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Abstract

nics and econometrics, economic phenomena such as part of a national economy
e behavior of a firm are modelled as economic systems. The behavior of these
na takes place under feedback thus the inputs or instruments depend directly
wrrent and possibly past values of the observations. Economic modeling must
take account of the fact that economic systems are operating under feedback.
is paper the modeling of dynamic systems operating under feedback is posed
lem of system theory. Attention is limited to linear dynamic systems that are
d by, say, economic laws. Structural identifiability of the parametrization of a
ynamic systems is defined as injectiveness of the map from the parameter vector
sservations. The problem posed is whether a structured deterministic linear
system operating under feedback is structurally identifiable. Necessary and
conditions for structurally identifiability are presented. For several economic
structural identifiability is investigated.
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duction

5f this paper is to report on structural identifiability of linear dynamic systems
ler feedback or in closed-loop. The systems considered are models of economic

stion for this paper is system identification of economic phenomena. System
is the subject in which the construction of mathematical models from ob-
mena, is studied. In economics one studies models of macro economic or micro
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economic phenomena such as part of a national economy or of a firm. Such a mathematical
model will be called an economic system. One distinguishes in such a system inputs or
instruments, outputs, and states. It is a well known fact that economic systems operate
in closed-loop or under feedback. This means that the inputs or the instruments depend
on the state of the system or on its output. Therefore in system identification of economic
phenomena account must be made of the fact that an economic system operates under
feedback. As far as the authors know this identification under feedback isssue has not been
studied in depth in the economics and econometrics literature. Yet it is a major limitation
on modeling of economic phenomena. Hence the motivation of the problem.

‘The dynamic systems considered in this paper are economic systems. The authors favor
the study of economic systems that are derived from economic laws. This should be seen in
contrast with modeling in econometrics. There linear relations are assumed between out-
puts, lagged values of outputs, and instrument variables of an economic model. Attention
will further be restricted to linear dynamic systems. Because the linear dynamic systems
considered are structured by economic laws, the class of structured linear dynamic systems
will be used.

In a structured linear dynamic system the parameters of the system depend on a param-
eter vector. The parametrization consists of the set of parameter vectors and the map that
associates such a vector with the parameters of the system. Intuitively, a parametrization
is said to be structurally identifiable if the map from the parameter vector to the observa-
tions of inputs and outputs is injective. A formal definition of structural identifiability is
presented in section 4. Structural identifiability implies that it is in principal possible to
uniquely determine the parameter vector form the observations. In econometrics another
concept of identifiability is used. This concept refers to the convergence of a sequence of
parameter estimates. In system identification attention should be given to both structural
identifiability of a parametrization and convergence of parameter estimates. The latter
concept will not be treated in this paper.

The problem of the paper is to characterize structural identifiability of linear dynamic
systems operating under feedback. Two cases are studied. In the first case the control
is based on state feedback and in the second one on dynamic output feedback. Because
the motivation comes from economic modeling the control law will be assumed known and
fixed. '

Identification and identifiability of linear dynamic systems operating under feedback has
been studied by several authors. The assumptions differ from paper to paper. Most papers
treat this problem for stochastic systems in matrix polynomial form. The control law may
be assumed known or unknown. There may or may not be an excitation signal entering
the closed-loop system. The novelty of the problem studied in this paper is that structured
linear dynamic systems in state space form are considered with a fixed known control law.
In addition, in this paper attention is given to structural identifiability from the initial
condition response.

The results of the paper are necessary and sufficient conditions for structural identifia-
bility of structured linear dynamic systems operating under feedback. Several structured
economic systems are tested for structural identifiability. Some economic systems are struc-
tural identifiable, one system is not.

A description of the content by section follows. A problem formulation is presented in



section 2. Dynamic systems are formulated in section 3. Structural identifiability of linear
dynamic systems is defined in section 4. Conditions for structural identifiability of linear
dynamic systems operating under state feedback and dynamic output feedback are derived
in the sections 5 and 6. Conclusions and open problems are mentioned in section 7.

2 Problem formulation

. In this section the problem is motivated and formulated.

Consider an economic organization whose behavior is to modelled. Examples are a na-
tional economy, an economic sector, or a firm. The behavior may be modelled by economic
variables and by relations between these variables. An economic system is then a system
of difference or differential equations that describe the behavior of these variables. The
authors prefer to use a state space description of such a system as used in system theory.
For an open economy with fixed output, see example 5.6, the state space description is
given by

ot +1) = A(p)z(t) + B(p)u(t), o(to) = 2o, (1)

where z1(t) = e(t) represents the exchange rate, z2(t) = y(t) represents income, p =
(e, B,7,6,€) € P C RS are the parameters of the model, and

A<p>=(2§),3(p>=(§ 8>. @)

See example 5.6 for a detailed description and derivation of the model. One calls the set P
and the map p — (A(p), B(p)) the parametrization of this system.

Suppose that one observes the behavior of the economy over a finite horizon, say T =
{to,to+1,...,t1}. The observations consist of {z(t), u(t),t € T}. The problem of system
identification is to construct a model from these observations that is realistic and not overly
complex. A major question within the system identification problem is identifiability. The
question is whether the parametrization of the model class is such that from the observations
one can uniquely determine the parameter vector. In the example sketched above this may
be phrased as that, given the input u, the map

p — (A(p), B(p), zo(p)) — {x(t), u(t),t € T}

is injective. A precise definition of identifiability is presented in section 4.

Economic organizations almost always operate under feedback. Thus the inputs or in-
strument variables depend on current and past values of the observations. This fact must
be accounted for in the investigation of identifiability of an economic system.

