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Abstract

Much structural work on NP-complete sets has exploited SAT's d-self-reducibility. In this paper we exploit the
additional fact that SAT is a d-cylinder to show that NP-complete sets are p-superterse unless P = NP. In
fact, every set that is NP-hard under polynomial-time n°M)_tt reductions is p-superterse unless P = NP. In
particular no p-selective set is NP-hard under polynomial-time n°(!).tt reductions unless P = NP. In addition,
no easily countable set is NP-hard under Turing reductions unless P = NP. Self-reducibility does not seem
to suffice for our main result: in a relativized world, we construct a d-self-reducible set in NP — P that is
polynomial-time 2-tt reducible to a p-selective set.
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1. INTRODUCTION
Assume we are given a set A C {0,1}*. Even if A is intractable there might be a way to compute
some partial information about A efficiently, i.e., in polynomial time.

We are interested in information of the following kind: Given a list of k strings «1,..., 2 (here
k > 1 is fixed) there are a priori 2* possibilities of how the characteristic function of A is defined on
Z1,...,Zx. Can we exclude in polynomial time at least one of these possibilities?

If this is possible for some k > 1 we call A approzimable; if this is not possible for all £ > 1 we call
A p-superterse. (So the approximable sets are just the non-p-superterse sets.)

Let FA(z1,...,zk) = (xa(z1),..-,xa(zx)) denote the k-ary membership function of A. A well-
known class of approximable sets are the p-selective sets of Selman [28]. There we can exclude one of
four possibilities for Fit(z;, z2).

The notion p-superterse was introduced by Beigel [5] and was studied in several recent papers, e.g.
in [1], [7], [9]. Originally, it was defined via “bounded query classes”: A set A is p-superterse iff for
every k > 1 and all oracles X, F cannot be computed by any polynomial-time oracle Turing machine
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2. Basic definitions and facts 2

(OTM) with less than k queries to X. Intuitively, there is no way to save a query, regardless of the
oracle.

There are various subclasses of approximable sets that have been studied. A set A is cheatable
[5] iff there is a constant ¢ such that for every k we can compute in polynomial time a set of ¢
possibilities for F(z;,...,2¢). A set A is easily countable [16] iff for some k& > 1 and all pairwise
distinct ;.. ., 2, we can exclude at least one possibility for the cardinality of 4N {z1,...,2x}. Both
are proper subclasses of approximable sets.

Are there natural approximable sets, for instance NP-complete sets? Under the hypothesis that

P # NP, Beigel [9] proved that SAT is not cheatable, and Hoene and Nickelsen [16] proved that SAT
is not easily countable.

In this paper we show that SAT is p-superterse unless P = NP. In fact, we even show that if
SAT is tt-reducible to an approximable set by a tt-reduction with n?(*) queries, then P = NP. This
also solves an open problem on p-selective sets, since it was not known whether the existence of a
p-selective btt-hard set for NP implies P = NP. Furthermore we show that no T-hard set for NP is
easily countable unless P = NP. Previously this was only known for m-hard sets.

We also make progress on a question of Krentel [21]: Is every function computable in polynomial
time with parallel queries to SAT, also computable in polynomial time with O(log n) sequential queries
to SAT? We show that if P # NP then for every € < 1 there is a function computable in polynomial
time with logn parallel queries to SAT, which is not computable with € - logn sequential queries to
SAT. (Here log denotes the logarithm with base 2.)

We obtain several other results on the structure of approximable sets, e.g., we investigate different
types of approximable cylinders, and we provide relativizations which show that some of our results
are optimal (w.r.t. to relativizing proof techniques). Recall that every self-reducible set which is 1-tt-
reducible to a p-selective set is in P [12]. We show that their result will not be improved by relativizing
techniques: there is an oracle relative to which P # NP and there exists a d-self-reducible T-complete
set which is 2-tt-reducible to a p-selective set in NP.

All unexplained notations and definitjons are standard as e.g. in [4]. FP denotes the set of all
polynomial-time computable functions. w = {0,1,...} is the set of all natural numbers. For o € {0,1}~
we denote by ofi] the i-th bit of 0, 1 < i < |g|. & | j is the initial segment of o of length j — 1;
o [ 1= A, the empty string,.

Let < be the following proper lexicographic ordering on strings 0,7 € {0,1}*: 0 <7 & (0 is
an initial segment of T or there exists i < |o| such that ¢ and T agree in the first i — 1 bits and
oli] =0,7[{] = 1).

A set A is self-reducible iff there is a polynomial-time OTM MO such that M A(z) = xa(z) and
M# with input z queries only strings of length less than |z|. A is tt-self-reducible if in addition all
queries are made nonadaptively. 4 is d-self-reducible (“disjunctive self-reducible”) if M4(z) accepts
iff at least one of the queries is answered positively (w.l.o.g. we may assume that all queries are made
nonadaptively).

2. BASIC DEFINITIONS AND FACTS

DEFINITION 2.1 (VERBOSE/SUPERTERSE) A set A is (a, b)p-verbose (1 < a < 2%) iff we can com-
pute in polynomial-time for each b-tuple (z1,...,%;) an a-element set D C {0,1}® which contains
FiMzy,...,z).

A set is approzimable iff it is (2° — 1, b)p-verbose for some b.

A set is p-superterse iff it is not approximable (i.e. not (2% — 1,b),-verbose for any b).

A set is k-cheatable iff it is (k, k),-verbose.

A set is cheatable iff it is k-cheatable for some k > 1.
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The notions “cheatable” and “p-superterse” were introduced by Beigel in [5], the recursion theoretic
versions are studied in [10]. The notion “(a,b),-verbose” was introduced by Beigel, Kummer, and
Stephan in [11] who also defined the recursion theoretic version. In [11, Section 7] we provide an
algorithm to compute whether “(a, b),-verbose = (¢, d),-verbose” for any given a, b, c,d.

