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Abstract
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transformers’ are formulated in a topological setting. We treat state transformers based
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1 Introduction

In this paper we give a full picture of the relationship between state transformers and predicate
transformers. For the state transformers we consider the Hoare, Smyth and Plotkin power
domains. We give a full picture in the sense that we consider algebraic directed complete partial
orders (with a bottom element) (and not only flat domains), we consider not only continuous
state transformers, but also the monotonic ones and the full function space, we do not restrict
to bounded nondeterminism, and we treat all the three power domains with or without empty
set. The first item is important when we want to use domains for concurrency semantics. The
second and third item give more freedom in the sense that we can use these transformations
also for specification purposes without constraints on computability. Having the empty set in a
power domain can be important to treat deadlock. Qur treatment includes the Plotkin power
domain.

For state transformers we use an extension of the standard power domains. For predicate trans-
formers we start from the (informal) classification of predicates in liveness and safety predicates
of Lamport [Lam77|. Later Smyth [Smy83] followed by [AS85, Kwi91] used topology to formalize
this classification. Also we use topology for defining predicates and safety and liveness predicate
transformers. We consider a new kind of predicate transformers with predicates that are the
intersection of safety and liveness predicates.

We prove that the Hoare state transformers are isomorphic to safety predicate transformers,
that the Smyth state transformers are isomorphic to the liveness predicate transformers, and
that the Plotkin state transformers are isomorphic to the “intersection” predicate transformers.
So for the first time we are able to give a full picture of all the relationships filling several gaps
that were present in the literature.



Next we discuss how this paper is related to previous work. Power domains for dcpo’s were
introduced in [Plo76], [Smy78] and [Plo81]. Our power domains are slightly more general in
the sense that we do no restrict to non-empty (Scott-) compact sets. Besides the standard
ways of adding the empty set to the Smyth [Smy83] and to the Plotkin [MMT79, Plo81, Abr91]
power domains, we also add the empty set in all the three power domains as a separate element,
comparable only with itself and with the bottom.

Predicate transformers were introduced in [Dij76] with a series of healthness conditions. Back
and von Wright [Bac80, vIWW90] use only the monotonicity restriction on predicate transformers.
They use predicate transformers for refinement and provide a nice lattice theoretical framework.
Nelson [Nel89] has (for the flat case) used “compatible” pairs of predicate transformers for giving
semantics to a language with backtracking. Smyth [Smy83] introduced predicate transformers
(with the Dijkstra healthiness conditions) for non-flat domains. Our definition of predicate
transformers is parametric with respect to the collection of predicates (observable, liveness and
safety). Furthermore, a new (generalization) of the multiplicativity restriction is introduced and
a generalization to the non-flat case of “compatible” pairs of predicate transformers is given.

Isomorphisms between state and predicate transformers have been given for the flat case of the
Smyth power domain in [Plo79] (and for countable nondeterminism in [AP86]), and for the flat
case of the Hoare power domain in [Plo81]. Also De Bakker and De Roever [Bak80, Roe76]
studied (from a semantical point of view) for the flat case the relation between state transformer
and predicate transformer semantics. Moreover, for the flat case of the Plotkin power domain
we have proposed an isomorphism in [BK92].

For the general case of the compact Smyth power domain in the paper [Smy83] an isomorphism is
given for continuous state transformers. He uses a topological technique which Plotkin later used
in [Plo81] for the continuous Hoare state transformers. A recent work includes an operational
point of view in Van Breugel [Bre93]. In the present paper we give some new isomorphisms for
the Hoare and the Smyth power domains, showing also how the previous ones can be obtained
as combinations of the new isomorphisms. Our definition of multiplicativity for predicate trans-
formers permits us to use a technique similar to that used for the flat case. Furthermore we give
isomorphisms for the Plotkin power domain. As far as we know no isomorphism was known for
the non-flat Plotkin power domain (as for example is remarked in [Plo81] and in [Smy83]).

2 Mathematical Preliminaries

We introduce some basic notions on domain theory and topology. For a more detailed discussions
on domain theory consult for example [Plo81], and for topology we refer to [Eng77].

A partial order C on a set P is a reflexive, transitive and antisymmetric relation in P X P. Let P
be ordered by the partial order C, z € P and A a subset of P. Define z = {y|ly € P A z C y}
and A T=U{z 1 |z € A}. A set A is called upper-closed if A = A . A subset A of P is called
an w-chain if there is a enumeration xp, 1, ... of the elements of A such that 2; C ;11 for every
¢t € N. A generalization of w-chain is a directed set; A C P is said to be directed if it is non
empty and every finite subset of A has an upper bound in A. P is a directed complete partially
order set (dcpo) if there exists a least element | and every directed subset A of P has least
upper bound (lub) || 4 in P. A directed set A is eventually constantif | | A € A.

A partially ordered set P has a least upper bound for every w-chain if and only if it contains all
least upper bounds of all directed countable sets [SP82]. In this case P is called a w-complete
partially ordered set (w-cpo).



An element b of a dcpo P is finite if for every directed set A C P, b C | | A implies b C z for
some z € A. The set of all finite elements of P is denoted by Bp and is called base. A dcpo P
is algebraic if for every element # € P the set {b|b € Bp A b C 2z} is directed and has least
upper bound z; it is w-algebraic if it is algebraic and its base is denumerable.

Let P, Q be two partially ordered sets. A function f : P — @ is monotone (denoted by
f:P —, Q)ifforall 2,y € P with ¢ Cp y we have f(z) Cg f(y). If P is a dcpo we say
f is continuous (denoted by f : P —, Q) if f(UA4) = Uf(A) for each directed set A C P;
moreover f is stabilizing (denoted by f : P —, Q) if it is continuous and for every directed set
A C P, f(A)is an eventually constant directed set in Q. If f : P —, @ is continuous then f is
monotone. Given a set B C @), a continuous function f : P —, Q is said B-algebraic (denoted by
[ P =gy Q) if for every directed set S C P and for every ¢ € B such that ¢ C f(||.5) there
exists an z € S such that ¢ C f(z). Clearly, a continuous and stabilizing function f : P —, Q
is B-algebraic for every B C (). Moreover we have the following:

Lemma 2.1 Let P, Q be two dcpo’s such that Q) s algebraic with base Bg. Then a function
f: P — Q is continuous if and only +f f s Bg-algebraic.

A function f is strict (denoted by f : P —, Q)if f(Lp) =Lg; dually f is top preserving (denoted
by f: P —; Q)ifand only if f(Tp) = To. If f is onto and monotone then it is also strict.

We now introduce some basic topological notions. A topology O(X) on a set X is a collection of
subsets of X that is closed under finite intersections and arbitrary unions. Every topology O(X)
is ordered by subset inclusion and forms a complete lattice with bottom element the empty set
and as top element X. The pair (X, O(X)) is called topological space and the elements of O(X)
are the open sets of the space X. A base of a topology O(X) on X is a subset B C O(X) such
that every open set is the union of elements of B. The topologies on a set X form a complete
lattice when ordered by inclusion, with bottom element the ¢rivial topology O4(X) = {0, X}
and top the discrete topology O4(X) = P(X). A set S C X is denseif and only if X \ S contains
no non-empty open sets. A Gg-set is a countable (finite or infinite) intersection of open sets.

Given a partially ordered set X, its Alezandroff topology O 4;(X ) consists of all the upper-closed
subsets of X. If X is a dcpo, a finer topology of X is the Scott topology Ogs.(X), where
0o € Og.(X) if and only if o is upper-closed and for any directed set S C X if | |.S € o then
SNno#0.

Let A be a collection of subsets of X; the closure under arbitrary intersection of A is denoted

by A"={Q|@=N4" A A'C A},

We can describe a topology by its closed sets instead of its open sets. A subset of a set X is
closed if and only if it is the complement of an open set of a given topology on X. The collection
of closed sets of a topological space is denoted by C(X) and, dually to the case of open sets,
is closed under finite unions and arbitrary intersections. Closed sets are ordered by superset
inclusion and form a complete lattice. For every A C X there exists a closed set ¢ and a dense
set d such that A = cnd.

Given a partially ordered set P, the closed sets of the Alexandroff topology are all the lower
closed sets, while a set ¢ C P is closed with respect to the Scott topology if ¢ is lower closed
and for every directed set S C P if S C ¢ then | |S € c.

Let X be an algebraic dcpo and let O(X) be a topology on X. A subset A C X is compact in
O(X) if and only if for every collection of open sets o; € O(X) with ¢ € I such that A C |J; o;
there exists a finite subcollection o; such that A C |J;0;. For example A C X is compact in



0,4(X) if and only if it is a finite set. The intersection of a closed set and a compact set is
compact. Sometimes we use a different characterization of compactness:

Lemma 2.2 Let X be a topological space with topology O(X). A subset A C X is compact in
O(X) if and only if for every directed set S C O(X) such that A C |J S there exists an s € S
with A C s.

Proof: If A C X is compact and S C O(X) is a directed set, then A C |J S implies by the
compactness that there exists a finite S’ C S such that A C |J.S’. But S is directed, thus there
exists s € S such that s’ C s for every s’ € S’. Therefore A C |J S’ C s.

