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Abstract

A numerical procedure is presented for the automatic accurate location of certain codimension-two homaclinic
singularities along curves of codimension-one homoclinic bifurcations to hyperbolic equilibria in autonomous sys-
tems of ordinary differential equations. The procedure also allows for the continuation of multiple-codimension
homoclinic orbits in the relevant number of free parameters. All known codimension-two bifurcations that
involve a unique homoclinic orbit are considered. In each case the known theoretical results are reviewed and a
regular test function is derived. In particular, the test functions for global degeneracies involving the orientation
of a homoclinic loop are presented. It is shown how such a procedure can be incorporated into an existing
boundary-value method for homoclinic continuation and implemented using the continuation code AUTO. Sev-
eral examples are studied, including Chua's electronic circuit and the FitzHugh-Nagumo equations. In each
case, the method is shown to reproduce codim 2 bifurcation points that have previously been found using ad
hoc methods, and, in some cases to obtain new results.
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1. INTRODUCTION

The aim of the present paper is to develop a robust numerical continuation framework for the analysis
of homoclinic bifurcations in parameterized systems of autonomous ordinary differential equations
(ODEs). Homoclinic orbits (that is, trajectories which are bi-asymptotic to an equilibrium in such
systems) and their associated bifurcations are known to be of importance in a wide number of ap-
plications. Examples occur in fields as diverse as mathematical biology, chemistry, fluid mechanics,
electronics and probability theory. See, for example, the recent conference proceedings (Gaspard,
Arnéodo, Kapral & Sparrow 1993). The existence of homoclinic orbits is typically a codimension-one
phenomenon (codim 1 for short), that is, one normally has to vary a (single) parameter in the problem
in order for them to occur. The problem of interest is then to locate this homoclinic parameter value
and, sometimes, to accurately compute the homoclinic orbit there. Such problems typically arise in
one of two settings.
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1. Introduction 2

The first situation occurs when one studies the dynamics of a model consisting of a system of ODEs.
It is then well known that the appearance of an orbit homoclinic to a hyperbolic equilibrium leads,
as a generic parameter is varied, to the creation or disappearance of one or more limit cycle (periodic
orbit) in an “infinite period” bifurcation. In some cases the bifurcation is of interest as it causes a
transition from stable periodic motion to the existence of no stable motion nearby: In other cases,
as in the model of Belousov-Zhabotinskii reaction (Arnéodo, Coullet & Tresser (1982), Arniéodo;
Argoul, Elezgaray & Richetti (1993)), chaotic trajectories exist in a neighbourhood. of the homoclinic
bifurcation. In both cases, the phenomenon of interest is not the homoclinic orbit itself, but the
organising role it plays for the nearby dynamics. The analysis of homoclinic bifurcations dates back
to Andronov & Leontovich (1939) for planar systems, see (Andronov, Leontovich, Gordon & Maier
1971) for a detailed presentation. Then, in a series of papers in late 60’s, Shil’nikov (1968, 1970)
analyzed homoclinic bifurcations in general n-dimensional systems. It was discovered that, if the
equilibrium has complex eigenvalues satisfying certain (open) conditions, there are an infinite number
of saddle limit cycles near the original homoclinic orbit for close parameter values. The phenomenon of
so called “Shil’nikov chaos” has now became widely known after several modern expositions, notably
in Guckenheimer & Holmes (1983). Numerous subsequent publications have improved the original
theorems and have established new facts concerning this codim 1 bifurcation, we refer only to Gaspard,
Kapral & Nicolis (1984), Glendinning & Sparrow (1984), Tresser (1984), Lin (1990). Many physical
applications of Shil'nikov results have also been found; see, for example, (Healey, Broomhead, Cliffe,
Jones & Mullin 1991); forf 4’ experimental verification.

The second source of interest in homoclinic orbits is that their existence in an system of ODEs can
imply the existence of a desired solution of certain partial differential equations (PDEs). The main
application here is to solitary waves of parabolic and hyperbolic equations (see, for example, surveys
by Fife (1978) and Kuznetsov (1982) on travelling waves in reaction-diffusion systems, and the work
on water waves by Kirchgassner (1988)), but there are also applications to solutions of certain elliptic
problems (Budd 1989). In the former case, one of the parameters in the ODE anzatz is usually the
wave speed c. Hence the codim 1 homoclinic orbits in the ODEs correspond to persistent solutions of
the PDE and the problem becomes to determine the shape and speed of solitary waves. In contrast
to the previous setting, one is thus interested in the homoclinic orbits directly, because the stability
of nearby periodic orbits for the ODEs typically has little in common with the stability of periodic
waves in the evolution equation. A notable achievement of Shil’nikov’s theory in this direction has
been the discovery of an infinite number of various travelling impulses and periodic waves in nerve
axon equations (Feroe (1981), Evans, Fenichel & Feroe (1982), Kuznetsov & Panfilov (1981)).

Since the appearance of homoclinic orbits corresponds to a global bifurcation, it is usually hard
to prove their existence analytically in example systems. The best one can normally hope for is to
prove their existence near certain singularities. One way to do this is by locating a codimension-two
local bifurcation such as a Bogdanov-Takens or Gavrilov-Guckenheimer point (corresponding to the
presence of an equilibrium with eigenvalues pj,2 = 0 or p; = 0, up 3 = +iwy respectively) which are
the origins of loci of homoclinic orbits in certain cases (Guckenheimer & Holmes 1983, Gaspard 1993).
Another way of establishing local existence is by using the so-called Melnikov technique of perturbing
certain degenerate, e.g. integrable, systems for which the analytic form of a homoclinic orbit is
known (see Gruewdler (1992) for some general results using this idea). In other cases, the existence
of a homoclinic orbit can be established through some slow-fast arguments (see, for example, Jones,
Koppel & Langer (1991), Deng (1991), Szmolyan (1991), Kuznetsov, Muratori & Rinaldi (1991)).
There are few resuits concerning the global existence of homoclinic orbits; see (Fiedler 1992) for
the first steps in this direction. We do mention, however, that progress has been made recently in
global existence for the case of Hamiltonian systems, both using variational methods (e.g. Hofer &
Wysocki (1990)) and topological methods (e.g. Amick & Toland (1992)). Such specialized systems
are outside the scope of the present paper. In general then, one has to rely on numerical methods to
find homoclinic orbits, to analyze then and to continue their loci in several parameters.

One way to locate a homoclinic orbit numerically is by the continuation of a limit cycle to large
period as it approaches a homoclinic orbit (Doedel & Kernévez (1986)). Another technique is to




that is, the numerical integration of orbits in the stable and unstable manifolds of the
nd the computation of a distance between them (see, for example, Kuznetsov (1983,
uez-Luis, Freire & Ponce (1990)). Both of these techniques can be extended to facilitate
ion of homoclinic loci in two parameters. These approaches have obvious limitations
ot work well in many situations, not least because of numerical instabilities due to the
:nce of trajectories near hyperbolic equilibria ! (see, for example, (Sparrow 1982, app.
on, though, that a form of shooting has recently been used successfully to systematically
e approximations to orbits which are part of an infinite family of homoclinic solutions of
1ave a reversibility property (Champneys & Spence 1993, Champneys & Toland 1993).
ystems are not considered in the present work.

alue methods, which are free from the drawbacks mentioned above, have recently been
lyzed and used by Hassard (1980), Miura (1982), Beyn (19905, 1990¢), Doedel & Fried-
1d Friedman & Doedel (1991, 1993, 1993), among others. These methods truncate the
sblem to a finite time interval and impose certain boundary conditions at the end points
. It should be noted that, to date, there is no standard software for homoclinic contin-
ch research group has its own programs for homoclinic bifurcation analysis which are,
1e degree, problem specific.

wwback of existing research on numerical methods for homoclinic orbit continuation is
s been mno systematic treatment of codimension-two homoclinic bifurcations, that is,
Jong loci of homoclinic orbits that cause a qualitative change in the nearby dynamics.
ore precisely what we mean by a codim 2 homoclinic bifurcation. The nature of a
urcation is known to depend crucially on eigenvalues of the equilibrium and on some
ieristics of the phase portrait near the homoclinic orbit at the bifurcation parameter
e twistedness of the stable and unstable manifolds around the homoclinic orbit). These
aracteristics are important since, for example, they determine the direction of the limit
ion under parameter variation. More generally, a particular bifurcation scenario near
: bifurcation is determined by some (local and global) non-degeneracy conditions. If one
tions is violated, a codimension two homoclinic bifurcation may appear. If a homoclinic
traced in two parameters, such bifurcations appear at isolated points on the homoclinic
Finding such a point allows one to predict a change in the bifurcation scenario caused by
c orbit. Typically there are are loci of (sometimes infinitely many) different bifurcation
ghbourhood of the codim 2 point on the parameter plane. Many such codim 2 homoclinic
ave recently been analyzed theoretically (see the references in sec. 2) and some have
mportant in applications.

tion three recent examples of codim 2 homoclinic bifurcations which highlight their
n each case, the phenomenon of interest is the existence of chaos in the neighbourhood
ic orbit and there is a Bogdanov-Takens point from which a homoclinic orbit emanates.
item is Chua’s electronic oscillator (Khibnik, Roose & Chua (1993), see also Healey et al.
, Rodriguez-Luis & Ponce (1993) and secs. 5.4, 5.5 below) where the eigenvalues of the
:come complex along the homoclinic locus and then satisfy the conditions for Shil’nikov
second system, the Shimizu-Morioka equation (Rucklidge (1993), Shil’nikov (1993), see
selow), there is a transition along the homoclinic locus to a pair of homoclinic orbits
same conditions as in the Lorenz equations (Lorenz 1963, Sparrow 1982) and then a
tion caused by a change in the relative magnitude of the two eigenvalues closest to zero.
em is the model of articulated pipes considered in (Champneys 1993) where the global
f the unstable manifold changes in an inclination switch bifurcation (see sec. 2 below
lefinition). In each of the three cases a “horn” of parameter values emanates from the
lim 2 homoclinic orbit, inside which there are chaotic dynamics. These codim 2 points

:nce typically prevents one from finding good approximations to homoclinic solutions but can provide
tes to homoclinic parameter values.

| of the three systems has a form of Zo- symmetry, which implies that there are three periodic orbits in
1 of a symmetry-related pair of homoclinic orbits. This symmetry aspect is unimportant for the present
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>ught of as the “organizing centers” for the interesting dynamics.
g

herefore paramount for a systematic approach to analyze homoclinic bifurcations during
inuation and to detect such codim 2 points. Our goal in the present paper is satisfy
» doing we hope to bridge some gaps between pure and applied homoclinic bifurcation
lighting to the applied community these codim 2 phenomena, which we believe have
to be fundamental to the understanding of complicated dynamics in examples. We
ipply the practitioner with a computational framework within which to locate these
new, as yet unstudied; examples.

- organized as follows. In sec. 2 we formulate non-degeneracy conditions determining
linic bifurcations and formulate the famous theorems by Shil’'nikov. We then classify
ate, i.e. codim 2, cases and give a brief description of what is known from the available
he structure of parametric portraits near each bifurcation. We do not touch local
olving homoclinic orbits or heteroclinic bifurcations (when a cycle is formed by several
ng equilibria or other invariant sets), nor bifurcations associated with the presence of
omoclinic to the same equilibrium. Section 3 is devoted to a detailed description of a
+ approach for the continuation of the homoclinic orbit in two parameters, which follows
Some possible variants of the same approach are also discussed and evaluated. In sec.
:st functions to detect, along codiml homoclinic loci, each of the codim 2 bifurcations
- functions for the detection of global singularities, (inclination and orbit switches),
7. In the last section we describe an implementation of the proposed algorithm as a
3 to AUTO, a well known continuation software by Doedel & Kernévez (1986). Methods
arting solutions for continuation are discussed within this setting. Then we present
ts on four example systems (the FitzHugh-Nagumo wave system, Chua’s electronic
ur electronic circuit model by Friere et al. and the Shimizu-Morioka equations). The
im 2 homoclinic bifurcations are known for these systems, and we use them mainly as
'. However, some of the features we present are new; notably a codim 3 homoclinic
urring in Chua’s circuit and a non-transversal codim 2 homoclinic bifurcation in the
mo equations.

ments: The authors thankfully acknowledge helpful discussions with E.Doedel (Cal-
/Concordia University of Montreal) and B.Sandstede (Institute fur Angewandte Anal-
wstik, Berlin), the latter of whom first suggested to us the use of adjoint variational
eral theoretical questions have been clarified for us by L.Shil'nikov, L.Belyakov (In-
ied Mathematics and Cybernetics, Nizhnii Novgorod) and Bo Deng (University of
sln) through personal communications. ARC has been supported by a research assis-
he SERC, UK, and YuAK by visitor grant B 80-61 from the Dutch Science Foundation
etherlands. '

C ORBITS
:rate Homoclinic Orbits
s paper we shall consider sufficiently smooth, generic dynamical systems of the form

a), z€R" aecR. (2.1)

; some parameter value a = 0, say, there is an orbit ' of (2.1) that is homoclinic to an
ithout loss of generality, take the equilibrium to be O, the origin of R®. That is,

I'={+(t)|teR}, where ,Jim ¥(t) = 0.
b

only orbit homoclinic to O at a = 0.

