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Axioms for Ry-categorical Orderings

Jeroen van Maanen

cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

ategorical linear ordering is finitely axiomatizable. This follows trivially from the characterization
gorical orderings in [Ros69]. But this proof does not show what the axioms are. Here it is shown
struct an axiom for any Rg-categorical ordering. To this end the notion of a handle for an Rp-cate-
ering A is introduced. A handle is a formula that allows us to decide if two points from another
ical ordering B can be extended to a convex subordering A’ C B that is isomorphic to A.
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‘TION

nt a recipe for the construction of an axiom for any Ny-categorical ordering.
rical ordering is a countable linear ordering 2 such that all countable linear
that are logically equivalent to %I, are also isomorphic to . Here logically
rans that every closed first-order formula holds in one of the orderings if and
Is in the other. Logical equivalence (also known as elementary equivalence or
iivalence) is a model theoretic concept; model theory, as defined in [CK91],
eral framework of this text.

Rosenstein shows that all Ry-categorical orderings can be generated inductively.
racterization it follows that there are only countably many isomorphism classes
cal orderings. Another corollary is that the Ry-categorical orderings are finitely
. The only problem with this corollary is that it does not provide the axioms.
. were given a Ng-categorical ordering and we were asked to produce an axiom
ay to go about this is of course to try every closed formula in the first-order
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we were given a Ng-categorical ordering and we were asked to produce an axiom
way to go about this is of course to try every closed formula in the first-order
linear orderings and verify if it is an axiom for the given N,-categorical ordering or
er, suppose we know the position of the ordering in Rosensteins characterization,
struct an axiom for the ordering along the same lines as the construction of the
elf.

zan. It is not a trivial procedure, however. The main problem is that it turns
ecessary to define convex suborderings that do not have endpoints, neither in the
r, nor in the enclosing ordering. We will see that this problem can be solved by
or points of the subordering. Formule that specify that there is a convex subor-
me kind containing some elements are called handles for that kind of subordering.
at ‘smaller’ No-categorical orderings are constructed ‘first’ (have a lower rank) in
erization allows us to form convex suborderings that have a lower rank than the
rdering. Using a slightly generalized form of relativizing formulee (restricting the
quantifiers of a closed formula not to a formula with ezactly one parameter but
a with at least one parameter), we can define these suborderings and specify there
itions. The result is can be used for both an axiom for the enclosing ordering and
r it that can be used to make formule for even larger Ro-categorical orderings.
>ture of this article is as follows. First we will see that, without loss of generality,
trict ourselves to the power set of the rational numbers instead of taking all
inear orderings into account. Second Rosensteins characterization of the Ry-cate-
rings will be given. Then the notion of relativizing formulas with extra parameters
oduced. Finally the axioms and handles for all Ry-categorical orderings will be

WER SET OF THE RATIONALS

s article is about countable linear orderings and every countable linear ordering
ic to some subset of Q with the induced order relation, we will speak of subsets
lerings and leave the induced order relation implicit. So instead of discussing
le linear orderings we restrict ourselves to the power set of Q. We denote the
f all subsets of Q that are isomorphic to a countable linear ordering 2 by 2. For
vill write A instead of (4, <).

are this notation to the terminology used in [Ros82] we have a look at the order-
Assume that the definition of N and Q is such that w # N and of course N C Q.
2 the order type w of w is the class of all orderings that are isomorphic to (w, €).
) € w for every A € @. We also see that N € & and so N = @. From now on we
livalence classes A where Rosenstein would use order types.

: when a linear ordering is N,-categorical we have to specify when two linear
re elementary equivalent.

1 If U and B are linear orderings then ™ and B are elementary equivalent if
for all closed formule ¢

P ifand onlyif Bl
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Notation: U = *B.

Definition 2 A countable linear ordering 2 is No-categorical if and only if for every countable
linear ordering B such that B = A holds B = . '

It would be nice if we could take a subset I of Q, associate each element 7 of I with its
own subset A; of Q and then substitute A; for every element ¢ € I. Because (Q x Q, <),
with <, the lexicographical ordering on Q x Q, is a countable linear ordering, we can find
a function F:Q x Q — Q such that for all p,q,7,s € Q holds (p,q) <. (r,s) if and only if
F(p,q) < F(r,s). With this function F we can now define the desired substitution operation
and some other useful operations on orderings.

