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Abstract

The best in the mean square sense linear interpolator for a zero mean weakly stationary random field
is expressed in terms of orthonormal polynomials associated with the spectral distribution function
of this field.
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1 Introduction

In this report we present formulas for interpolating a zero mean weakly stationary random
field {X,}ueze under the assumption that the second order characteristics of the random
field are known. Let {X,,, }mew be a finite set of random variables, with W = {0,...,N}.
Fix subsets {X.,,}ses and {X,,}tew\s with S a non-empty proper subset of W, and
suppose that only observations from the last set of random variables are available. Our
aim is now to find the best (in the least squares sense) linear interpolators {X,,}ses
based on the observations available. It is well known that the interpolators X, can be
determined by solving a (|W/| — |S]) x (|W| — |S]) linear system of equations, no matter
whether the random field is stationary or not.

In this report we exploit the fact that the random field is stationary: by the stationarity
assumption we can recurrently construct orthonormal polynomials {@,, »}\., as described
in [Dzhaparidze and Janssen]. The coefficients of the linear interpolators {Xw.,}sES can
now be expressed in terms of the coefficients of the orthonormal polynomials (cf. The-
orem 1). Notice that the procedure described here requires the inversion of a |S| x |S]|
matrix.

This report is organized as follows: in Chapter 2 basic notions are presented and
the (least squares) minimization problem is formulated. In Chapter 3 the minimization
problem is solved in terms of orthonormal polynomials. In Chapter 4 the results of
Chapter 3 are applied to a zero mean real Gaussian random field.
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2 Interpolation

2.1 Basic Notions

In this subsection some basic notions are introduced; see [Dzhaparidze and Janssen] for
more details.

By using the usual multi-index notations, z to the power 7 for z = (21,2,...,24) € C
and 7 = (1,7, ...,n4) € Z* is defined by

d
21:=[] ¥ €C,
k=1
so that

212" = M

for all n,v € Z%. Once powers of the variable z are known, monomials can be defined. A
monomial is then a function C¢ — C such that

z s 27
for some n € Z?. This mapping will be denoted by e,. Notice that
€n €y = Eniy

for all ,v € Z?. Finally a polynomial is a finite linear combination of monomials.
The pt" - derivative of the polynomial p in z with p = (py,..., ps) € IN? is defined by

dP o Lid} apd
E;;p(z) = ;9—2—{’_‘ 827 ().

So we have

with

Using the notation
04 := (0,...,0) € IN¢,

we get for all n € IN? that if  # p, then
de

P en(2) |.=0, = 0.

Let (P¢, C) denote the complex vector space consisting of the polynomials. On this vector
space, an inner product will be defined. Let FF : A — IR be a spectral distribution
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ere A = (—m, n]%. Then it is assumed that the mapping < -;- >: P¢x P% — C
< fig>= [ f(eM)g(e™) dF(2)
A .
roduct, where the numbers e* for A = (A, Ay, ..., As) € IR? are defined by
et = (e, e™2, . M) e U

-]l : P¢ = IR induced by the inner product is given by

[N
.

-t=<-->
introduce systems of orthonormal polynomials: let

Cugsr Cwrs -+ Cupy

d system of monomials, with w = (wp, w1, ...,wy) € Z¢ x Z% x - -- x Z? and
Al % # j. Then a unique system of polynomials {¢, .}, exists such that

a linear combination of the monomials e,,,...,e,,.
fficient of e,,, in @, is a positive real number.

ynomials {@, .}, are orthonormal, i.e.

1 ifn=m
<¢w,n1¢w,m>_6n’m_{ 0 1fn¢m

er and Szegd]. In this report the sequences w belong either to the set

V::{(wo,wl,...,wN) I wiGZd,wg=Od

, Vi,j€{0,...,N}: (i #J) = (wi # wj)} (1)
',={(wo,w1,...,wN) I wielNd,wO‘—‘Od

» Vi3 €{0,...,N}: (i #j) = (wi # w))}-
or each component w; from w = (wp,wn, - . .,wn) € Qf, we can take the wit -

an arbitrary polynomial.
w € Qp. For a fixed a € €4, define the kernel polynomial s,(a,-) : C? — C

Sw(a7 ) = kz_: ¢w,k(a)¢w,k(')



Notice that this polynomial can also be represented as

ewo(')
Sw(aa ) = (ewa(a)a s e‘-'-’N(a’)) (Hw)_l )

ewN(')

with
< CugiCup > < €upiCuy > ovn < i€y >
H oo | Sewitw> <ewjen> ... <eujieuy >
o =

<€wN;ewo> <ewN;ewl > ... <8WN;ewN >

cf. [Dzhaparidze and Janssen).