Consider a feedback law of the form

u(t) = Fx(t) (3)

where F' € R™*" is assumed to be known. The closed-loop dynamic system consisting of
the open-loop system (1) and the feedback law (3) is then given by

z(t + 1) = [A(p) + B(p)Flz(t), z(to) = %o. (4)

3



Identifiability of the dynamic system (1) operating under the feedback law (3) may then be
phrased as injectiveness of the map

p = (A(p) + B(p)F, zo(p)) — {=(t), u(t),t € T}.

Under certain conditions one may be able to determine the system matrix A(p) + B(p)F.
In this case the identifiability question then is whether for p,q € P the equation

A(p) + B(p)F = A(q) + B(q)F

implies that p = gq. Note that in this problem the matrix F' is fixed and its value assumed
known.

The problem of the paper is then to formulate structural identifiability of dynamic sys-
tems operating under feedback, to derive necessary and sufficient conditions for structural
identifiability, and to investigate whether several well known economic systems operating
under feedback are structural identifiable. Besides identifiability under state feedback also
identifiability under dynamic output feedback is investigated.

3 Dynamic systems

The reader is assumed to be familiar with the concept of a dynamic system as used in system
theory. For references on system theory see [6, 26]. A dynamic system is a mathematical
model for a phenomenon such as part of a national economy, a firm, a robot arm, an electric
circuit, etc. A dynamic system consists of states; inputs, and outputs and relations between
these variables.

The notation is fairly standard. Let Z,. = {1,2,...}, N = {0,1,2,.. .}, R the set of the
real numbers, R™ the n-dimensional vector space over R, and R™*" the set of the n X 1
matrices with elements in R.

Definition 3.1 A time-invariant discrete-time linear dynamic system in state space form
s a dynamic system in which the state, input, and output space are respectively X = R",
U=R™ Y = R*, the time indez set is T = {to,to + 1,... %1} and the state, input, and
output function are related by

r(t+1) = Az(t)+ Bu(t), z(tp) = zo, (5)
y(t) = Cz(t) + Du(t), (6)

where A € R™™, B € R™™  C € R*™, D € R¥*™, Denote the system by o and the
class of linear dynamic systems by LY. The indices n,m, k and the matrices A,B,C,D are
called the parameters of this system. Denote the parameters by

p=(A,B,C,D) € LYP(n,m,k), LEXP(n,m, k)= R"*" x RrXm x Rkxn y pkxm

A time-invariant continuous-time finite-dimensional linear system in state space form is a
dynamical system defined on the same sets as defined above and by the equations

(t) = Az(t)+ Bu(t), z(t) = zo, (7
y(t) = Cz(t) + Du(t). (8)



es discrete-time and time-invariant will often be omitted when they are clear

itext.
of an economic phenomenon by laws and relations of economics leads to a

-em that is structured. In subsection 5.2 examples are presented of a structured
tem. A formal definition of this class of systems follows.

3.2 A structured linear dynamic system is a time-invariant finite-dimensional

1ic system in state space form together with o parameter set P C R" for some
naps

— R™"* B: P — R™™ C: P — R¥" D: P— RFm™,
(p), B(p), C(p), D(p)) € LEP(n, m, k). The dynamic system will be represented

ions

) = A(p)z(t)+ B(p)u(t), =(to)= o, (9)
) = C(p)z(t) + D(p)u(d)- (10)
'LYXP(n,m,k) the set of parameters of this structured system or

(n, m, k) = {(A(p), B(p), C(p), D(p)) € LEP(n,m,k)|p € P},

> » SLYP(n,m, k) the parametrization map

A(p), B(p), C(p), D(p))-

. of a continuous-time structured linear dynamic system is defined similarly.

3.8 Consider a subset LY of the set of linear dynamic systems LY, and denote
nding sets of parameters by LXP; and LEP. A parametrization of the set LY. Py
P, f) such that P C R" is a set, f : P — LY.P; is a map, and the map f 1is
One says that P is the parameter set and the map f the parametrization map.

5.2 contains several examples of structured linear dynamic systems with their

ition.
sroperty of a parametrization, say (P, f) of LX.Py, is that it is surjective. Thus

nt of LY P, is the image of an element in P under f.
jon between inputs and outputs of a linear dynamic system in state space form

t—1 ¢
: }: CA™175Bu(s) + Du(t) + CA* "oz = Z W (t — s)u(s) + CA 0z, (11)
s=ig s=tg
;n W is called the impulse response function of this system. Denote by W the
lse response functions W : T' — RF*™ in which the indices k,m are in general
ed. Define the map that associates the parameter of a linear dynamic system
\pulse response function g : LY P(n,m, k) — W

CA* B, t>0,
B,C,D))(t) = { D, £ =0. (12)



tural identifiability

>t in modeling is that of identifiability. Yet, in much of the literature there is
its definition. In this paper a definition of identifiability will be used that is
system theory.
etrics the concept of identifiability is often defined as the property that the pa-
nates converge to the true parameter. For this it is assumed that the observed
srated by a system in the model class whose parameter value is then called the
er. In system theory and system identification a distinction is made between
sility of the parametrization of the model class and the convergence proper-
ience of parameter estimates. Convergence analysis of parameter estimation
relevant to system identification. However, identifiability as a property of a
ion of a model class must also be studied.
- identifiability of the parametrization of a class of dynamic systems is the
: from the observations of inputs and outputs one can uniquely determine the
lue. This intuitive concept is formalized below for a structured linear dynamic

pt of structural identifiability has been introduced by R. Bellman and K.J.
since then structural identifiability of linear and nonlinear structured systems
lied by many authors. For an entry into the literature see the book [27] and
1 of papers [28]. An early paper on the subject is [10]. Below the concept
identifiability is defined. New to the literature is the distinction between
ntifiability from the impulse response function and from the initial condition
' economic systems this distinction is relevant.

structured linear dynamic system of the form

= Alp)z(t) + B(p)u(t), z(to) = o, (13)
= C(p)z(t) + D(p)u(t). (14)
between the output, inputs, and the initial condition is then

1—1

Z C(p)A(p)' ™ ~*B(p)u(s) + D(p)u(t) + C(p)A(p)* oz (15)

> Wit — s)u(t) + C(p) A(p)'omg (16)
— kam

t—1

| { COME) B0, >0 -

v two ways to proceed that will be termed structural identifiability from the
nse function and structural identifiability from the initial condition response.
re next discussed in the indicated order.



