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Abstract

sider polling systems with multiple coupled servers. We explore the class of systems
ow an exact analysis. For these systems we present distributional results for the
time, the marginal queue length, and the joint queue length at polling epochs. The
question includes several single-queue systems with a varying number of servers, two-
wo-server systems with exhaustive service and exponential service times, as well as
server systems with an arbitrary number of queues, exhaustive or gated service, and
nistic service times.

sject Classification (1991): 60K25, 68M20.
s & Phrases: polling system, multiple servers, queue length, waiting time.

JCTION

r we consider polling systems with multiple coupled servers. A multiple-server
m is a multiple-queue system attended to by multiple servers in a cyclic manner.
sle-server versions, multiple-server polling systems find applications in computer
imunication networks, and manufacturing environments. So far there are hardly
sults known for these systems, apart from some mean value results for global per-
sasures like cycle times. In this paper we explore the class of systems that allow
alysis. For these systems we present distributional results for the waiting time,
1 queue length, and the joint queue length at polling epochs. In the remainder
luction we successively discuss some applications, present an overview of related
ad describe the organization of the paper.

of a multiple-server polling system is a distributed system, consisting of a num-
uters, interconnected by a communication medium, that cooperate as follows in
total load of the system, cf. [23]. The jobs entering the ‘front-end’ systems (cor-
0 the queues) are picked up in batches by the ‘back-end’ systems (corresponding
's) according to some cyclic schedule. As soon as a batch is served, the back-end
; up the jobs from the next front-end system. When the communication delay is
. may be preferable to use a more sophisticated strategy which keeps track of the
the system, like “serve the longest queue”. However, when the communication
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ignificant, it makes sense to use a cyclic service schedule which requires only
ormation processing.

o arise in communication networks, like the underlying communication medium
-mentioned distributed system. Consider e.g. a Local Area Network (LAN),
a number of stations, interconnected by a transmission ring. There are vari-
i known for the medium access control in a LAN with a ring architecture. One
: slotted ring, i.e., the ring is subdivided into time slots of the size of a single
ulating at constant speed. When a station sees an empty slot pass by, it may
e in it. In case of destination release the receiving station subsequently removes
Tom the slot, whereas in case of source release the transmitting station empties
occupying a slot corresponds to utilizing a server. Thus a slotted ring may
a multiple-server polling system (unless there is only a single slot). Another
ss variant that may lead to multiple-server polling is the token ring, i.e., there is
lating on the ring, representing the right of transmission. So holding the token
0 utilizing the server. Thus a token ring is in fact a single-server system, but the
happen to be interconnected by multiple token rings rather than only a single

les arise in manufacturing environments. In flexible manufacturing systems e.g.
roup of machines that periodically change over from one type of operations to
jome factories internal transport is provided by a chain of vehicles that follow
; loading/unloading points, which conceptually comes very close to a slotted
tination release. A multiple-elevator facility is yet another example, although
i, like the acceleration effect when a floor is skipped, are not incorporated in the
ription of a polling model, cf. [15].

ture

er polling systems have received remarkably little attention in the vast literature
stems. One of the first studies is Morris & Wang [23] in which the servers are
e independent, i.e., to visit the queues independently of each other, each server
some cyclic schedule. They obtain the mean cycle time of each server as well
intervisit time to a queue, and derive approximate expressions for the mean
for both a gated-type and a limited-type service discipline. A very interesting
observed by Morris & Wang is the tendency for the servers to cluster if they
:al routes, especially in heavy traffic. The phenomenon may be visualized as
uiling server will tend to move fast, as it only encounters recently served queues,
ding server will tend to be slowed down by queues that have not been served
o that the servers tend to form bunches while constantly leapfrogging over one
aerical experiments indicate that the bunching of servers is likely to deteriorate
rrformance. Obviously the bunching of servers is alleviated if they follow differ-
‘herefore Morris & Wang advocate the use of ‘dispersive’ schedules to improve
srformance.