2.2 Minimization problem

Let {X:}ieze be a complex valued zero mean weakly stationary random field with given
covariances, i.e.

e Vt € Z¢ E(X;) =0 and E(]X;[?) < .

o Vs, t € X
COV(XS7 Xt) = IE(XsYt)
depends only on s —¢.

Due to stationarity, there exists a spectral distribution function F : A — IR with A =
(—m, w]¢ such that for all s,t € Z¢

E(X,X;) = / (€M)t dF()) =< g€, > .
: A
From now on we fix N +1 random variables in ‘a window’. This window w = (wy,...,wn)

of indices of the random variables belongs to the set Qy. For w € Qu the covariance
matrix of X, ..., X,, is given by

KXo
r,=E : (Xuwgs -+ +» Xuwy) = Hy.
KXoy
Assume that we miss observations on X, ,...,X,, with so < ... < s,. Surely the set

of indices S = {sq,...,8,} belongs to W = {0,..., N}. For a fixed s € S, the best linear
interpolator for X,,,, based on {X,,|t € W\ S}, is given by

stz Z Cgs)th,
teW\S
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umbers cgs) € C are chosen so that the mean squared error
Elea - Xwa l2

1. Using the notation W \ S = {to,...,tN—g—1} With o < ... < ty_4_1, we

. N—g-1
Xoe= . cgi)thn. (2)

8
n=0

own that the coefficients cgi) minimizing the mean squared error, satisfy the

(cher - ey )Twns = (B(Xu, Xy )s - (X0, K, ), (3)
X,
FW\S =IE (X“’io’ T 7thN_q_1)' (4)
th—-q—l

:ationarity the mean squared error can be written in the following form:

ElXo, - X = [0 = 5 (e dF ().

tEW\S

ymial
) =, + Y aie,,
teEW\S

-|| over span(e,, |t € (W \ S) U {s}) under the restriction that the coefficient
one, then the numbers cgs) are given by

o = —aff.

iection we will construct the polynomials 7*) for s € S.




3 Interpolation Polynomials

To find the coefficients of the interpolator X,,, we have to solve the system (3), i.e. we
have to invert the (N —g) x (N —q) matrix I'yg. Alternatively, we can proceed as follows:
by the stationarity assumption we can recurrently construct the orthonormal polynomials
{@un}y as described in [Dzhaparidze and Janssen]. Coefficients of these polynomials
will then be used to construct matrices As and ®g given by (5) and (8). Finally, the
interpolation polynomials 7{*) for s € S are constructed by using (11) and (12) (at this
step we have to invert the (¢+ 1) x (g + 1) matrix ®s). The coefficients of 7(*) determine
the coeflicients of the best linear interpolator X,,, as was already noted at the end of the
previous section.

Fix N € N and w = (wg,...,wn) € Qu. Along with W = {0,...,N} and S =
{s0,...,84} C W where sy < ... < 8,4, we use the notation @ = {0,...,q}. Forafixedr €
@ we denote by (") the polynomial that minimizes || - || over span(e,,|t € (W \S)U{s,})
under the restriction that the coefficient of e,,_ equals one.

Theorem 1 shows how the polynomial 7{*") can be constructed by using the matrices
As and ®g, which are defined as follows: let the orthonormal polynomials {@, .}Y_, be
given by

n
¢w,n = Z Pn,m €wp s
m=0

in which ¢, , = k, € R* (cf. [Dzhaparidze and Janssen]). We set ¢, ,, = 0 when m > n.
Then the matrix [(As),,|0 < p < N — 86,0 < v < q] is given by

(AS)#»V = ‘1030+/J‘:5u .

