo || < |l oo = tngey 1 €(Per) + D 1 e — i1 || €(Prgyrr) + || By — Hoo ||
k=n(t)

< 2 sup || —poo Il + D | bk — patr ||
k2n(t) k=n(t)

— 0 (t — o0).
Let € > 0. Choose t such that || fieo Pty — fico || < €/2 for all ¢’ > t,,411. Next observe that
1 vPw — oo | = 1| (0P — 100 Prr + oo P — i |
< [ vPor — oo | e(Par) + || oo Py — oo ||
< oP) + | oo P — pico |-
Use condition (D) to choose ¢’ such that ¢(Py) < €/4. Summarizing, we obtain
|| vPot — phoo || — 0 uniformly in v (¢t — o0).

O

A sufficient condition for (D) is given by the next result. It is easier to work with, since
only stationary Markov chains have to be considered.

Lemma 5 Use the same notation as in the previous Theorems. If ¢(P,1,,,) < 1—1/n for
all n > 2, the Dobrushin condition (D) holds.

Proof: Write P, = P, 4,,,.- Then

1
—IOgC(Pn) 2 1- C(Pn) 2 E
Thus
(oo o0 1
- loge(P,) > — =00

or equivalently

1:[ c(P,) — 0 (N — o).

For t < t'. Then

co(Pw) = C(Pttn(t)+1 Ptn(t)+1tn(t)+2 T Ptn(t')t,>
n(t')-1
< e(Pityy) [ II «r) (B, )
i=n(t)+1
n(t')—1
< H c(P;) — 0 (t' — o0).

i=n(t)+1
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4 Birth-and-death processes on bounded regions

Here we study existence and convergence of spatial birth-and-death processes on bounded
subsets of R?. The results are used to construct birth-and-death processes that converge in
distribution to the (modified) posterior distribution.

4.1 Motivation

To recover the underlying object configuration from blurred and noisy observations, equations
(1) must be solved. To sharpen peaks in posterior probability, set

pr(x|y) < {f(y | x) p(x)}/*.

For small H > 0, configurations with large posterior density are favoured, while others are
suppressed. Indeed, if object space U is discrete pg (- | y) converges pointwise to a uniform
distribution on the set of MAP solutions as H tends to zero.

For each fixed H we can construct a spatial birth-and-death process with equilibrium
distribution pg (- | y). Our proposal therefore is to use a stochastic annealing algorithm that
simulates these processes consecutively with H gradually dropping to zero.

In the superficially similar context of image segmentation, a simulated annealing algorithm
was developed by Geman and Geman [9]. However, the Markov processes involved are rather
different. Since in segmentation problems both object and image space are finite pixel grids,
a discrete time Markov chain changing each pixel label in turn suffices.

4.2 Theorem

Preston [24] gave sufficient conditions under which there exists a unique spatial birth-and-
death process with given rates solving Kolmogorov’s backward equations

d
SP(X, € F|Xo=x) = —[B(z) + D(@)] P(X, € F|Xo =) + /IP’(Xt € F|Xo = 2)R(x, dz)
with R(x, F') being the total rate from pattern x into F. For a given process (X;) he also
found conditions for the existence of a unique invariant probability measure and convergence
in distribution (i.e. convergence of P(X; € F|X, = x)). Baddeley and Mgller [1] combined
these two theorems to obtain the following result.

Theorem 6 For each n =0,1,... define

kn = sup B(x)

n(x)=n

and
bn = inf D(x).

n(x)=n
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Assume 6, > 0 for all n > 1. If either (a) that k, =0 for all sufficiently large n > 0, or (b)
that k, > 0 for all n > 0 and both the following hold:

n=1
Sl PRy
> = o
n=1 ki--+hn

then there exists a unique spatial birth-and-death process for which B(-) and D(-) are the
transition rates; this process has a unique equilibrium distribution to which it converges in
distribution from any initial state.

A slightly stronger result given by Mgller [22] includes the case kg = 0, K, > 0 for all
(n>1), 0L, S5+ <ooand 372 G160 — o, still assuming all 6, positive for n > 1.