4.1 Structural identifiability from the impulse response function

It is argued that under certain conditions one may limit attention to structural identifiability
from the impulse response.

Assumption 4.1 Conditions required for the use of structural identifiability of a structured
linear system from the impulse response function.

1. The dynamic system is stable.
2. The time horizon is long relative to the dynamics of the system.
3. The possibility exists to experiment freely with the input function.

For linear dynamic systems derived from economic models, the assumptions 2 and 3 are
generally not satisfied. One could also say that economists are not allowed to experiment
with the instruments of a national economy. The director of a firm can experiment with
his instruments but the aims of the firm will in general deter him from experimentation. In
this paper structural identifiability from the impulse response function is studied because
it is a general concept that is indirectly also useful for economic systems.

Because of the assumptions 4.1.1 and 4.1.2 the effect of the initial condition may be
neglected. The resulting map from input to output is then

y(t) = D Wp(t — s)u(t).

s=ig

Assume one is able to make many experiments with different inputs. Then from the obser-
vations of inputs and outputs one is able to obtain the impulse response function. There-
fore knowledge of inputs and outputs of such a system is equivalent, under the above
assumptions, to knowledge of the impulse response function. Hence identifiability of the
parametrization of a class of systems may be phrased in terms of the impulse response
function.

Definition 4.2 Consider a structured linear dynamic system in state space form
z(t+1) = A(p)z(t)+ B(p)ult), x(to)= zo,
y(t) = C(p)x(t)+ D(p)u(d),

with parametrization (P,f) f : P — LEPi(n,m,k). Let g : LYPi(n,m,k) — W be as
defined in (12). The parametrization (P, f) is said to be structural identifiable from the
impulse response if the map

gof:P—W, p—W,,
see (17), is injective.

Note that in general the map g o f is not surjective, the image of P under go f is a proper
subset of W. Structural identifiability of a continuous-time linear dynamic system is defined
analogously.




4.2 Structural identifiability from the initial condition response

The investigation of structural identifiability of economic systems requires also the study
of identifiability given the response of the system to an initial condition.

Consider a structured linear dynamic system without input function, say with represen-
tation

z(t+1) = A(p)z(t), z(to) = zo, (18)
y(t) = Clp)z(2). (19)

The output as function of the initial condition is given by y(t) = C(p)A(p)t—*ozy. Note
that now zg € X = R™ is not observed. In the following zg is considered to be a function
of the parameter vector p € P and denoted by zo(p). In this case let

SLEP(n, k) = {(A(p), C(p), mo(p)) € R™™ x R**™ x R"|p € P}

and f : P — SLXP(n,k) the parametrization map p — (A(p),C(p), zo(p)). Let g :
SLYP(n,k) - YT and gof: P> YT

g((Aa G, 1'0)) {y(t), te T}a y(t) = OAt_tO:UOa (20)

(9o f)P) = {y(t),t €T}, yp(t) = Clp)A(p)* ozo(p). (21)

Definition 4.3 Consider a structured linear dynamic system in state space form without
input function

(t+1) = A(p)z(t), z(to) = zo(p), (22)
y(t) = Clp)z(t), (23)

with parametrization (P, ). This parametrization is said to be structurally identifiable from
the initial condition response if the map

gof:P%YT,pH{yp(t),tET},

i

see (21),is injective.

4.3 Conditions for structural identifiability

Conditions for structural identifiability are based on realization theory. For time-invariant
finite-dimensional linear systems the realization problem has been solved. Hence equivalent
conditions for structural identifiability may be formulated. For other classes of dynamic
systems the realization problem is still open so conditions for structural identifiability may
not be known.

In the following terminology of algebraic geometry is used, see [5],and [17, X, §3]. A
property is said to be generic on P C R if it holds for all p € P outside an algebraic variety
or an algebraic set. An algebraic set is defined by a finite set of polynomials according to

{p€ P|fi(p) =0,..., fr(p) = 0},

where f;: P— R, i=1,...,k are polynomials. An algebraic variety is an algebraic set in
which the polynomials are derived from linear relations, possibly from a determinant.
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t.4 Consider the structured linear dynamic system

) = A(p)z(t) + B(p)u(t), z(to) = 2o, (24)
) = C(p)x(t) + D(p)ult), (25)

rization (P, f), f : P — LXPy(n,m, k).

m 4s called structurally reachable if for all p € P outside an algebraic variety

ank ( B(p) A®)B@) ... A®P)'B))=n.

case one says that (A(.), B(.)) is a structured reachable pair.

m s called structurally observable if for all p € P outside an algebraic variety

C(p)

o C(p)A(p)

C(p)AP)"
case one says that (A(.),C(.)) is a structured observable pair.

m is said to be structurally minimal if for all p € P outside an algebraic variety
minimal realization of its impulse response function.

.5 Consider the structured linear dynamic system

) = A(p)z(t) + B(p)u(t), z(to) = o, (26)
) = C(p)z(t) + D(p)u(t), (27)

trization (P, f), f : P — LX.Pi(n,m, k).