2isgs [12] is one of the few studies in which the servers are assumed to be coupled,
he queues together. They obtain index rules for the minimization of the mean
ividual cycles for both the exhaustive and the gated service discipline. Browne
rive the mean waiting time for a completely symmetric two-queue system with
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an infinite number of coupled servers and deterministic service times. Browne & Kella [11]
obtain the busy period distribution for a two-queue system with an infinite number of coupled
servers, exhaustive service, and deterministic service times at one queue and general service
times at the other queue. ‘

Levy & Yechiali [19] and Kao & Narayanan [17] study the joint distribution of the queue
length and the number of busy servers for a Markovian multiple-server queue, where the
servers individually go on vacation when there are no waiting customers left. Mitrany &
Avi-Ttzhak [22] and Neuts & Lucantoni [24] analyze the joint distribution of the queue length
and the number of busy servers for a Markovian multiple-server queue where servers break
down at exponential intervals and then get repaired. In references [6], [16], [18], [25], [29]
mean response time approximations are developed to analyze the performance of LAN’s with
multiple token rings. Mean response time approximations oriented to LAN’s with a multiple
slotted ring are contained in references [5], [6], [20], [29], [30]. Ajmone Marsan et al. [2], [3], [4]
derive the mean cycle time and bounds for the mean waiting times in symmetric systems for
the exhaustive, gated, and 1-limited service discipline. In [1] they illustrate how PETRI-net
techniques may be used to study Markovian multiple-server polling systems.

The above-mentioned studies unanimously point out that multiple-server polling systems,
combining the complexity of single-server polling systems and multiple-server systems, are
extraordinarily hard to analyze. In fact almost none of the studies (except [10], [11] and the
single-queue studies [17], [19], [22], [24]) presents any exact results, apart from some mean
value results for global performance measures like cycle times.

Organization of the paper

In the present paper we consider the case of coupled servers. We are mainly interested in
exploring the class of systems that allow an exact analysis. For these systems we present
distributional results for the waiting time, the marginal queue length, and the joint queue
length at polling epochs. The motivation for considering the case of coupled servers is three-
fold. First, the dependence in the position of the servers does not play any complicating role
then. Second, in some situations the servers may in fact happen to be physically coupled.
Third, the coupled server case may also be relevant for the study of the independent server
case. The tendency for the servers to cluster provides e.g. an indication that they tend to
behave as if they were coupled.

The remainder of the paper is organized as follows. In section 2 we consider a single-queue
multiple-server system with service interruptions, which is not only interesting in its own
right but also useful for the study of a multiple-server polling system. In isolation a particular
queue in a polling system may be viewed as a single-queue system with service interruptions,
the intervisit periods constituting the service interruptions. Results for single-queue systems
with service interruptions may thus be used to obtain results for the marginal distributions in
polling systems. In section 3 we return to the multiple-server polling system. We relate the
probability generating function (pgf) of the joint queue length at the beginning of a visit to
the pgf of the joint queue length at the end of the previous visit. Next we relate the pgf of the
joint queue length distribution at the end of a visit to the pgf of the joint queue length at the
beginning of a visit. Thus we obtain 2n equations involving 2n pgf’s, with n the number of
queues. In section 4 we identify some cases for which these pgf’s can actually be solved from
these equations. These cases include several single-queue systems with a varying number of
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servers, two-queue two-server systems with exhaustive service and exponential service times,
as well as infinite-server systems with an arbitrary number of queues, exhaustive or gated
service, and deterministic service times. In section 5 we conclude with some remarks and
suggestions for further research.

2 AN M/M/m QUEUE WITH COUPLED SERVERS AND SERVICE INTERRUPTIONS

In the present section we consider an M /M /m queue with coupled servers and service inter-
ruptions. The service interruptions are assumed to result from some interfering process that
from time to time keeps the servers from working, even while there are customers present.
Service preemption due to service interruptions is allowed. The service interruptions may be
interwoven with the arrival and service processes in an arbitrarily complex manner, but may
not anticipate on the future arrival and service times of customers. In particular the durations
of successive service interruptions are allowed to be dependent. We abstract here from what
kind of interfering process causes the service interruptions. In the context of polling models
a service interruption typically models the intervisit period. In the setting of performability
models a service interruption usually represents a down-period of the system. A period dur-
ing which none of the servers is busy, because of a service interruption or because there are
no customers present, will be called a non-serving interval. A period during which at least
one of the servers is busy, will be called a serving interval.