'I'Llnl’g

4.3 Construction

In this section we shall construct well-defined spatial birth-and-death processes that converge
in distribution to pg(+]y). Consider any blur-free independent noise model (§1.3) with g(+|-) >
0 and a nearest-neighbour Markov object prior. The former assumption is needed so that the
class K = {x : f(y | x) p(x) > 0} is hereditary [26], that is if a configuration x belongs to
K the same is true for all its subsets y C x. For some fixed & € [0, 1] set

fylxu{u} (xU{u}) k/H %) n(x
wa={ o B o
for u € x and death rate
N _ [ (e 5 if f(y | x) p(x) > 0
Pl \{”}’“)‘{ i iy 1 e =0, ) =

Here 6;, = inf {37, cx Du(x\{z:},z;) | f(y | x) p(x) > 0, n(x) = n}. By convention, the
infimum of the empty set equals co. Note that by this definition ¢!, = 6,,, where §,, is defined
as in Theorem 6. The boundary cases k = 0 (‘constant birth rate’) and £ = 1 (‘constant
death rate’) are well-known in spatial statistics, to obtain realizations of a point process. It
is argued by several authors [25] that the constant death rate procedure should be preferred,
as the other method tends to add an unlikely object, and then deletes it immediately.

Note that these transition rates do not depend on the normalizing constant in p. Moreover
the ‘detailed balance’ equations

bu(x,u) pa(x | y) = Du(x,u) pu(x U {u} | y) (5)

are satisfied whenever f(y | x U {u}) p(x U {u}) > 0. Given a spatial birth-and-death process
with rates satisfying (5), Ripley [25] remarked that pg(-|y) is necessarily the density of
a unique invariant probability measure for the process. In general however, there is no
guarantee of existence, nor of convergence to the proper limit distribution.
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Corollary 7 Let y and H > 0 be fived. For any blur-free independent noise model with
9(:|) > 0, and any nearest-neighbour Markov object process p(-) with uniformly bounded

likelihood ratios U
pUtu) o

p(x)
there exists a unique spatial birth-and-death process for which (3) and (}) are the transi-
tion rates. The process has unique equilibrium distribution pg(- | y) and it converges in

distribution to py(- | y) from any initial state.
Proof: We will prove the following properties:
1. 6, >0, for n > 1;
2. if kp, = 0 for some ng > 1, then k, = 0 Vn > ng;
3. if Kk, > 0 for all n, then condition (b) of Theorem 6 holds.

Property 1: Use the representation of the log likelihood ratio as a generalized Hough trans-
form (2). Since T is finite, we have upper and lower bounds on the goodness of fit, say

| h(y1,00,61) | < a for all t. Hence
| L(xU{u}; y) = L(x; y) | < an(R(u) <an(T)

where n denotes ‘area’ or number of pixels. For p(-) we have by assumption % <pIf

p(x) > 0 this implies that

Dp(x\ {u},u) (f(f(y | %) p(x) )%

y X\ {u) p0x\ {u})
> exp [ (| Lo\ {u} 5 3) = Lx; ¥) | +10g9)

k-1
H

> exp [ (a n(T) + log 5)}

= 6>0.
Suppose p(x) = 0. If p(z) = 0 for all z with n(z) = n(x), then Dy(x \ {u},u) = 00 > é.
Otherwise n(x) Dg(x \ {u},u) = inf {Dy(z) | n(z) = n(x), p(z) > 0}. By the argument
above Dy (z \ {zi},2;) > ¢é for all such z and z; € z. Hence Dy(z) > é n(x) and Dy(x \
{u},u) > 6. Therefore Dy (x) > 6 n(x) for all patterns x, and hence §, > § n > 0 for n > 1.

Property 2: Use the fact that K = {x : f(y | x) p(x) > 0} is hereditary.
Property 3: The birth rates are also bounded. For p(x) > 0

(f@leWDp@U&@»WH
fly | x) p(x)
% (a n(T) +logB)

=: k>0.

b (x,u)

< exp
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For p(x) = 0, again by (x,u) = 0 < k. Hence By (x) < k v(U) and so k, < k v(U).
Using these bounds, one obtains

Ko Kn—1 _ K" v(U)"

<
01--0p, = nlém

Since v(U) is finite by assumption, the first assertion follows. Similarly

81+ by n! 6™
>
K1+ kn kP u(U)

which does not converge to zero as n — oc. The Corollary is proved if we combine these
properties with Theorem 6. O
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5 Birth-and-death processes on finite spaces

In this section we assume that object space U is a discrete subset of R?, say U = {u1,...,um}
equipped with counting measure.