‘tured linear dynamic system is structurally minimal iff it is structurally reach-
1d structurally observable.

hat the structured linear dynamic system is structurally reachable and struc-

observable. Then this parametrization is structurally identifiable from the
e response iff for all p,q € P outside an algebraic variety and T € R™"
.qular, the equations

4(p) = TA(9)T™", B(p) = TB(a), C(p) = C(¢)T ", D(p) = D(q), (28)

that p = q. If the system is structurally identifiable then, for all ¢ € P outside
ebraic variety, the system of equations (28) for the pair (p,T) € P x R™*™, with
singular, has the unique solution (p,T) = (q,I).



Proof This result follows directly from the main result of realization theory for time-
invariant finite-dimensional linear systems. For references see [6, Chapter 9] [14, 15], and
[26, section 5.5]. O

The result of theorem 4.5 is not stated in [27, 28]. Surprisingly enough the authors have not
found this result in the literature. For continuous-time structured linear dynamic systems
the conditions are the same as for the discrete-time case.

Conditions for structural reachability are available in the literature, see 8, 18, 21, 22, 27].
Conditions for structural reachability and for condition 4.5.b may be checked by a symbolic
manipulation program, see [28].

Next the characterization is stated of structural identifiability from the initial condition
response.

Theorem 4.6 Consider the structured linear dynamic system without input

r(t+1) = A(p)z(t), z(t) = zo, (29)
y(t) = C(p)z(2), (30)
with the parametrization (P, f)
f: = SLEP(n,k), (31)
SLEPi(n,k) = {(A(p),C(p),zo(p)) € R™*™ x R¥*" x R"*|p € P}. (32)

Assume that the structured linear dynamic system is:

1. structurally observable, or, for all p € P outside an algebraic variety, (A(p), C(p)) is
an observable pair;

2. the system is structurally reachable from the initial condition response, or, for all
p € P outside an algebraic variety, (A(p), zo(p)) is a reachable pair.

Under these conditions, the parametrization (P, f) of this class of structured linear dynamic
systems s structurally identifiable from the initial condition response iff for all p,q € P
outside an algebraic variety and T € R™ ™ nonsingular, the equations

Alp) = T A(q)T, C(p) = C(q)T, zo(p) = T zo(g), (33)
imply that p = q.

For continuous-time structured linear dynamic systems the conditions are the same. As-
sumption 2 of theorem 4.6, that for all p € P outside an algebraic variety (A(p), zo(p)) is a
reachable pair, is necessary. If it does not hold then for a set P; C P that is not an algebraic
variety, the initial condition does not excite all modes of the system. For example, consider

st+1) = (;,“”(”) ﬁ;jg,f;)m(t), xo(p>=(§°1(p’), (34

y(t) = =(). (35)

10



1e initial condition response does not contain information on the parameters in
A1(p) and Ags(p). It is then advisable to reduce the state space representation
» condition of structurable reachability is satisfied.

ippose that there exists p,q € P, p # ¢, not in algebraic variety, and T € R™*"
uch that

T~ A(q)T, C(p) = C(q)T, zo(p) = T~ 'z0(q)-

tial condition responses associated with p,q € P are the same contradicting

antifiability.
: P be such that (go f)(p) = (go f)(g) or
p)"0mo(p) = C(a)A(Q) z0(9), tET (36)

= C(p)A(p)""°zo(p),

; response function. Excluding an algebraic variety, it follows from (36), the
. and realization theory, that there exists a T' € R™ ™ nonsingular such that

: C(q)T, A(p) = T A(q)T, zo(p) = T zo(g). (37)

d the condition follows that p = q. Hence the system is structurally identifiable.

stural identifiability of a structured linear dynamic
:m operating under state feedback

on structural identifiability is treated for structured linear dynamic systems
ider state feedback.

; of identification and identifiability conditions for dynamic systems operating
ack or in closed-loop have been discussed by many authors. An early survey
, issue of identification under feedback is that by I. Gustavsson, L. Ljung, and
m [12]. Related papers by the same authors are [20, 23, 24]. A book that briefly
s issue is [19]. Conditions for identifiability under feedback when the controller
are presented in [1]. These papers limit attention to stochastic systems in
nomial form driven by white noise. The control law may or may not be knownn.
ry and sufficient conditions for identifiability are phrased in terms of bounds on
actural identifiability of deterministic linear dynamic systems operating under
vn control law apparently has not been treated.

1itions for structural identifiability in case of state feedback

structured linear dynamic system consisting of a state recursion only, say de-
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z(t+1) = A(p)z(t) + B(p)u(t), z(to) = zo. | (38)

Suppose that the state function z is observed.

Consider a control problem for this dynamic system. Control objectives are usually sta-
bility of the closed-loop system, good transient response, and robustness against unmodelled
disturbances and against model uncertainty. Feedback of the state function is almost al-
ways used to achieve these objectives. Consider a time-invariant feedback law F € R™*X"
and the input function u(t) = Fz(t). The combination of the linear system (38) and the
feedback control law u(t) = Fz(t) is given by

z(t +1) = [A(p) + B(p)Fl=z(t), z(to) = zo, (39)

and will be called the closed-loop system associated with these objects. The system (38) is
then said to operate under state feedback or in closed-loop.

Problem 5.1 Consider the structured linear system (88) with parametrization (P,f) f :
P — SLYP(n,m),

SLEP(n,m) = {(A(p), B(p)) € R™" x R**™|p € P}.

Consider the control based on state feedback F' € R™ ™ and the input function u(t) = Fz(t).
The resulting closed-loop system is given by (39). Denote the closed-loop system by CSLY,
its parameter set by

CSLEP(n) = {(A(p) + B(p)F) € R™"|p € P},

and its parametrization by (P, f1), fi : P — CSLY.P(n), fi(p) = A(p) + B(p)F. Is this
parametrization structurally identifiable from the impulse response function?

Assumption 5.2 1. The open-loop structured linear dynamic system (38) is structural-
ly identifiable from the impulse response function.