Let now A C X and assume that for every directed set S C O(X) if A C | S then there
exists an s € S with A C s. Then for every cover C C O(X) such that A C |J C define
the set S(C) = {o¢' € O(X)|ocr = UC' A C" Cgp, C}. The set S(C) is directed because if
ocr,ocn € S(C) with C', C" finite subsets of C' then also C'U C" is a finite subset of C, that is
ocuen € S(C). Moreover, o¢r C o¢iyen and also ogn C ogiyeon, hence S(C) is directed. We
have also C' C S(C), hence A C|JC C US(C). Thus there exists s € S(C) such that 4 C s,
say s = oz, = U C where C Cfn C. Therefore A C |J C. a

3 Predicates and Predicate Transformers

A predicate P is a function from a set X to the boolean set {tt, ff} or, equivalently, is a subset
of X. Topology provides an elegant way of selecting classes of predicates of programs ([Smy83],
[Kwi9l]) in which the open sets of a topological space X are the observable predicates, closed
sets are the safety predicates and arbitrary intersections of open sets are the liveness predicates.

In this paper we consider algebraic dcpo’s together with the Scott topology. The Scott-open sets
of a dcpo Y represent the observable predicates and are finitary in the sense that y € o if and
only if there exists a b € By such that b € 0 and b C y. In other words, a predicate P is finitary
if we can test P holds for y by testing only the finite elements smaller than y. Notice that if
P is w-algebraic then a predicate P is finitary if it can be tested to hold for y by testing only
a finite number of elements smaller than y. The observable predicates are ordered by subset
inclusion. The Scott-closed sets are the safety predicates and are ordered by superset inclusion.
Liveness predicates are the arbitrary intersections of Scott-open sets (that is Alexandroff open
sets). The liveness predicates are ordered by subset inclusion.

Consider as an example the set of sequences (finite and infinite) over an alphabet ¥ ordered
by the prefix ordering (for more examples see [Kwi91]). For each kind of predicate we give an
example:

Safety predicate: always a = {z|z = a* V & = a*} (Scott closed),

Observable predicate: eventually a = {za|z € ¥*}1 (Scott open),

Observable predicate: start with ¢ = z] (Scott open), where z € ¥*,

o Liveness predicate: infinitely often a = N, cy({z]z € ¥* Alz|, = n}T) (Alexandroff open
but not Scott open),

o Neither safety nor liveness predicate: always a but starting with ¢ = always a A start with
z.



The safety and liveness predicates are introduced informally in [Lam77]. Smyth [Smy83, Smy92]
introduces the topological view that closed sets represent safety predicates and the liveness
predicates are intersections of open sets. Due to computability, Smyth uses closedness under
countable intersection (such specifications are known in topology as Gjs sets: countable inter-
sections of open sets) while we take arbitrary intersections of open sets as liveness predicates.
In [Kwi91] liveness predicates are also Gs-sets. We differ from [AS85] where liveness predicates
are the dense sets (the complement does not contain non-empty open sets).

To provide some more intuition we show that taking different topologies corresponds to different
restrictions on the function space:

Lemma 3.1 Let Bool = {tt, ff} with ff C tt. Then O4(X) is isomorphic to the set of all
the predicates from X to Bool, O 4;(X) is isomorphic to the set of all the monotone predicates
from X to Bool and Og.(X) is isomorphic to the set of all the continuous predicates from X
to Bool.

Now we come to the definition of predicate transformers. Let P(Y') be a collection of predicates
on the space Y and let P(X) be a collection of predicates on the space X. We define predicate
transformers as the monotone functions from P(Y) to P(X).

Given topologies on Y and X the collection of predicate transformers that map observable
predicates to observable predicates is denoted by P(Y) —¢o P(X) (Recall that an observable
predicate is an open set in the topology.) All the predicate transformers in the sequel will be
multiplicative in the following sense:

Definition 3.2 A predicate transformer © : P(Y) — P(X) is called multiplicative, denoted by
7 : P(Y) -y P(X), tf for all collections of predicates P, Q C P(Y) we have

NPcNQ = N < N ()

pEP g€Q

This definition of multiplicativity is a generalization of the standard definition of multiplicativity
as is shown in the next lemma:

Lemma 3.3 Letn : P(Y) — P(X) be a predicate transformer and assume that P(Y) is closed
under arbitrary intersection, that is P(Y)" = P(Y). Then w is multiplicative if and only if
T(NP) = Nyep 7(p) for every collection of predicates P C P(Y).

Proof:

<) Let P,Q C P(Y) such that NP C NQ. Since 7(NR) = N,cp7(r) for every R C
P(Y), the predicate transformer 7 is monotone, and hence #((\P) C 7( Q). But then
Npep(p) =7(NP) S 7(N Q) = Nyeq 7(a)-

=) Let PC P(Y)and ¢ =P € P(Y). Then by multiplicativity we have ¢ = | P implies
m(4) = Npep 7(p). But then (N P) = 7(q) = Nyep 7(p)-

a

Even if P(Y)" # P(Y) we have for a multiplicative predicate transformer n that for any
NP € P(Y) for a collection of predicates P C P(Y) then n(\P) = N,cp 7(p). Hence our
notion of multiplicativity keeps all possible multiplicativity allowed by the collection of predicates
P(Y). Because the empty intersection of predicates in P(Y') is the predicate Y, we have the
following:



Lemma 3.4 Let 7 : P(Y) -y P(X) be a multiplicative predicate transformer. If Y € P(Y)
then =« is top preserving.

Proof: Consider the collection of predicates P = ) C P(Y) and @ = {Y}. Then by multi-
plicativity we obtain ¥ = NP C N Q = Y implies X = ,cp7(p) € Nyeq7(q) = 7(Y). But
7(Y)C X, thus n(Y) = X. ]
Given a predicate transformer = : P(Y) — P(X) its dual #° : P(Y)° — P(X)° is given by
7°(p) = X \n(Y \p), for every p € P(Y)°, where P(Y)° is defined as the set { Y \ p|p € P(Y)}.
A predicate transformer is additive (denoted by = : P(Y) — 4 P(X)) if and only if its dual is
multiplicative.

Definition 3.5 A predicate transformer = : P(Y) — P(X) is called intersection extensible,
denoted by m : P(Y) —1 P(X), if Npep 7(p) € P(X) for every collection of predicates P C
P(Y). Dually, if Upepm(p) € P(Y) for every collection of predicates P C P(Y) then m is
called union extensible (denoted by = : P(Y) —y P(X)).

Intuitively, multiplicative predicate transformers = : P(Y) — P(X) preserve the logical ‘v’
on predicates on Y, while the additive ones preserve the logical ‘3’ even if they are not in their
domain. If 7 is intersection (union) extensible then the logical vV’ (‘3’) of 7 of an arbitrary
collection of predicates on Y is always a predicate in P(X).

For multiplicative predicate transformers we prove the following stability lemma (a generalization
of a lemma due to Plotkin [P1o79, AP86])in which the collections of predicates are not necessarily
closed under arbitrary intersection:

Lemma 3.6 Let 7 : P(Y) —y P(X) be a multiplicative predicate transformer between two
collections of predicates. Then

zen(p) < [{plzen(p)yCh

for every p € P(Y) and z € X.
Proof:

~ ) Tt € (p) then j € {ple € 7(p)} and hence ({p|z € 7(p)} C p.
< ) Suppose N{p|z € 7(p)} C p. Then by multiplicativity z € Nycn(p) 7(p) C 7(p), that is
v € 7(p).

a

Next we define a restricted version of the Cartesian product on multiplicative predicate trans-
formers by requiring multiplicativity on the intersection.

Definition 3.7 Let P1(Y), Po(Y) be two collections of predicates on Y and Q1(X), Q2(X) be
two collections of predicates on X. Define (P1(Y) -y Q1(X))R(Pa(Y) - Q2(X)) as

{(r,p)] ¥V P,P'CP(Y),Q,Q@CPy(Y):NPANQCNP NN
= Nper T(P) NNy P(@) € Nyrep ®(2) N Nyreqr p(d)}



Tuples are ordered pointwise.

For these pairs of multiplicative predicate transformers we have a new stability lemma:

Lemma 3.8 Let (m,p) : (Pi(Y) = Qi(X))R(P2(Y) —p Q2(X)). Then for every z € X,
P € Pi(Y), and g € Py(Y) we have:

1. zen(p) & N{plz € =(p)} NN{qlz € p(q)} C b,
2. zep(q) = Mplzer(p)InNiglz €p(g)}Cd
Proof:
1. = ) If 2 € 7(p) then p € {p|z € 7(p)} and hence
(rplz € =(p)} N[ alz € p(q)} [ {plz € 7(p)} C p.
<« ) Suppose N{p|z € 7(p)} N N{glz € p(q)} C P, then
(Mple € 7(p)y N[ Hale € p(@)} S N[ {dlz € p(a)}-
But (7,p) € (P1(X) »p Q1(Y))R(P2(X) = nm Q2(Y)), thus we have

ze () wp)n () elp)Sx@B)N () »lp),

z€m(p) z€p(p) z€p(p)

that is z € 7(p).
2. Similar.
Od

Now we come to the definition of safety and liveness predicate transformers used in this paper.
Recall that we defined safety predicates as closed sets and liveness predicates as ‘arbitrary

intersections of open sets.