»gram is available from the first author on request.
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I(0,0). Suppose that A has n, eigenvalues y;, 2 = 1,...,n,, with non-positive real part
dues A;, ¢ = 1,...,n,, with positive real part (counting multiplicities), such that

Ny + Ny =7,

e{tn,} < ... <Re{us} < Re{p1} < 0 <Re{A1} <Re{Xz}... < Re{), }.

ibrium is hyperbolic: Re{p,} # 0.

(H.1) that there are no other equilibria in a neighbourhood of O.
instable manifolds W**(O) of O are defined by

= {z€R"|¢'(z) > 0ast — +o0},
= {zeR"*|¢'(z) — 0ast — +oo},

s flow corresponding to (2.1). The only stable and unstable manifolds of interest in the
those of O, hence W** shall be used as a shorthand notation for W*#(0). Under the
".1), it is well known that W™ are immersed sub-manifolds of R"” of dimension n, and
- which are tangent at O to the stable and unstable eigenspaces of A (Guckenheimer &
At each point v(t) € I' two tangent spaces are defined:

X(t) = T,Y(t)Ws, Y(t) = T.,(t)Wu.

t) + Y (t) and notice that dim Z(t) < n since the vector ¥(t) € X(t) NY(t). We assume
ion-degeneracy condition

codim Z(t) =1,

'Y (t) = span{¥(t)}. The condition (H.2) can also be expressed analytically as follows.
). £)(7(t),0). Then (H.2) means that, to within a scalar multiple, y(t) = () is the
'd solution of the variational equation around the homoclinic orbit:

y, y € R (2.2)

ues p; such that Re{y;} = Re{u1} are termed leading (principle) stable eigenvalues,
the eigenvalues in the right half of the complex plane whose real parts are closest to the
; are termed leading (principle) unstable eigenvalues. The corresponding (generalised)
nd eigenspaces are also called leading. If all the leading eigenvalues are real, the origin
. real saddle (saddle, for short); if all the leading eigenvalues are complex the origin is
focus (bi-focus). In all other cases it is called a saddle-focus. Clearly, since A is a real
ex eigenvalues (4.e. not real) must occur in complex conjugate pairs. Therefore, in the
e-focus or focus-focus at least one of the leading eigenspaces must be multi-dimensional.
able and unstable) leading eigenvalues, those which are closest to the imaginary axis
determining in the following. Suppose

ing eigenspaces are either one- or two-dimensional.

the following non-degeneracy conditions for the leading eigenvalues hold:

p # =1, with Im{g} =Im{\}=0;
p1 # po, with Im{p} =Im{us} =0;

Re{p} # ~Re{\}, with Im{p:}#0;
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(H.7) Re{m} # 5k, with Im{m}+#0,Im{A}=0;

as well as the corresponding inequalities obtained by reversing time (i.e. replacing p; by X;).

Following Shil’nikov (1968) (see Hirsch, Pugh & Shub (1977) for proofs), one can define the non-
leading stable manifold W** (non-leading unstable manifold W**) to be the invariant sub-manifold of
W? (respectively W*) that is tangent at the origin to the non-leading stable (unstable) eigenspace.
Let p,q, € I be points sufficiently close to O; p € W%, g € Wy, where W,“* are local unstable and
stable manifolds of O defined with respect to sufficiently small neighbourhood of O. We assume that,
at a =0,

(H.8) p g W,

(H.9) qgg W,

which implies that the homoclinic orbit is tangent at the origin to the leading eigenspaces. For
example, in the saddle case, let

(1) + :
e(t)= -+ and e* =% lim e(t
O = Fo 2 ),
then e* is a unit eigenvector corresponding to A; and e~ is a unit vector corresponding to p;. Fi-

nally, suppose that in the saddle case the homoclinic orbit satisfies the strong inclination properties
(Shil'nikov 1968, Deng 1989). That is

(H.10) Jim Z(t) = ToW* @ Tow™,
H.11). lim Z(t) = ToW"* @ ToW?*,
t—+4o00

Note, due to (H.2), that Z(t) divides R™ for each t. A saddle homoclinic orbit satisfying (H.10) and

(a) ()

Figure 2.1: Non-twisted () and twisted () saddle homoclinic orbits in R3.

(H.11) is said to be twisted if e~ and et point to the opposite sides of Z(t) at p and g respectively.
Otherwise, it is non-twisted. See fig. 2.1.
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Definition 2.1 A homoclinic orbit is called regular if assumptions (H.0)-(H.2) hold.

Definition 2.2 A regular orbit that is homoclinic to a saddle-focus or focus-focus is called non-
degenerate if assumptions (H.3)~(H.9) hold, while a regular orbit that is homoclinic to a saddle is
called non-degenerate if (H.3)-(H.11) hold.

For a system (2.1) depending generically upon parameters, those parameter values which correspond
to the presence of a regular homoclinic orbit form a smooth sub-manifold H of codimension one in the
parameter space R? of the system. This manifold is a regular zero level surface of a smooth function
(the Melnikov functional) measuring the distance between W*(O) and W*(0O). The manifold ¥ is
partitioned into several regions H; corresponding to different non-degenerate sub-cases. Violation
of any of the non-degeneracy assumptions defines a codimension-two boundary of H;. It is known
(mainly due to L.P.Shil’nikov) that a transversal crossing of an H; implies a particular bifurcation
scenario for the phase portrait near the homoclinic orbit.

Theorem 2.1 (Shil’nikov (1968),“tame homoclinic bifurcation”) If parameters are varied in
a generic system (2.1) such that a sub-manifold is crossed corresponding to a non-degenerate saddle
homoclinic orbit or a saddle-focus homoclinic orbit with a real determining eigenvalue then a unique
periodic orbit bifurcates from the homoclinic orbit. The period of the orbit tends to infinity as the
bifurcation is approached.

Theorem 2.2 (Shil’nikov (1970),“chaotic homoclinic bifurcation”) An infinite number of pe-
riodic orbits with arbitrarily high periods exist in a neighbourhood of the homoclinic orbit of a generic
system (2.1) for parameter values near a sub-manifold corresponding to a non-degenerate Focus-focus
or saddle-focus homoclinic orbit with complez determining eigenvalues.

In the latter case, loosely speaking, there is an infinite number of Smale horseshoes (Smale 1967)
at the critical parameter value and a finite number of them for nearby parameter values. As H; is
crossed, the horseshoes are successively created or destroyed. The crossing of the homoclinic manifold
implies an infinite number of fold and flip (period-doubling) bifurcations involving the periodic orbits.
Therefore, for example, there is an infinite series of codim 1 manifolds {S,(cz)} of fold bifurcations which
accumulate (from the both sides) on H; as k — oco. Also, there is a one-sided sequence of codim-1
manifolds {’H(-z)} which accumulates on H; as j — oo, each corresponding to the existence of a double
homoclinic orbit (that is, an orbit that makes two “big” excursions near the primary homoclinic orbit
before returning to the equilibrium) (Evans et al. 1982, Gaspard 1983, Feroe 1986, Glendinning 19895).

Notice that it can not be said that two generic one-parameter systems crossing the same H; are
always locally topologically equivalent in a neighbourhood of the homoclinic orbit, even if there is only
one periodic orbit present near the bifurcation. A relevant counter-example is provided by a saddle-
focus homoclinic orbit with a real determining eigenvalue. Actually, it is proved that for systems with
a saddle-focus homoclinic orbit the ratio

- _A_l.__
Re{p1,2}

is a topological invariant, provided that p;2 are complex while A; is real (Afraimovich, Arnold,
I'yashenko & Sil'nikov 1993). Therefore, the sub-manifold H; corresponding to the saddle-focus
homoclinic orbit is foliated by codimension-two sub-manifolds {v = const} on any two of which
the phase portraits near the homoclinic orbit are non-equivalent. This prevents the existence of a
“universal unfolding” for the homoclinic bifurcation in which a saddle-focus is involved.

We shall see later on, that not all formal boundaries of H; given by violation of a non-degeneracy
condition do correspond to the presence of topologically distinct phase portraits near H.

V=

2.2 The Degenerate Cases

There now follows a brief description of what is known from the existing literature about the dynamics
in a neighbourhood of each of the codimension-two points arising through the violation of an assump-
tion from (H.0)-(H.11). It must be pointed out that the corresponding codimension-two bifurcations
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lied with differing degrees of detail. Some of the cases are treated only for systems
ossible dimensions while others, to our knowledge, have received no attention as yet.
ts to survey some of the codim 2 homoclinic bifurcations can be found in (Kuznetsov
ing 1988, Belyakov & Shil'nikov 1990, Fiedler 1992).

' our system depends generically on two parameters & = (a;, az). Then the homoclinic
irve H(). While moving along this curve, one of the assumptions (H.0)-(H.11) can be
e point. In the following we describe the parametric portrait of such a generic system in
ne near the codimension-two bifurcation point which we suppose, for simplicity, occurs
eover, we assume that the parameters are selected in such a way that the “primary”
ach H() is locally defined by the axis {ag = 0}.

int) saddle Suppose that the equilibrium is a saddle and that all the non-degeneracy
cept (H.4) hold, that is the leading eigenvalues are real and simple but

. (2.3)

.
.-
-
an

HP HY e

Figure 2.2: Resonant side-switching.

tudied completely by Nozdrachova (1982) for two-dimensional systems and by Chow,
* (1990) in the n-dimensional situation. There are two sub-cases depending on the
he homoclinic orbit.

linic orbit is non-twisted, we have the so called resonant side-switching bifurcation.
‘urcation point is the source of an extra codimension-one bifurcation curve S corre-
ld (saddle-node) bifurcation of periodic orbits. Two limit cycles of different stability,

hile crossing the homoclinic bifurcation branches HS% separated by the codim 2 point,
ppear on this extra curve (see fig. 2.2).

linic orbit is twisted, then so called: resonant homoclinic doubling takes place. Two
originate at the critical point, namely a curve H(? corresponding to the appearance
oclinic orbit (see fig. 2.3), and a curve F at which an orbit of “double” period appears
d-doubling bifurcation (fig. 2.4). It is proved in Kisaka, Kokubu & Oka (1993a) that
iclinic orbits which make more than two large excursions do not bifurcate in this case.

ling eigenvalue  Assume that the equilibrium under investigation is a saddle with a
t for which all the conditions but (H.5) hold:

(2.4)
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Figure 2.3: A double homoclinic orbit to a saddle.

a,

o3

(O]
H

Figure 2.4: Resonant homoclinic doubling.