2. The feedback law u(t) = Fz(t) is fived and known.

Assumption 5.2.1 may be checked from the specification of the class of structured linear
dynamic systems. In problem 5.1 only one state feedback law is used. This choice is
motivated by modeling in economics. A national economy or a firm is under constant
online control. The assumption that the control law is linear is debatable. However, a
linear control law is consistent with the class of linear dynamic systems selected. The
assumption that the control law is constant, is realistic only for a short time horizon. A
change of government or a change of directorship for the national bank may lead to a change
in the control law. Thus for a short time horizon the assumption of a linear control law
may be realistic in economic modeling. It is assumed that the value of the feedback matrix
F'is known. This assumption is consistent with economic modeling. If the value of the
feedback matrix is not known then a totally different realization problem is obtained, see
[13].

Consider the problem of structural identifiability from the initial condition response for
the structured linear dynamic system (38) with the feedback law F € R™*™. The closed-
loop system is given by (39). Note that the state is observed. If (A(p) + B(p)F,zo) is a

12




reachable pair then one can uniquely determine the matrix A(p) + B(p)F from
-ajectory {z(t),t € T'}. The analysis of structural identifiability from the initial
esponse proceeds then as for structural identifiability from the impulse response,
If (A(p) + B(p)F,x) is not a structured pair, then in general the system is
rally identifiable from the initial condition response and a reduction of the state
sentation must be made.

m 5.3 Consider problem 5.1. The parametrization (P, f1) of the closed-loop
) is structurally identifiable from the impulse response function iff for all ¢ € P
algebraic variety

+ B(p)F = A(q) + B(9)F, (40)
mplies p = q.
3 follows directly from theorem 4.6. O

uences of not accounting for structural identifiability may be dramatic. Consider
lentification experiment. Suppose that the model class consists of a structured
.mic system as in (38). Suppose further that the phenomenon may be modelled
1 in the model class, say with parameter value pg € P. Suppose that the actual
m is controlled in closed-loop by a state feedback law u(t) = Fyjz(¢t) for some
. Any identification procedure will then produce a parameter estimate p; € P

, F1) = {p € P|A(po) + B(po) F = A(p) + B(p)F}.

-loop system is given by

1) = [A(p) + B(p)Fila(t) = [A(po) + Blpo) Fila(2),
= A(p1)z(t) + B(p1)u(t), z(to) = zo.

w that the state feedback law is changed, say to u(t) = Fyz(¢) for Fo € R™*™.
osed-loop system is then given by

1) =[A(po) + B(po) F2]z(t), x(to) = o
he modeller imagines the closed-loop system to be
1) = [A(p1) + B(p) F2lz(t), z(to) = zo-

A(po) + B(po)Fa # A(p1) + B(p1)F». Predictions of the state function based on
ct parameter estimate may therefore be way of the mark or lead to an unstable
‘he following example shows.

5.4 Consider the structured linear dynamic system of first order
1) = a(p)z(t) + b(p)u(t), z(to) = zo, (41)
22, p € P, a(p) = p1, b(p) = pe, and the control law u(t) = fz(t). The closed-loop

iven by
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= la(p) + b(p)flz(t), z(to) = zo. (42)

vhether structural identifiability from the impulse response function holds
restigation of the equation

0)f =a(g) +b(q)f & p1+p2f =aq +qf, (43)

*p € P. In general, for f # 0, one does not obtain p = q. In fact

p € Pla(p) +b(p)f = alq) + b(q)f} = {p € Plpr + p2f = 1 + g2 f}

g ) , z(t+1) =0.5z(t) +0.3u(t), z(to) = zo.

en a(po) + b(po) f1 = 0.8 and
) = {p € Pla(p) + B(p)f1 = a(po) + b(po) f1} = {p € Plp1 + p2 = 0.8}.

he modeller selects

;1 > € Pi(po, f1).

sstimate a control engineer or economist may select the feedback law u(t) =
= 2. Then the real system satisfies a(pg) + b(pg) fo = 0.5+ 0.3 x 2 = 1.1 and
ble, while the control engineer or economist expects the system to behave
f0=09-01x2=0.7.

iral identifiability of economic systems operating under state

-k

"this subsection is to investigate structural identifiability of several economic
1 economic system we mean a set of differential or difference equations which
rolution of an economic phenomenon over time. Below we introduce a few
nple macroeconomic models taken from a standard textbook, see [4].
favor the study of economic systems that are based on economic laws. This
in contrast with modeling in econometrics where the output variables are
pend linearly on lagged outputs and lagged instruments. Laws of macro
nicro economics lead to dynamical systems that are structured. References
ynamic systems of economic models are [3, 4, 7, 16]. It is assumed that the
m includes a specification of inputs and outputs. Thus no consideration is
1estion of distinguishing inputs and outputs in an observation vector nor of
he literature on economics causality has been investigated, for example by
1].
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5.5 The first example is the Solow model of economic growth [25]. Let Y denote
capital, NV labour force, C' consumption, I investment, G government spending,
T taxes, D goverment debt, r interest rate, and § depreciation rate. Consider
1g relations between these variables

O(t) + I(t) + G(t) = C(t) + S(t) + T(t), (44)
= K(t)-6K(t), (45)
= rD(t)+G(t) - T(t), (46)

F(K(t), N(2)). (47)

V) is a production function of the economy. The first equation postulates that
artially consumed in private sector, partially by the government, and partially
'he second equation states that the amount of capital changes due to investment
reciation of the existing capital stock.

follows we assume that the production function is homogeneous of degree one
stant return to scale) and the population grows at rate n. We also assume here
: population is included into the labour force. This is not so realistic but we do
» consider problems of employment within the model. ,

;e by lower case letters the per capita (equal to per worker) values of the variables.
m (44,45,46,47) takes the form

c+i+g, (48)
= k- 6k—nk, (49)
= rd+g-—T, (50)