5.1 Construction

Recall that any Markov chain on a finite state space is uniquely defined by its transition
rates. We will need the following result about the long run behaviour [23, Chapter 7].

Lemma 8 Let (X);>0 be an irreducible Markov chain on a finite state space I, specified by
its transition rates R(i,j), ¢ # j. If w is a probability measure on I satisfying the ‘detailed
balance’ equations

R(i,5) w(i) = R(3,4) 7 (j) (6)

then (X3) is time reversible and has unique limiting distribution 7.

Hence, if a spatial birth-and-death process defined by birth rates b(-,-) and death rates
D(-,-) is irreducible and 7 is a probability measure on P(U) satisfying (6), then the process
is time reversible and has unique limiting distribution .

5.2 Simulation

Returning to the object recognition context (section 1), we focus attention on the constant
death rate procedure with death rates D(-,-) = 1 and birth rates defined by (3) with & = 1.
Assume f(y | x) > O for all z. Then the class K = {x : f(y | x) p(x) > 0} is hereditary,
due to the Markov property of p(-). It follows that the process restricted to K is irreducible.
The total birth rate is simply

Br(x) = ZbH(quj)

and the total death rate is Dy (x) = n(x), the number of elements in list x.

To simulate the birth-death process for fixed data y and H > 0, note that the process
can be represented as a sequence (X &), T (k)), k =1,2,... of random variables. Here X (¥
are the successive states and T™*) is the sojourn time in state X®). Given X® = x(¥)
time 7™ is exponentially distributed with mean 1/(n(x®) + By (x®*))), independent of
other sojourn times and of past states. The next state transition is a death with probability
n(x®)/(n(x®) + By (x)), obtained by deleting one of the existing points with equal
probability; otherwise the transition is a birth generated by choosing one of the points u; &
x(¥) with probability

b H (X(k), Uj)

and adding u; to the state. This representation is implemented directly by the following
algorithm.
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Algorithm 1 Select an initial state xO . To simulate from the equilibrium distribution, the

process described above is run for a ‘large’ time period C', and we take x5 where
k .
K =min{k =0,1,2,...]>_t® > C}.
i=0

5.3 Practical considerations

Since the birth rate by (x,u) is an exponential function of the Hough transform (2), it tends
to have sharp peaks as a function of v when H is small or when x is far from a MAP
solution. There is then a high probability that the next transition will add a new object u at
one of the locations that is close to maximal for by (x,w). This implies that naive rejection
sampling methods are not a workable alternative to Algorithm 1; since these methods generate
a putative new object uniformly, many would be rejected and the waiting times would be
unacceptably long.
To avoid numerical instability or overflow one could first compute
e, ) = log bir(x,0) = ™ (L0xU fu} s ¥) = Llx 3) + log %)

for each u = u;, to find

m(x) = max cg(X,u;)
J

then to compute
Bp(x) =™ 3" explen(x,u;) — m(x)]
J
where the exponential term lies between 0 and 1. The conditional probability of a birth at
u; is computable from the same summands,

bH (X, u]')
Bh(x)

For small H and x® far from optimal, the following approximate algorithm would be
more efficient.

= exp [ea (%, uj) — m(x)] exp [m(x) — log Bx (x)]

Algorithm 2 Let e > 0 be given.
o Compute n = n(x®) and for each u; compute c; = logbg(x*), u;);
e Find m(x*)) = max; c;;
o Take v =v(H,x®)) >0 so large that
v(U)exp [m(x(k)) - v] <eg
e Rank all the values c; for m(x®) —v < ¢; < m(x®)) to give a list of values m(x¥) =
m1 > ma > ... >mg >m(x*) — v, and compute the ‘multiplicities’

ke =v({w; : ¢j = me});
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o Approzimate By (x®) by
L
B =Y kee™;
=1

e Proceed as in Algorithm 1, except that to generate a birth, the procedure is to choose
one of the values £ = 1,..., L with probability k,e™ /B; then one of the ko points u;
such that c; = my 1s chosen with equal probability yielding x(F+1) = x(k) y {u;}.