Typically, this degeneracy causes a transition from a saddle to a saddle-focus (or from saddle-focus to
focus-focus) while moving along the homoclinic curve. A codim 2 bifurcation appears when this double
leading eigenvalue is determining, because the codim 1 homoclinic bifurcation switches from tame to
chaotic upon crossing the codim 2 point along the homoclinic curve. If the double eigenvalues are
not determining then the homoclinic bifurcation remains tame and the parametric portrait contains
no bifurcation curves at which limit cycles can bifurcate other than that of the primary homoclinic
branch. The former case has been studied by Belyakov (1980) for three-dimensional systems. There
are two bundles each consisting of an infinite number of bifurcations curves: {'ng) }$2, corresponding
to double homoclinic orbits making different (increasing) numbers of “rotations” near the saddle-

focus during their first return (i.e. between the two large excursions), and {SJ(-I)};?';I corresponding
to fold bifurcations of periodic orbits with different numbers of small rotations (see fig. 2.5). The
bundles extend from the origin into the saddle-focus region and the double homoclinic curves occur

on only one side of the primary homoclinic bifurcation curve. The relative position of {'Hg?)}‘]?';l

with respect to H(1) is determined by the twistedness of the saddle homoclinic orbit along Hgl), or,
equivalently, by the direction of a cycle bifurcation while crossing this curve. It should be noted that
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m
H

LY
o
S2

Figure 2.5: Double eigenvalue.

otations near the saddle-focus also increases when the parameters approach the origin
ble homoclinic or fold bifurcation curve. The complete bifurcation structure for this
., and it seems reasonable to expect also an infinite series of period-doubling bifurcation
ng at (or accumulating on) O.

mt) saddle-focus Suppose that the equilibrium is a saddle-focus and that all the
assumptions except (H.6) are satisfied, that is

= —Re{/\]_}. (2.5)

ding eigenspaces is one-dimensional then, generically, there is a transition from a tame
aoclinic bifurcation due to the determining eigenspace changing from a real eigenspace
e. Only the three-dimensional case seems to have been studied. The complete picture
it the following results are due to Belyakov (1984). Generically, there are several
codim 1 bifurcation curves that accumulate in a complex manner on the origin of the
More precisely, there is a countable number of curves {S(-l)};-";l corresponding to fold
ycles with increasing number of rotations near the saddle-focus. Each of the curves has
arity of cusp type. The cusp points C; accumulate on the origin (see fig. 2.6). The other
‘codim 1 bifurcation curves is composed of double homoclinic curves {H{2}%  all of
tontal asymptotes and have extremum points which accumulate at & = 0. These curves
o one side of the primary homoclinic curve (this side is determined by the direction of
1e unique cycle upon crossing the part Hgl) of the homoclinic curve corresponding to
i with a real determining eigenvalue). The whole picture is even more involved, since

able set of various triple homoclinic bifurcation curves {ngb}fmﬂ located between

‘ble homoclinic curves Hf) and H‘(,le. Only a few of them are shown in fig. 2.6.

ent saddle-focus This singularity means that the sum of all leading eigenvalues of a
h a one-dimensional leading eigenspace is zero (condition (H.7) is violated):

1
= - .
2 1, (2 6)

1 the three-dimensional case this means that the divergence of the vector field (2.1)
The bifurcation implies a transition from the presence of stable limit cycles with
period near the primary homoclinic bifurcation to the presence of long-period totally
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Figure 2.6: Resonant saddle-focus.

(Gaspard 1983, Glendinning & Sparrow 1984). The complete bifurcation picture is, once
vn. '

- eigenvalues  Suppose that (H.3) does not hold and that the determining eigenspace
1sional due to the presence of a simple real eigenvalue and a simple complex pair of
ith the same real part:

} = Re{pa} = pa. (2.7)

plies a change of the dimension of the determining eigenspace while moving along the
oclinic curve. When the determining eigenspace is one-dimensional the homoclinic bi-
ame and when this eigenspace is two-dimensional the homoclinic bifurcation is chaotic.
3 another example of a tame-to-chaotic transition, but, unlike the previous two cases
2, 2.2.3), nothing definite seems to be known about the two-parameter picture in this

previous cases the equilibrium remained hyperbolic. The following two cases involve
ic equilibria having a homoclinic orbit which can be approached by following a non-
»moclinic orbit. Note that there are other types of orbits homoclinic to a non-hyperbolic
ich can not be approached as the limit of a non-degenerate homoclinic orbit (see, for
I'nikov 1969) and sect. 2.2.6 below).

homoclinic orbit While moving along a homoclinic bifurcation curve corresponding to
oclinic orbit, another equilibrium can approach the one to which the primary homoclinic
At the critical parameter values, there is a non-hyperbolic equilibrium, i.e. (H.1) does
h

) (2.8)

linic orbit leaving it along the unstable manifold and returning along the center manifold
. This case has been studied by a number of authors, first by Lukyanov (1982) for planar
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AT

Figure 2.7: Saddle-node homoclinic orbit.

Chow & Lin (1990) and Deng (1990) in general. The parametric portrait is shown
‘e there is a curve s of fold bifurcations of the equilibria and a primary homoclinic

@,
}[(1)
! 0
/ \ a,
s, S2

Figure 2.8: Saddle-node homoclinic bifurcation portrait.

e ’Hgl) which terminates at the origin. The codim 2 point is thus an end point of
noclinic orbits to hyperbolic equilibria. However, along the part s of the fold curve

tinuation” of 'Hgl)), there is a homoclinic orbit to the non-hyperbolic equilibrium that

» £0o to the central eigenspace. Despite being degenerate according to Definition 2.1,
ic orbit is of codimension one.

While moving alorg a homoclinic bifurcation curve corresponding to a saddle-focus,
can undergo a Hopf bifurcation at certain parameter values. This is another way to

=0. (29)
se has been analysed by Belyakov (1974) and by Gaspard (1987) and Hirshcberg &
t all in three-dimensions with the Hopf bifurcation being supercritical. The homoclinic
inates at the codim 2 point having a non-zero angle with the Hopf bifurcation curve
th the origin (see fig. 2.9). On a continuation of 'Hgl) to the other side of A there is a
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a,

Figure 2.9: Shil’nikov-Hopf.

lic heteroclinic orbit, that is, an orbit which connects the non-leading unstable manifold
ble manifold of the cycle C that appears through the Hopf bifurcation on k. A parabola-
) corresponds to a tangency between the two-dimensional stable and unstable invariant
7 i.e. there is a non-transversal homoclinic orbit to a cycle). Bifurcation sequences
h a non-transversal homoclinic orbit to a cycle have been analysed by Gavrilov & Silnikov
ind Gaspard & Wang (1987). Inside the parabola, a transversal homoclinic structure
h the cycle is present. There are two infinite series of other codim 1 bifurcation curves:

:umulating on the primary homoclinic curve Hgl), each of them having a termination
1e Hopf curve; and {S,(c”},;“;l accumulating (from both sides) on the union 'Hgl) uTW),

, is the vertex of another “parabola” Tk(z) corresponding to a tangency between stable
invariant manifolds of C along a homoclinic orbit making two big excursions around the
»clinic one (a double non-transversal homoclinic orbit to a cycle). The complete picture

70 cases we consider are caused by certain global degeneracies of saddle homoclinic orbits
fore undetectable by monitoring the eigenvalues.

non-leading homoclinic orbit to a saddle) This case occurs when one of the assumptions
) is violated, that is, the homoclinic orbit tends to the saddle (in one time direction) along
.g eigenvector (fig. 2.10). Notice that the twist type of the homoclinic orbit changes at
»n point. This case has recently been studied by Sandstede (1993). Suppose the system
dimensional and let py < p3 < 0 < A;. There are several different parametric portraits
the further relative positions of the eigenvalues.

|, then the parametric portrait of the system contains no bifurcation curves except the
oclinic branch. At most one saddle cycle is present near the bifurcation. Thus, this
cation is somehow trivial.

_ < |uz}, then the parametric portrait of the system near the bifurcation is as presented
Chere are three extra curves originating at the critical point on the primary homoclinic
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Figure 2.10: Non-leading homoclinic orbit.

a,

\\\ }[gl)

M @

Figure 2.11: Orientation homoclinic doubling.

curve: S) corresponding to a fold bifurcation of the periodic orbits that are generated by the primary
homoclinic bifurcation; F corresponding to a period-doubling bifurcation of one of these cycles; and a
double homoclinic curve H(?). There are more other periodic orbits nearby and no other bifurcation
curves originating at the critical point. This case is thus similar to resonant homoclinic doubling, as
first pointed out by Yanagida (1987), and we call it orientation homoclinic doubling.

If || < |p2] < A1, then the parametric portrait includes curves S!) and F defined above and an
infinite series of secondary homoclinic bifurcation curves {H{ )}_‘1?:_2 originating at the codim 2 point
(see fig. 2.12). The later series accumulates on the primary homoclinic orbit curve either from the
same side as S() and F or the other (only one case is shown in the figure). There is also a region (not
shown in the figure) in which the dynamics of the system contains Smale horseshoes. Note that, while
the homoclinic bifurcation along ’Hgl) remains tame in the sense of Thm. 2.1, chaotic dynamics exist

near the primary homoclinic curve for ay > 0. We refer to this phenomenon as orientation homoclinic
splitting. The complete picture is unknown.

Inclination switch (neutrally-twisted homoclinic orbit to a saddle) The last codim 2 bifurcation
appears if the strong inclination property does not hold, that is one of conditions (H.10), (H.11)
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(O]
H

Figure 2.12: Orientation homoclinic splitting.

is violated at some parameter values, thus making the orbit neutrally twisted (fig. 2.13). If (H.10)

W= w*

Figure 2.13: Neutrally twisted orbit at the inclination switch.

(or (H.11)) is violated, we have the so called inclination switch with respect to the stable (unstable)
manifold. These neutrally twisted cases are clearly mapped to each other by reversing time. This
bifurcation has received somewhat more attention than orbit switching and has been analysed by
Yanagida (1987), Deng (1993), Kisaka, Kokubu & Oka (1993b), Sandstede (1993) and Homberg,
Kokubu & Krupa (1993). As in the previous case, there are several sub-cases depending on the
location of the eigenvalues. Suppose that the system (2.1) is three-dimensional and the eigenvalues
are ordered as
o <y <0< AL

If Ay < |u1|, then the parametric portrait of the system contains no bifurcation curves except the
primary homoclinic branch H(1). At most one saddle cycle is present near the bifurcation.

If |u1] < M < min(|p2|, 2|p1]), the parameter portrait is equivalent to that presented in fig. 2.11.
Thus, we have the orientation homoclinic doubling. No extra bifurcations happen near the codim 2
point.
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If |p1] < 2|p| < min(Aq, |ge]) (or |p1| < |p2] < min(A, 2|u1])), the parametric portrait is similar
to fig. 2.12. Therefore, the orientation homoclinic split takes place.

The above list of codim 2 bifurcations is by no means exhaustive. There other are codim 2 bi-
furcations involving homoclinic orbits. First of all, the equilibrium might have two distinct primary
homoclinic orbits (see Gambaudo, Glendinning & Tresser (1985), Turaev & Shil’nikov (1986), Gam-
baudo (1987) and Glendinning (1988), Turaev (1988)). Another way to violate condition (H.0) is
to have a heteroclinic cycle at the critical parameter value. In this case, while moving along H,
another equilibrium approaches the homoclinic orbit whereby a heteroclinic cycle is created. The
planar case has been studied by Reyn (1980). Some results on these cases in R® can be found in
Bykov (1977, 1980, 1993) and for the general case of two saddles in Chow, Deng & Terman (1990),
Shashkov (1992). The homoclinic orbit might disappear by “shrinking” to a equilibrium as parameters
approach a Bogdanov-Takens (p1,2 = 0) or Gavrilov-Guckenheimer (p; = 0, y2 3 = *iwg) bifurcation
point. There are also other possibilities, see Fiedler (1992) for some further discussion.

3. NUMERICAL CONTINUATION

Before numerical methods for degenerate homoclinic orbits can be introduced it is important to have
a robust numerical method for the continuation of non-degenerate homoclinic orbits. Actually, such
methods are known for regular, and, thus, for non-degenerate, homoclinic orbits subject to certain
transversality conditions. As pointed out earlier, regular orbits lie in a codimension-one manifold H
of parameter space. The aim of continuation is then to trace out curves in ‘H as two parameters are
varied. Boundary-value methods for such computations have been proposed and analyzed by Hassard
(1980), Beyn (19905, 1990a), Doedel & Friedman (1989), Friedman & Doedel (1991, 1993, 1993),
among others. Continuation approaches based on shooting are discussed by Rodriguez-Luis et al.
(1990) and Kuznetsov (1983, 1990). There now follows a review of boundary-value methods ‘which
prove to be the most effective and robust. In subsec. 3.1 we present an algorithm which is essentially
due to Beyn. In subsec. 3.2 we compare this algorithm with other slightly different approaches and
show that our approach is well suited for the current purposes. In sect. 4, we shall then consider how
the algorithm behaves when one encounters the boundary of H;, i.e. at a codimension-two homoclinic
points. Details of numerical implementation are confined to sect. 5.