DEFINITION 2.2 (FREQUENCY COMPUTATION) A set A is (a,b)p-recursive (1<a<b) iff there is f €
FP such that for any pairwise distinct 21,...,zs, f(z1,...,2s) computes a b-bit-vector (y1,...,m) €
{0,1}® such that at least a of the numbers y; agree with x4(z;). A set is easily approzimable iff it is
(a, b)p-recursive for some a,b with @ > 2.

The set A is (1,b)p-recursive iff A is (28—1,b),-verbose: f(z1,-..,2s) = (y1,...,ys) iff the possibility
FA(zy,...,2) = (1 — y1,...,1 — ) is excluded. Thus the approximable sets can also be defined as
the sets which are (1, b),-recursive for some b > 1.

The notion “(a, b),-recursive” was introduced by Kummer and Stephan in [23], the study of the
recursion theoretic version goes back to Trakhtenbrot [31]. There is an algorithm to decide whether
“(a, b)p-recursive = (e, d),-recursive”, see [23].

It is easy to see that if A, B are (a, b),-recursive via the same f and a > -g— then x4 and xp differ
in at most 2(b — a) < b arguments. This observation is due to Trakhtenbrot [31].

DEFINITION 2.3 (EASILY COUNTABLE) A set A is easily k-countable iff there is a function f € FP

such that f(z1,...,2:) € {0,...,k} and f(z1,...,zx) # xa(®1)+- .. +xa(zk) for all pairwise different
Zi,...,Zk. A set is easily countable iff it is k-countable for some k > 1.

Hoene and Nickelsen introduced the notion “easily countable” in [16])', Kummer [22] treats the
recursion theoretic version. The countability classes have some strange properties, e.g., there is an
easily 5-countable set which is not easily 6-countable [27].

DEFINITION 2.4 (P-SELECTIVE) A is p-selective iff there is a function f € FP such that f(z,y) €
{z,y}andz € AVy€ A= f(z,y) € Afor all z,y.

The notion “p-selective” was introduced by Selman in [28], the recursion theoretic version “semire-
cursive” is due to Jockusch [18]. Note that if A is p-selective then A is (1,2),-recursive. Thus, the
p-selective sets form a subclass of the approximable sets.

The recursion theoretic counterparts of “cheatable”, “easily approximable” and “easily countable”
are all equivalent to “recursive”. We refer the reader to [13, 24] for further background on the proof of
this equivalence. In complexity theory the picture is quite different. The following implications hold.

FACT 2.5 (1) cheatable => easily countable [18].
(2) easily approzimable = easily countable.
(3) easily countable = approzimable [16].

(1) and (3) follow directly from the definitions. If A is easily approximable, i.e. if there A is
(@, b)p-recursive via f and a > %, then for all pairwise distinct @1,...,zs either 0% or 1° differs from
f(z1,...,2p) in at least % components. Thus we can exclude either 0 or b as a possible cardinality of
|AN {z1,...,zs}|, so A is easily b-countable.

Hoene and Nickelsen [16] noted that the first and third implication cannot be reversed. We shall
show below that “cheatable” and “easily approximable” are incomparable notions. Thus, there are
no other implications besides those listed above.

The next fact gives an important combinatorial property of approximable sets. If 4 is approximable
then we can compute in polynomial time for all k > 1 and 1, . ..,z a subset of {0, 1}* which contains
FA(z1,...,zx). See [11, Section 2] for a detailed discussion of the combinatorial background.

L They defined “easily countable” in a slightly more restrictive way omitting the condition “pairwise different”.
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FACT 2.6 [5, 6] If A is (2® — 1,b),-verbose then there is a polynomial-time computable function which
computes for any k numbers z,, ...,z a set of at most

st = (%) +-o ()2

elements from {0,1}* which contains FA(z1,...,21). For fized b, S(k,b) is a polynomial in k of
degree b — 1.

COROLLARY 2.7 Assume that f <}, A for some approzimable set A. Then there is a polynomial time
algorithm to compute for each z a set D with f(z) € D.

Part (1) of the following fact will be generalized in Lemma 6.6 below. Part (2) follows in a straight-
forward way from Fact 2.6.

FACT 2.8 (1) Cheatable sets are closed under <% [1, Lemma 19].
(2) Approzimable sets are closed under <2,, [5].

Note that every paddable set which is easily approximable is in P (using majority voting). It
follows that the easily approximable sets are not closed under <P . Also the cylinders of cheatable
sets, which are again cheatable, are not easily approximable. (As usual, the cylinder of A is the set
{(z,y):z€ A A ye {0,1}*}.)

On the other hand, the easily approximable set B constructed in Theorem 2.9 below is not cheatable
(since a p-superterse set is tt-reducible to B).

We now show that easily approximable sets are not closed under tt-reduction, even worse: There is
a p-superterse set which is tt-reducible to an easily approximable set.

THEOREM 2.9 There are sets A, B such that A is p-superterse, B is (2, 3)p-recursive, and A <%, B.

PROOF:  We construct A as a subset of the union of a very sparse set of intervals I;. Similar
constructions appear in [2], [8].

Identify each number k with a coded pair {e,b), b < k. Let I; be an interval containing b strings
of length tow(k); where tow(0) = 1 and tow(k + 1) = 2t°@(%) for all k. We define 4 N I}, as follows:

Simulate M, (z1,...,zs) for first 2tow(¥) steps, where M, is the e-th polynomial-time machine and I, =
{z1,...,2s}. If the computation converges and outputs a set D C {0,1}* then choose v € {0,1}*~D
and let F(z1,...,23) = v. In this case we have diagonalized M., so that A is not (2% — 1, b),-verbose

via M,. This ensures that A is p-superterse and deterministic 2™-time-computable.

On interval I, x4 can only take 2° < tow(k) possible values. These are coded by a 1-out-of-2°-code
into corresponding intervals Jr = {1}t“(*) x {0,1}® of some set B C UJr : k € w}. Bis also
2™-time-computable.