Definition 3.9 Let X and Y be algebraic dcpo’s. The safety predicate transformers are func-
tions n

Cs.(Y) »u C(X)

for some collection of closed sets C(X) on X. They are ordered pointwise by superset inclusion.

The liveness predicate transformers are functions in
Os5.(Y)" —om O(X)"

for some topology O(X) on X. They are ordered pointwise by subset inclusion.



Note that the domain of predicate transformers consists of the safety or the liveness predicates
associated with the Scott topology. In the codomain we allow more freedom in the sense that
we can choose the topology. As we will see later, taking different topologies corresponds to
describing different classes of state transformers. We can define liveness and safety predicate
transformers also in terms of observable predicate transformers due to the following isomorphism:

Theorem 3.10 Let X and Y be algebraic dcpo’s. The following order isomorphisms hold:

1. (05.(Y)" —om O(X)") 2 (0s.(Y) = O(X)),
2. (Cs.(Y) > C(X))Z(0s.(Y) =4 O(X)).

4 State Transformers

In this section we give generalizations of the three “classical” power domains on w-algebraic
decpo’s, the so-called Hoare, Smyth and Plotkin power domains ([Plo76], [Smy78] and [Plo81]).
and on these power domains we base our state transformers. We need the following two closure
operators for the definition of the power domains. Let A be a subset of an algebraic dcpo X:

1. A={z|Vb€Bx:bCz=da, € A:bC x},

2. A*={z|(3e' € A:2’'Ca) AN (VbeEBx :bCae=dz € A:bLC a)}.

For every A C X we have A = A if and only if A € Cs.(X). Hence A C A and 4 = A.
The intersection of an upper closed set with a Scott closed set is *-closed. Further A C A*,
(A*)* = A* and A = A* if and only if A = A7 NA. This means that if A is *-closed then
(AT NA)1= Al and (A NA) = A. We characterize the pairs of sets (4, B) such that (BNA){=
and (B N A) = A (this implies clearly that A is Scott-closed and B is upper closed):

Lemma 4.1 Let X be an algebraic depo and A, B C X.

1. If AC B then (BT N4) = A4,

2. if AD B then (BT NA)|= BT,

3. (BNA)= A and (BN A)T= B if and only if there exists C C X such that CT= B and
C = A.

Proof:

1. Let A C B C X. Since (BT NA4) C A then (BT NA) C A. On the other hand, A C B
implies A C B and since A C A we obtain A C (BT NA), which implies A C (B HZ).
Therefore (BT N4) = A.

2. Suppose now A D B. Since (BT NA) C B] then (B NA)]C Bl. Moreover B C A implies
B C Z_and since B C B we obtain B C (B] NA), that implies B{C (BT NA)]. Therefore
(BT nA)1= BJ.



3. If (BN A)]= B and (BN A) = A then take C = BN A. For the other direction, if there

exists C C X such that C1= Band C = Athen-byitem1-(BNA)=(CINC)=C=4
and also - by item 2 - (BN A)]= (CTNC)= C1= B.

Next we define the (generalizations of the) power domains:

Definition 4.2 Let X be an algebraic dcpo. Define

o the Hoare power domain H(X) = ({A|[AC X A A= A},Cy), where
ACH Bif AC B,

o the Smyth power domain S(X)= ({A|[AC X AN A= Al},Cgs), where
ACs Bif AD B,
e the Plotkin power domain P(X)= ({A|[AC X A A= A*},Cp), where

ACp Bif A|[Cs BT and ATy B.

When we consider only bounded nondeterminism then we can restrict the power domains by
considering only the compact sets in the Scott topology (denoted by the subscript co). Every
Scott closed set of a dcpo contains the bottom, hence it is compact in the Scott topology.
This implies H.,(X) = H(X). The standard definitions of the Hoare, Smyth and Plotkin power
domains are H (X ), SE(X) and P} (X), where the superscript T states that the power domains
should be taken without the empty set.

For an algebraic dcpo X, the Hoare power domain is a complete lattice. Furthermore it is also
an algebraic depo with finite elements the Scott closure of finite subsets of By [Plo81]. Also the
Smyth power domain is a complete lattice, but in general it is not an algebraic dcpo. However its
restriction S, (X ) is an algebraic dcpo with finite elements the upper closures of finite subsets of
Byx [Plo81, Smy78, Smy83]. In general, the Plotkin power domain is neither a complete lattice
nor a (pointed) dcpo (there is no bottom element because the empty set is related only with
itself and {L} is less than any other set different from the empty set). However if X is an
w-algebraic depo then PJ(X) is also an w-algebraic dcpo with finite elements the *-closures of
finite subsets of By (cf. [Plo76], [Plo81]). For a treatment of more general algebraic depo’s we
refer to [Hrb87] and [Hrb89].

Definition 4.3 Let X, Y be two algebraic dcpo’s. Define the Hoare state transformers as func-
tions (ordered pointwise) in X — H(Y), the Smyth state transformers as functions (ordered
pointwise) in X — S(Y) and the Plotkin state transformers as functions (ordered pointwise) in

X - P(Y).

5 Predicate Transformers and State Transformers

In this section we will show some isomorphisms between the Predicate Transformers and State
Transformers defined in the previous sections.

5.1 Safety Predicate Transformers and Hoare State Transformers

The following theorem shows the relation between safety predicate transformers and state trans-
formers based on the Hoare power domain (the Hoare state transformers):
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Theorem 5.1 Let X and Y be two algebraic depo’s. We have the following order-isomorphisms
between the partial orders:

1. X - H(Y) =2 Cs.(Y) »m Cu(X),
2. X > HY (Y)Y Cs(Y) = Ca(X),
3 X - H(Y) 2 Cys.(Y) -y Cat(X),
4 X 5. H(Y) = Cs.(Y) »um Csc(X),
5. X -, H(Y) = Cs.(Y) »vm Csc(X).
In all cases the isomorphism is given by the function ~:

7(m)(¢) = {z[m(z) C c}.

The function v can be seen as a generalization of the weakest liberal precondition. Its inverse
is given by 77 '(p)(z) = N{c|z € p(c)}. Because the isomorphism is the same for every case
we can combine different cases of the theorem to obtain more isomorphisms. For example by
combining 2. and 4. we get as a corollary the result of [Plo81]:

X = HH(Y) =2 Cse(Y) —=om Cse(X))

Next we prove Theorem 5.1. We split the theorem in the five lemma’s corresponding to the five
parts of the theorem. For each part we also give some intuition.

Lemma 5.2 Let X and Y be two algebraic dcpo’s. Then
X = H(Y) 2 Cso(Y) = Ca(X).
Proof: We start by proving that for every m € X — H(Y) the function vy(m) is multiplicative:

Let P,Q € Cs.(Y) such that NP C NQ. If z € N,cp7(m)(p) then for every p € P,
¢ € 7(m)(p), and hence m(z) C p, for every p € P. Hence m(z) C NP C N Q. Thus
m(z) C g, for every ¢ € Q, that is z € ,co7(m)(q). Therefore N,py(m)(p) C
Neeg 7(m)(9)-

Now we show that both the functions 4 and y~! are monotone:

Let m; Cg my, that is my(2) C mgo(a) for every ¢ € X. Thus, for every ¢ € Cg (V) if
z € y(mz)(c) then my(z) C ma(z) C c. Therefore for every ¢ € Cg.(Y)

7(ms)(e) = {z[mz(2) C e} C {z|m(2) C c} = y(ma)(c).

Let now p1,p2 € Cs.(Y) —u C4(X) be such that pi(c) O p2(c) for every ¢ € Cg (Y).
Then {c|z € p1(c)} 2 {c|z € pa(c)} for every z € X. Therefore

7 e1)(2) = ({clz € pr(e)} S [ el € pa(c)} =7 (p2)(2),

11



that is y~*(p1) T 7~ (p2)-

1

Finally we prove ¥ and 7~ are each other inverses.

1

(77 oy = ddxon(y)))

Let m € X — H(Y) and 2 € X. Then
1M (m))(2)

= { definition y7! }
Melz € (v(m))(e)}

= { definition v }
Melm(z) C <}

={m(z) e H(Y)=Cs.(Y) }

(017" = id(Cg,(v)= 1 Ca(x))
Let p € Cs.(Y) = C4(X) and & € Cs.(Y). Then

1(rHe))(?)

= { definition 7 }
{zly(p)(=) C &}

= { definition y~1 }
{2 elz € p(e)} C &}

{ stability lemma 3.6 }

{z]z € p(2)}

p(2).

a

We can consider this isomorphism as a starting point for finding the other isomorphisms by
considering various restrictions on the left and the right hand sides. We start with the restriction
of “excluded miracles”, that is, predicate transformers p such that p(@) = 0. This restriction

translates to the Hoare state transformers to consider the Hoare power domain without the
empty set:

12



Lemma 5.3 Let X and Y be two algebraic dcpo’s. Then
X - HY(Y)2Cs(Y) —sm Ca(X).