3.1 Location and Continuation of Regular Homoclinic Orbits

To begin with, suppose that only one active parameter is chosen, so that there are isolated parameter
values at which regular homoclinic orbits occur. These isolated parameter values, together with
approximations to the homoclinic orbits there, may be sought numerically by continuing periodic
solutions to large period or by using shooting (see, for example, Doedel & Kernévez (1986), Kuznetsov
(1983, 1990), Friedman, Doedel & Monteiro). The problem of computing these isolated starting
solutions for continuation will also be addressed in sect. 5. Instead we focus here on a boundary-value
approach to computing homoclinic parameter values and the corresponding homoclinic solutions.
Without loss of generality, suppose that the equilibrium in question is the origin.

We seek a solution (z, a) € C}(R,R") x R that solves

i(t) = f(z(t), o), (3.1)
z(t) — Oast — too. (3.2)

Since any time shift of a solution to (3.1), (3.2) is still a solution, a condition is required to fix the
phase. Suppose that some initial guess Z(t) for the solution is known (see below), then the following
integral phase condition

/ 5T ()le(e) — 3(t)]dt = 0 (3.3)

- 00
is a necessary condition for a minimum of the Ls-distance between z and  over time shifts (Doedel
1981).
Suppose that () corresponds to a regular homoclinic orbit of (3.1) at @ = 0 and that an extra
transversality with respect to the parameter takes place:
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021 (4(0), 0t # 0, (3.4)

a unique (up to a scalar multiplication) bounded solution of the adjoint variational
—B7T(t)z. Note that (3.4) essentially says that the parameter « is not “badly chcsen”
axis lies tangent to H in a parameter plane. This condition explicitly specifies which
id “generically” on one parameter in Shil’nikov’s Theorems. Assume that the initial
sfies (3.3) with z(t) = ¥(t), and

(£)4(t)dt # 0. (3.5)

}) ensures that Z is not badly chosen to lie orthogonal to solutions on H. Then, Beyn
2.1,thm. 2.1) has shown that (3.1)-(3.3) is a well-posed problem and that (7,0) is its
n in C}(R,R™) x R.

iry-value problem (3.1)-(3.3) defined on an infinite time-interval can be approximated
to a finite interval [T, T], with suitable boundary conditions as follows. Suppose that
" and an origin of t are chosen such that p = ¥(—T') and ¢ = (T) are sufficiently close
scal unstable and stable manifolds respectively. Then, replace (3.2) by the following
ndary conditions:

(=T) =0, Ly(e)z(T)=0. (3.6)

trices L,(a) € R*™, L,(a) € R™™ are such that the rows of L, ,(a) form a basis for
unstable eigenspaces respectively of AT (a) where A(a) = (D, f)(0, a). These boundary
ce the solution at the two end points in the stable and unstable eigenspaces of A(a).
the Stable and Unstable Manifold Theorem, the true homoclinic orbit will be tangent
s as T — oo. Finally, take the phase condition of the truncated problem to be

()[=(t) — &(t)}dt = 0. (3.7)
»me notation, let

{vi(a),-..,v;, ()}, and {wi(a),...,w; (a)}

e stable and unstable eigenspaces respectively of AT(a) such that each v; (or w;) is in
d eigenspace corresponding to all eigenvalues p (respectively ) with Re{n} = Re{u;}
‘A:}) and, if

Vel o) W= il

AT — [V*‘W*]_lJ[V*]W*]
real canonical form of AT. For example, if p; (or A;) is real and simple then v} (w}) is
«ctor of AT, and if i, pig1 (or Ajy Aiy1) form a simple complex conjugate pair then v},

and w}) are the real and imaginary parts of an eigenvector corresponding to piy1 (A;).
let ‘

{v1,..+,Vn,}, and {wi,...,wn,}
wnning the stable and unstable eigenspaces of A which are defined analogously to the w;
espect respect to the eigenvalues py,...,1tq, and Ay, ..., An,.

> that V*(a), and W*(a) are calculated explicitly (with no continuity in « assumed) by
routine each time the boundary conditions (3.6) need to be evaluated. In order to have
sroblem, however, it is necessary for the boundary conditions to be smooth with respect
lowing technique is shown in Beyn (1990b, app. C) to lead to boundary conditions that
yas D, f. Suppose that W* and V* were last evaluated at at & which is such that A(a)
in a ball centered at & that contains the value « at which the boundary conditions are
. Then there exist unique solutions to U,(a) € R®'™ and U,(a) € R to the linear
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Up(a) V()T V(@) = V@V*@)", Uue)W*(a)"W*(@&)] = W*(&)W*(@)". (3.8)
Solving (3.8) and taking
Ly(e) = Uy(e@)V*(a)T, Ly(a)=Uy(a)W*(e)T (3.9)

achieves the desired smoothness.

It is not difficult to see that the truncated problem (3.1),(3.6)-(3.9) is formally well posed since
there are n + 1 unknowns (the vector-function z(t) and the scalar a) which equals the number of
boundary or integral conditions (3.6), (3.7). In fact, one has the following theorem.

Theorem 3.1 (Beyn (1990a, thm. 3.1, cor. 3.1)) Let 4(t) be a regular homoclinic orbit of (3.1)
at @ =0, such that (3.4) holds. Suppose &(t) is such that (3.3) is satisfied with z(t) = v(t) and (3.5)
holds. Finally, let & be close to 0 and L, , used in (3.6) be computed via (3.8) and (3.9).

Then, for T' sufficiently large, there exist constants p,C > 0 and o phase shift 07 € [—p, p] such that
there ezists a solution (Z,&) to the truncated boundary value problem (3.1),(3.6)~(3.9) that is unique
in the ball

{(,0) € CY(-T.TLR™) xR fle — 7 |i-1.17 [l + |o] < p},

and satisfies the following error estimate
12 - 4ll: + & £ € exp(— min{|u|T, AT}), (3.10)
where Re{u;} < 4 <0 and 0 < XA < Re{\1}, %(7) = v(r + 071), and ||.||1 denotes the usual C* norm.

A similar result is proved in Friedman & Doedel (1991) for a truncated problem with slightly different
boundary conditions but which can be used on a wider class of heteroclinic problems. Improvements
to the error estimates and extensions to non-hyperbolic equilibria have been considered by Friedman
(1993) and Schecter (1993a, 1993b).

The algorithm (3.6)—(3.9) can now easily be applied within a continuation framework, by freeing an
additional parameter ay in order to compute the curve H(1) of homoclinic orbits. The initial guess T
used in (3.7) is taken to be the previously computed solution on the curve, while & are the previous
parameter values. More precisely, let @ = (@1, a3) € R? and suppose that () is a regular homoclinic
orbit of (2.1) at & = 0. Then, under appropriate transversality conditions like (3.4) and (3.5) there
exists, in a neighbourhood of (v, 0), a unique solution branch of (3.1)-(3.3)

(z5,0(s)) € CI(R, R"™) x R?,

for each s within some interval, such that (zp, ®(0)) = (v,0). Notice that this gives a direct proof of
the existence of H(!) = {a € R?|a = ofs)}.
Moreover, for sufficiently large |T|, there exists a unique solution branch

(Z5,a(s)) € CY([-T,T],R™) x R?,

such that (Zo,&(0)) = (%, &), of the truncated problem (3.1),(3.6)-(3.9) approximating (z,, a(s)) in
[~T,T] with a desired accuracy. An error estimate similar to (3.10) can also be given (see Beyn
(1990b), Friedman & Doedel (1993)). We denote by HY the approximation of the exact homoclinic
curve by {a|a = &(s)} resulting from the truncated solution.

In sect. 5 below we present results obtained by implementing the above algorithm using AUTO
(Doedel (1981), Doedel & Kernévez (1986), Doedel, Keller & Kernévez (1991a, 19915)). The parameter
s can be considered as the pseudo-arclength continuation parameter employed by aAuTO.

3.2 Variations In Approach

Eztension to non-triviel equilibria  Suppose now that the equilibrium in question is not the origin
but is some zo(a) which is not known a priori. Then (Friedman & Doedel 1991) one can include
zo € R™ as n extra scalar unknowns, with the addition of the n equations

flzo,a) =0 (3.11)
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n being solved. The matrices A = (Df,)(zo(a), @), AT and vectors v;, v}, w;, w} all
on zp. The algorithm (3.6)-(3.9) is virtually unchanged but one replaces A(a) etc. by
and the boundary conditions (3.6) by

(a),a)(z(-T) - z0) =0, Ly(zo(a),a)z(T)-z0)=0. (3.12)

v of exposition, we henceforth resume the supposition that zg = 0.

rsus erplicit boundary conditions Friedman & Doedel (1991) use, instead of the pro-
lary conditions (3.7), explicit boundary conditions

Ty Ny ns Ny
I =€ Z Coi Wi, chi =1, z(T) =« chivi, Zcfi =1, (3.13)
i=1 i=1 i=1 i=1

> 0 and cp;, c1; are extra unknown scalars introduced to counterbalance replacing n
1ditions by 2n. The numerical problem to be solved is then (3.1), subject to (3.7) and
s are also other possibilities of an algorithm based on these boundary conditions. First,
: €g and €; but now let T vary. A count of the boundary conditions and unknowns
1ere is no longer any need for a phase condition (the phase is fixed by the choice of €p).
, fix T and e, say, and allow € to vary, again with no phase condition. This latter
s well for problems where the unstable manifold is one dimensional. In this case the
indary condition can be written completely explicitly as

= €uwi, (3.14)
1e right-hand endpoint one can use projection, which reduces to a single equation
(T)) =0. (3.15)

he implementation of the boundary conditions (3.14) and (3.15) requires only the eigen-
d wy.

however, projection conditions are advantageous because they avoid the extra scalar
, ¢1;- It is also unclear whether the coefficients cp; and ¢;; would vary smoothly through
value at which there are double eigenvalues of A. At such a transition two vectors w; and
ange from being real eigenvectors to being the real and imaginary parts respectively of
zenvector (if j = 1, this is precisely one of the codimension-two situations that we shall
in computing). It should be remembered that the normalisation (3.8), (3.9) overcomes
* for projection boundary conditions.

. versus continuation of eigenvectors In Doedel and Friedman’s approach, stable and
snbases of A (or AT if projection conditions are used) are solved for as part of the
process. In the case where all the eigenvalues are real, this amounts to solving n? extra
iations

=y, t=1,...m,, Alw; = Nwi, i=1,...0,, (3.16)
n scalar unknowns {p;,v;}, i = 1,...,n,, and {X;, w;}, i = 1,...,7,, subject to the n
=1, i=1,...,ng, lwill =1, i=1,...,n,. (3.17)

>f complex or double real eigenvalues, similar defining conditions can be written down
nd w;’s. In contrast, in our algorithm, we assume that the eigenvalues and eigenvectors
1 AT(a)) are computed explicitly whenever they are required by calling a black box
jutine. Moreover we suppose that this routine always orders the eigenvalues according to
de of their real parts and returns the appropriate real vectors in the case of multiple or
mvalues.
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arly advantages and disadvantages to the two approaches which we now briefly sum-
, computing all the eigenvalues and eigenvectors of an n X n matrix at each evaluation
- conditions (3.6) or (3.13), will be computationally expensive if the continuation code
number of such (at different values of ) during each continuation step. However, the
‘ost involved in each evaluation is small compared with the cost of solving the bound-
:m %. If the eigenvectors are continued rather than computed, the cost associated with
wvalues and eigenvectors is avoided, but there is different source of extra computational
ldition of n? + n scalar parameters increases the size of the linear systems to be solved
ralue solver and may also cause convergence problems or force a code to take smaller
curve H.

wback of continuing the v;’s and w;’s is that different real systems of linear equations
.6) must be solved depending on the number of complex or multiple eigenvalues in
f A. One would, for example, have to change the defining equations if trying to
sclinic orbit through a parameter value at which eigenvalues coalesce on the real axis.
‘hich was able to vary the defining equations smoothly through any such transition
cumbersome. A black box routine to compute eigenvalues and eigenvectors suffers
awbacks and, as outlined earlier, using the computed vectors the projection boundary
asily be made to vary smoothly provided only that the equilibrium remains hyperbolic.