So for z € I}, the value x4(z) depends only on the values of B on the interval Ji; 80 x4(z) can be
computed by |z| parallel queries to J;. Since x4(z) = 0 for all z outside these intervals, A <%, B.

B is (2,3)-recursive: Given z1,2,73 we can compute the intervals to which they belong. Let J;
be the interval with the largest index. Since 2/%: < (tow(k))? for #; € J; U---U Jp—; and since
xB(z:) = 0for z; ¢ Jy U---U Ji, we can compute xB(z;) in polynomial time if z; ¢ Ji.. For z; € J;
we output 0. Since |J; N B] < 1 this procedure makes at most one error. |

3. APPROXIMABLE CYLINDERS

A set A is a bd-cylinder iff there is f € FP such that (Vz,y)r € AV yeAd & f(z,y) € 4]. A
be-cylinder is defined similarly: V is replaced by A. A set is a bptt-cylinder iff it is a bd-cylinder and
a be-cylinder. Finally, A is a btt-cylinder iff A is a pbtt-cylinder and 4 <P, A.
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If A is a bptt-cylinder then for every fixed k there is a polynomial-time algorithm which takes as
input a monotone k-ary Boolean function h (given by a table) and k strings z3,...,z, and outputs
z with xa(z) = h(xa(z1),. .-, xa(ze))- I A is a btt-cylinder then there is a such an algorithm which
works for arbitrary k-ary Boolean functions.

In [5, Theorem 5.6.2] it is shown that every approximable btt-cylinder is cheatable. We shall now
give a refined version of this result, with optimal bounds.

THEOREM 3.1 Let 1 < a < 2% If A is a btt-cylinder and (a,b),-verbose then A is a-cheatable.

PROOF:  Let A be an (a,b),-verbose btt-cylinder with a < 2. We show that A is a-cheatable. Given
€1,...,%, we need to compute in polynomial time a set D of at most a possibilities for FA(z1,...,z,)
such that the correct one is among them.

This is done by the following reduction procedure. Start with D = {0,1}*. As long as |D| > a
select a chain of a + 2 sets D; such that § = Dy € D; C -+ C Dgy1 = D. Let m = min{s :
FA(zy,...,2.) € D;} < a+1< 2% Since A4 is a btt-cylinder there is an OTM which computes m
in polynomial time with b parallel queries to A, say with y1,...,¥s (e.g., xa(y:) is the i-th bit in the
binary representation of m —1). Since A is (a, b),-verbose we can compute a set of at most a possible
answer vectors, among them the correct one. Each of them gives one possible value for m which can
be computed by simulation of the OTM. Thus we find 1 < 7 < a+ 1 which does not occur, i.e., ¢ # m.
So, if F,;“(xl,...,xa) € D; then F,f(:l:l, ...1Tg) € D;_3. Therefore, let D = D — (D; — D;_1), and
iterate the procedure.

In each iteration the cardinality of D decreases but FA(zy,...,z,) € D is maintained. We end
up with |D| < a and FA(z,...,z,) € D. Each iteration is polynomial time bounded. The whole
algorithm runs in polynomial time since there is a constant number iterations. So A is (a, a),-verbose.

Remark:  The bound cannot be improved: In [11] we proved that for every ¢ > 2 there is an a-
cheatable set which is not (a—1)-cheatable. The btt-cylinder of an a-cheatable set is again a-cheatable
(this uses that every (a, a),-verbose set is also (a, b),-verbose for b > 1). Hence there is an a-cheatable
btt-cylinder A which is not (a — 1)-cheatable.

THEOREM 3.2 Let A be a bpti-cylinder.
(1) A is easily countable iff A is cheatable.
(2) A is easily k-countable iff A is k-cheatable.

Proor: (1) follows from (2) and the “if”-direction of (2) is obvious [16]. For the last case, the
“only-if”-direction of (2), assume that A is a bptt-cylinder and A is easily k-countable via f € FP.
We show that A is (k, k),-verbose.

Given z1,...,Z we need to enumerate in polynomial time a set D of at most k possibilities for
FA(z,...,7x) such that the correct one is among them.

Using that A is a bptt-cylinder we can compute for every string o € {0, 1}* a value y(o) such that

ylo) € A & o =X Fi(zy,...,z)-

To see this consider for each ¢ the Boolean function h, with h,(b1,...,bt) =1 & o < (b1,...,bc),
and notice that h, is monotone. Since =< is a linear ordering we get:

(*) 720 A ylo)e A = y(r) € A.
Similarly as in the previous proof we finally use a reduction procedure to compute a set D with |D| < k
and FA(zq,...,zx) € D.
Algorithm:

Initialize D = {0, 1}*.
While [D| > k do:
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(1) If D contains 0,7 with o < 7 and y(0) = y(7) then let D = D — {o}.
(This is correct since o # FA(zy,...,21). Otherwise y(o) € A, so y(7) € A, and 7 X
FA(z1,...,z) =0, a contradiction.)

(11) If D contains k + 1 elements oy < o7 < --- < ok such that the y(o;)-values are pairwise
different then compute ¢ = f(y(o1),...,9(or)). Let D = D — {¢.}. (This is correct since
oc # F(z1,...,2¢). Otherwise, by the hypothesis on f and (x), we get 0y,...,0. € A, so
[An{y(o1),..y(ox)} =¢, a contradiction.) O

In each iteration the cardinality of D decreases but FA(zy,...,2) € D is maintained. After‘ a
constant number of iterations we have |D| < k, as required. Since all computations run in polynomial
time, we get that A is (k, k),-verbose.

Remark: (1) There exist approximable pbtt-cylinders which are not cheatable, e.g., every p-selective
set is a pbtt-cylinder, but there are non-cheatable p-selective sets.