Proof: Let m € X — HT(Y). Then v(m)(0) = {z|m(z) C 0} = 0 because m(z) # 0 for every
¢ € X. Hence y(m) is strict.

Consider now p € Cs.(Y) —,u C4(X) and assume v~ 1(p)(z) = N{c|z € p(c)} = 0. Then we
get following contradiction:

re () ole)=p(0)=0.
z€p(c)
Therefore v~ 1(p)(z) € HT(Y) for every z € X. ]

If we consider Hoare state transformers that are monotonic, then the safety predicate trans-
formers have Alexandroff closed sets as codomain. Notice that in this case the safety predicate
transformers are union extensible.

Lemma 5.4 Let X and Y be two algebraic dcpo’s. Then
X - H(Y)Z Cs(Y) »u Cai(X).

Proof: Let m € X —,, H(Y) and 22 € y(m)(c) for 2, € X and ¢ € Cs(Y). If 2, € X is
such that ; C @, then m(2) Ty m(z2), that is, m(z1) C m(az) C c. Therefore z; € y(m)(c¢).
Therefore v(m)(c) is lower closed and hence y(m)(c) € C4(X).

Let now p € Cg.(Y) —p Ca(X) and 2; C 25 for 21,23 € X and 23 € p(c). Then 2; € 2, |C
p(c) € Cu(X). Thus {c|zs € p(c)} C {c|z1 € p(c)} and hence

77 p)(®2) = ({clzz € p(c)} 2 ({cla € p(c)} = 77 (o) (=),

that is, Y71(p)(z1) Cg 7 (p)(22). Therefore y~1(p) is monotone. 0

Restricting the Hoare state transformers to continuous functions corresponds to the safety pred-
icate transformers having Scott closed sets as codomain. Since Scott closed set are not closed
under arbitrary union, the safety predicate transformers are in general not union extensible.

Lemma 5.5 Let X and Y be two algebraic dcpo’s. Then
X —, H(Y) — CSC(Y) —M CSC(X).

Proof: Let m € X —, H(Y). If m is continuous then it is also monotone, thus y(m)(c) €
C4(X) for every ¢ € Cg.(Y), and hence is lower closed. Let now S C X be a directed set
and suppose z; € y(m)(c) for every z; € S. Then m(z;) C ¢ for every z; € S and hence
Uses m(z;) C c. Therefore, applying the Scott closure operator we obtain:

U m(z;) = |_| m(z;) = m(|_|S) Ce

ZiES ZiES
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because m is continuous, (.) is monotone and ¢ € Cs.(Y). Thus [|S € y(m)(c) and hence
7(m)(e) € Cse(X).

Let now p € Cg.(Y) —p Cs.(X). We have to prove y~!(p) continuous. Since p(c) € Cg.(X) C
C 4:(X) we have y7!(p) monotone. Thus

L] v (p)(@) T v (p)(|]9),

z, €S

for every directed set S C X. Since arbitrary intersection of closed sets is closed, appling the
stability lemma 3.6 we have z; € p(N{c|z; € p(c)}) = p(y~(p)(2;)) for every z; € S. But

@) < U 1)) U 74 0)(@) = || v7™p)(m:) € Csu(Y),

ZiES Z,ES Z,ES

and thus, because p is multiplicative, and hence monotone, we have

z; € p(’)’_l(p)(%)) C p( |_| 7_1(p)($i))7

z, €S

for every z; € S. Since p(c) € Cs.(X) for every ¢ € Cg.(Y), we obtain

VziES:ziEp(u'y_l( )zi)) |_|SEp |_|71 )(z:))
z; €S ;€S8

Thus, by another application of the stability lemma 3.6 we obtain

W[L8) = MHelllS en(e)r € L o)),

z; €S

that is v~ (p)(US) Er Uses 771 (p)(2i). Therefore |5 77 (p)(2:) = 77 (p)(US)- O
Union extensible safety predicate transformers correspond to continuous and stabilizing Hoare
state transformers. This is a severe restriction because for example the identity predicate trans-
formers p(c) = c for every ¢ € Cs.(Y) is not union extensible (Scott closed sets need not to be
closed under arbitrary union). One can say that in this respect the monotone (or unrestricted)
Hoare state transformers behave better than the continuous Hoare state transformers.

Lemma 5.6 Let X and Y be two algebraic dcpo’s. Then
X —, H(Y) — CSC(Y) — UM CSC(X).

Proof: Let m € X —, H(Y). Since m is continuous, and hence monotone, y(m)(c) € C4(Y)
for every ¢ € Cs.(Y). Thus for every P € Cs.(Y), U,ep7(m)(p) € Cai(Y) because C4(Y)
is closed under arbitrary union. Let S C X be a directed set and assume S C U,cp 7(m)(p).
Then for every z € S there exists p, € P such that 2 € y(m)(p.), that is, m(z) C p,. But m
stabilizes, thus | |,c5 m(z) = m([S) = m(&) for some & € S. Therefore also | |,cs m(z) C p;,

and hence | |,cs m(z) € U,cp7(m)(p), that is U,cp7(m)(p) € Csc(X).

Let now p € Cs.(Y) —pyy Csc.(X). We have to prove 47 (p) is continuous and stabilizing.
Continuity is clear because p € Cg.(Y) —p Cs.(X). Let now S C X be a directed set.
Since v71(p)(z) € Cs.(Y), we have by stability lemma 3.6 that z € p(y7'(p)(z)). Hence,
for every z € S, ¢ € U,es p(v 1(p)(2)). Furthermore, U,cs p(7 7 (p)(2)) € Csc(X) because
p is union extensible, and hence || S € U,csp(7Y7(p)(z)) as it is Scott closed. This means
LS € p(y Y (p)(z1)) for some z;, € S, and applying the stability lemma 3.6 we obtain
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T )L = (el S € p(e)} S v (o) (1),

that is y~*(p)(LUS) Cr 7~ *(p)(ak). But y~*(p) monotone implies y~*(p)(zx) T 7~ (p)(LUS)-
Therefore v~ 1(p)(L1S) = v~ *(p)(ax), that is 7y~ !(p) is continuous and stabilizing. 0

5.2 Liveness Predicate Transformers and Smyth State Transformers
Now we relate liveness predicate transformers and Smyth state transformers:

Theorem 5.7 Let X and Y be two algebraic dcpo’s. We have the following isomorphisms
between the partial orders:

2. X 5> 8T(Y) 204 (Y) —om 04(X),
8 X — 8:0(Y)20s.(Y) — . 04(X),
Os5.(Y) —m Ou(X),

(

In all cases the isomorphism is given by the function w:
w(m)(o) = {z|m(z) C o}

The function w is a generalization of the weakest precondition and its inverse is given by
w™H(r)(z) = N{o|z € m(0)}. We can combine 2., 3. and 5. to obtain the result of [Smy83],
because S.,(Y) is an algebraic dcpo with finite elements the upper closures of the finite subsets
of By, thus every continuous function from X to 8. (Y) is also 8-algebraic. We start by proving
the first item:

Lemma 5.8 Let X and Y be two algebraic dcpo’s. Then
X — S(Y) — OSC(Y) —M Od(X).
Proof: First we prove that for every m € X — S(Y) function w(m) is multiplicative:

Let P,Q € Os.(Y) such that NP C NQ. If 2 € N,cpw(m)(p) then for every p € P,
¢ € w(m)(p), and hence m(z) C p, for every p € P. Hence m(z) C NP C Q. Thus
m(z) C g, for every ¢ € @, that is z € (,cqw(m)(q). Therefore M, pw(m)(p) C
Ngeqw(m)(g)-

Next we show that both w and w™! are monotone:
Let my, my € X — S(Y) be such that my Cg my, that is m;y(z) O me(z) for every z € X.
z

Thus, for every o € Og.(Y) if z € w(my)(0) then my(z) C my(2z) C o. Therefore for every
o€ OSC(Y)
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w(mi)(0) = {z|m(z) C o} C {z|my(z) C o} = w(mz)(0),

Let 71,72 € Og.(Y) = O4(X) be such that m1(0) C m3(0) for every 0 € Og.(Y). Then
{olz € m1(0)} C {o|z € ma(0)} for every z € X. Therefore

wH(m)(2) = (olz € m1(0)} 2 [{olz € m2(0)} = w™}(m2)(2),
that is w™ (7)) Cs w™ (7).

Notice that for every # € Og.(Y) —p O4(X) and for every z € X the function w™(7)(z) €
S(Y). Indeed, Let y; Cy yo € Y with 13 € w™!(x)(z). Then 1 € N{o|z € (o)} and hence for
every o € Og.(Y) if z € (o) then 1 € 0. But 0 € Og.(Y), thus if y; € o then y» € y1,1C o.
Therefore y» € N{o|z € 7(0)} = w™!(7)(z) and hence, being upper closed, w™1(7)(z) € S(Y).