Definition 3 If I C Q and for all {i € I A; } C p(Q), then
i€l

If Ay,..., A, CQ, then

S {Aoy . An) = D A
n}

If A,B CQ, then
A®B:=)» A; (Ai=Aforalli€ B)
i€B
In the following definition we will use that the <-relation on the rationals can be extended
to a partial ordering < on the power set of the rationals by defining that for all A,B C Q

A<B ifandonlyif a<b (forallac A,b¢€ B)

Note that this relation is only a proper partial order when restricted to p(Q) \ {@}, because
@ <« A < @ holds for every A C Q, which contradicts the antisymmetry of partial orderings.
The term convez subset occured several times already. Here follows the formal definition.

Definition 4 A subset C of a set A C Q is a convex subset of A if and only if there are
L,RC A such that A=LUCUR and L < C < R.

In this definition L, R and C are allowed to be empty.
In order to characterize an element of a subset of Q in terms of its immediate neighborhood
we define the following

Definition 5 For an element a of a set AC Q

A<* = {beAlb<a}
A”* = {beAdla<b}

If A<® = & we say that a is the left endpoint of A. Likewise, if A>* = @ then a is the right
endpoint of A. If A<® # & and has a right endpoint then a has a gap at its left, otherwise it
is a limit point from the left in A. If A>* # & and has a left endpoint then a has a gap at
its right, otherwise it is a limit point from the right in A. If a has a gap at both sides it is
isolated in A and if ¢ is a limit point from both sides it is a condensation point in A.
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"EINS CHARACTERIZATION
eins characterization of Ry-categorical orderings we need an additional operator

6 Let po,p1,D2,- .. the sequence of the prime numbers, then
{&|tmeN J\N
nd Ag,...,A, CQ, then

..,An> = U Ai®Qi

or o is called the shuffle operator. A simple non-trivial example of the shuffle
r({0,1}). This produces a subset of Q where every element has a gap on one side
it point from the other side.

if more than one subset of Q is shuffled, then infinitely many copies of each are
ributed among each other. (To get a feeling for this, one could try to work out
}, Q) is like, e.g., by defining a subset of Q that is isomorphic to it.)

»w define inductively a special collection M of subsets of ). Rosenstein showed
llection coincides with the collection of N,-categorical subsets of Q. (Actually
lidn’t restrict himself to subsets of Q, but used order types instead.)

7 For n € N we define M,, C p(Q) and using these we define a class M of
rear orderings as follows.

{{0}}
{>(Ag,..., An)|n €ENAAg,...,An e M, }U
{U(Ao,...,An>]’n,EN/\AQ,...,AnEMn}

= J{A|ImeNdem,}
we define 1, (A) as the smallest n € N such that there is a B € M,, with B = A.

r ., (A) is called the rank of A. Our goal is to construct an axiom for every
vi. An axiom for say A € M is constructed under the assumption that for every
has a lower rank than A we have already found not only an axiom g, but also

here is one set that is a No-categorical ordering but is not an element of M. This
set. It is not too difficult, however, to find an axiom for the empty ordering, e.g.

Lg = .'IJQ]

te the construction and application of these formulze an an extended notion of
ormula will be introduced now.
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4. RELATIVIZING FORMULAE

For the construction of the formule in the next section of this article we need to be able to
relativize a formula with respect to another. That is, we want to be able to restrict the scope
of the quantifiers of one formula to a subset of the domain specified by another. Furthermore
we need several parameters for both formule, whereas normally a formula is only relativized
with respect to a formula with only one parameter. In other words we want to be able to
restrict the quantifiers of a formula to a parameterized definable subset of the domain.

Definition 8 Let ¥ = 9(zq,...,Tn) such that z, is a free variable of 1 orn =0. We define
the relativization p¥ of a formula ¢ with respect to ¥ as follows.