(2) The theorem does not hold if we require that A is a be-cylinder (or bd-cylinder) instead of
bptt-cylinder: The set from Theorem 2.9 is an easily 2-countable be-cylinder but is not cheatable.

SAT is a bptt-cylinder. Thus, by Theorem 3.2 (1), if SAT is easily countable then SAT is cheatable,
and hence, by [9, Corollary 5.10], SAT € P. This is an alternative proof of the result of Hoene and
Nickelsen [16, Corollary 9} that SAT is not easily countable unless P = NP. In the following sec¢tions
we generalize this result in two directions: We show that SAT is not approximable unless P = NP,
and we show that no T-hard set for NP is easily countable unless P = NP,

4. ARE NP-HARD SETS P-SUPERTERSE?

Since a positive answer of this question implies P # NP we can only hope to answer it under some
reasonable hypothesis. Also note that for the notion “NP-hard” we have to specify a polynomial-time
reduction. Previously, it was not even known whether an m-complete set for NP must be p-superterse
if P # NP. The following results were the best known.

Facr 4.1
(1) If SAT is <li-reducible to an approzimable set then R = NP and P = UP [7].
(Independently Toda [30] obtained the special case Jor p-selective sets.)

(2) If SAT is <%_,,-reducible to a p-selective set then P = NP [12, Corollary 15].
(3) If SAT is <%,,-reducible to a p-selective set then, NP - DTH\/IE(2"O(1/ l0“)) [29].

In the following we generalize those three results for the case of sets that are NP-hard under n(1)-t¢
reductions. In particular, we show that every btt-hard set for NP is p-superterse unless P = NP. Since
p-selective sets are approximable, this implies that SAT is not btt-reducible to a p-selective set unless
P =NP.

First we illustrate the technique by showing that every d-self-reducible bd-cylinder is p-superterse
unless P = NP,

THEOREM 4.2 Let A be d-self-reducible and « bd-cylinder. Then either A€ P or A is p-superterse.

PROOF:  Assume that A is a d-self-reducible bd-cylinder. Further suppose that A is (2F — 1, k)p-
verbose. We describe a polynomial-time decision procedure for A.

Let A be d-self-reducible via MO and let p(n) be a polynomial that bounds the run-time of M0,
For each = we get a d-self-reduction tree T such that z is the root of T and the successors of each
inner node y are the strings z, |z| < lyl, queried by M“ on input y. Furthermore y € A iff at least
one of its successors is in A. There are at most || many levels of T'.

We expand T level by level. But before we expand level i + 1 we apply a pruning algorithm until at
most 2 nodes remain in level i. Since each node has at most P(|z|) many successors we have to deal
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with at most 2* - p(|z|) many nodes. The pruning algorithm will need polynomial time
node. Thus the whole procedure runs in polynomial time. In the end we know M*(y)
>f the pruned tree. Then z € A <& M4(y) = 1 for some leave y. The pruning algorithm
te following fact.

For each set D,|D| = 2%, we can compute in polynomial time an element z € D such
rsects D then A intersects D — {z}.

t D ={z1,...,zox} and let {o1,...,00: } = {0,1}*. We define
Di = {.'c,- : O'j[’i] = 1} fori= 1,...,]1:.

bd-cylinder and the cardinality of D; is bounded by a constant we can compute in
me ¥Y1,...,Yr such that fori =1,...,k:

$ €A D;NA#£D.

k —1,k),-verbose we find in polynomial time an index j such that 1 < j < 2% and
) # oj. Then z; cannot be the only element of A N D since otherwise (D; N A #
1) for i = 1,...,k, so F(y1,...,yx) = 0;, a contradiction. Thus if AN D # § then
}) # 0. This completes the proof of the Lemma. |

xpand level 7 we get a list L of nodes with the invariant that z € A <& ANL # .
ard all duplicates. Then, as long as |L] > 2% we select a subset D C L with |D] = 2*
one element of D according to the Lemma. In this way we reduce |L| and maintain the
ter at most 2* - p(|z|) iterations we have |L| < 2%. Now we compute the successors of
L, which defines the list for level 2 + 1. This completes the description of our decision

1 natural examples of d-self-reducible bd-cylinders are SAT, GI (the Graph Isomorphism -
d GA (the Graph Automorphism Problem). See [20] for more information on GI and
:he following corollary.

4.4 SAT, GI, and GA are either p-superterse or in P.
2.8 (2), that approximable sets are closed under btt-reduction, we get:
4.5 Fwvery btt-hard set for NP is p-superterse unless P = NP.

n this be generalized? We do not know if it holds for tt-hard sets. Our best result in
works for tt-reductions with n°(1) parallel queries: '

6 (1) Bvery <P

P
Sn"(l)-ti

o(1)-g-R07d set for NP is p-superterse unless P = NP.
-reducible to a p-selective set then P = NP.

) follows from (1); the proof of (1) is a modification of the proof of Theorem 4.2. Let B
ble and assume SAT <P, .= B. We show that SAT € P, i.e., P = NP. Note that SAT
bd-cylinder but a d-cylinder, i.e, for every finite set E we can compute in polynomial
a = such that £ € SAT & E N SAT # §. This allows us to prove a version of Lemma
1ay depend on the size of D.

te is a polynomial-time algorithm to compute for each set D with |D| = 2* where
and n = max{|y| : y € D}, an element z € D such that if SAT N D # § then
x}) #0.