Next we prove w and w™! are inverses of each other:

(wtow =1dixs(v)) )
Let m € X — §(Y). Then

w™Hw(m))(z)

= { definition of w™! }

(Molz € (w(m))(o)}
= { definition of w }

ﬂ{ |m(z) C o}
Clearly m(z) C N{eo|m(z) C o}, thus it remains to prove N{o|m(z) C o} C (z) But
m(x) is an upper closed set of Y, thus m(z) € O4(Y) = Os.(Y)", say m(z) = (; o; with

(z) C o}

0; € Og.(Y). Hence, for every ¢ € I, m(z) C o;, that means {01|z € I} C{o]
-

Thus m(z) = N{o:| € I} 2 N{o|m(z) C o}. Therefore m(z) = N{o|m(z) C o}.

(wow™ = id0g (¥)-y04(x)) )

Let 7 € Og.(Y) =3 Og(X). Then
w(w™(7))(d)

— { definition of w }
{zlw™(7)(e) C &}

— { definition of w1 }
{z|({olz e (a)} C 8}

— { stability lemma 3.6 }
{z|z € =(0)}
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7(0).
a

Again we consider this isomorphism the basic building block for the other isomorphisms by
considering restrictions on the left and the right hand sides. First we consider liveness predicate
transformers that satisfy the ’excluded miracles law’.

Lemma 5.9 Let X and Y be two algebraic dcpo’s. Then
X = ST(Y) 2 0s5.(Y) —sm 0q(X).

Proof: Let m € X — ST(Y). Then w(m)(0) = {z|m(z) C 0} = 0, and hence w(m) is strict.

Let now 7 € O5.(Y) —sp O4(X) and assume w™(7)(z) = N{o|z € 7(0)} = 0 for some z € X.
Then we get following contradiction:

ze [ (o) ==(0)=0.
zem(o)
a

The Smyth ’compact’ state transformers corresponds to continuous and multiplicative liveness
predicate transformers:

Lemma 5.10 Let X and Y be two algebraic dcpo’s. Then
X = 8,(Y)=20s5.(Y) = O4(X).

Proof: Let m € X — S.,(Y) and let S C Og.(Y) be a directed set. Since w(m) is multiplica-
tive, it is also monotone, and hence we have

U w(m)(0) € w(m)(|JS).

0€S

Consider z € w(m)(US), that is m(z) C US. As m(z) is compact in Og.(Y) there exists a
finite subset S’ C S such that m(z) C |JS’. But S is directed, thus for every finite S’ C S
there exists an upper bound o € S. Hence m(z) C o and z € U,cgw(m)(0). Therefore
w(m)(US) = Uoes w(m)(o).

Let now m € O5.(Y) — .y O4(X). We have to prove w™!(r)(z) compact in Os.(Y) for every
z € X. Let S C Og(Y) be a directed set and z € X. Assume w™'(7)(z) C US. Then
N{o € Osc(Y)|z € w(0)} C US and since YS € Os.(Y), by stability lemma 3.6 we have
z € 7(US). But 7 is continuous, hence z € 7(lJS) = U,es 7(5), that is, there exists § € S such
that z € w(8). Again by stability lemma 3.6 we obtain

wH(7)(z) = [{o € Osc(Y)|z € w(0)} C 5.

Therefore, by lemma 2.2 w™!(7)(z) is Scott compact. o

If we consider monotonic Smyth state transformers, then the liveness predicate transformers
have Alexandroff open sets as codomain. Moreover these predicate transformers are intersection
extensible.
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Lemma 5.11 Let X and Y be two algebraic dcpo’s. Then
X —>nS8(Y)205(Y) - Ou(X).

Proof: Let m € X —,, S(Y) and #;,22 € X be such that ; € w(m)(o) and #; C 2. Then
m(z1) Cg m(ap), that is, m(zz) C m(2;) C o, thus 2 € w(m)(o). Therefore w(m)(o) is
upper-closed, and hence w(m)(0) € O 4;(X).

Let now 7 € Og.(Y) —ay O4(X) and 21,22 € X be such that 2; € 7(0) and 2; C 2. Then
2y € 21TC m(0) € O 4(X). Thus {o|z; € w(0)} C {o|22 € 7(0)} and hence

w(m)(21) = ({olz1 € 7(0)} 2 (olzz € 7(0)} = w™'(7)(22),

that is, w™(7)(z1) Cs w1 (7)(z2). a

When we consider liveness predicate transformers that are multiplicative and with Scott open
sets as codomain, we obtain a subset of the continuous Smyth state transformers carrying a
notion of F-algebraicity. The collection of -algebraic functions need not to be a dcpo.

Lemma 5.12 Let X and Y be two algebraic decpo’s and 8 = {B1€ S(Y)|B C By}. Then

X —a508) S(Y) = 05.(Y) =y Osc(X).

Proof: Let m € X — 43 S(Y). Then it is continuous and hence also monotone. Thus
w(m)(o) € O4;(X) for every o € Og.(Y), that is w(m)(o) is upper closed. Let now S C X be a
directed set and | | S € w(m)(o) for 0 € O5.(Y). Then m(||S) = |,cs m(z) C o because m is
continuous. But o € 8 = {B] |B C By} and m is (-algebraic, thus there exists an z; € S such
that m(|J S) = U,es m(z) € m(ax) C o, that is, 23 € w(m)(0). This proves w(m)(o) € Os.(X).

Let now 7 € Og.(Y) —a Og.(X), we have to prove that w=1(r) is B-algebraic. Since m(o) €
O5.(X) C O4(X) we have w™!(7) monotone. Thus

L] w™(m)(2) Es w™H(m)(]5),

z€S

for every directed set § C X. Consider y € | |,cgw™(7)(2) = Nw™(7)(2) then
Ve e S,Vo€e Og.(Y):zem(o)=y€o.

But if | | S € 7(0) then there exists z; € S such that 2; € 7(0) because it is Scott open. Hence
by above we have:

Vo € Os.(Y):| | S €n(0) = T € m(0) = y € o.

Hence y € N{o|US € n(0)} = w™(x)(US), which means w™(7)(JS5) 2 Uyesw ' (7)(), or
equivalently w™ (7 )(LUS) Cs Lyes w ™ (7)(2).
It remains to prove that w™*(r) is B-algebraic. Let o' € 8 = Og.(Y),let S C X be a directed

set and assume o' Cg w™!(7)(LUS). Then N{o| S € 7(0)} C o' and since 7 is multiplicative
we obtain
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|_|S € ﬂ 7(0) C w(0').
L] Sen(o)

But 7(0’) is Scott open, thus | |.§ € w(o’) implies there exists 2; € .S such that 2; € 7(0'). By
stability lemma 3.6 we obtain the required result:

ﬂ{ |z € ©(0)} C o'.

a

Next we consider only predicate transformers that are intersection extensibles. They correspond
to the continuous and stabilizing Smyth state transformers. This is a severe restriction because
in general the identity predicate transformer (o) = o for every o € Og.(Y) is not intersection
extensible (the Scott open sets need not to be closed under arbitrary intersections).

Lemma 5.13 Let X and Y be two algebraic dcpo’s. Then

X 5, 8(Y) 2 05.(Y) = Oge(X).

Proof: Let m € X —,, S(Y). Since m is continuous and stabilizing, then it is also §-algebraic
with 8 = {B1e S(Y)|B C By}. Hence w(m)(o) € Og(X) for every 0 € Og.(Y). Thus
for every P C Og.(Y), and for every o € P, w(m)(o) € Os.(X), that is w(m)(o) is upper
closed. Hence also (,cpw(m)(0) is upper closed. Let now S C X be a directed set such that
LS € Noepw(m)(o0). Then m(|]S) = [U,cs m(z) C o for every o € P because m is continuous.
Thus | |,c5 m(z) € N,ep 0, and, since m is also stabilizing, hence there exists & € S such that
Uzes m(z) = m(2) CN,ep o C o for every o € P. Therefore & € w(m)(o) for every o € P, and
hence & € (,cpw(m)(0). This proves (,cpw(m)(o) € Os.(X).

Let now m € Os.(Y) — 1 Os.(X). We have to prove that w™!(r) is continuous and stabilizing.
Since m € (0) € O5.(Y) =y Os.(X) we have w™!(7) B-algebraic, and hence continuous. Thus

L] o™ (m)(z) = 0™ (m)(]9),

z€S

for every directed set S C X. It remains to prove that w=!(7) stabilizes for every directed set
S C X. Since 7 is intersection extensible, we have | | 5 € ﬂl_l sen(o) T(0) € Osc(X). Hence there

exists z;, € S such that 2 € (| sen(0) T(0). Hence z; € m(o) for every o € Og.(Y) such that
LIS € 7(0), and by stability lemma 3.6 we obtain N{o|z; € 7(0)} C 0. Thus

ﬂ{o|zk en(o)} C ﬂ o:ﬂ{o||_|5€7r 0

|_|S€7r(o)
that is, w=1(7)(LU S) IZS w™(7)(a) for some z; € S. But w™!(x) is monotone, and z; C |9,
thus w™(7)(2x) Cs w(7)(U S) and hence w™*(7)(z) = w ™ (m)(U S)- a

5.3 Safety - Liveness Predicate Transformers and Plotkin State Transformers

Finally we relate the Plotkin state transformers with pairs of safety and liveness predicate
transformers:
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Theorem 5.14 Let X and Y be two algebraic dcpo’s. We have the following isomorphisms
between partial orders:

1. X = P(Y) = (0s5(Y) »p 04(X))R(Cse(Y) —ur Ca(X))

X = PH(Y) = (0s5(Y) —om 04(X))R(Cse(Y) —smr Ca(X)),
X = Peo(Y) = (05:(Y) =emr 04(X))R(Cse(Y) —u Ca(X)),
X —m P(Y) = (05(Y) =1 Our(X))R(Cse(Y) —m Car(X)),
X —¢Peo(Y) = (05:(Y) »emr O5e(X))R(Cs(Y) = Cse(X)),
6. X -, P(Y)=(0s.(Y) =11 O5.(X))R(Csc.(Y) = vm Cs:(X)).