s and the selection of T  The error estimate (3.10) depends crucially on the truncation
m the size of real parts of the leading eigenvectors. The constant C also depends on
1e that ~(t) spends outside the local stable and unstable manifolds. With fixed T, the
may thus vary significantly at different points along the computed curve H(!), Beyn
s a strategy for the adaptive selection of T along H(!) which involves monitoring an
error (3.11) and adapting T' in order to keep this estimate within some prescribed
technique is not straightforward to implement in a standard continuation code such

oach that was mentioned in subsec. 3.2.2 in connection with explicit boundary condi-
be a free parameter, with ¢y fixed. Such an approach can also be implemented using
tions by adding the single extra fixed condition

= €g. (3.18)
»uld replace the phase condition by fixing the solution at the right-hand endpoint
: €1 ' (3.19)

.6), (3.18) and (3.19) with T now treated as an unknown can easily be shown to be a
lem, and to behave well if the time interval the homoclinic orbit spends outside of the
unstable manifolds varies greatly along H(!). However, one loses the known benefits
iciency of the integral phase condition (3.3) (see Doedel, Keller & Kernévez (19915)).
opose the following pragmatic approach. It is always possible to increase the accuracy
orbit by fixing one of the original parameters (a3, say) and following the solution with
1ation parameter, Hence, if one monitors the accuracy of the homoclinic orbit along
nd that the solution becomes inaccurate, then one can stop and continue for several
a certain accuracy threshold is. met. One crude way of monitoring the error would be
o new free parameters €p,; and add the scalar equations (3.18), (3.19) to the system
‘hen choose two thresholds 6, 3 > 0 (typically §; < 83 to avoid having to use this
)- Monitor €; along M until

maxy €g, €1} > 6,

nple, uses orthogonal collocation and the linear systems that one solves at each iteration in a contin-
proximately of size NT'ST x NCOL x n where NTST is the number of mesh intervals and NCOL
retisation points per interval. Typically NTST x NCOL ~ 100-200.
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at which point start continuation in T' of exactly the same set of equations (3.1), (3.6), (3.18) and
(3.19) until
max{eg, €1} < 6;.

The computation of H(!) can then be restarted from this new solution with a higher value of T'. It
may sometimes also be advantageous to decrease T'.

We mention finally that there are other possibilities for phase conditions, for example Friedman and
Doedel use

T . B T .. T ~ ~ T
/ (&(t) — 5() " 5(t)dt = /  (F(a(0),0) = £(3(0), )" (D£:)(a(2) @) (a(t), )t = 0

-T

which minimizes the Lo-distance between 4 and Z. Such a condition works better than (3.8) for
heteroclinic connections between distinct equilibria z; and zs which vary with a.

4. NUMERICAL TREATMENT OF CODIMENSION-TWO HOMOCLINIC ORBITS

4.1 Continuation Through Degeneracies

Our aim is to develop numerical methods to analyze the crossing of the boundary of a region H;
along a curve of homoclinic orbits, corresponding to one of the degeneracies described in subsec.
2.2. Tt is clear from sect. 3.1 that the numerical method described there will be able to continue
paths of homoclinic orbits through such a boundary provided that the homoclinic orbit in question
remains regular. In particular, the path of primary homoclinic orbits may be followed through each
codim 2 point corresponding to a degeneracy in the eigenvalues of a hyperbolic equilibrium or to the
more global orbit-switching or inclination-switching bifurcations. Note that the algorithm will not
be “confused” by the presence of double homoclinic orbits, because such orbits, while close to the
primary orbit in phase space, are not close as functions of time (and hence not close in the norm
used in (3.10)). The algorithm will, however, break down if the condition (H.1) is violated, i.e. at a
saddle-node homoclinic orbit or a Hopf-Shil’nikov point. This failure is not surprising because codim 2
points are end points of curves of homoclinic orbits to hyperbolic equilibria (see subsecs. 2.2.6, 2.2.7 ).
We now consider what would happen to the numerical solution at such points.

Consider first a saddle-node homoclinic orbit; specifically, a point on H) at which the degener-
acy (2.8) occurs. With reference to fig. 2.8, notice that a differentiable curve of homoclinic orbits
(H®) — ;) passes through the bifurcation point, albeit to a saddle on one side of the bifurcation
and to a saddle-node on the other. Along such a curve, the eigenvalues of the equilibrium will vary
differentiably and hence, using (3.8),(3.9), the truncated boundary conditions (3.6) can be made to
vary differentiably. Note, however, that the projection boundary conditions place the left-end point
on the stable eigenspace whereas the homoclinic orbit along s; is tangent to the center eigenspace as
t — too. Moreover, as p; — 0, the error estimate (3.10) becomes O(1) for fixed T'. Clearly then,
the numerical method (3.1),(3.6)—(3.9) will not be able to compute such homoclinic orbits. Numerical
methods have been devised to deal with the case of homoclinic and heteroclinic orbits to saddle-nodes
(Schecter 1993a, Friedman 1993, Friedman & Doedel 1993), which involve boundary conditions that
use higher-order approximations to the stable, unstable and center manifolds.

The situation for the Hopf-Shil’nikov bifurcation is somewhat better. Given the degeneracy (2.9)
at @ = 0, it can be seen that a smooth curve P exists through the codim 2 point corresponding to
connecting orbits between the unstable manifold of O and the stable manifold of either O or that of
the periodic orbit C. In the first case, curve P coincides with 'Hgl). Changing notation slightly for
a moment to make plain the continuity of eigenvalues, let y; 2(«) represent the eigenvalues that are
purely imaginary at oy = 0 and v; 3 and v} , be vectors spanning the corresponding eigenspaces of A
and AT respectively. The projection conditions (3.6) calculated via (3.8),(3.9), for a > 0, would then
place the right-hand end point in the direct sum of the stable eigenspace and the leading unstable
eigenspace (i.e. span{vi,vs,...,Vn,+2}). To first approximation, for small positive «, the stable
eigenspace of the periodic orbit is equal to this direct sum. Thus, in a neighbourhood of o = 0, we
expect our algorithm to compute an approximation to the curve P. In particular, the codim 2 point
would not represent an end point of continuation.
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4.2 Detection and Continuation Sirategy

To detect a codimension-two point along the approximation F( ) toa regular homoclinic curve H(),
requires the monitoring of certain test functions ¥;(a). Suppose a particular degenerate homoclinic
solution -y occurs at s = 0. A test function for this degeneracy is a smooth, real-valued function

defined along 7_'1(1) which has a regular zero at 3, such that 3 — 0 as T — oo. If a test function 1;,
say, is found to change sign between two s-values at which the solution is calculated along the solution
branch, then numerical search procedures can be used to locate to the zero of ¥ to within a given
accuracy. See Seydel (1988, 1991), Doedel, Keller & Kernévez (1991a), Khibnik, Kuznetsov, Levitin
& Nikolaev (1993) for more details on the detection of degeneracies using test functions.

Once a codim 2 point corresponding to the zero of a test function 1; has been detected, one can
continue numerically curves of codimension-two homoclinic orbits in three parameters by restarting
from the detected zero of v;, freeing an additional parameter and appending the extra algebraic
constraint

pi(z,a) =0 (4.1)

to the system being solved. The implicit function theorem guarantees that the solution (Z,,a(s)),
o € R® to the extended problem (3.1),(3.6)-(3.9), (4.1) exists locally. By monitoring other test
functions along (%,,a(s)), codimension-three points that correspond to non-degeneracy conditions
from (H.1)-(H.11) failing simultaneously can be approximately detected. In principle, the strategy
can be extended to compute curves of codim 3 points as four parameters are allowed to vary.

4.8 Test Functions
We consider each degeneracy described in subsecs. 2.2.1-2.2.9 in turn. In each case we suppose that
the degeneracy occurs at s = 0 along a solution branch (z,, a(s)) of (3.1)—(3.3) and shall derive a test
function which we show to be smooth along the solution branch (%,,&(s)) of the truncated problem
(3.1),(3.6)-(3.9) and to have a regular zero near s = 0. Note that in the case of the inclination
switch, additional equations will need to be added to (3.1),(3.6)—(3.9) (together with suitable boundary
conditions) in order to be able to compute the twist type of the homoclinic orbit. Recall from subsec.
2.2.1 that the bifurcation scenario at resonant eigenvalues also depends on the twist type, and so
it may also be desirable to solve these additional equations if such information is required at the
bifurcation point.

Note also that each test function we shall define will depend only on the linearization at O and
on functions of the solution evaluated at ¢ = —T or T. This feature of the test functions will be
important for numerical implementation (see sect. 5).

Resonant eigenvalues Suppose that (2.3) holds at s = 0. In this case we take
Y1 =p+ A (4.2)

Provided the leading eigenvalues of A remain real and simple, then it is well known that they depend
smoothly on o, in which case 3, given by (4.2) is a smooth function. Also, if the extra transversality
assumption

du dA

ds ds

is satisfied at s = 0, then ¢; will have a regular zero there. The function (4.2) is obviously smooth
for the truncated problem also and has a regular zero which approaches s =0 as T' — co.

Double real leading eigenvalue If (2.4) holds at s = 0 then, generically, a pair of simple real eigen-
values coalesce on the real axis as s varies through zero and become complex conjugate. Suppose
for definiteness that the eigenvalues are real for s < 0 and complex for s > 0. Upon writing the
characteristic polynomial of 4 as

x(2) = (a(s)2® + 2b(s)z + c())(z—pa)...(z—pa, Nz = A1) ... (2= An) )y
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po are the eigenvalues of the stated quadratic factor, then it is well known that the
b, ¢ depend smoothly on s. Moreover, so does the discriminant

D =b% —ac.
, D = la®(Re{p;} — Re{p2})? and, for s > 0 D = —3a?(Im{p1} —Im{yu;})?. Therefore
est function

(Re{u1} — Re{u2})?, Im{pi} =0, (4.3)
- ~(Im{p} —Im{pz})?, Im{m}#0, '

we arguments show to be smooth with respect to s and to have a regular zero at s =0

dD(s)
ds 7 0.

wversed situation we take a test function
(Re{\1} — Re{A2})?, Im{\} =0,
- —(Im{x} = Im{Xz})?, Im{M\}#0.
(4.3) and (4.4) are also smooth for the truncated problem and each has a regular zero
es s =0asT — oo.

(4.4)

cases For each degeneracy (2.5)-(2.6) that involves only simple eigenvalues, one can
smooth test functions, since simple eigenvalues depend smoothly on the parameters.
| for these functions to have have regular zeros at the appropriate degeneracy will be a
condition on the eigenvalues that in each case can be expressed as the derivative of the
with respect to s being non-zero. These conditions hold generically. Specifically we take
; and truncated problems:

lle-focus

s = Re{p } + Re{\1 };

vergent saddle-focus
s = Re{u1} + Re{p2} + Re{\1}, or
P = Re{/\l} + RE{AQ} + Re{ul};
g eigenvalues
¥7 = Re{p1} — Re{us}, or
’l,bg = Re{/\l} - Re{/\3}

ic equilibria  Here we define test functions for detecting saddle-node or Hopf-Shil'nikov
‘bits under the presupposition that a continuous path of solutions to some truncated
sblem can be followed through the codim 2 singularity. Recall from the discussion in
, at least in the saddle-node case, such a path cannot be continued using (3.6)-(3.10). In
notation it was assumed that Re{)\;} > 0, so that a non-hyperbolic equilibrium always
1} = 0. In an application, however, it is equally likely that on the real part of an unstable
proaches zero on the path of homoclinic orbits leading to the non-hyperbolic equilibrium.
sider two separate test functions

¢9 - Re{#l},
10 = Re{A1}

~will detect either Hopf or saddle-node bifurcations along a homoclinic curve. Note that
ality conditions for a zero of 1 19 are the same as the transversality conditions for the
1 local bifurcations (Guckenheimer & Holmes 1983). A remark similar to those given
exact and truncated problems can be made.

ove on to the cases which cannot be detected merely by monitoring functions of eigen-
.eforth in this section we suppose that the leading eigenvalues of A are both real and




4. Numerical Treatment of Codimensioni-Two Homoclinic Orbits 24

Orbit switch  Recall from sect. 2 the definitions of the points p,q and unit vectors e*. Suppose that
(H.9) is violated for s = 0 and that, as depicted in fig. 2.10, the unit vector e* switches components
of the leading stable eigenvector v;, as s passes through zero. Then, clearly, the function

(¥ (s), v1(e(s))y

changes sign for the exact problem (3.1)-(3.3), provided that v; is chosen to depend continuously on
s. This function is, however, discontinuous at s = 0 and, thus, can not be used as a test function.
Consider instead the homoclinic solution ¥(t) to (3.6) at the point ¢ = (7). As s varies, due
to classical continuous dependence of solutions on parameters and initial conditions for ordinary
differential equations over a finite time interval, ¢ will vary smoothly with s. Moreover, 4(T') varies
smoothly with s and remains bounded at s = 0. Hence, so does

(e(T), 1(a(s))) = <”—§%§—%,m<a)>

Moreover, for T sufficiently large, the above function has a zero for s near zero and, due to the error
estimate (3.10), so does the same function evaluated on the solution branch (Z,, &(s)) to the numerical
problem (3.1),(3.6)—(3.9).