Fuhrmann & Cooper [14] consider an M/G /1 queue with service interruptions. Under rather
mild assumptions they prove a decomposition property of the queue length distribution. Using
concepts from the theory of branching processes they show that the queue length distribution
can be expressed as the convolution of the distribution of the following two quantities:

(). the queue length at an arbitrary epoch in the ‘corresponding’ M/G/1 queue without
service interruptions;

(ii). the queue length at an arbitrary epoch in a non-serving interval.

The ‘corresponding’ M/G /1 queue without service interruptions is an ordinary M/G/1 queue
with similar traffic characteristics, of which the queue length distribution is simply known
from the Pollaczek-Khintchine formula. To find the queue length distribution at an arbitrary
epoch, it thus suffices to find the queue length distribution in a non-serving interval, which
is quite often relatively simple. By the distributional form of Little’s law the queue length
decomposition also translates into a decomposition of the waiting time. Under somewhat
milder assumptions than Fuhrmann & Cooper, Boxma [8] proves a similar decomposition of
the amount of work in the system. Browne & Kella [11] analyze the queue length distribu-
tion in an M/G /oo queue with vacations. They observe that for deterministic service times a
Fuhrmann & Cooper like decomposition property holds but not for exponential service times.
We now analyze the queue length distribution in the M/M/m queue under consideration.
Although for m = 1 the amount of work is somewhat easier to study than the queue length,
for m > 1 we need to focus on the queue length, as the amount of work then no longer
completely determines the number of busy servers. We make the following assumptions.

(i). During a serving interval there are no servers idling while there are customers waiting,
i.e., if there are [ customers present during a serving interval then there are min(l, m) servers
working, just like in an ordinary M/M/m queue.

(ii). The order in which customers enter service is independent of their service times.
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)ove assumptions we will show that the queue length distribution can be ex-
the distribution of (conceptually) the same two quantities as in the M/G/1
rvice interruptions, but not in the same simple convolution form. However, to
e length distribution at an arbitrary epoch, it still suffices to find the queue
yution in a non-serving interval. Under some additional assumptions we will
v the queue length decomposition translates into a decomposition of the waiting

yduce some notation. Let X be the arrival rate and let p be the service rate.
\/p. Denote by N and N4 the total number of customers present (including
service) at, respectively, an arbitrary epoch and an arbitrary epoch in a non-
ral. Denote by Ngf} IM/m the number of customers at an arbitrary epoch in the

& M/M/m queue, given that the number of customers is at least [, [ > 0. The
g M/M/m queue is an ordinary M/M/m queue with arrival rate A and service

L

m—-1 k m ~1 rm—1 k m
, pf o™ m kP P m
Mim) — p— e e — E— adl I 2.1
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xpresses the distribution of N into the distribution of N4 and NS\I/I) /M /m

m— NG _ m oo
=~ |:Z:2 E(z MM/ )PI‘{NA = l} + Z ZlPI‘{NA — l}} ) (2.3)

1=0 PT{NS\?/M/m =1} M= P2 mmet
=2 Pr{Ny =1 % -
> r{(z) 4= + = > Pr{Na=1}| . (2.4)

c A.
O

1 For Pr{N4 = 0} = 1, ie., in a non-serving interval there are never any
-esent, (2.3) and (2.4) reduce to
-1
= ™ m P ™ m
= —_—t —— Z z—= 42",
= U mlm—p = I m!m — pz

yurse just the queue length distribution at an arbitrary epoch in the corresponding

sue without service interruptions.
0



For m = 1, (2.3) and (2.4) reduce to

1-

Na
1 sz(Z )?

"uhrmann-Cooper decomposition for an M/M/1 queue with service interrup-

2.3) and (2.4) reduce to

[rau=n3 o] [Srmi=ni 5]

k—l

1 -1 z
1+p / ule(l_“)pdu:| [E(zNA) +p / E(uNA)e(z_“)pdu} , (2.5)

u=0 u=0

useful later on.
O

iplies that to find the distribution of N, it suffices to find the distribution of

stribution of N%I) M/m, 18 known from (2.1). From a methodological point of
it is more natura,{ to analyze the queue length at either the beginning or the
ving intervals than to study IN4. Therefore we now relate the distribution of

eue length distribution at such embedded epochs. Denote by Ngc) and N (c’.“)
ith at, respectively, the beginning and the end of the k-th non-serving interval.
3, N¢ a pair of stochastic variables with as joint distribution the stationary
ion of Ng), Ng“).

lates the distribution of N 4 to the distribution of Ng and Ng.