'LAIM: We proceed exactly as in Lemma 4.3, i.e., we compute the sets D; and the
¢ ;. This can be done in polynomial time since SAT is a d-cylinder. Now we want
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to exclude one possibility for FA(y,...,ux). Since SAT < s By x4(yi) can be computed with
[9:]°) many parallel queries to. B. Thus there is a fixed polynomial r such that Fiya,..., ) is
determined. by k - 7(n)°(") many parallel queries to B. Since B'is approximable we can. apply Fact 2:6
and we get a constant ¢ such that we can compute a set of at most g(n) = (k-r(n)°M)* possibilities of
how Bris defined on the set of all queries. Hence we get at most g(n) possibilities for F¢(zy,...,z3).
For sufficiently large n we have g(n) <-n? < 2¥. Now we can continue as in the proof of Lemma. 4.3;

E

Using the Claim each level of the d-selfireduction tree for z can be pruned: until at most |z|? nodes
remain. Hence, also in this case the decision procedure runs.in polynomial time, 3

Note that the proof of Theorem 4.6 actually shows that. if} a: d-self-reducible d-cylinder 4 is no(1).
tt-reducible to an approximable set, then A4 is in P.

It is not known whether there exists a relativized world with P # NP and' an approximable set that
is tt-hard for NP. For T-reducibility more is known: It is noted in- [15] that there is a relativized
world with P # NP and a p-selective set which.is T-complete for NP. See also Theorem 7.1 below for
a more general result.

FACT 4.7 [15] In some relativized world with P # NP there ezists a (1,2)p-recursive (actually p-
selective) set. A € NP’ thatiis <B.-hard for NP.

Amir, Beigel, and Gasarch proved that there are no approximable T-hard sets for NP unless the
Polynomial Hierarchy collapses:

FacT 4.8 [1] Every approzimable set belongs to P/Poly.
If 2% #10% then every <%.-hard set for NP is-p-superterse.

5. COMPUTING FUNCTIONS WITH QUERIES TO NP
The methods from the previous section have a further application: They allow us to improve a result
of Krentel [21]. Let FPSAT denote the class of all function that can.be computed in polynomial time
with an oracle for SAT. FP?&T)‘_T is the class of all functions f € FPSAT that can be computed
using at- most g(n) adaptive queries on inputs of length n. FPftAT and FPE@;I)‘% are the corresponding
nonadaptive version.

As in [21] we call a function g : N — N smooth if the function 1" — 19(m) ig computable in
polynomial time and if g(z) < g(y) for z < y. Krentel proved the following result:

FacT 5.1 [21, Theorem 4.2] Let g be smooth and g(n) < c-logn for somec < 1.
IfFP(.r CFP{ .y 11 for some A then P = NP.

Informally, if g(n) + 1 adaptive queries to SAT can be simulated by g(n) adaptive queries to any
oracle then P = NP. We shall now show that the conclusion holds already under the weaker hypothesis-
that g(n) 41 nonadaptive queries to SAT can be simulated by g(n) adaptive queries.

THEOREM 5.2 Let g be smooth and g(n) < c-logn for somec < 1.
IfFP5S. ot SFP{ )1y for some A then P = NP.

PrROOF:  Let g be smooth and g(n) < ¢-logn for ¢ < 1. Define a function f as follows:

f(z) = {FE‘“‘(ml, omk), Ho=od. gad Ak < g(lz]);

#, otherwise.

Clearly f € FP,(.) ;. Suppose that f € FPA[g(n) — 1] via MA. We will show that SAT €P.
CraM: There is a procedure to compute in polynomial time for z = z1# ... Ftxr with & > g(|z|) a
string (c1, ..., cx) € {0,1}* with F3AT (g, ... 1 ZTk) F (e, ..oy cp).
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PROOF OF CLAIM: Let k' = g(|z|) and let o' = a4 ... #zp#' such that |¢'] = |z|. Sitiulate the
computation tree of M0 with input 2/. We may assume that MX (z") makes at most g{|z'|)~1 =¥ =1
queries: for every oracle X. Hence theré are at most 2% -1 different paths and at' nibst this' many
different outputs. So we can finid a string (cy,. .., ¢p ) € {0, F}* which does bt odeur & ant’ siitput
of any path. Thus FgAT(zy,... ag) # (ér, ..., 6,0, ..., 0). Since k' < log|z| the similation can be
doiie in polyriomial time. F

Now we cani: use an’ appropriate modification of the algorithm' in Theoréiny 4.2 to decids SAT if
polynomial time: _

O input z, |z| = n; we éxpand the d-self-reduction tree of o uiitil we get in sorié lével mote than
2* niodes; theii- we dikcard nodes urntil we are left’ with: less tHan: 9F nodés, then wé éxpand the next
level, etc. Here K is'ai fiinction of i that will be deterriined later. ,

We select a set of 2% nodes, form the correspondiiig sets' B and cotiputs the yi. Here y; is a
disjunction of at ricst 2* formulas of length at miost 7i. Let y = y1# ... #yy. We Have |yj;| < 4-n - 2%
and |y] < 16k -n - 2. In order to apply Claim 0'arnd to eéxclude one possibility for FEAT(yi-, ce e Yk)
we need that' g(]y]) < k. _ ,

Since g(ly|) < ¢ log|y| and g'is' monotone, we may choose k = [Z(logn + 4)]. Ask = O(16gn)

the algoritlimi rurs in: polyniomniial tirie. ¢
Krentel [21, Theorerh 4.1] also proved that if FPSAT ¢ FPAkiogn)-T for sotie" A then P’'= NP. The
question whether t'he’liypothes{is" can be weakened tb-‘FPtSiA Cc FPg(lbg;,i),T is open; see [17] fﬁ)r a
recent survey of related work. It is corinected with the existerice of tt-hard approximablé sets for NP:
Using Fact 2.6 it is easy to see that if there is such a set then FPSAT ngPg(lbgn)_T for some A.

6. ON' SELF-REDUCIBILITY AND EASILY COUNTABLE SETS , '
Ii'this section we look ‘at self-reducible sets-that are approxinigblé in some strong sense. The following
fact suggests these sets are likely to be in P.

FacT 6.1 (1) Every self-reducible ckeatable set is in P [1, Theorem 20].
(2) Every d-self-reducible easily. countable set is in P* [16; Theorem 8].
(3) Bvery self-redicible p-selective set'is in'P [12; Corollary: 6].