These arguments show that the function

(LD o)
o= e @
is a test function for orbit switching with respect to the stable manifold and
_ [ f&(=T)q) >
on = (e o =@

is a test function for orbit switching it with respect to the unstable manifold.

T=,,a=a(a)

Inclination switch  Methods for the numerical detection of inclination switching have first been
proposed by Kuznetsov (1990) for saddles with one-dimensional unstable manifolds (see (Kuznetsov
1991) for a more detailed treatment and a numerical example). Here we present a test function that is
valid in the general case. Recall, from sect. 2, the definitions of the tangent spaces Z(t) = X (¢)+Y(t),
the unit vector e(t), and the Jacobian B(t) of f around the homoclinic orbit. All these objects depend
on s, which dependence will not indicated below for simplicity. If properties (H.8), (H.9) are satisfied,
then the space X(t) is spanned by n, — 1 tangent vectors

{v2(2),...,v,,(t)}, where tlim v;(t) = v,
—00
and the unit vector e(t), while Y (t) is spanned by n, — 1 tangent vectors
{wa(t),...,wa, (t)}, where tlim w;(t) = w;,
—00

and e(t). These vectors can be selected to depend continuously on ¢.
The normal vector z(t) to Z(t) is the unique bounded solution (to within a scalar multiple) of the
adjoint variational equation around the homoclinic orbit

= —BT(t)z,

where, recall, B(t) = (D, f)(v(t), a(s)). Note that limj;—,.o BT(t) = AT. To avoid strong divergence
of solutions of the adjoint variational equation, consider, following the approach by Kuznetsov (1991),
the nonlinear, normalized adjoint variational equation

it = —BT(t)u + (BT (t)u, v)u. (4.5)

=
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rmal to Z(t),

_ ()
O =
) and has the properties k
e®) =0, Vi€ (—o0,0), (4.6)
Fw) =0, i=2,...,0N,, (4.7)
) =0, i=2,...,n, (4.8)
1993), where
vt = lim u(t).
t—Foo

t eigenvectors v} and w} of AT are of unit length and are chosen so that
(vf,e7) 20, (wi,e")>0.
10), (H.11) are satisﬁefl, we have
ut = 4o} and u” = Fwj,
1oclinic orbit is twisted or non-twisted according to the sign of the product
(u*, o)™, wi). (4.9)

ose that (H.10) (or (H.11)) is violated at s = 0 and the transversality condition is satisfied
ipectively e~) switches to the opposite component of v{ (w}) as s passes through zero.
oduct (4.9) will change sign. Following Kisaka. et al. (1993b), we say that an inclination
place with respect to the stable manifold if the first scalar product in (4.9) passes through
th respect to the unstable manifold if the second scalar product does so. To define a test
r these two cases of inclination switching we use the same idea as for the orbit switch,
evaluation of a scalar product at the points p and ¢g. We can then use the same arguments
show that this test function is smooth and will have a regular zero close to an inclination
furcation of the exact problem, given the transversality condition mentioned at the start
rraph. Also, we compute an approximate solution to (4.5)-(4.8) by solving the equation
finite interval [T, T] subject to the n boundary conditions

-Di =1, (u(-T),e(=T)) =0, (4.10)
(-T) =0, L3 u(T) =0, (4.11)
1atrices L%, () € Rv™~1 L% (a) € R®™ "1 are such that the rows of L}, ,, form a
e strong unstable and stable eigenspaces respectively of A (i.e. span{ws,...,w,,} and

,Vn,} respectively). We suppose that the boundary conditions (4.11) are computed us-
nnique (eqs. (3.8), (3.9)) that ensured smoothness of L,, with respect to a. Hence,
(4.11) can be shown to be a well posed problem for sufficiently large T, the solution to
i to the true unit normal to Z(t) as T — oo. Specifically then, we take

¥1s = (u(=T), 1)
switch with respect to the unstable manifold, where u(t) solves (4.5),(4.10),(4.11), and
Y1a = (W(T), w1)

. with respect to the stable manifold.
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5. NUMERICAL RESULTS

The results in this section serve to illustrate the numerical approach presented in the previous two
sections. First we elucidate how the algorithm is implemented using AUTO and also discuss how to
obtain starting solutions. Then we present results on four different example systems for which the
existence of certain codim 2 homoclinic orbits are already known. The results we present are not new,
in general, although there are a few novel features. Also, we compute only homoclinic orbits and not
the dynamics in their neighbourhood (which are often of more interest in applications), but instead
give references to where a more complete picture can be found. Our aim, then, is to use these examples
as “test problems” for our unified approach for locating and following codim 2 homoclinic orbits. We
have chosen examples which illustrate separately the different codimension-two situations discussed
in subsec. 2.2. We do not, however, consider saddle-node homoclinic orbits for the reasons outlined in
subsec. 4.1, and we know of no examples in the literature of orbit-switching or three-leading-eigenvalue
homoclinic bifurcations. (Deng (1993) refers to a system studied by Terman (1992) as providing an
example of orbit-switching. However, we discount this example because the codim 2 homoclinic orbit
exists in a singular limit and is actually a homoclinic orbit to a saddle-node.)

5.1 Details of Numerical Implementation

In this section, we show how our approach can be implemented in the software package AUTO written
by E. Doedel. To use AUTO one must write a driver program that contains certain user-supplied
subroutines which specify the particular bifurcation problem to be solved. See the manual (Doedel
& Kernévez 1986) and the tutorial papers Doedel, Keller & Kernévez (1991a, 19915) for details of
the numerical methods used by AUTO, of the practicalities of using the software and for a list of its
capabilities.

Continuation Among other things, AUTO can compute paths of solutions to boundary value problems
with integral constraints and non-separated boundary conditions;

U(r) = F(U(7), B), U(-),F(-,-) eRY, BeR™=, 7 ¢ [0,1] (5.1)
b(U(O)a U(l)’ :3) =0, b() ) € Rnbc’ (52)
1
| awmmir=o, o) ere, (53)

as Nfree free parameters [ are allowed to vary, where
Nfree = Mpe + Ngin — N + 1. (54)

The function g is also allowed to depend on F, the derivative of U with respect to pseudo-arclength
and on U, the value of U at the previously computed point on the solution branch. Moreover, AUTO
can accurately locate zeros along the solution branch of functions

gj(U(O), U(l)v ﬂ)» J=1,.. Nyea (55)

Actually, the user-defined functions in AUTO are functions of parameters only (not necessarily just the
free parameters), but only a simple modification of the user-supplied subroutine USZR in the driver
program is required to enable these functions to depend also on the boundary values of U.

Suppose that we wish to continue solutions to the equations (3.1),(3.6)—~(3.9) for a homoclinic orbit
together with equations (4.5),(4.10),(4.11) for the normal vector to Z(t), subject to ng, constraints

111;1::0, i=iﬁx17"‘1iﬁxnﬁx7

where ig,; is the label of the the jth test function that has been frozen, as ngx = ngee + 2 parameters

Q177 YUreels« -+ Ureengee

are allowed to vary. Suppose tco that we want to monitor n,.. test functions

“xbi: T = Ttestlsr - - -1 Ptestnyens
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Then this problem can be written in the form (5.1)-(5.5) after a suitable time shift and rescaling that
identifies t = —T with 7 = 0 and t = T with 7 = 1. Specifically we have

N=2n, npc=2n+ns, ng=1, U(r)= (:z:(’r),u('r))T, B = (i, © = igee1 - - - bireenges )»

If(z2) ) , (5.6)

F{U,B)= ( ~T ((Dz f)(z, a)]%u — (D2 f)(z, )] Tu, u)u)

L,(a)z(0)
Ly(e)z(1)
lu(0)|| — 1
bU(0),U(1),8) = {w(0), f(=(0), @)) ,
L}, u(0)
L3,u(1)
Yrs k= tfx1, - - - Uixngx

Q(U, ﬂ) - iT(x - :i")a gl(U(O)’ U(l)aﬁ) = "nbi, i= itestly s 1iteatnge.t'

Remarks

1.

Note that the boundary conditions and some of the test functions depend on the vectors v}, w
(or v;, w;). These we compute explicitly each time they are required at new parameter values by
calling the NAG routine FO2AGF to compute all the eigenvalues and eigenvectors of AT (or 4)
and then ordering the vectors according to the size of the real part of the eigenvalues. We then
take the real and imaginary parts of complex eigenvectors and compute generalised eigenvectors
in the case of double real eigenvalues. The normalisation technique (3.8), (3.9) is used when
computing L, , or Ly yu.

One of the free parameters in AUTO, aj,,,, in our notation, is taken to be the continuation
parameter, in which parameter the user can specify the (maximum, minimum and sign of) steps
to be taken. Note that it is possible for one of the free parameters to be T and even to use this
as the continuation parameter (cf. subsec. 3.2.4).

. If the normal vector to Z(t) is not required (i.e. we do not wish to compute the orientation),

then the size of the system to be solved reducesto N = n.

Additional constraints, such as (3.11) or (3.18), (3.19), can be added to the boundary conditions
provided additional parameters are freed. In the case of the condition (3.11) to determine the
equilibrium, the extra parameters will be the n scalar unknowns z¢.

. If a zero of a test function ¥;, say, is detected and the locus of multiple-codimension points

corresponding to zeros of

wi; = Testls - - - Lestmpeae s

is required as ng.. + 1 parameters are varied, then continuation can be restarted from this point

with an extra free parameter a;, say, and the test function 1; added to the boundary conditions
(5.2).

Also, given a zero of ¥;, it may be desirable to restart continuation at this point with different
test functions t;,,, included in the list (5.5) of user-defined functions. For example, when
computing a curve of saddle homoclinic orbits, a zero of the test function 1, (or %3) may be
detected, i.e. there are double real eigenvalues. The homoclinic orbit on the other side of such a
codim 2 point would then be a saddle-focus and one would want to “switch on” the saddie-focus
test functions 1457 (respectively 1468) and “switch off” the test functions ;114 which only
apply in the saddle case.
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7. It is also possible to add other “user defined” functions g;(U(0), U(1), @, T), 7 > Test, to detect
points at zeroes of which the solution is required and from which continuation may be restarted.
For example, the conditions which measure the distance of the solution from the equilibrium,

g; = max{eg, €1} — 61, gj+1 = max{ep, €1} — 63,

where €, are given by (3.18), (3.19), will be useful for the pragmatic approach discussed in
subsec. 3.2.4 for the selection of T.

An AUTO driver AUTHOMCONT.F, which is available from the first author on request, has been
written to implement the above algorithm for a general system in arbitrary dimensions (within the
limits of storage within AUTO). The driver has been written so that only minor changes need be made
to adapt it to run on new problems.

Starting solutions Two possible ways of starting the continuation of a curve of homoclinic orbits
are allowed for in AUTHOMCONT.F. Firstly, data from some previously computed homoclinic orbit
(and normal vector u(t), if that is required) may be read into AUTO and treated as an analytically
known solution. This previously computed orbit may have been obtained using shooting or, if the
normal vector is not required, by following periodic orbits to large period. We refer the reader to
Doedel et al. (1991b) and to Kuznetsov (1990, 1991) for more details on these two methods. We have
not implemented more sophisticated ways of homotopying between periodic and projection boundary
conditions, but see Friedman & Doedel (1993).