- Pr{Np <} -P{Nc <1}
A EN¢ — ENp

ms of pgf’s

__E(Ne) —E(eNo)
- (1 - 2)(ENg —ENp)’

(2.6)

(2.7)




1e PASTA property N4 has the same distribution as the number of customers
rbitrary customer arriving in a non-serving interval. In the first K non-serving
' fraction of customers that see [ customers upon arrival is

<N 1y
k k
& -Ng)

sting the indicator function of the event E. So, using the law of large numbers,

K
,El I aeng /K

=1} = lim
o K

oo 5 (N8 - N®y K
k==1

Pr{Ng<!<N¢—-1} Pr{Np<i}-Pr{N¢c <}
EN¢g — ENpg B EN¢ —ENp

]

N¢} =1

Lemma 2.2 we now give two simple examples.

1
exhaustive vacation system, where the servers together go on vacation when
s empty. Then E(2N2) = 1. Let V be the length of an arbitrary vacation.
E(e“"v) for Rew > 0. If the system is still empty when the servers return
m, then in the multiple vacation case the servers again go on vacation, i.e.,
Al —2)) —v(A)
1—v(A) ’
ing a customer to arrive, i.e., E(2N¢) = v(A(1 — 2)) — v(A)(1 — 2). Summarizing,
ble vacation case

whereas in the single vacation case the servers just remain

_1-v(M1~2))
)= A= 2EV (2.8)
he single vacation case

_1—v(AM1=2))+v(N)(1-=2)
)= (1-2)(AEV +0v(X)) : 29)

ella [11] analyze an exhaustive M/M /oo system with multiple vacations. By a
d they find E(zN) = Hy (2)/Hvy (1) with
Z
_ 1-ov(M1-2)) / 1—v(M1—u)) (sou)p
= “A-pEv TP) Ta—upmv © 0

i with (2.5), (2.8).
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sxhaustive system with a stochastic K-policy, cf. Bisdikian [7], where service
. when the system is empty, while service is resumed as soon as a stochastic
customers have accumulated again. Then

_1- E(2X)
T (1-2)EK’

lla [11] also study an exhaustive M/M /oo system with a deterministic K-policy.
ethod they find E(2N) = Hg(z)/Hx (1) with

(2.10)

1—2K K-l ¢
=1 +p kZ: / uke(z_”)"du,
=0,=0

with (2.5), (2.10).

- how the queue length decomposition translates into a decomposition of the
In addition to (i) and (ii) we make the following assumptions.

irs enter service in order of arrival.

ting time of customers is independent of arrivals after their own arrival.

and R respectively the waiting and the sojourn time of an arbitrary customer.
the number of waiting customers at an arbitrary epoch. The familiar relation-
E(e~*(1=2)R) does not hold here, as customers do not necessarily leave in order
wever, what does hold under the assumptions (iii) and (iv) is the relationship
2(1-2)W)  What thus remains to be done, is to relate the distribution of L to
»n of N.

(BN 4+ (1—pa) ([z""‘ — 1B(NE) + nfu — 2F"™MPr{Ng = k}) ., (2.11)
k=0
: -1
_ E(zN) — psE(zN4) e~ Pr{Ny=1}
- 1-pa Lo lg Pr{NY bt/ = l}] - 12

7 the number of customers present at an arbitrary epoch in a serving interval.
the fraction of time occupied by non-serving intervals. Then

= E(zN4)pa + E(2N%)(1 - pa), (2.13)
:E(2N4)pa + E(NE"1) (1 = py), (2.14)
1ax(0, z).

.13), (2.14), using that



Y = mmE(NE) + mf[l — 2F"™Pr{Ng = k} (2.15)
=0

te PASTA property pa equals the probability that an arbitrary customer arrives
ring interval. In the proof of Lemma 2.1 we introduced the notion of a 1-busy
showed that in a 1-busy period exactly 1 customer is served that arrived in a
nterval. Denote by M the number of customers served in a 1-busy period. Then

%/1“' (2.16)
)of of Lemma 2.1
o~ Pr{Ny=I
> {(1) b (2.17)
(2.17) into (2.16) completes the proof.