1. z¥ = Tipny1

2. (z;=z;)* == (zf =)
(z; C z;)¥ := (zf C z¥)
- (po Nr)? = (g Agl)
(—p)? := —(p¥)

- (Fzil))? := ITipnra[0? AVEZa[Tn = Titns1 = V]

SR TR NG S

The effect of rule 1 is that the parameters of ¢ are shifted as to avoid collision with the
parameters of 1. Rule 6 specifies that a formula with a quantifier is modified to restrict the
scope of this quantifier to the ‘range’ of ¢. The other rules only point out that relativization
is linear in all other ways to make a formula from terms or smaller formulze.

To illustrate the idea of the range of ¥ as a parameterized definable set we look at the
special case that the parameters for ¢ are in the range of 1. That is, if we have a sequence
g, - - - Gnym € A such that 4 |= ¥lag,...,0.-1,0a] for every i € {n+1,...,n+m}. In this
case

A I= (P¢[do, e aan+m]

if and only if
{(l € AIA }:: 'P[ao:---,an—ua]} ’: w[an-f—l,-",a'n%-m]

Note that z,, is not a free variable of ©?.

5. CONSTRUCTION OF AXIOMS
By now we have the necessary tools to comstruct the promised formule. The extended
relativization will help us build bigger formula from smaller ones and the concept of a handle
enables us to ‘grab’ a result of a shuffle operation using internal points of it where we would
have liked to use real numbers to cut out a convex subset of an ordering.

We will view elements of M as constructed from other elements of M that have a lower
rank. Looking at the operators 3~ and o we note that the constituting orderings Agy--- Ay
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have one or infinitely many counterparts in the new ordering A. These counterparts are
convez subsets of A that are elementary equivalent, and because they are Ny-categorical even
isomorphic, to one of Ay,..., A,. Conversely: every element a € A can be extended to such
a convex subset.

Theorem 1 For every A € M there is a handle, that is, a formula 14 such that for every
countable linear ordering B and all pairs by, b, € B holds

B = albo, b1]

if and only if there exists a convez subset A" C B such that by,b; € A’ and A’ = A.
Furthermore there is a formula oy such that for all countable linear orderings B holds
B = ay if and only if B = A.

Proof: Let A € M such that for every B with rank B less than rank A the required formulse
can be constructed.

If 7., (A) = 0 then let ¥, 1= (zo = 1) and a4 := IzoVz;[zo = 74]

If ., (A) # 0 then there are two possibilities: A is the finite sum of some elements of M of
lower rank, or A is the shuffling of some elements of M of lower rank.

Let Ag,...,An, € M such that A =3 (Ay,...,4,) or A =0(4,,...,A,) . The induction
hypothesis gives us for every m € {0,...,n} a handle ¥4, = ¥4, (%o,7;) for A,, and a
formula a4, that axiomatizes A,,.

We define for every m € {0,...,n} and every 7,5 € N

Ymyij = V1 Vi [(Ti = Tg1 ATj = Tpyo) = V5T
Where k is the maximum of 7 and j. This is a trick to use z; and z; instead of z, and z;.
The formula 14, is only relativized to a tautology to shift the parameters out of the way.
Below we will see more interesting applications of the extended relativization.
Suppose A = o(Ay,...,A,). Let

€ij = Yo VoV Pnj

Now A = ¢;;{ao,...,ar] if and only if the set {a;,a;} can be extended to a convex subset
that is elementary equivalent to an A,, with m € {0,...,n}. If A = ¢;;[aq,-...,a:] we say
that a; is near to a;. Note that for every a € A holds that a is near to a. In order to specify
that nearness is a transitive relation on A we define

¥ = (g1 NE12) — €02
19’ = (onvxlvmz[,19])$2§$4A$4§$3

Formula ¥’ says that nearness is a transitive relation between two points specified by z, and x;.
This is a proper use of the extended relativization. The quantifiers over o, z; and z, as well
as the implicit quantifiers in ¥ are restricted to the points between z, and z;. Furthermore,
the indices of these variables as well as the variables in ¥ are increased by five to make room
for the variables of the formula z, C 24, Az, T z;. Note that z, and z3 are the only free
variables of ¥'.
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viate z; C x; A —€;; a8 T; K T;. In words: z; is much less than z;.
o define a handle for A it we will not use the two given points directly, but rather
hat bracket these points from a proper distance. For this purpose we define the