)R
)

Svot e

In all cases the isomorphism is given by the function n:
n(m)(o,c) = ({z|m(z)1C o}, {z|m(z) C c})

The inverse of 7 is given by n7!((m, p))(z) = N{eo|z € 7 (o)} NN{c|z € p(c)}.

Notice that we have a restricted version of item 5. (different from item 5. of Theorem 5.7)
because we consider only continuous state transformers and the compact version of the Plotkin
power domain. In this case the state transformers are the B-algebraic functions with B =
{A*|A Cs, By}. We could also treat the case without the restriction to compactness, but then
we should introduce a new notion of algebraicity of functions depending on two sets.

We start with an useful lemma:

Lemma 5.15 For every AC Y,0 € O4(Y) and ¢ € Cg.(Y) we have

1. AfJCo& AC o,

2. ACce ACe.

Proof: Trivial. O

Next we prove the first item of Theorem 5.14. The other items are combinations of Theorem 5.1
and Theorem 5.7 and are left to the reader.

Lemma 5.16 Let X and Y be two algebraic dcpo’s. Then
X —>P(Y)Z(0s5:(Y) »m 04(X))R(Cs.(Y) »um Ca(X)).

Proof: We begin by proving for every m : X — P(Y) that n(m) is well defined. Indeed let
m(m)(o) = {z|m(z)1C o} and ny(m)(c) = {z|m(z) C c} where 0 € Os.(Y) and ¢ € Cs.(Y).
Then by Theorem 5.7 and Theorem 5.1 we have 7;(m) € Og.(Y) = O4(X) and also na(m) :
Cs.(Y) —u Cy4(X). Consider a collection of predicates P, P’ C Og.(Y) and @, Q' C Cs.(Y)
such that NP NNQ C NP ' NNQ'. We have to prove ,cpm(m)(p) N Nyeg m(m)(q) C
Nprepr m(m)(p') N Ngregr m2(m)(q’).

) m(m)(p)n () ma(m

pEP g€Q
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= { definition of 7 = (71,72) }

(N {elm(2)1C p}n () {z[m(z) C ¢}

pEP g€Q

= { calculation }

{z|m(2)1C (P} {zlm(e) C [ Q}
= { calculation }

{z|m(2)IC (P A m(z) C(Q}

= { Lemma 5.15 }

{z|m(z) C(P A m(z) C[)Q}

{zlm(z) (VPN Q}
c{npPnn@cnrP NN’}
{zlm(z) cP'NMQ"}
c{NPnne cnNPandNP NNQCNQ}
{zlm(z) C (P} N {e|m(z) C () Q"
= { Lemma 5.15 }

{z|m(e)1C (P} {zlm(e) S Q'}

M {elm(2)1C p'}n [ {zlm(e) C '}

p'eP! g'eQ’

= { definition of 7 = (71,72) }

) m(m)()n () n2(m)(q)

p'eP! ¢eqQ!

Next we prove the function 7 is strictly monotone: Let my,me € X — P(Y) be such that
my Cp my, that is my(2)72 me(z)T and my(2) C me(z). Thus, for every o € Og.(Y) we have

m(m)(0) = {z[m1(2)1C o} C {z|my(2)1C o} = m(ms)(0),

and for every c € Cs.(Y)
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na(mz)(c) = {z|my(z) C c} C {z[mi(z) C c} = na(ma)(c),

that is (91(m1), n2(m1)) T (m(m2), n2(m2)).

Suppose now m; Zp my. Then there exists an ¢ € X such that my(z)T2 ma(2z)T or mi(z) €
my(z). But my(z) € Cs.(Y) and my(z)T€ O4(Y), say my(2z)T= Ny 0; with o; € Og.(Y) for
every ¢ € I. Hence, either

Ma(mz)(ma(2)) = {z[ma(2z) C ma(2)} € {2[ma(z) C ma(2)} = ma(ma)(ma(2)),

or, for some ¢ € I,

m(m)(o;) = {z|m(2)1C o} € {2[mz(2)1C o0:} = m(ms) (o).
Now we prove for every (m,p) in Og.(Y) —y O4(X)R(Cs.(Y) —u Cy4(X)) and for every

z in X that the function n7*((7,p))(z) is an element of P(Y), that is we have to prove that
n~((m, p))(z) is *-closed. By definition of *-closure we have

17 (7, p))(2) C (171 ((7, p))(2))".
Let y € (n7*((m, p))(2))*. Then by definition
Bgen((m,p))(e):§Cy) A (YbeBy :bC Y = 3y, € 7 ((m,p))(2) : bC u).
Using the definition of n~!((w, p))(z) we obtain
Vo€ Os.(Y):zem(o)= ¥ € o,
and also
Ve € Cs(Y):z €pl(c)= w € c.
But y € 4TC 0 as 0 € Og.(Y) and hence
Vo€ Os.(Y):zem(o)=yE€ o,
that is y € N{o|z € 7(0)}. Moreover b’ C y; implies b’ € y; | C ¢ because ¢ € Cg.(Y), hence
Vee Cs(Y):zep(c) NDbCy=bec.
But Y is an algebraic dcpo, hence y = | |{b|b € By A b Cy y} and all these finite elements are

elements of c. Since c is Scott closed we obtain y = | |{b|b € By A b Cy y} € c. This means
y € N{c|z € p(c)}. Therefore

y € (Holz € 7(o)}n[{clz € p(c)} = n~"(2).

1

Finally we prove that n~* is the left and right inverse of n = (71, 72).

ton=idix_p(v)) )

Let m € X — P(Y). Then

(n~
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0~ (m(m), m(m))(z)
= { definition of =1 }
Molz € (m(m))(e)} N[ {elz € (na(m))(c)}

= { definition of 7 }

MN{elm(2)i< o} N {elm(z) C <}

m(z)T Nm(z)
= { because m(z) is *-closed }
m(z)

(0N = id(05,(Y)- 304(X))R(Cs.(Y)~1rCa(X)) )
Let (7, p) € (0s5.(Y) —ar Oa(X))R(Cs.(Y) —ar Ca(X)). Then

n(n~"(x,p))(o, )
= { definition of 7 }

({eln™ (7, p)() C 0}, {zln~*(, p)(2) C &})
= { definition of =1 }

({zl(N{olz € 7(0)} N N{clz € p(e)})TC 0},
{z|(N{olz € (o)} N N{clz € p(c)}) € &})

= { Lemma 5.15 }

({z|N{olz € 7(o)} N N{c|z € p(c)
{z| N{olz € (o)} N N{clz € p(c)}

{ stability lemma 3.8 }

} < o},
)

C o
C e}

({z]z € 7(0)}, {z|z € 7(2)})

((8),7(2))-
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6 Adding deadlock as empty set

In this section we discuss what should be done to introduce deadlock in state transformers and
predicate transformers. Deadlock is represented by the empty set.

First we show how to add the empty set to the power domains. These extended power domains
can then be used in state transformers. The empty set is usually added to the Plotkin power
domain by means of a smash-product [MM79],[Plo81] and also [Abr91]. The same is done [BK92]

for the Smyth power domain in the flat case. We have the following:

Definition 6.1 Let X be an algebraic dcpo. Define

1. the Hoare-deadlock power domain Hé(X) = ({A|[AC X A A= A},Cps), where
ACprs Bif(A={1L})V(A=0=>B=0)V(A#0ANALCyH B),

2. the Smyth-deadlock power domain S6(X) = ({A|AC X AN A= Al},Cgs), where
ACgs B if(AIX)V(AI®:>B:®)V(B§£®AAES B).

3. the Plotkin-deadlock power domain P§(X)= ({A|J[AC X A A= A*},Cps), where
ACps Bif ( A={1})V(A=0=B=0)vV(A#0ANALCp B).

We have that Pé.,(X) coincides with the standard way of adding the empty set to the Plotkin
power domain [MM79], [Plo81] and also [Abr91].

Next we turn to the predicate transformers. We modify the implication order both on safety
and liveness predicate transformers to preserve deadlock states (states that are the image of the
empty set).

Definition 6.2 Let X and Y be algebraic dcpo’s and let m1,m3 € Og.(Y) —y O(X) be two
liveness predicate transformers. Define 711 Crp 7o if

(71(9) C 72(0)) A (Vo € Ose(Y):0# Y = m1(0) \ 71(0) C m2(0) \ m2(0)).
For every safety predicate transformers p1,ps € Cs.(Y) =y C(X), define p1 Csp p2 if
(p1(0) € p2(9)) A (Ve € Cse(Y): ¢ # 0= pi(c) 2 p2(c) \ p1(0)).