So
(pSO,SO 0 E O \
(1051—1,30 O 0
Ps1,s0 Ps1,51 0
AS - : . . : (5)
0
Qsgso Psgsr © Psgusg
PN,sp PN ©N,sq /
If w e QF, then
1 d¥
(AS)u,v = @dz—ww‘bw,sﬁu(z)lz:%- (6)



The (g + 1) x (g + 1) matrix [(P5)y |0 < u,v < ¢] is given by

N N
(@S)uxv = Z @k,su(pk,sv = Z @k,suwk,sv'

k:so k=0
Hence
*
®s = AGAg,

where A% is the conjugate transpose of Ag. The matrix ®g is invertible, since the colt
of the matrix Ag are linearly independent (p,, € R* for all s € S).
If w € QF, then

(@S)u,v = Z@k,suwk,su
k=0
N 1 dw"u 1 dwﬂu
- l;) [U}s | da¥su ¢W1k(a)|a=0d:‘ l:ws 1 dgwsv (bw k( )I =0d}

1 99 1 Q¥

N Wsu! da¥su wsv! OzWsy 5‘*’(0" z)la:z:Od

v 1 %o 1 0%
§5 7 \ e 020" w1 824 )

we can rewrite the last identity as follows:

Using the notation

(I)S = Vg,avs,z Sw(as z)|a=z=—-04-

For w € 1y we can also write

N
((DS)u,v = Z@k,suwk,su

[(2;)«1 / ( iA)w’"md’\} [(2710(1 / (e7#)“*v (™) du}
A

im [ [ (e (e, e¥)drda,
AA

i
I

which yields

o=t [ [ | @ sule?, e#)drd
A A



RN

Theorem 1 Fiz r € Q. Let nl*") be the unique polynomial that minimizes -1 over
span(ew, |t € (W \ S) U {s,}) under the restriction that the coefficient of €w,. equals one.
Then

N
W(E;sr) = Z 'Ur(;sr)qsw,ny (11)

n=sp

where v = (v, .| v$7) is given by
o= 5T B31AY,. (12)

The minimum itself equals ('), . Here x,, is the unit vector of length ¢+ 1 with 1 at
the (r 4 1)** place. Therefore formula (12) is equivalent to

v§g°) ... v§5°)
e e | = 05AL
vggq) e vj(\;")

Proof: Let g{*~) be an element of span(e,,|t € (W \ S) U {s,}), with the coefficient of Cus,
equal to one, i.e.

N
9 = 368G m,

n=0
with the constraint that for all v € Q
N .
1 fv=r
S p(sr) 5 =
gbn Qon,s,, - 611,1‘ { 0 lf v # r (13)

Since @n,m = 0 for m > n, formula (13) reduces to

N
Z bgzsr)(pn,su = 61/,7' (14)
n=sg
for all v € @, or in vector notation
(B8, ... b )As = T, (15)

Notice that (15) does not depend on b$) for n < sp. So when minimizing

(se)y12 N b(sr) 2 R b(sr) 2 N b(s.,) 2
”gw 'l_zlnl_z:ln|+2|nl7
n=0 n=0 n=sg

under the constraint (15), we have to take b¢~) = 0 for n < sy. This means that

N
mo) = 3 0 b,

n=sg
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where v(*7) = (v{er), . .. ,1}5\3,?)) is the particular solution of (15) with
N

Pl

n=sg
as small as possible. Thus [v*”)]T has to satisfy

Ag[v(sr)]T = X
(cf. (15)) and [v®")]T has to belong to the column space of (AL)*. This yields
) = T, (A3 AS) A3 = X2, B51AS.

The minimum itself equals

:U(Sr)[v(sr)]* — X’q_[:r@gl[xg:r]* — (@El)r,r-

Remark: If w € QF;, then (6), (9), (11) and (12) yield

157 () = Xar(V5,aV 52 80(8: 2)lamz=0,) " V0 50(8, )la=0,

Corollary 1 IfS contains only one element, i.e. ¢ =0 and S = {so}, then the polynomial

w50 s given by
N

Y PrsoPun
(s0) — ™=%0
Ty, = N .
Z wn’SQ(Pn,SQ
n=sp

This polynomial is called a ‘one-point interpolation polynomial’. If moreover so = 0, then

N _
Z ln¢w,n

70 = =0

w N
> |lal?

n=0

3

where 1, = @n 0. If w € O, then the polynomial 70 is given by
. N

(s0) %“;%Sw(a” ')‘a:Od
'/Tw () == i —84..;30“‘ 8930
Waa“’-’o —B'z“‘—sosw(a’a z)la:z:Od

O

Remark: Notice that the adapted Gram-Schmidt orthogonalization procedure defined in
[Dzhaparidze and Janssen] by

GSe
ewNa---yewo — Uy,N,
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leads to the identity

Uy, N = 7r£;0)a
with 7{9 defined in Corollary 1. Hence, using again the notations from
[Dzhaparidze and Janssen] we have

N

* Zn w,n
By _ =P

ka(wg,N % P .

n=0

The next theorem shows that the interpolation polynomials 7{*) can be €
of the one-point interpolation polynomials as defined in Corollary 1.