The second way of computing a starting solution is to use AUTO to perform a kind of shooting, as
proposed by Friedman, Doedel & Monteiro (1993), in what we call an artificial parameter approach.
We report here how this approach can be used to also obtain the normal vector for saddle homoclinic
orbits. Suppose the parameter values for a homoclinic orbit are known exactly (see Friedman et al.
(1993) for a specific example, using this approach, in which homoclinic parameter values are obtained
as well). The basic idea is then to start with a small value of T, an approximate solution close to
the origin in the leading unstable manifold and an approximate normal vector to W* + W*4: then to
continue this solution to (3.1), (4.5) as T is increased; and, finally, to vary the initial conditions until
appropriate right-hand boundary conditions are satisfied.

More specifically, introduce extra parameters

€9, {i,wi’ 1= 11-- Ty, and "h',Ci, 1= 27" <y Ty,

and solve (5.1), where F is given by (5.6), subject to the boundary conditions

2(0) =0 Ewi, 3.2=1, [lu0)] =1, (5.7)
1 1

(u(O), f((L‘(O), a)) =0, (u(0)1wi) =0,i=2,.. Ty, (u(O), vi) =1, 1= 2,...n,, (58)

(z(l),w])=w;, i=1,...ny, ((1),m)=¢, i=2,...n,. (5.9

The boundary conditions (5.7), (5.8) specify the left-hand end point of the solution exactly, and the
conditions (5.9) are projection conditions evaluated at the right-hand end point. Note that there is no
integral condition. The solution we require satisfies the right-hand boundary conditions with w; = 0,
i=1,...,ny, and (; =0, ¢ =2,...,n,. Therefore, user-defined functions

gi=wiai=1?"'nu; gnu—1+i=Ci1i=2¢"'n6v

are included and a solution to (5.1), (5.6)—(5.9) is sought that satisfies g; =0,i=1,...n, +n, — 1.
Note that there are 2n + n, + n, boundary conditions (5.7) (including the constraint on the £;'s),
(5.8) and (5.9), and N = 2n equations. Therefore, according to (5.4) we require n, + n, + 1 free
parameters.
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with, fix ey to be a small positive number, fix the parameters
£=0,i=2,...,n5 M =0,7=2,...,7,
: explicit starting solution
#(1) = eowy exp(\7/T), @(r) =]
ssumed that |Jw;|| = 1, ||v1]] = 1. Let T be the continuation parameter, and let
£, wi, i=1,...,ny, and (, I=2,...,m,,
‘N, + Ny — 1 free parameters ® with starting values
&1=1, w =(E1),w)), wi=0,1=2,...ny, (=0,1=2,...n,

ation is then stopped after a suitably large value of T' has been reached (which value is
heuristically for each specific example). The parameter T is now fixed and the parameter
sed. We then continue in £; (or any of the w;’s) until a zero of one of the w;’s is detected
- desired accuracy). Once such a zero is detected, the corresponding w; is frozen and an
arameter £3 i freed. This process is continued until all but one of the w;’s are zero. A
iation in T will ensure that an approximation to the homoclinic orbit is found (since we
a is a homoclinic parameter value). A similar process can then be used to compute the
or u(t), by repeatedly freeing parameters n; and detecting zeroes of the (;’s until all the
. Notice that in this entire process, €y and all the true parameters o remain fixed.

re are no theorems to guarantee that such a method will work, we have found it to be
1 all the examples we have tried (all of which albeit have a one-dimensional unstable

zHugh-Nagumo Equations: Double Real Leading Eigenvalue

1g system of PDEs is the FitzHugh-Nagumo (FHN) caricature of the Hodgkin-Huxley
odelling the nerve impulse propagation along an axon (FitziHugh 1961, Nagumo, Arimoto
a 1962):

0%y
= 322 falu) —v

= bu,

u(z,t) represents the membrane potential, v = v(z,t) is a phenomenological “recovery”
<z <+00,t>0,0<a<1andb>0 are the parameters and

fa(u) = u(u —a)(u —1).

ve “impulses” correspond to homoclinic solutions of the ODEs

r = W
/= W+ fo(U)+V (5.10)
r — l_)U

C 1

ibe travelling-wave solutions of the FHN system of the form

u(z,t) = U(€), v(z,t) = V(), E =z +ct,

nodification is used if the unstable manifold is one-dimensional. Then the explicit condition (5.7) for z(0)
n as a single boundary condition with no artificial parameters. There is thus one less boundary condition
ree parameter £;.
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where ¢ is an o priori unknown wave propagation speed. Here a dot denotes differentiation with
respect to “time” £.

The system (5.10) depends on three parameters (a, b, c) and for all ¢ > 0 it has a unique equilibrium
at the origin with one positive eigenvalue A; and two eigenvalues p; ; with negative real parts. It is
well-known that there exist parameter values for which the branch of the unstable manifold that leaves
the origin into the positive octant forms a homoclinic orbit (Hastings (1976, 1982), Jones (1984)).

The equilibrium can either be a saddle or a saddle-focus with a one-dimensional unstable manifold.
Double real negative eigenvalues (1 = 0) occur, for fixed b > 0, on the curve

Dy = {(a,¢) : ¢*(4b — a®) + 2ac?(9b — 207) + 276 = 0}. (5.11)

A codim 2 homoclinic bifurcation has been found in (5.10) by Kuznetsov & Panfilov (1981). They
calculated loci H(1) of homoclinic orbits in the (a, c)-plane for several different fixed values of b. For
sufficiently small b it was found that the homoclinic locus passes through the curve given by (5.11)
twice and, because the unstable eigenspace is always determining for ¢ > 0, the codim 2 bifurcation
depicted in fig. 2.5 occurs both times. Fig. 5.1 presents several curves HD recalculated via the
methods of the present paper. To obtain starting solutions we used the artificial parameter approach.
According to the description given in sec. 3.2.2, each of these codim 2 points, is the origin of an
infinite number of double homoclinic curves. The double homoclinic orbits correspond to the so called
double-pulse waves in the FHN system. For larger b (b > bmia) the homoclinic locus is completely
contained in the saddle-focus region. Our continuation technique allows us to find numerically this
critical value by;, at which the two codim 2 points A; coincide so that the curve H® is tangent
to the double-eigenvalue curve Dy (a non-transversal Belyakov bifurcation). The points 4,2 belong
to the single curve in the (a, b, c)-parameter space depicted in fig. 5.2 and the minimal value of the
b-coordinate along this curve gives by, = 0.00544656.

The infinite number of periodic orbits and double homoclinic orbits of (5.10), corresponding re-
spectively to periodic and double-pulse wave-train solutions of the FHN system, have been predicted
independently of codim 2 argumerits for FHN-type equations by Evans et al. (1982).

5.8 Chua’s Electronic Circuit: Neutral Saddle-Focus and a Codim 3 Bifurcation
Khibnik, Roose & Chua (1993) consider the following system of three ODEs

t = a(y-d¢(z))
g o= c-y+z (5.12)
z = -By

where ¢(z) = c1z3 +c2 22 + 3z + ¢4, which models Chua’s autonomous electronic circuit (Matsumoto,
Chua & Kumuro 1985) where the nonlinearity is assumed to be smooth. The parameter values

1 = %, Cz=0, C3=—é, C4=0, (513)
were taken, so that (5.12) has odd symmetry (i.e. is invariant under the transformation (z,y,z) —
(—z, —y, —z)). We refer the reader to Khibnik, Roose & Chua (1993) for a description of the dynamics
of this model. The only facts of relevance here are that the origin is always an equilibrium of (5.12)
and that a path of homoclinic orbits to the origin emerges into the positive quadrant of the (o, B)-
plane 8; the locus terminates at a Bogdanov-Takens point when (e, 8) = (0,0). Note also that, for all
a, B > 0, the origin is hyperbolic and has a one-dimensional unstable manifold.

Using shooting we were able to locate an approximation to a homoclinic orbit at (e, 8) = (0.9, 0.8246),
over a time interval T' = 44.0. At these parameter values the determining eigenvalue is the leading un-
stable one. This solution was then used as starting data for continuation using AUTO with « and f as
the free parameters (and o increasing). The results are depicted in fig. 5.3. In all, four codimension-
two points corresponding to zeros of a test functions 1; were detected. In order of increasing alpha
these are:

6 Actually, there are always a pair of symmetry-related homoclinic orbits at the relevant parameter values. It suffices
to compute only one of them.
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1. at (e, B) =(1.13515,1.07379), neutral saddle (¢, = 0);

2. at (o, 8) = (1.20245, 1.14678), double real leading eigenvalue (with respect to stable eigenspace,
which is non-determining; i.e. 15 = 0);

3. at (o, 8) = (1.74917,1.76178), neutral saddle-focus (¢4 = 0);
4. at (a, B) = (6.00000, 7.191375), neutrally-divergent saddle-focus (¢5 = 0).

The transition from tame homoclinic orbit to chaotic occurs at the neutral saddle-focus for this
example, because the double real leading eigenvalue is non-determining. The degeneracies 1-4 above
occur when the homoclinic locus crosses certain codim 1 loci corresponding to the relevant degenerate
conditions on the eigenvalues. For the system (5.12), (5.13), these codim 1 loci are defined by (Khibnik,
Roose & Chua 1993):

1. neutral saddle: 8 = £ a(6 — a);

2. double eigenvalue: 322 + 2p; A + pp = 0, where A < 0 is the double eigenvalue and p; = acz + 1,
P2 = B+afcs—1), p3 = afcs are the coefficients of the characteristic polynomial of the Jacobian
at the origin;

3. neutral saddle-focus: 2p} + p1p2 + ps = 0;
4. neutrally-divergent saddle-focus: o = —~1/c3.

The numerically obtained parameter values for each of the codim 2 bifurcations can easily be seen
to satisfy the appropriate condition to within 5 decimal places. Also, our parameter values agree
with those obtained by Khibnik, Roose & Chua (1993) to within the number of decimal places given
there (three). It should be stressed that we have obtained these parameter values directly whereas in
Khibnik, Roose & Chua (1993) the loci of degenerate eigenvalues and of homoclinic orbits (obtained
using shooting) were computed independently and points of intersection sought a posteriori.

Also depicted in fig. 5.3 are the results of the continuation of the locus of homoclinic orbits with
decreasing a. The computation shown in fig. 5.3 was terminated at («, 8) = (0.55035, 0.47477), beyond
which the code converged to a solution which was far from homoclinic (due to the slow convergence
to the origin of the homoclinic orbit of the Bogdanov-Takens normal form). It was found that the
Bogdanov-Takens point could be approached more closely by first continuing the solution in T and
then computing the locus with a larger value of T'.

Fig. 5.4 shows the results of three-parameter continuation of the loci of the degenerate homoclinic
orbits corresponding to labels 1, 2 and 4 in fig. 5.3, with «, § and c¢3 as free parameters. A codim 3
point (intersection point between the three curves) is found at

a= 1.179320, B =1.02161, ¢3 = —0.26767,
corresponding to eigenvalues of the form
(=2 =\

with A = 0.685151. Notice that only the locus of double real leading eigenvalue homoclinic orbits
was computed smoothly though the codim 3 point (thus, only by computing this locus could codim
3 point be accurately detected); the other two codim 2 loci were found to terminate there. While the
possibility of such a codim 3 homoclinic bifurcation occurring for (5.12) was conjectured in Khibnik,
Roose & Chua (1993), we do not believe that it has received any theoretical treatment yet.

5.4 Electronic Circuit of Friere et al.: Hopf-Shil’nikov

Freire et al. (1993) have considered an electronic circuit that represents an autonomous electronic
circuit similar to that originally proposed by Shinriki, Yamamoto & Mori (1981). The circuit is
modelled by the following system of three ODEs
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ré = —vz+f(y-z)- Az’ + By(y - 2)?,
y = —Bly-z)-z-Bs(y—2) (5.14)
z = y.

Notice that (5.14) also has odd symmetry and, at certain values of the parameters v, 8, r, A3, Bs
“contains” the model (5.12) of Chua's circuit given that the coefficients (5.13) of the even terms in
¢(x) are zero. The reader is referred to Freire et al. (1993) for more details of the model and of its
dynamics. Here we focus only on loci of homoclinic orbits to the origin in the (g, 8)-plane for the
fixed values :

r=0.6, A;=0.328578, Bj=/0.933578. (5.15)

There is then a Bogdanov-Takens point at (v, 3) = (—0.8,0.8), and the emanating locus of homoclinic
orbits undergoes the same bifurcation sequence as in fig. 5.3 with the addition of a Shil’nikov-Hopf
singularity occurring as the locus crosses the line {8 = 0} of Hopf bifurcations of the origin.