We show that every self-reducible easily approximable set'is in-P, and extend'(2) by showing-that’
every d-self-reducible set which is T-reducible to an easily: countable set is in P.

First we show that every easily countable self-reducible set A is already ttiself-reducible.  To this
end we need a way to convert a T-reduction to A into a tt:reduction. We wilfap‘p’ly a combinatorial
tool which was used in recursion theory for the proof of the Cardinality Theorem-in‘[22}: The trees
of bounded rank.

DEFINITION 6.2 Let B, be the full binary tree of depth-r. The rank of a tree T is the greatest r such
that B, is embeddable into 7.

As we shall show, binary trees of bounded rank and polynomial depth have pélynomial size. Hence
if the computation tree of a T-reduction has bounded rank then we can compaite the” whole tree in
polynomial time. This will allow us to convert T-reductions into trizth-tablé reductions.

In the next Lemma we determine f(r;d;l) the maxima} number of nodes in a ttee with rank less
than r, degree d and depth I. The degree is the miaximal number of successors of a nodé, the depth
is the length of the longest branch.

LEMMA 6.3 Let f(r,d,l) be the mazimal number of 'nodes’of)anysd;a'ry tree of depth 'l and rank léss

than v. Then f(r,d,l) = Z:;ol (d - 1) (iﬁ) In particular, f(r,d;1) ‘is’ a polyromial in-d* and-l, for
fized r. .
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iven any d-ary tree T of depth ! and rank less than 7, let a be the root node and let
the subtrees below a. If two of them have rank r — 1, i.e. if B,_; is embeddable into
subtrees below a, then B, is embeddable into T' (where the root of B, is mapped to
y one of the subtrees may have rank r — 1. So the number of nodes is bounded by
1)+ (d—1): f(r —1,d,l — 1), where we count a plus the subtree of rank up to r — 1
other subtrees of rank up to r — 2. Conversely, there is a d-ary tree of depth ! and rank
s many nodes. )

rsive equation f(r,d,l) =1+ f(r,d,1 —=1) +(d—1) - f(r — 1,d,l — 1) holds for f. The
t theorem follows by induction on 1. |

» deal with the following situation: Suppose we are given zi,...,z; and a finite set
f possible values of the characteristic function of A on x1,...,z. Furthermore we have
' with queries “c € A?” for ¢ € {z;,...,2}. All branches of T are consistent with
xy branch there is a vector v € D such that every query “z; € A?” on this branch is
[)-

bound the rank of T in terms of D. Therefore we define the width of D as the maximal
of any such T'. This is the greatest ¢ such that we can assign elements from {z1,..., 21}
»des of B; = {0, 1} such that the resulting query tree is consistent with D. The formal
3 follows.

.4 Let D C {0,1}*. The width of D (wd(D) for short) is the greatest i such that
pping ¢ : {0,1}<* — {1,...,k} such that for every ¢ € {0,1} there is v € D with
r[jlfor j=1,...,4.

-5 Let A be any set. f € FP is called an A-approzimation of rank i iff for all k,
input (z1,...,2), f outputs a set D C {0,1}* of width less than i which contains

there is an A-approximation of bounded rank then A is recursive (cf. [22, Lemma 1]).

f A is cheatable, easily approzimable, or easily countable then there is an A-approzimation
k.

ice the easily approximable sets and the cheatable sets are easily countable it suffices to
ma for A easily countable.

n there is constant ¢ and a function f € FP such that f(zy,...,2.) € {0,...,c} and
€ xa(zc)+- -+ xa(z.) for all pairwise distinct «,. .., z.. Now for any set {z1,..., 2k}
k) be the set of all vectors v such that v[i1]+. .. +v[ic] # f(zi,,...,z; ) for all pairwise
$11,...,% € {1,...,k}. Obviously F(z1,...,zx) € D(z1,...,x).
;wd(D(z1,...,x)) > 4°—2. Then by a straightforward modification of Lemma 3 in [22]
7ise distinct indices ¢3,...,i. € {1,...,k} and c+1 vectors vy, v1,...,v. € D(zy,...,z)
I+--+wslic] =jfor j =0,...,c. But then v; € D(x1,...,2¢) for j = f(zs,,...,2:.),
1. Hence wd(D(z1,...,zx)) < 4° — 2.

' can be computed in polynomial time: Compute inductively the set D(zy,...,z;) for
ince D(z1,...,%;,%41) C D(z1,...,%;) x {0,1} and since we can check in polynomial
v vector v € D(zy,...,%;) X {0,1} belongs to D(z1,...,z;,2;41), the complexity of the
is polynomial in the size of D(z1,...,z;) which is bounded by a polynomial in j. So
gives an A-approximation of bounded rank.

) If A is cheatable, say A is (c,c),-verbose, then there is an A-approximation of rank

nce for any z;,...,z; one can compute in polynomial time a set of at most ¢ strings
(z1,...,2x) (cf. [9, Lemma 5.8]).
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If A is (a,b)-recursive with a > 2 then there is air A-approximation of rank b, by the argiuméit in
[13, p. 683]. ; o 1 ,
(2) Let g : {0,1}° — D be a fixed finite function. For a giveti set A cotisider the task to cotnpiite fot &l
pairwise different z,...; %, a fihite set B(zy,...;z:) €D which tontaiiis g()m(a:i), o XA(ZR)). We
call A (k, g)p-approximable iff there is stich a procedire running in polyhofital time with |B(d1;...;8:)] <
k, for some fixed k. . N o

For example, let id. be the identity function, then A is k-cheatable iff A is (k, i) apptoxitiable.
Let #c(by, ..., bc) = by + - + be, then A is easily k-countable iff A i (k, #4)-approximable. .

Assuime that 4 is (k,g),-apptoximable. For which values of k can we conchide that A 18 récitsive?