The choice of v is arranged so that B is an approximation to By (x) with error at most e:

0<By(x)—B= Y €9 <vl)exp[m(x)—v] <e.

c;<m(x)—v

For very small H, when x(*) is not close to the MAP solution, Algorithm 2 amounts to
choosing at random one of the u; that maximizes the conditional posterior likelihood ratio
ci(x,u). This is in a sense comparable to the behaviour of the steepest ascent algorithm
presented in [6], but we note that this description ceases to hold as the solution approaches
optimality.
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6 Stochastic annealing for point processes

Here we present an alternative method for solving the MAP equations (1), using the results
of section 3.

6.1 The summability condition

Lemma 9 Let H, \, 0 (n — 00) and consider the sequence of H,-modified posterior distri-
butions with densities

p, (x| y) < {f(y | x) p(x)}/ "

with respect to reference measure m on 2 (counting measure or law of Poisson process).
Assume that m(M) > 0, where M denotes the set of solutions to the MAP equations (1).
Then the sequence pg, converges in total variation to a uniform distribution on M. Moreover
the sequence satisfies condition (C).

Proof:
Since m(M) > 0, 3 x* attaining the maximum. Denote

7 — /Q (ff(y | %) p(x) ))”H" m(dx).

(y | x#) p(x#
We have
. C oy [ (SO N
tim 7o = Jim [ (O R ) @
g (@R ) N
= [, Jm, (f(y [ xF) p(x#>> (dx)

— /Ql{xEM}m(dx)
= m(M).

The second equation follows by the dominated convergence theorem. Moreover, Z,, | m(M),
sup Z, = Z1 < m(2) < oo. It is easily seen that

_ (Sl px) N\ .
ln(x) := (f(y|x#)p(x#)> H{x e M}, n— oo,

proving the first assertion.
To prove condition (C), suppress the dependence on x and consider

N -
b | (5,200 = b

< (ZnZns1)" {lns1l Zns1 = Za | 4 Zngr [ lnp1 —ln | }
1

< —<{Znalln—1In ln+1(Zn = Zn

- m(M)? {Zn4( 1)+l ( +1)}
Q

< m( ) {ln - ln+1 +Zn— ZTL+1}

m(M)?
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Therefore

> 12 - ) < S I [ 10200 — b 6) + Za — Zusa} )

n=1

= e (L ml@) (2= Zx)

Letting N — oo the right hand side converges to % (14+m(Q)) (Z1 —m(M)) <oo. O

Note that the assumption m(M) is automatically satisfied in the discrete case. The
assumption is needed; if m(M) = 0 the sequence of modified posterior distributions will not
converge in total variation (cf. [16]).

6.2 The Dobrushin condition

From now on let f be a blur-free independent noise model with g(-|-) > 0. Again, let
H, \ 0 and consider the family (X),en of spatial birth-and-death processes on K = {x :
f(y | x) p(x) > 0} defined by (3) and (4). As K is closed and irreducible, the processes are
well-defined and converge to the unique limit pg(- | y) (see sections 4 and 5).

Recall the following result by Mgller [22], a generalization of earlier work by Lotwick and
Silverman [20].

Theorem 10 Let X; be a spatial birth-and-death process and define k,, 6, as in Theorem 6.
Assume moreover that 6, > 0 for alln > 1 and k,, = 0 for all n > ng (condition (a)). Then

for all fixed tg > 0

supl| Pi(x,) = Puly, ) || S 2 (1= K ()0

for allt > to.

Here

Om = min 6;+0;; Am = maxX K;+Kj; Gm = Om + Fm;
2,71+ j=m 1,J:11+j=m

. —at] 0 - . to .
Ki(j,t) = [1—6 ’t] 57;; Ko(n,to) =].1;[1K1(]’n); K(to) =TILI%17{}JK0(TM0);

Therefore, by Lemma 5 we can construct an annealing schedule satisfying condition (D)
by requiring
1 1
21— K(tg))o ' <1——
n
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or equivalently

log(y (1 - 7))
o (1 R

By Lemma 9 condition (C) also holds. Finally, by Theorem 3 the sequence of birth-and-death
processes constructed this way converges in total variation to a uniform distribution on the
set of global maxima of the posterior distribution, regardless of the initial state.

6.3 Remarks and extensions

In the finite case |U| < oo, generalizations to diffusing objects are possible. Set
M(x,z;,u)

for the configuration obtained from x by replacing x; by u. The set of u € U for which this
operation is allowed is denoted by Q(x, z;). Typically it consists of unoccupied objects close
but not identical to x;.