Theorem 2 For u € Q define

N p—
z Wn,sugbw,n
A(su) _ N=sy
iy w = -—————————N
Y Py Prsu
=8y

(cf. Corollary 1). Define the (¢+ 1) x (g + 1) matriz [(@s)a,ﬁlo <a,p

(®5)ap = (P5)as bass

in which the matriz ®g is given by (8). Then

7‘-“(‘150) 7}5}80)
s : = &g :
WSUSQ) 'fr‘gsq)

Proof: Fix r € Q and let d) = (d§™,...,d{") be given by
d¢) = xT 05'ds.
Then (7), (11) and (12) yield

7‘-‘(031') = XZr‘DElAE’(wa,sm Ty ¢w,N)T
Xg:T@El@S@ElAg(gbwysm ] ¢w,N)T
= de(#l0) . #la)T,

So .
o) = 3 g (o),

u=0

This yields (18).
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ssian Random Fields

1, we present the following application of results to a zero mean Gaussian

Assume that {X;}icza is a real zero mean Gaussian random field. Then the
wobability density function of X, ,7 € Q given X, = z,,,t € W\ S is

1

(Twy. s - s T, [Tyt € W\ §) = g~ aX BsX (20)
° o (V27)a+1, /det(D5")
(Twy, + D a(s")m [Zw,, + D a(s")m
(-Uao Wt W_gq u)t
teW\S tEW\S

ficients satisfying the following identities:

(Sr) = e, + Z a§Sr)ewt
tEW\S

| that for a real Gaussian random field { X, };cz4, the best linear interpolator
S) based on {X,,|t € W\ S}, is the conditional expectation

X.. = E[X,,|X.,,t € W\ S] almost surely.

ines the form of the vector x in (20). It remains therefore to verify that for

]E[stk - stk][stl - stl] (Q ) k!
d true, because by using (12) we have

~ ~

‘.(Ws ][“(ws ‘(ws ] < ‘llsfk); ”Sl) >
k 1 i
Vi) [yle0]*

E[X

Wsp,
= Xax®5 A5As®5 Xq,
= (®5" k-
0

Xy = Tw, = 0 for all £t € W\ S, then by (10) the quadratic form xT®gx in
axpressed as follows:

27r GIAYY f / (Z xu,u(e“’*)“’u) (Z Tuy, (€7) “”v) su(€™, e®)drdp.  (21)

u=0 v=0

worthwhile to compare the result of Theorem 3 with the following assertion:
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Theorem 4 [Dobrushin] Suppose

(22)

(23)

dF(\

X _ f
exists and

[ 5o < o0,

| 7
(notice that f > 0). Define the matriz T( (—ﬁ—f-) by

(eiA)w,O
Mo =[] & | @ @) oarrrdd
(2m)*f " U (2m)2f(X)
w\ ey
Then the conditional probability density function of X, ,7 € Q given X, =0, m & {w;, |
r€Q} s
1 xTT (——22*)"
Wsn ** 9y Lw,g 6 (@m)<ef
p(ilf 50 z q) ( 27r q+1 \/det 21r)2 )-1)
with
—iA\ws,, |2
1 | E xw_,u (e ) ul
xIT X = =0 dh.
(yap @ |

Notice that (21) and (24) yield

0< xTT( © ;de )x — xTdgx =
3 Ty, (€7 )wsu T, (€7#)s
(27:)2‘1// (EO ( )f()?) ((i:) ¢ >Cw(>‘1ﬂ) dF(\) dF(p)
AR

in which the function (, is determined by the relation

i _Jo if p € span{ey,---,€uy}
[p(e )Cw(/\yll') dF(A) - { p(eip,> if pE span{ewo, e Cuy }_L

Loosely speaking, we can say that

6(A = p)
f)

- sw(eﬁ‘, e).

Cw()‘aﬂ') =

12

(25)
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