Fig. 5.5 (cf. fig. 3 in Freire et al. (1993)) shows the results of using our continuation approach on
(5.14), (5.15). The same starting procedure as in sect. 5.3 was used. The parameter values we obtain
for the degenerate homoclinic orbits are:

1. neutral saddle (¢; =0): (v, 8) = (—0.774659,0.774612);

2. double real leading eigenvalue (¢ =0) : (v, 8) = (—0.759057,0.742871);
3. neutral saddle-focus (¥4 = 0) : (v, B) = (~0.720398, 0.591215);

4. neutrally-divergent saddle-focus (), =0) : (v,8) = (—0.725694, 0.453559);
5. Shil'nikov-Hopf (w9 = 0) : (v, 8) = (~1.026478, —3.3 x 10~11).

Notice from fig. 5.5(a) that the code computes a locus passing through the Shil’nikov-Hopf point
and thus is able to detect the singularity accurately. Observe from fig. 5.5(b) that the orbit on the
locus on the “far” side of the Shil'nikov-Hopf homoclinic orbit is a “point-to-periodic” heteroclinic
connection, as predicted in section 4 above.

5.5 The Shimizu-Morioka Equations: Inclination Switch
We now turn to an example for which inclination switching is known to occur. The following system
of equations

T =y
y = ky-— /\ag ~ Tz (5.16)
z = —z+4x

were considered by Rucklidge (1993) as a model of convection in a vertical magnetic field, in the limit
of tall, thin rolls. They may be obtained by a scaling of co-ordinates from the simplified model of the
Lorenz equations derived by Shimizu & Morioka (1980), and analysed by A. Shil’nikov (1991, 1993).
At o = X = 0 there is a Bogdanov-Takens singularity and a locus of (a pair of symmetry-related)
homoclinic orbits to the origin emanates into the third quadrant in the («, A)-plane. Loci of homoclinic
orbits described by these two parameters have been computed by Shil’'nikov and Rucklidge using
shooting and long-period periodic orbits respectively. In fact there are many interesting codim 2
homoclinic bifurcations in this model, including a Bykov heteroclinic loop to a saddle-focus, which
(due to the symmetry £ — —z,y — —y,2z — 2) have consequences for the existence of Lorenz-like
strange attractors. The reader is referred to Rucklidge (1993) and Shil’nikov (1993) for a complete
account, here we focus only on the simplest few homoclinic bifurcations.

Fig. 5.6 shows loci of two distinct (symmetry-related pairs of) homoclinic orbits. For all the relevant
parameter values the origin has a one-dimensional unstable manifold. Due to the invariance of the
z-axis of (5.16), the origin is always a saddle and, therefore, we also solve the normalised adjoint
variational equations (4.5) to compute the orientation. Both loci were started using shooting at
estimations for parameter values obtained from Rucklidge (1993), the solutions of (4.5) computed
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* | x

Figure 5.6: (a) Loci of homoclinic orbits in the a equations. (b),(c) Primary and
double homoclinic orbits near 1.
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woting procedure had converged. The branch containing labels 1 and 2 in fig. 5.6(a) is
“primary” hemoclinic orbits that emanate from the origin of (s, A)-plane. At the point
, X) == (—0:500; —0:500), there are double non-determining real eigenvalues. However, this
3 non-generic due to the invariance of the z-axis; the pair of coalescent eigenvalues do not:
plex, but merely cross each other on the real axis. The consequences: of this. bifurcation

symmetric pair of homoclinic orbits switch from a “figure-of-eight” to a “butterfly”
|, both of which are tame (see Rucklidge (1993) for more details on this: bifurcation):
at our code was unable to continue a locus of homaclinic orbits through this bifurcation
d we had to compute the locus in two pieces, using two. separate starting solutions, and
swards.the bifurcation from beth sides.

in fig. 5.6(a), (k, A) = (—1.724323, —2.724323), there are resonant real eigenvalues which
a form of resonant homoclinic doubling. Beyond this bifurcation the primary homoclinic
tic, causing the birth of a Lorenz-attractor. The second locus depicted in fig. 5.6(a) is
ouble homoclinic orbit that is born at 1. Figs. 5.6(b),(c) depict the primary and doubled'
eighbourhood of this codim 2 point. Both orbits are nen-twisted at this point.
), (K, A) = (—1.087756, —3.101548), there is an inclination-switch bifurcation of the branch
moclinie orbits. Due to the symmetry, the bifurcation is non-generic here and the codim
es a “side-switching” of the bifurcation to Lorenz attractors in addition to extra loci of
ing bifurcations (Rucklidge 1993, Shil'nikov 1993). Fig. 5.7(a) shows the homoclinic orbit
wtion switch (note that, away from point 1, the homoclinic orbit is no longer approximately
primary one), and Fig. 5.7(b) shows the first component of the solution (4.5),(4.10),(4.11)
ation and at two points on either side of it on the homoclinic locus (at & = —3.013862,
nd —3.101780). Note that the right-hand end points of these solutions are virtually
: 0.3864, the first component of w}) whereas the left-hand end point switches between
he first component of v{. Note that at the critically-twisted point, the first component of
| end point is zero (because vj lies on the z-axis). These observations from fig. 5.7(b) all
the theory of the inclination switch bifurcation and provide independent corroberation
e has accurately detected an inclination switch.

the parameter values we obtain for the inclination switch differ from those obtained
2 (1993) in the third decimal place (Rucklidge gives these values only to 3 D.P.). We
>uted the branch of doubled homoclinic orbits, computing the orientation via the tangent
stable manifold (i.e. solutions of the normalised variational equations, see Kuznetsov
found the parameter values of the inclination switch to agree with those given above to
smark that the inclination switch in this example was previously found using a shooting
at is unique to equations with a one-dimensional unstable manifold and Zj;-symmetry;
itoring the code change of the unstable manifold as the homoclinic manifold H; is crossed
82, Glendinning 1989a). In contrast we have located an inclination switch directly, using
aich, in principle, can work for arbitrary systems.

JING REMARKS

r we have presented a numerical method to locate and continue a number of codim 2
sifurcations. The list of supported codim 2 bifurcations covers all known global codim 2
ch only a unique homoclinic orbit to a hyperbolic equilibrium is involved.

nuation of several other codim 2 bifurcations at which two orbits are present that are
0 the same hyperbolic equilibrium could easily be incorporated into our scheme, as well
ydim 2 cases of heteroclinic cycles connecting two hyperbolic equilibria. In all these cases
1s and boundary conditions for both homo/hetero-clinic orbits can be set independently.
€ problem of starting solutions seems to be more difficult for these cases, since a test
fetect such a singularity while continuing a branch of primary homoclinic orbits cannot be
terms of quantities associated with the primary orbit alone. The situation is particularly
the heteroclinic cases due to the formal non-existence of a homoclinic orbit at the critical
alues. One possible way of overcoming this difficulty is to follow a heteroclinic branch and
possible appearance of another heteroclinic orbit. Alternatively, in low dimensions, one
m interactive visualisation of the invariant manifolds, using dstoel (Back, Guckenheimer,
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Myers & Worfolk 1992) for example, to detect the bifurcations in question.

The method we present has no difficulties in the detection and continuation of a Shil’nikov-Hopf
bifurcation at which there is a homoclinic orbit to a non-hyperbolic saddle-focus. For a saddle-node
homoclinic orbit, however, it cannot be used. As it has been pointed out, a special technique based
on non-linear approximations-of the invariant manifolds-of the saddle-node (Schecter 1993@; Friedman
1993, Friedman & Doedel 1993) has proved to be useful here.

Another area we have not covered is codim 2 homcolinic bifurcations that are unique to systems
with certain symmetries (e.g. the bifurcation in the Shimizu-Morioka equations that occurs at label
2 in fig. 5.6(a)). In order to deal with homoclinic bifurcations with symmetry in a systematic way
one would have to consider each symmetry independently, in much the same way as one does for local
bifurcations with symmetry, and to derive test functions and continuation techniques for the codim
two homoclinic orbits that occur generically a two-parameter system with such a symmetry.

The detection of codimension-two homoclinic orbits, as studied in this paper, is only the first
stage in a complete numerical framework for the study of homoclinic bifurcations. When a codim 2
homoclinic bifurcation is located on a plane described by two free parameters, an important problem
is to analyse the bifurcation, that is to determine which of the parametric portraits is present in
the particular system and to find local approximations for the codim 1 bifurcation curves existing
nearby. For the three systems mentioned in the introduction, for example, one would' like to be
able to automatically compute the boundary of the horn of chaotic dynamics that emanates from
each of the codim 2 homoclinic soints in question. To do this one requires the software to compute
asymptotic approximations for the codim 1 bifurcation loci that emanate from the codim 2 point and
then to “switch branches” to follow these loci in 2 parameters (in much the same way as codes such as
AUTO and LOCBIF (Khibnik, Kuznetsov, Levitin & Nikolaev 1993) deal with codim 0 loci of solutions
emanating from a codim 1 bifurcation of equilibria or periodic orbits).

The problem of finding local approximations to bifurcating branches is non-trivial, however, for
homoclinic bifurcations even if there is only finite number of bifurcation curves for nearby parameter
values (like in the resonant saddle case). In many cases, curves originating at the codim 2 point have
an infinite order tangency with the primary homoclinic curve (the two loci are ezponentially close
there) and, thus, their Taylor approximations do not help. In these cases, more accurate exponential
asymptotic expansions should be used. Note that none of the available asymptotics are detailed
enough to be implemented numerically, i.e. it is not clear how to compute the constants in these
asymptotic expressions. The problem becomes even more difficult if there is an infinite number of
codim 1 curves emanating from the codim 2 point, each with an infinite-order tangency to the primary
homoclinic branch. The double homoclinic curves in Belyakov’s double leading eigenvalue case, for
example, have such a tangency and the phase-space difference between these orbits can be defined
only in non-invariant terms which depend on the closeness to the codim 2 point. However, whereas
these orbits are close in phase space, they are not close as functions of time and it may be possible
to use the known properties of the orbits to create good starting guesses for a shooting approach.
Once the orbits have been thus located, they can be followed (both towards and away from the codim
2 point) using the method outlined in section 3, because all double homoclinic orbits are bounded
away from each other in the norm used in Theorem 3.1. Such an approach was used in Champneys
& Toland (1993) to systematically locate and follow an infinite family of double homoclinic orbits in
a reversible system.

Another practically important issue is the derivation of the asymptotic formulae for the homoclinic
and heteroclinic bifurcation curves starting at local codim 2 bifurcation points. This problem has
been solved for the Bogdanov-Takens bifurcation by Beyn (1991) and can be considered as a part of
a wider program to derive computational formulae for global bifurcation manifolds arising from local
multi-codimension bifurcations. See also Gaspard (1993) where a locus of saddle-focus homoclinic
orbits emanating from a Gavrilov-Guckenheimer point is computed.

We recognize that the AUTO driver we have written for the continuation of codim 2 homoclinic
bifurcations can be considered only as a short-term intermediate answer to the needs of applications.
First of all, it supports only a limited number of codim 2 bifurcations (see above). The most serious
drawback, however, is its non-interactive nature. The importance of homoclinic bifurcations to the
understanding of dynamical behaviour arising from a wide number of fields has already been remarked,
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and interactivity is of key importance if a code is to be used as a tool by the wider scientific community.
An integrated interactive system incorporating various starting procedures and continuation methods
has yet to be developed.

Finally, let us point out that there are still codim 2 homoclinic bifurcations that have not yet been
analysed theoretically (like three leading eigenvalues) or which have so-far received an incomplete
analysis only. Some of the cases which were originally studied more than a decade ago may now be
more tractable using modern techniques such as finite-smooth normalization. Another challenge to
both pure and applied mathematicians is the absence of sound example systems exhibiting certain of
the codim 2 bifurcations we have reviewed, notably the orbit switch bifurcation.

In conclusion, we believe that these are the early days of numerical homoclinic bifurcation analysis
and there remains much to be done. We hope the present work will be of some interest to both the
pure and applied bifurcation communities and will stimulate the necessary interaction between them
for progress to be made.
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