Suppose the diffusion rates are also powers of the log likelihood ratios

(0L M 20.) oM b )|
f(y | x) p(x) .

If detailed balance is required to hold as well, necessarily £ = %
The following additional notation is needed.

CH(X7 Ty, U’) =

v; = max C(x).
|x[=i
Om = min 6i+5j§ Fm =  max Ki + Kj; Ym = . max Yi + V55 Om = Om + Em +7;
1,711+ j=m 7,J:11+J=m 1,711+ j=m

. —& S - .t .
Ki(j,t) = [1 —e ]t] L: Kj(n,to) = [] K1(j, 2); K'(to) = min K§(n, to);
07 =1 n n<ng
Theorem 11 The Markov chain on K with rates given by (3), (4) and (7) is irreducible

and satisfies the detailed balance equations. It is time reversible and has unique equilibrium
distribution pg(-|y). Moreover for all fized to > 0

supll P, ) = Pi(y,) Il €2 (1= K'(to)) 0™

for allt > to.

Proof: Every configuration x can be reached from every other configuration z by first delet-
ing all points in x\z and then adding z\ x, since all transition rates are strictly positive. Thus
the Markov chain is irreducible. Since the detailed balance equations hold by construction,
the first part of the result follows from lemma 8. The second part can be derived by coupling
arguments (see Appendix). O
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7 Discussion

We conclude this paper with a simple practical example and some comparison between de-
terministic and stochastic algorithms.

7.1 Example

In [6] we studied in detail a simple example where a scene composed of discs with fixed radius
was observed after addition of white Gaussian noise (Figure 1). A Strauss process served as
prior distribution on disc configurations.

Figure 1: Binary silhouette scene of discs with radius 4 and realization from Gaussian model
with ¢ = 50, #; = 150 and 6y = 100 digitized on a 98 x 98 square grid.

To obtain an approximate MAP solution, in principle a sequence of spatial birth-and-
death processes should be run. However, since the posterior distribution is highly peaked it
is sufficient to sample at a fixed ‘low’ temperature (see also [11]). A reconstruction obtained
by running the constant death rate procedure at H = 1 is given in Figure 2. Using constant
birth rate instead was found to behave worse. The latter method tends to add an unlikely
object and immediately deletes it again. This confirms experience reported in the literature
([22, 25]).

Typical runs of the constant death rate method are illustrated in Figure 3, where the
A, distance [2] to the ‘true’ pattern is graphed against time. Starting from an empty scene,
objects are immediately added to form a plausible reconstruction followed by deletion and
immediate readding of one of the objects. Note that the results obtained this way are com-
parable to steepest ascent reconstructions [6].

In contrast to ICM, simulated annealing results in a global maximum, regardless of the
initial state. Experiments with several initial patterns are in accordance with the theory, in
that similar reconstructions were obtained.
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Figure 2: MAP reconstruction using a Strauss prior with § = .0025 and v = .25.

7.2 Concluding remarks

Here the model was specified completely. In reality there will be unknown physical parameters
that have to be estimated. This can be done either from training data, or if none is available
by alternating reconstruction and parameter estimation steps ([6, section 7]).

The computational effort per transition is mainly in sampling from by (x,-)/B(x). For
finite parameter spaces, this can be done naively by one scan through object space, but more
efficient strategies should be used. The performance of the method on realistic image data is
closely related and will be the topic of further research.
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Figure 3: Delta-2 distance between reconstructed and true pattern as a function of time. The
cutoff value is 4.
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Appendix

Markov chains on finite spaces

We will need the following results from Markov chain theory (Chung, 1967).

Lemma 12 Let Q be a finite square matrix satisfying
(1) ¢; =0 Vi#]
(i) qu=— Zj;éi qij Vi

Then there exist unique transition matrices

e ntn
Pt:th:ZQ 1 ) t>0
n=0 :

n =

so that the associated Markov chain has rates Q). They form the unique solution to the
Kolmogorov differential equations (t > 0)

2z () = g zie(t)qr;
z;(t) = g Girzri(t)
In other words, any Markov chain on a finite state space is uniquely specified by its
transition rates R(7,7) = gsj, ¢ # j.
A Markov chain is called irreducible, if all states can be reached from one another. This
means that for all states ¢ # j there exists a sequence ¢ = 41,92, -+, %, = j such that

R(il, 22) <o R(in_l, Zn) > 0.