The isomorphisms of the previous sections also hold if we substitute the deadlock versions for
the the Hoare, Smyth and Plotkin power domains when we use the safety and liveness predicate
transformers ordered with the new deadlock orders.

First we show that the isomorphisms of Theorem 5.1 hold if we substitute Hé(Y) for H(Y) and
replace the the superset order by the deadlock order for the safety predicate transformers. Since
H(Y') and H(Y') differ only in the orderings, we need only to prove the following two lemmas:

Lemma 6.3 Let my, me € X — HO(Y). If my Tgs me then y(my) Cgp y(mz).

Proof: Let my Cgs my. If 2 € y(my)(0) then my(z) C 0, that is my(z) = 0. But then also
my(z) = 0 and hence z € y(m2)(0). If z € y(my)(c) for some non-empty ¢ € Cg.(Y) but
z & v(my)(0) then my(z) # 0 and my(z) C c. Thus either my(z) = {L} or my(z) C ma(z). In
each case my(z) C ¢ because either L€ ¢ since every nonempty Scott closed set contains it, or
my(z) C ma(z) C c. Therefore z € y(my)(c¢). 0
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Lemma 6.4 Let p1,p2 € Cs:(Y) =y C(X). If p1 Esp p2 then v~ (p1) Ers 7~ (p2)-
Proof: Let p; Cgp p2 and z € X. Consider the following three cases:

1. If 2 ¢ p1(0) and = € p2(0) then for every Scott-closed set ¢ # 0, L€ ¢ and z € py(c) \
(0) € pi(e). Hence 17 p)(@) = N{elz € pu(e)} = {1}, that is y7(p1)(z) Cus
717 (p2)-

2. Iz € pu(0) then @ € pa(0) because py(8) C pa(®). Hence y(pr)(z) = N{ele € pa(c)) = 0
which implies also 7y !(p2)(z) = N{c|z € pa(c)} = 0, that is v~ (p1)(z) Cas 7 (p2).

3. If ¢ ¢ p1(0) and @ ¢ p3(0), then for every Scott closed ¢ # 0 such z € ps(c) since z ¢ p1(0)
we have z € py(c) \ p1(0) C p1(c), that implies {c|z € p1(c)} D {c|z € pa(c)}. Therefore
77 Yp1)(z) # 0, because otherwise by stability lemma 3.6 = € p;(0) contradicting the
hypothesis, and

7 e1)(z) = ({clz € pr(e)} S [ el € pa(c)} =7 (p2)(2),

that is y~'(p1)(2) Crs 7 (p2)-

a

Next we show that the isomorphisms of Theorem 5.7 hold if we substitute S§(Y) for S(Y) and
replace the subset order by the deadlock order for liveness predicate transformers. Since S(Y)
and S6(Y) differ only in their order, we again need only to prove the following two lemmas:

Lemma 6.5 Let my, my € X — S6(Y). If my Cgs my then w(my) Crp w(my).

Proof: Let m; Cgs my. If ¢ € w(my)(0) then my(z) C 0, that is my(z) = 0. But then
also my(z) = 0 and hence z € w(my)(0). If 2 € w(my)(0) for some Y # o € Og.(Y), but
z ¢ w(my)(0) then my(z) # 0 and my(z) C 0o # Y. Since my Cgs my the only possible case is
my(z) # 0 and mg(z) C my(z) C o. Therefore z € w(my)(0) \ w(mz)(0). a

Lemma 6.6 Let 71,m € Og.(Y) —p O(X). If 71 Cpp 72 then w™(my) Cgs w™i(ms).

Proof: Let 71 Cip mp and z € X. fw™!(m)(z) = Y then clearly w™!(7)(2) Css w™(m2)(2).
If w™!(71)(z) = 0 then by stability lemma 3.6 we have ¢ € m1(0) and since 71(0) C m2(0)
we obtain z € (). But then again by stability lemma 3.6 w™'(m2)(z) = 0. Otherwise,
wl(m)(z) # 0 and w™ (w1 )(z) # Y, that is, 2 € 71(0). In this case, for every o € Og.(Y)
if 2 € m1(0) then z € m2(0), because either 0 = Y and hence clearly z € 7o(Y) (72 is top
preserving) or 0 # Y and ¢ € m(0) \ m1(0) C ma(0) \ 72(0). Therefore, if 2 ¢ 71(0) and
wH(m)(z) # Y, {o]z € m(0)} C {o|z € 72(0)} and z & 7,(0). Hence

W™ (m1)(2) = (ole € 11(0)} 2 {ole € m2(0)} = ™ (m2)(a)

and w™!(m2)(z) # 0. Summarizing, we have w™(7)(z) Cgs w™1(m2)(2). 0

Finally we show that the isomorphisms of Theorem 5.14 hold if we replace P(Y) by Pé(Y)
and replace the subset-superset orderings by the deadlock order for pairs of liveness and safety
predicate transformers. The following lemma is enough to prove this result since we combine
the results of the four lemmas above.
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Lemma 6.7 Let X be an algebraic domain and A, B € P§(X). Then
ACps B AlCgs Bl AN ACps B AlCg Bl A ACpus B

Proof: Trivial. O

7 Fixed Point Transformation Technique

In [BK92] a backtrack operator ¢g from (X — S(X))? to X — S(X) is defined (where X
and Y are flat dcpo’s) and it is not monotone with respect to the lifting of Cg to the function
space. Also the sequential composition operator ; g5 from (X — S§(X))% to X — S§(X) is not
monotone with respect to the lifting of C g5 to the function space. In order to be able to calculate
least fixed points of equations in which we use these non monotonic functions, a transfer lemma
is used in [BK92]. This lemma requires the existence of a function between P6§(X) and S(X)
(or S§(X)). In this section we show that also for non-flat w-algebraic dcpo’s X there exists a
function between the Plotkin power domain Pé.,(X) and the Smyth power domain S.,(X) (or
S86.(X)) which satisfies the requirements of the transfer lemma.

Let P be a dcpo. For f : P — P, we denote by p.f the least fized point of f, that is, f(p.f) = p.f
and for every other # € P with f(z) = ¢ we have u.f C z. For a monotone function f : P —,, P
the least fixed point of f always exists and it can be calculated by iteration: there exists an
ordinal X such that pu.f = f*, where the a-iteration of f is defined by f& = f(|_|k<afk) for
every ordinal a [HP72]. If f is also continuous then A < wp. Via a fixed point transformation
technique we can show that in certain cases also non-monotonic functions have least fixed points
that can be calculated by iteration:

Theorem 7.1 Let P be a dcpo and @ be a partially ordered set, f : P —,, P be a monotone
function, h : P —, Q be an onto and continuous function and g : Q@ — Q be a (possibly
non-monotone) function such that the following diagram commutes:

P f P

h * h

Q Q
g

Then for every ordinal o the a-iteration from the bottom element g ewxists. Moreover, if for
each y € Q the partially ordered set h='(y) C P is finite or contains either the bottom or the
top element then the smallest fizred point pu.g exists and p.g = h(p.f).

The function ¢ : @ — @ is a said a representation as quotientof f : P —,, Pvia h: P —. Q.
To apply this theorem we need to establish relationships between the different power domains.
The next two lemmas paves the way for these relationships.

Let X be an algebraic dcpo and A C X. Define the set of minimal elements of A by
min(A)={zle € A A (Yye A:2Cx y=2z=y)}
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Minimal elements are used in [Kni93b] and [Kni93a] for the construction of the power domains
SH(X) and PL(X) from an w-algebraic decpo’s X. Define the set of mazimal elements of A by

maz(A)={z € Alzr€e Bx = (Vbe ANBx:bCx z = b=2z)}.
It is not always true that maz(A) C A.

Lemma 7.2 Let X be an algebraic dcpo and A C X. Then min(A)T= Al and for every other
B C X such that Bl= Al then min(A) C B. Also, maz(A) = A and for every *-closed B C X
such that B = A then maz(A) C B.

We use the lemma in the following:

Lemma 7.3 Let X be an algebraic dcpo and A C X. Then

1. (AT NA) = A and for every other B € P(X) such that B = A we have (A} NA) Cp B.

2. (maz(A)! NA) = A and for every other B € P(X) such that B = A we have B Cp
(maz(A) N4).

3. (AT Nmin(A))1= AT and for every other B € P(X) such that B1= A1 we have (A7

4. (AT NA)= AT and for every other B € P(X) such that BT= Al we have B Cp (AT NA).
Proof:

1. By Lemma 4.1.1 we have (AT NA) = A. Moreover (AT NA) € P(X) because the intersec-
tion of an upper-closed and a Scott closed set is *-closed. Let now B € P(X) be such that
B = A. Then B C B = A implies BIC Al. Therefore B = (B NB) C (Al N4), implies
B1C (AT NA)!. But B = A = (A] NA), hence (AT N4) Cp B.