This question is answered in [24]: Let s(g) be the rhaximal fmber of differenit valites of g on
a set {vo,...;v:} Whete vy = 0° and vy, i8 obtained fromm o; by flipping one component from
to 1. It is shown in [24] that there is an (s(g); g)s-approximable Honrecursive set; and that every
(s(g) = 1, g)p-approximable set is recursivé. _ ‘

For example s(idr) = s(#¢) = k+ 1. Since there exist cheatablé sets not i P, théte miay in general
exist (k, g),-apptoximable sets 4 with k < $(g) which are not in P (in fact one cafi show that this
is the case for k > 1). Let us call a set 4 g-easily approximablé if 4 is (s(g) — 1, §)-approximable.
Using the proof of [24, Theotem 3.4] instead of the proof of the Cardinality Theotem, Lemina 6.6 can
be generalized as follows:

(%) If A is g-easily approzimable then there is an A-approzimiation of bounded rank.

Since the existence of an A-approximation of bounded rank implies that 4 is tecursive, we cannot
weaken the hypothesis of (¥) to “(s(g), g)-approximable”. Hence () is tight. Corollary 6.10° (2), (3)
below hold more generally for “g-easily approximable” instead of “easily countable”.

In the following We say that a set A is T-éasy if every F-réduction fo A can be turned inte 4 &t
rediction, i.e., f <5 A implies f <%, 4, or it otheér words; FPA ¢ FP4. For instance, éveéry tally set
is T-easy.

THEOREM 6.7 If there exists an A-approgimation of bounded rank then A is T-éusy.

PROOF:  Assume that f = M4 where M0 is a polynomiial time bounded oracle machineé. Let g be
an A-approximation of rank r. Then we can compute in polynomiial timeé for every # a subtree of the
query tree of M0(z) which contains the path determined by oraclé 4. Fhe quériés in this subtrée aré
then used in the tt-reduction. , ‘

The subtree is computed as follows: On input z, compute the query tree of MO (z) in a breadth-first
fashion, but extend only those branches that are consisteiit with g. Say in step ¢ we éxpand the dodes
in level i. Let z1,..., 2y be the list of all queries which have beeni discovered so far. We extend a
branch from level ¢ to lével i + 1 only if there exists a'string v € g(zy,. .. ,2) such that évery z; which
is queried o the branch receives the answer vlj].

Let T; be thie subtree consisting of all branches that are extended to level i + 1. Since thése
brariclies are consistent with g it follows that the ratik of T; is less thar r. By Lenima 6.3, F; has at
most f(7,2;i) many nodes. Since i is bounded by a polyfiomiial in || we can do’stép 7, aild’ hénce the
whole constriuction, in polynomial time.-

Note tHat in the tt-reduction which is constructed ini the proof of Theorédi 6.7 ouly quéries froin
the computation trée of M) appear. If A4 is self-réducible via M0 then we may assumé w.l.o.g. that
all queries in the computation tree of M0 (z) are shorter than z. So, thé cotresporiding tt-réduction
is a tt-self-reduction of A. Thus, we get the following corollary.

COROLLARY 6.8 If A is self-reducible and there ezists an A-approzihation of bounded raik then A is
tt-self-reducible.

Our next results shows that no intractable d-self-reducible set can bé T-rediiced to aii approximable
T-easy set.
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THEOREM 6.9 Let A, B be any sets with:
(a) A is T-easy.

(b) A is approzimable.

(c) B<h A

(d) B is d-self-reducible.

Then B € P.

ProOF:  Assume that the hypotheses hold. Since B <f. A there is a function f <% A which
computes for every z € B an “accepting path” in the d-self-reduction tree of z. As A is T-easy we
get f <P, A. Corollary 2.7 and (b) imply that we can compute for each z in polynomial time a set D
which contains f(z). Thus = € B iff there is an accepting path for z in D. This is a polynomial-time
algorithm. |

Remark:  Theorem 6.9 also holds, by virtually the same proof, if we replace (d) by the weaker
condition that “search reduces to decision for B”, see [26] for the definition.

COROLLARY 6.10 (1) No tally approzimable set is <F.-hard for NP unless P = NP.

(2) If A is easily countable (or easily approzimable) then any d-self-reducible set B with B <L Ais
in P.

(3) There is no easily countable <1.-hard set for NP unless P = NP.

Corollary 6.10 (2) answers an open question of Hoene and Nickelsen [16] who proved the version for
m-reducibility instead of T-reducibility.

We do not know whether every self-reducible and easily countable set is in P, but we can show the
corresponding result for easily approximable sets:

THEOREM 6.11 If A is self-reducible and easily approzimable then A € P.

PROOF:  Let A be self-reducible and (a, b),-recursive via f with a > %. By Corollary 6.8 we may
assume that A is tt-self-reducible. The following algorithm decides A in polynomial time.

On input z compute b iterations of the tt-self-reduction. We get a tree of depth b with z at the root
where the direct successors of each inner node y are the elements to which y is tt-self-reduced. Let
{z1,...,z¢} be the set of all elements in this tree, with £ = z;. Compute all characteristic strings
o € {0,1}* that are consistent with f (i.e., for all pairwise distinct Tiyy e s Tiyy f(@iy,...,%4) and o
agree in at least a components) and consistent with the self-reduction (i.e., the values at level 7 are
computed from the values at level i++1 by the corresponding truth-tables). We claim that o[1] = y4(z)
independent of 0. Hence we may just output o[1] for some consistent o. Since we can compute the set
of all consistent strings inductively for {z,...,z;},7=1,...,k, we get a polynomial-time algorithm:
Any two consistent strings differ in less than b components (cf. Trakhtenbrot’s observation which we
mentioned after Definition 2.2). So in the i-th iteration we get O(i*) = O(k®) many strings which is
polynomial in || as k is polynomial in |z|.