For irreducible Markov chains the long run fraction of time spent in each state can be found
be solving a system of linear equations.

Lemma 13 Let (X;) be a Markov chain on a finite state space with transition matrices P;,
t > 0. If X is wrreducible

lim P(i,j) = 7(j)

t—o0
exists for all i,7 and is independent of the initial state. The limit vector w is the unique
solution of the ‘rate in = rate out’ equations

{ﬂ'Q = 0
Sor(i) = 1

where @Q is the transition rates matriz q;; = %p%(z',j)hzo.

Lemma 14 Let X be an irreducible Markov chain with finite state space I, specified by its
transition rates R(i,j). If w is a probability measure on I satisfying the ‘detailed balance’
equations

R(i, j)m (i) = R(5,i)7(j)

then X s time reversible and has unique limiting distribution .
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Rate of convergence

The following is a summary of results by Lotwick and Silverman (1981) and Mgller (1989).
For notation see the main text.

Let X; and Y; be two independent simple birth-and-death processes and set 7; = (X3, Y3).
Suppose Zy = (m,n) with m +n > 0. Then

P( the first transition in Z occurs before time ¢ and is a death | Zp = (m,n)) =
[1 _ e_(am“‘an)t:l M Z Kl(m + n,t)
O, + Oy,
To see the last inequality, set

Y
rT+y

[z, y) =1 -]

where £ = (K, + kp)t > 0 and y = (6,, + 6, )t > 0. The partial derivatives of f are

0 e

(@) = s [+ e = 1
of Y e z .
a—y(m,y)—x_l_ye y+(m+y)2 (1—e"7¥)>0.

Set g(2) = (1 +2)e ™ — 1 on (0,00). Since ¢'(z) = —ze™! < 0, %(x,y) < 0. Therefore a
lower bound can be obtained by taking x as large and y as small as possible.
Also:
P(Z; hits (0,0) before time tg | Zg = (m,n)) >

P( first m + n transitions occur before to and all are deaths | (m,n)) >
P( first m + n sojourn times are all < —f0— and all these transitions are deaths | (m,n)) >
K, O(m +n, to)

If the number of objects is bounded above by ng (e.g if the state space is finite), then
K(to) = minnSnO Ko(n, to) > 0 and

P(Z; hits (0,0) before time tg) > K (to)

for all initial distributions.
Lemma: For all k € N

1 —P(Z; hits (0,0) before kto) < (1 — K(to))*.

The proof is by induction. For £ = 1 the assertion is trivially correct. Next assume the
lemma holds for some k € N. Then, abreviating ‘hits’ by 1,

1 —P(Z; 1 (0,0) before (k+ 1)ty) =
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/IP’(Zt # (0,0) in (to, (k + 1)to) |2) * P(Z: 4 (0,0) before tg and Zy, € dz) <

(1— K (to))* / P(Z; § (0,0) before to and Zy, € dz) =

(1 — K(to))* P(Z; 4 (0,0) before to) < (1 — K (t))**!

which proves the Lemma.
Now, for arbitrary t > %o,
P(Z; % (0,0) before t) <

P(Z, # (0,0) before Lti Jto) <
0

(1— K(to) o] < (1= K(to)) 0"

Next, consider independent general spatial birth-and-death processes X; and Y; and
assume that the number of objects is bounded. Moreover, let the initial distributions be
A (concentrated on configurations with at most ng points) and the equilibrium measure =
respectively. Since state (0,0) is discrete, coupling applies. Define

Xt, t<T
Ut_{ Yy, t>7

where 7 =inf {t >0 : X; =Y; =0}.

Then 7 is a stopping time and U, 2 X;. Hence for every measurable A,

PA(X; € A) —7(A) P\(U; € A) — w(A)
PXi€A;t<T)+P\(Yi€A;t>71)—7(A)
Pyx(X:€eA; t<71)+P\(Y; € A) —n(A)

( ) <

PX;:eA;t<T ]P(t<’l’).

IA I

and similarly

m(A)=PyX; € A) = 7(A)—Py\(U; € A)

= m(A)-P\(X;eAd;t<T)=-P\(YeA;t>T)
P\Y;eA;t<1)—P\(X: € A; t<T)
PyYie A t<1) <Pyt <T).

IN

Thus
|| 7 =Px(X; €-) |lrv <PA(t < T)

and the theorem is proved.