2. Since maz(A) = A, by Lemma 4.1.1 we have (maz(4)] NA) = A. Let now B € P(X) be

such that B = A. Then by Lemma 7.2 maz(A) C B and hence maz(A)TC BT. But by
Lemma 4.1.3 (maz(A)T NA)1= maz(A)1C BT and (maz(4)] NA) = A = B, therefore
B Cp (maz(A)] N4).

3. Since min(A)l= AT, by Lemma 4.1.2 we have (A] Nmin(A))!= Al. Let now B € P(X) be
another set such that Bf= A. Then min(A) C B by Lemma 7.2 and hence min(A4) C B.

But by Lemma 4.1.3 (Al Nmin(A4)) = min(A) C B and (AT Nmin(4)) 1= A= BT,
therefore, (AT Nmin(A)) Cp B.

4. By Lemma 4.1.2 we have (AT NAT)T= AT. Let now B € P(X) be another set such that
B1= A1. Then B C B1= Al implies B C A]. Therefore B = (BT NB) C (AT NAT),
implies B C (AT NAT). But BT= AT= (A7 NAT)T, hence B Cp (AT NAT).

a

If AC X is Scott compact, then also A is Scott compact and hence also (AT Nmin(A4)) and
(AT NAT) are Scott compact (the intersection of a Scott compact set with a Scott closed set is
Scott compact). Also (AT NA) is Scott compact for every A C X because L is an element of it.
We give now the relationships:
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Seo(X) Peo(X) H(X) = (X) ——8(X)
id * id x  sw * id % id
S6.0(X) Pbeo(X) _—»Hé(X)T PoHX) —S6(X)

()Teo O 0) (1

Figure 1: Relationships among the power domains

Theorem 7.4 Let X be an algebraic dcpo. Then

o the function (-) : P(X) — H(X) defined by (A) = A for every A € P(X) is onto,
monotone, and for every B € H(X) the inverse E_l C P(X) has a minimal and a
mazimal element (with respect to Cp ) given by (BT NB) and (maz(B)l NB), respectively.

e the function (\)1: P(X) — S(X) defined by (A)T= A7 for every A € P(X) s onto,
monotone, and for every B € S(X) the inverse @_1 C P(X) has a minimal and a
mazimal element (with respect to Cp) given by (B N'min(B)) and by (BN B), respectively.

0

e the function (-),, : Peo(X) — H(X) defined by (A) =
monotone, and for every B € H(X) the inverse ﬁ_l

(with respect to Cp) given by (BT NB).

r every A € P (X) is onto,

co

A
C

f
Peo(X) has a minimal element

o the function ()] co: Peo(X) — Seo(X) defined by (A)] o= AT for every A € P,(X) is onto,

monotone, and for every B € S,(X) the inverse E_l C Peo(X) has a minimal and a
mazimal element (with respect to Cp) given by (B N'min(B)) and by (BN B), respectively.

Proof: Follows from Lemma 7.3. a

The theorem also holds if we substitute the power domains Hé(X),S6(X) and P§(X) for
H(X),S(X) and P(X). Moreover, if X is an w-algebraic dcpo, then (-),, and (-)T¢o: Peo(X) —

Sc(X) are continuous function (see [Smy83] and also [Plo81]). This means that given an w-
algebraic depo and a function f : P (X) —m Peo(X), every representation as quotient of f via

(‘)Tco or (+),, has least fixed point that can be calculated by iteration by Theorem 7.1.
Define sw : H6(X) — H(X) by
0 if A={1}
su(4)={ {1} ifA=0
A

otherwise.

It is clearly continuous. The diagram in Figure 1 summarizes the situation.

8 Conclusions and Future Work

We have proposed a formal definition of safety and liveness predicates and of predicate trans-
formers following the line of [Smy83, Kwi9l]. Furthermore we have given generalizations of
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the standard definitions of power domains and of state transformers, which give us a complete
series of isomorphisms between predicate and state transformers (including the Plotkin state
transformers).

Future work includes: a generalization of the results to arbitrary topological spaces and appli-
cations of predicate transformers to non-flat domains for concurrency and communication and
the design of an associated logic.

Acknowledgements: We wish to thank the members of the Amsterdam Concurrency Group
especially Jaco de Bakker, Jan Rutten, Daniele Turi, and Franck van Breugel, for discussions
and suggestions about the contents of this paper. Thanks also to Peter Knijnenburg, Marta
Kwiatkowska, Bart Jacobs, Mike Smyth, and the anonymous referees for their helpful comments.

References
[Abr91] S. Abramsky. A domain equation for bisimulation. Information and Computation,

92:161-218, 1991.

[AP86] K.R. Apt and G. Plotkin. Countable nondeterminism and random assignment. Journal
of the ACM, 33(4):724-767, October 1986.

[AS85] B. Alpern and F.B. Schneider. Defining liveness. Information Processing Letters,
21:181-185, 1985.

[Bac80] R.-J.R. Back. Correctness Preserving Program Refinements: Proof Theory and Appli-
cations, volume 131 of Mathematical Centre Tracts. Mathematical Centre, Amsterdam,
1980.

[Bak80] J.W. de Bakker. Mathematical Theory of Program Corretness. Prentice-Hall, 1980.

[BK92] M. Bonsangue and J.N. Kok. Semantics, orderings and recursion in the weakest precon-
dition calculus. Technical Report CS-R9267, Centre for Mathematics and Computer
Science, Amsterdam, 1992. Extended abstract published in the proceedings of the Rex
Workshop 92 ’Semantics: Foundations and Applications’ LNCS 666, 1993.

[Bre93] F. van Breugel. Relating state transformation semantics and predicate transformer
semantics for parallel programs. Technical report, CWI, Amsterdam, 1993. To appear.

[Dij76] E.W. Dijkstra. A Discipline of Programming. Prentice-Hall, 1976.
[Eng77] R. Engelking. General Topology. Polish Scientific Publishers, 1977.

[HP72] P. Hitchcock and D. Park. Induction rules and termination proofs. In International
Conference on Automata, Languages and Programming, 1972.

[Hrb87] K. Hrbacek. Convex Powerdomains I. Information and computation, 74:198-225,1987.

[Hrb89] K. Hrbacek. Convex Powerdomains II. Information and computation, 81:290-317,
1989.

[Kni93a] P.M.W. Knijnenburg. Algebraic Domains, Chain Completion and the Plotkin Power-
domain Construction. Technical Report RUU-CS-93-03, Utrecth University - Depart-
ment of Computer Science, Utrecht, 1993.

29



[Kni93b] P.M.W. Knijnenburg. A Note on the Smyth Powerdomain Construction. Technical Re-

[Kwi9l]

[Lam77]

[MM79]

[Nel89]

[Plo76]

[Plo79]

[Plo81]

[RoeT6]

[Smy 78]

[Smy83]

[Smy92]

[SP82]

[VW90]

port RUU-CS-93-02, Utrecth University - Department of Computer Science, Utrecht,
1993.

M.Z. Kwiatowska. On topological characterization of behavioural properties. In G.M.
Reed, A.W. Roscoe, and R.F. Wachter, editors, Topology and Category Theory in
Computer Sciences - Proc. Ozford Topology Symposioum, June 1989, pages 153-177.
Oxford Science Pubblications, 1991.

L. Lamport. Proving the correctness of a multiprocess program. IEEE Transaction
on Software Eng., SE-3:125-143, 1977.

G. Milne and R. Milner. Concurrent processes and their syntax. J. ACM, 26, 2:302—
321, 1979.

G. Nelson. A generalization of Dijkstra’s calculus. ACM Transaction on Programming
Languages and Systems, 11 - 4:517-561, 1989.

G.D. Plotkin. A powerdomain construction. SIAM J. Comput., 5:452-487, 1976.

G.D. Plotkin. Dijkstra’s predicate transformer and Smyth’s powerdomain. In Pro-
ceedings of the Winter School on Abstract Software Specification, volume 86 of Lecture
Notes in Computer Science, pages 527-553. Springer- Verlag, Berlin, 1979.

G.D. Plotkin. Post-graduate lecture notes in advanced domain theory (incorporating
the “Pisa Notes”). Department of Computer Science, Univ. of Edinburgh, 1981.

W.P. de Roever. Dijkstra’s predicate transformer, non-determinism, recursion, and
terminations. In Mathematical foundations of computer science, volume 45 of Lecture
Notes in Computer Science, pages 472—481. Springer- Verlag, Berlin, 1976.

M.B. Smyth. Power domains. J. Comput. Syst. Sci., 16,1:23-36, 1978.

M.B. Smyth. Power domains and predicate transformers: A topological view. In
Proceedings of ICALP ’83 (Barcelona), volume 154 of Lecture Notes in Computer
Science, pages 662—-675. Springer- Verlag, Berlin, 1983.

M.B. Smyth. Topology. In S. Abramsky, D.O.V.M. Gabbay, and T.S.E. Malbaum,
editors, Handbook of Logic in Computer Science, volume I - Background: Mathematical
Structures, pages 641-761. Clarendon Press, 1992.

M.B. Smyth and G.D. Plotkin. The category-theoretic solution of recursive domain
equations. SIAM J. Comput., 11:761-783, 1982.

J. von Wright. A Lattice-theoretical Basis for Program Refinement. PhD thesis, Abo
Akademi, 1990.

30