Suppose for a contradiction that there exist two consistent strings 01,0, with o1[1] # o3[1]. Let
i1 = 1. Because 01,0 are consistent with the self-reduction there exists z;, |2;,| < |z| on level 1 with

o1[éz] # oaliz]. Continuing in this fashion we find z;;,...,z;, onlevels 2,...,b—1 with o1 [i;] # o [25]
and |z;;| < |z;;_,| for j =3,...,b. But then oy and o differ in b components which is impossible.
Since (x4(z1),...,xa(zr)) is a consistent string, the algorithm is correct. |

7. SOME RELATIVIZED COUNTEREXAMPLES

We show that Theorem 6.11 cannot be improved — in a relativizable way — to (3,2)p-verbose (or
(1,2)p-recursive) sets. Our result is formulated as general as possible and so it provides relativized
counterexamples to several other plausible conjectures.
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THEOREM 7.1 In some relativized world with P # NP there ezists a (3,2),-verbose, d-self-reducible,
sparse c-cylinder A which is <}.-complete for NP. In addition, A is <% _.;-reducible to some p-selective
set in NP.

PrOOF:  The proof uses a modification of the proof of Theorem 6.5 in [3]. We start with an oracle B
such that PZ = NPZ. Relative to B we construct by a standard diagonalization a supersparse set C
such that Length(C) = {0™ : (3z € O)||z| = n]} is in NPBOC _ PBOC Length(C) C {0t°*®) : k € w}
and C contains at most one element of each length. Here tow(0) = 1 and tow(k + 1) = 2t°%(¥), Leg

A = Prefix(C) = {(0™,y) : (32)[|lyz] =n A yz e Cl}.

Obviously Prefix(C) € NPP®C 1t is shown in [3, Theorem 6.5] that Prefix(C) is <&-hard for NPP®C:
The main idea is that one can compute in polynomial time all strings in C of length at most n using
a prefix search with Prefix(C) as an oracle. If all strings from C that an NP?®C_machine may ask on
input z are known then we can compute in polynomial time (using B as oracle) whether the machine
accepts z (since P? = NPB),

Prefix(C) is sparse and d-self-reducible: If |y] < n then [(0",y) € Prefix(C) <« (0%,30) €
Prefix(C) v (07,y1) € Prefix(C)]. (To simplify notation we have d-self-reducibility only in the
liberal sense of Meyer and Paterson [25] with respect to some polynomially related well-ordering; of
course we can also easily modify the definition of A such that it becomes self-reducible in the classical
sense.) Note that Prefix(C) is even 2-d-self-reducible.

Prefix(C) is (3,2),-verbose (relative to B @ C): Given (07,y),(0™,3"), |y| < n, |¥'| < m. Since
Length(C) is supersparse we can decide relative to C in polynomial time the membership of at least
one of the inputs if n # m. Now suppose that n = m. If y is a prefix of y' then [(0",3') €
Prefix(C) = (0",y) € Prefix(C)], so we exclude (0,1). If y’ is a prefix of y we exclude (1,0). If they
are incomparable we exclude (1,1).

Similarly it is shown that Prefix(C) is c-cylinder.

Finally we define S = {(0",y) : (3z € C)[|y| < |z2| =n A y < z]}. Clearly § € NPE®C,

S is p-selective: Given (0%,%),(0™,y), ly| < n,|y'| < m. As above, if n # m we can decide
membership of at least one of the inputs in polynomial time. If n = m the selector function outputs
the minimum of g,y w.r.t. <.

Prefix(C) <5.,; S (it is even a 2-parity reduction): Given y, |y| < n. If y € {1}* then [(0",y) €
Prefix(C) & (07,y) € S]. Otherwisey ¢ {1}*, say y = y'01°. Then [(0",y) € Prefix(C) & (0",y) €
S A (0™,y'1) ¢ S]. |

Remark: (1) Buhrmann, v. Helden, and Torenvliet show in [12, Corollary 13] that if A is self-
reducible, B is p-selective, and A <f_,, B, then A € P. Theorem 7.1 shows that the generalization to
<F_.; fails in some relativized world.

(2) Theorem 7.1 also shows that Theorem 4.2 fails in a relativized world if we replace in the
hypothesis “bd-cylinder” by “c-cylinder”.

The technique of Theorem 7.1 produces a sparse T-complete set. Hence, by our next result, it does
not sufzi(ce to construct an oracle X with PX # NPX such that there is an approximable tt-hard set
for NP+,

PROPOSITION 7.2 If there is a sparse T-complete set for NP and P # NP then no approzimable set
is tt-complete for NP. (This result relativizes.)

PROOF:  Assume that A is a sparse T-complete set for NP. By a well-known result of Hartmanis
[14] there is a tally set B € NP with A <% B, so B is a tt-complete tally set. Now suppose that C
is an approximable tt-hard set for NP. Then SAT <!, B <%, C. Now we argue as in the proof of
Theorem 6.9: There is a function f <. SAT which computes for every satisfiable formula a satisfying
assignment. It follows that f <%, B, and so f <}, B because B is T-easy. Hence we get f <%, C. Since
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able we can compute by Corollary 2.7 for each z in polynomial time a set of assignments
€ SAT then one of the assignments makes z true. This shows that SAT € P, i.e., P = NP.
elativizes because for all oracles X there is a d-self-reducible NPX -complete set. This
1stead of SAT in the above proof.

ON

stantiated a conjecture of Amir, Beigel, and Gasarch [1] that natural sets are either
r in P. It seems likely that natural sets are either in P or not even reducible to an
set. We proved this for btt-reductions and came very close to a proof for tt-reductions.
oted that our results are shown without additional hypotheses like the separation of PH
oly.

now of any relativized counterexamples to the following conjectures which may therefore
ble, and which we recommend for further research.

8.1
-hard set for NP is p-superterse unless P = NP.
f-reducible and easily countable then A € P.
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