= F(K/N,1). We assume that f(k) is strictly concave, f(0) = 0, f'(0) = o0,
Under these conditions maximization of profits in production leads to the
kpression for the interest rate (see, for example,[4])

"(k) - 6. (51)
1 (48,49,50,51) can be represented in the following form
f(k) —g—c+ (n+ )k, (52)
(f'(k) = 8)d+g—r. (53)

at there is some central planner who makes a decision on consumption (i.e. which
income is to be consumed), on government spendings and on taxes, so that c, g,
he instruments and can be choosen proportionally to some other variables. For
»nsumption ¢ = sf(k) (a constant part of the income is consumed), 7 = 79 + &d
'taxes is proportional to the existing government debt), g = x f(k).

ote by k* and d* the steady state values of capital and debt. Linearising equa-
3) around steady state gives

H(n+6)(k — k*) — Ac+ f'(k*)(k — k*) — Ag, (54)
£k — kN)d* + (F' (k") = 6)(d — d*) + Ag — Ar. (55)
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system can be represented as the following state space system
Az(t) + Bu(t), ' (56)
z(t), (57)

(t) — k¥, za(t) = d(t) — d*, w1 = Ac(t), ua(t) = Ag(t), us(t) = Ar(t),

"+(n+8)+ F'(k*) O _(-1 -1 o0
\ fll(k*)d* (fl(k*) _6) > ] B — ( 0 1 _1 ) . (58)

» economic system (56,57). This closed-loop economic system is structurally
m the impulse response if the open loop system is structurally identifiable
Ise response. The argument of a proof of this statement goes as follows.
matrix does not depend on the parameter vector, the equation A(p)+ BF =
plies A(p) = A(g). From assumption 5.2.1 follows that p = ¢q. Hence the
momic system is structural identifiable from the impulse response.

As the second example we consider a version of an open economy model
Aundell-Fleming and Dornbusch [9]. It is assumed that the country is small
kes all foreign variables as given and uneffected by its own actions. The
E is assumed to be flexible and equal to a price of domestic currency in
n currency. Let i be a domestic rate of interest and i’ be a foreign rate of
by arbitrage domestic bonds and foreign bonds must pay the same rate of

l dE

Tdt’

ymestic goods depends on the income, real exchange rate, and the index of
v it can be represented in the form

. EP
TP
me, P and P’ are price level in the domestic and foreign country respectively,
of fiscal policy. Money market is described by so-called LM equation

,F).

¥, ),

> amount of money, ¢ is the nominal interest rate. Usually this equation is
erse form

Y),

ned to be linear function of its arguments with 8i/8(M/P) < 0 and 8i/8Y >
sent two versions of this model. One of them assumes that prices are fixed
justs slowly to spendings and the second one assumes that output is fixed
1st. In addition we will consider a combined model.

e first equation of the model we combine the equations and get
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n
/

M
-= i(F’Y) -1
‘ite this equation in terms of logarithms of M,P,Y,E which we denote by the
ing lower case letters. Thus we obtain

«((m — p) + By.

iables representing the economy abroad are assumed to be equal to one so that
are equal to zero.
md equation of the model takes the form

$(A(Y,EP'[/P,F)-Y), (59)

esses that output adjusts to movements in spendings. We can write this equation
'logarithms as follows

y+6(e —p) +ef,

wssume that log P’ = 0. Thus for a fixed price level p we obtain the following

am + By, (60)
vy +be+e€f. (61)

1 f are instruments of the government which represent the amount of money and
t spendings. We assume e and y to be state variables and m and f to be controls.
1 has the following state space representation

= Az(t)+ Bu(t), (62)
= z(t), (63)

) = e(t), z2(t) = y(t), wi(t) = m(t), wa(t) = f(1),

(37)2=(52)

:quel a particular control law is needed. It is assumed that a particular control
en from the family specified by the equations

= Cy(t) + ne(t), £(t) = vy(2). (64)
»e written as u(t) = Fz(t) with

C,
(g V). (65)

sedback laws F' € R™*"™ outside an algebraic variety the closed-loop economic

= [A(p) + B(p)Flz(t), z(to) = o,

17



is not structurally identifiable from the impulse response.

Even for the particular feedback law (65) the closed-loop system is not structurally iden-
tifiable from the impuls response.

It is shown that the closed-loop system is not structurally identifiable. Let

_{ f fi2
= (i) ®
The relation
A(p) + B(p)F = A(q) + B(g) F (67)

is equivalent with

cifun = oazfi, aifia+ 0 =azfiz+ P, (68)
b1 +e1for = bateafor, m+efoa=r2+eafo. (69)

Because by assumption the possible values of F' exclude an algebraic variety, f;; # 0 for all
i,j = 1,2, hence from (68) follows that a; = ag and ) = (. It is clear that there exist
p # q such that (67) is satisfied.

Consider the particular feedback law (64). Thus fo; in (69) is equal to zero. Then from
(69) we have that 6; = 2. However, we still cannot uniquely determine v and € from (69).
This means that the system is not structurally identifiable from the impuls response with
this particular feedback law.