‘mula:
72<<.'IJQ/\"I72<<Z1/\$0<<IL‘3/\$1<<.’B3

at T, is much less than both zy and z;, and both z, and x; are much less than
use this formula € to restrict the quantifiers of the handle.
orm € {0,...,n}

= 31?2[1?0 K i A T <K Iy A?ﬁm,z,g]
= oLz — (A AYn)

= (VaoVa ] e

says that there is a convex subset properly between z, and 7; that is elementary
0 A,,. Formula v says that if zy is much less than x; then there is for every
n} a convex subset properly between z, and z, that is elementary equivalent to
la ' takes this a step further and says that there is such a subset between any z,
\e interval [z, 3] with zo < 1. In other words: ' says that the ‘suborderings’
lie dense between z; and 3.

Y
H

(V.’I:o[ax;l V-V a:’:])"’z‘——_—-’”d\ul;zs

1 every point z, between z, and z3, the subset of all points near to zo is elementary

o one of Ag,...,A,.
ide the construction for the case that A is the shuffle of some elements of M of

we define the following formulee

= EAY NpAY

= Jzy,3z;3[H)

= V:I:OV.’L‘l[’lﬁA]

a 3 says that

oints zy and z; lie properly between z, and zs;
derings Ao, ..., A, lie dense between z, and zs;

1y z, between z, and z3, the set of points near to x4 is elementary equivalent to
E A(), ey An;

lation mear to is transitive on the interval [z, z3).

issés method of extending finite partial isomorphisms it is quite straightforward to

v, axiomatizes A. Furthermore if B is a countable linear ordering and by,b, € B
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f B such that B |= 104[bo, b1] then choose by and bs such that B = 8[by, by, bs, b].
bset of all elements of B that are much greater than b, and much less than b3,
It follows that 14 is a handle for A.

a finite sum it is much easier than than the case where A is the result of the
or. Suppose that A =" (A4y,...,A,). If there is an index m € {0,...,n} such
(By, ..., Bi) we can rewrite A as

.. 7Am—-11B{)1"'7Bk7Am+11"' 7An)
ume that for every m € {0,...,n} either A,, = {0} or A,, = o(By,...,B).
f there is an m € {0,...,n} such that 4,, = A,.;; % {0}, then A is isomorphic
. JAm—l)Am—}—la re ,An)
» assume that if A,, = A1 then A, = A, = {0}. We define

Lo CTI N ANZpy T Ty A
VZni1[Wo0nt1 VeV Pnnnati]

g - - - Jz,.[F]
7 says that the points zy,...,x, are in the right order and that for every point
i m € {0,...,n} such that there is a convex subset in A that contains z,, and

is elementary equivalent with A,,.
conclude the case for A =) (A, ..., A,) we define the following formulz:

(2 Czg Vhooa) N (s E 23V Pnas)
3$23.’E3{.’L'2 ; Ty A ZTo E T1 NIy E T3 A2y cC 3 A ai]

' says that z, is in or near to the interval [z;, z3]. Formula ¥, says that there
[z2,z3] that contains zo and z; such that the points in or near |z,,z;] form a
elementary equivalent to A. It follows that 14 is a handle for A.

= o(Ag,...,A,) as well as when A = 3 (4,,...,A4,) we can construct an
as a handle for A.

¢ induction on the rank of A, we can say that we are able to construct an
Il as a handle — for every element of M.

nt for the reader who believes that ¢, holds in A for A € M, but wants to
shere is a B C Q such that ¢4 holds in B then B has to be isomorphic to A.
egorical subset C of Q we can define an equivalence relation by: p ~¢ ¢ if and
xists a convex subset C' of C, such that p,q € C' and 7, (C') < 7,,(C). Then it
prove that if A € M and B C Q such that B |= ¢4, then it is possible to find
m f: A/~4 — B/~p such that for all [p] € A/~ 4 holds [p] = f([p]).
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