Example 5.7 If in example 5.6 we allow for flexibility both in prices and output then we
obtain the model of the form

é = a(m—p)+,8y, (70)
y = yy+8(e—p) +ef, (71)
p = ¢y+ile—p)+£f (72)

This system has the following state space representation z; = e, T3 =y, 3 = p, u1 = m,
up = f,

0 B —-a a 0
A = 6 v -6 |, B=]| 0 €
Y ¢ -9 0 ¢

To be definite, we assume that a particular control law is chosen from the family specified
by the equations

m(t) = Cy(t) + ne(t) + up(t), £(1) = vy(2). (73)
This may be written as u(t) = Fz(t) with
F= ( i 5 A ) : (74)
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juation shows that monetary policy m can be expressed as a linear combination
axchange rate and prices. This choice can be justified by the fact that monetary
strong effect on all the three state variables. It seems to be natural that money
uence the price level and interest rate. On the other hand changes in interest
capital inflow or outflow which in its turn influence the exchange rate. How-
as effect on price of imports providing exports with a competitive advantage or
ge. Changes in amount of exports lead to changes in the level of income. Thus
olicy not only influence prices and exchange rate but the level of output as well.
1 (73) says that the government purchases a constant proportion of output which
1 assumption in the economic literature. Generaly speaking we could assume
2nds on both p and y in (64). However, as one can see from the further analysis
t lead to any new conclusions on the identifiability of the model.

ctured linear dynamic system defined above with the feedback law (74) may be
e structurally identifiable under state feedback.

ictural identifiability of a structured linear dynamic
em operating under dynamic output feedback

tion the problem of structural identifiability is treated for a structured linear
stem operating under dynamic output feedback. Thus the state of the dynamic
10t observed but an output function is. In control theory it is often argued
dynamic system of which only the output is observed the attainment of the
ectives requires the use of dynamic output feedback. The solution of the linear-
saussian (LQG) optimal stochastic control problem also shows this. For control
dynamic system attention in dynamic output feedback is often limited to a
‘onsisting of a linear dynamic system and of a linear control law operating on
f this controller. Such a controller has not been studied extensively in the eco-
| econometrics literature. Note however, that a controller based on an ARMAX
ion as used in econometrics, is often a dynamic output feedback controller.

iditions for structural identifiability in case of dynamic output
lback

structured linear dynamic system of the form
1) = A(p)z(t) + B(p)u(t), z(to) = =o, (75)
) = Cp)x(t) + D(p)u(t). (76)

at the output of this system can be observed. Suppose further that a dynamic
back law or dynamic controller is used consisting of another discrete-time time-
near dynamic system

1) = Fz(t)+ Gy(t), =z(to) = 20, (77)
(6) = Halt), (78)
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where Z = R™, F € R*»*", @ € R=** and H € R™*™. The combination of the
structured linear system (75,76) and the dynamic output feedback (77,78) is then called
the associated closed-loop system. It is given by the equations

(w(t+1>> _ (A(p) B(p)H )(zu)) (-’B(to))___(fb‘o) (79)
z(t+1) GC(p) F+GD(p)H z(t) )\ z(to) 2 )’

y(t) C(p) D(p)H 2(2)
ut) | = |0 H . (80)
2(t) 0o I ( 2(t) )

The output of this system consists of y, u, z because all three functions can be observed.
The state of the controller can be observed because the controller has been build by the
control engineer.

Problem 6.1 Consider the structured linear dynamic system (75,76) with parametrization
(P, f) f: P— SLXP,

SLYP(n,m,k)
= {((A(p), B(p), C(p), D(p)) € ™™ x R™™ x R¥*" x R¥™|p € P}.

Consider the control law (77,78) based on dynamic output feedback. The resulting closed-
loop system is given by (79,80). Denote this system by

2(t) = Alp)a(t), z(to) = zo, (81)
i) = Cz(). (82)

Denote the set of closed-loop systems by CSLY and CSLEP(n + ng, k + m +n;), and its
parametrization by (P, f1),

fi — CSLEP(n+ng;k+m+n,)
- Rntn)x(n4ns) o Rktminz)x(ntnz) o Rn+nz,

C(p) D(pH
A(p) = B(p)H 2
o = (88 Bl )0 ® ) (29)

Is this parametrization of the closed-loop structurally identifiable from the initial condition
response?

As in the previous section, attention is limited to a fixed control law. This limitation is
motivated by economic modeling. In 6.1 the problem is posed of structural identifiability
from the initial condition response. Note that the state process z is not available as obser-
vation. The requested structural identifiability property therefore differs from that studied
in section 5. The input function is regarded as an observation component. Since also the
state of the controller is an observation component, the input could be deleted. It is left in
to emphasize the structure of the problem.
Problem 6.1 will investigated under several assumptions.
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Assumption 6.2 1. The open-loop structured linear dynamic system (75,76) is struc-
turally reachable, structurally observable, and structurally identifiable from the impulse
response function.

2. The dynamic control law (77,78) is assumed known, fized, and a minimal realization
of its impulse response function.

3. The closed-loop structured system (79,80) is structurally observable.

Assumption 1 of 6.2 must be imposed because otherwise the closed-loop system cannot
be structurally identifiable. The assumption can be checked from the specification of the
class of systems. Assumption 2 must also be imposed because otherwise the closed-loop
system cannot be structurally identifiable. Because the controller is assumed known the
assumption can easily be checked. It is well known that the interconnection of two minimal
linear dynamic systems in closed-loop need not be minimal. If the closed-loop system is
not minimal then there is a cancellation of dynamics. This is in some sense a rare event.
The control objective of robustness of the closed-loop system for unmodelled dynamics
implies that cancellation of dynamics should be avoided. Therefore assumption 3 is based
on sound control theoretic arguments. What remains of the indeterminedness of the closed-
loop system is the invariance due to the state space transformation. This indeterminedness
is investigated below.

Lemma 6.3 Consider problem 6.1 and the assumptions 6.2. Assume that the for almost all
p € P (A(p), Zo(p)) is a reachable pair. The closed-loop system is structurally identifiable
Jrom the initial condition response iff for p,q € P outside an algebraic variety and T €
R{vtna)x(ninz) ponsingular of the form

_ [ Ty Ti
=" 1)

with T1; € R™*™, T12 € R™"=, Ty, nonsingular, the equations

Clp) = C(g)Tu, (83)

D(p)H = C(g9)Tia+ D(g)H, (84)

TnA(p) +TiaGC(q) = A(9)Tu, (85)

GD(p)H = GD(q)H + GC(q)Ths, (86)

T B(p)H + T2 F + T12GD(p)H = A(q)T12 + B(g)H, (87)
Tizo(p) + Tizzo = zo(q), (88)

imply that p = gq.

Proof From 4.6 follows that the closed-loop system (79,80) is structurally identifiable from
the initial condition response iff the condition of that theorem holds. It follows from as-
sumption 6.2 that the system (79,80) is structurally observable. Because by assumption
for all p € P outside an algebraic variety (A(p), Zo(p)) is a structured reachable pair, the
assumptions of 4.6 holds. Assume first that the system is structurally identifiable from
the initial condition response. Let ¢ € P, and consider the equations for p € P and T
nonsingular. Partition
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Ty Tie (n+nz) % (n+n;)
T — E R z Z
( Tor Toa )

in which Th € R™™ and the other matrices are conformally. The equation C(p) = C(q)T
is equivalent with the relations

Ty = 0,Too=1, ' (89)
Clp) = C(9)Tu, (90)
D(p)H = C(q)Tiz+ D(q)H. (91)

The equation T A(p) = A(q)T is equivalent with the relations (85,86,87) and
GC(Q)TH = GC(p)

The latter relation follows from (90). Finally T'Zo(p) = Zo(q) is equivalent to (88).
Conversely, assume that the characterization of the lemma holds. The conditions of the
lemma then yield by the above arguments that for almost all ¢ € P the equations

TA(p) = A(q)T, C(p) = C(q)T, TZo(p) = Zo(q)-

for p € P and T € R(n+7) X(n+nz) jmply that p = ¢. From theorem 4.6 then follows that
the system is structurally identifiable from the initial condition response. O

Proposition 6.4 Consider the structured linear dynamic system
z(t+1) = A(p)z(t) + B(p)u(t), z(to) = xo, ’ (92)
y(t) = =(b), (93)

with parametrization (P, f), the control law (77,78), and the assumption 6.2. Note that
the state = is observed. Assume that n, > m and rank(H) = m. Assume in addition that
(A(.), Zo) is generically a reachable pair. Then the parametrization (P, f1) of the closed-loop
system

(z<t+1>> _ (A<p) B(p)H)(m@)) (muo)):(mo (04)
2(t+1) G F z(t) |’ z(to) 2 /)’
y(t) I 0
z(t)
u(t) 0 H ( ) 95
z(t) 0 I #(t) )

is structurally identifiable from the initial condition response.

i

Proof Proposition 6.3 is applied. From (83) and C = I follows that Tj; = I. From (84)
and C = I follows that Tj5 = 0. With this it follows from (85) that A(p) = A(g), from (87)
that B(p)H = B(q)H, and from (88) that zo(p) = zo(g). If n, > m and rank(H) = m,
then B(p)H = B(q)H implies that B(p) = B(q). From assumption 6.2 follows that the
structured linear system is structurally identifiable from the impulse response function,
hence

A(p) = A(q), B(p) = B(q), C(p) =1=C(q), D(p) = 0= D(g),
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= ¢. From proposition 6.3 then follows that the closed-loop system is struc-
ifiable. ‘ O

on of proposition 6.4 is that although a structured linear system may not be
identifiable under state feedback, by using dynamic output feedback satisfying
15 of 6.4 the closed-loop system becomes structurally identifiable. The impor-
ns are that rank(H) = m or that the controller has sufficient high dynamics,
.), Zo) is a reachable pair or that Zg excites the system sufficiently well.

a dynamic output feedback for the control system (75,76) one may also consider
ut feedback controller, say u(t) = Fy(t), for some F' € R™**, The closed-loop
m is then given by the recursion

) =[A(p) + B(p)FC(p)lz(t), z(to) = zo.

should now be able to characterize structural identifiability from the initial
iponse for this system.

:tural identifiability of economic systems operating under dy-
c output feedback

5 Consider example 5.6 the Dornbusch model for an open economy with a
wvel. The dynamic system is given by

) = A(p)z(t)+ Bp)ult), zo(to) = zo, (96)
) = =z(t), (97)
) = (25),3(17):(8‘8), (98)
p = (@0,76¢€R (99)

n example 5.6 this system is not structurally identifiable from the impulse
ler state feedback. Consider the dynamic output feedback

) = Fz(t)+Gy(t), z(to) = 2, (100)
) = Ha(t), (101)

and rank(H) = 2.

1at the dynamic control law (100,101) is known, fixed, and a minimal realiza-
pulse response function. Assume also that the closed-loop system consisting of
(100,101) is structurally minimal. Assume that the pair (A(p),Z(p)) is struc-
able. It will be argued that under these conditions the closed-loop system is
identifiable from the initial condition response. Because

(5¢):

5 structurally reachable. Because C' = I it is structurally observable. A short
stablishes that it is structurally identifiable from the impulse response. Then
of assumption 6.2 is satisfied. It follows then from proposition 6.4 that the
iystem is structurally identifiable from the initial condition response.
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ision and open problems

n of this paper is modeling in economics. That economic systems operate
must be taken in account in modeling of economic phenomena. The prob-
_in the paper is whether the parameters of an economic system operating in
1 be determined uniquely from the observations. This problem is formulated
- identifiability problem of a structured linear dynamic system operating in
ecessary and sufficient conditions for structural identifiability are presented.
mnomic systems structural identifiability is investigated. Some economic sys-
turally identifiable and one is not.

oblem is structural identifiability of a structured linear system operating
¢ with exogeneous input. Other open problems are structural identifiability
5 of structured dynamic systems operating under feedback, such as positive
:systems and nonlinear dynamic systems. Economic systems may be positive
: systems, see [3], or be nonlinear dynamic systems. Structural identifiability
rnamic systems has been investigated to some extent, see [27, 28].
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