0

NT QUEUE LENGTH DISTRIBUTION I

irn to the polling system with multiple coupled servers. We first present a de-
description. The model under consideration consists of n queues Q1,...,@n,
ite capacity, attended to by m coupled servers. Customers arrive at the queues
independent Poisson processes. Customers arriving at Q; will also be referred
customers, ¢ = 1 .,n. Denote by A; the arrival rate at Q;, 1 = 1,...,n. The

rate is A : E A Type -1 customers require service times B;, having distri-

ion B;(+) w1th LST Bi(-) and first moment §;, 7 = 1,...,n. Define the traffic
Q; as p; = A\fB;, i = 1,...,n. The total traffic intensity is p := 2 pi- The

7isits the queues in strictly cyclic order Qy,...,Q,. Moving from Q, t0 Qit1,
»ol experiences a non-zero switch-over time S;, having distribution function S;(+)
() and first moment s;, ¢ = 1,...,n. Here (as well as in the sequel) n+1is to be
15 1. Successive service times as well as successive switch-over times are assumed
ndent. Also the arrival process, the service process, and the switch-over process
to be mutually independent. As soon as the servers arrive at @);, they start
-4 customers, as prescribed by the service discipline. For now we do not specify
iscipline any further. In fact, what we are mainly interested in, is exploring the
ce disciplines that allow an exact analysis. As soon as the servers have finished
-1 customers, as prescribed by the service discipline, they move to Q;41.
it section we relate the pgf of the joint queue length distribution at the beginning
@; to the pgf of the joint queue length distribution at the end of a visit to Q;—1.
) relate the pgf of the joint queue length distribution at the end of a visit to @Q;
f the joint queue length distribution at the beginning of a visit to Q;. Thus we
[uations involving 2n pgf’s. In the next section we identify some cases in which
an actually be solved from these equations.



duce some notation. Denote by X;; and Y, stochastic variables with distri-
tionary queue length distribution at @}, at, respectively, the beginning and the
toQs, h=1,...,n,i=1,...,n.

E(zf{"1 ... z%n)
E(z...25m)

SzZn)s 2| <L h=1,...,n,i=1,...,n.
Fi(+) to Gi—1(-), and subsequently G;(-) to F;(-). Thus we obtain an expression
rms of G;_1(-), which recursively yields a functional equation for G;(-).

(3 Ml = 7)) (3.1)
he==1

yZn), 20l <L, h=1,...,n,1=1,...,n.

G’i_l(z)di_l(z), (3.2)

'o(-) are to be understood as d,(-), G,(-) respectively.

In accordance with the model description, we assume here that the switch-
: non-zero and that the servers keep switching when the system is empty. In
h-over times are zero, or in case the servers stop switching when the system is
hould be modified into

Gi-1(2)di-1(2) + Gi-1(0)di-1(2)[ei(2) — 1]

) —ﬁzh + —6;(z).
;;1: A A

ends on what happens when an arriving type-i customer sees the servers idling

O
' Gi() to Fi().

= Y LS EET g | (Kt Kin) = (s 1)) (3.3)
1L,=0 =0

Pr{(X,-l, oaa ,Xin.) = (ll, ey ln)}.

; the service discipline at @; that decides whether or not the right-hand side of
xpressed into F;(-). Fuhrmann [13] and Resing [26] consider a class of service
single-server systems) that satisfy the following assumption.
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n3.l

I; customers present at @; at the start of a visit, then during the course of
h of these l; customers will effectively be replaced in an i.i.d. manner by a
ulation consisting of K;; type-1 customers, ..., K;, type-n customers having

al pef ni(z) = E(z* ... 2K).

czYim | (Kiny oo, Kin) = (-0 b)) = 20 2 (a(2)) it 2o (3.4)
(3.4) into (3.3),
= Fi(Zl,-.. ;zi—lani(z)1zi+11"-,Zn)' (3'5)

ieory of multi-type branching processes, both Fuhrmann and Resing show that
service disciplines that satisfy Assumption 3.1, like exhaustive and gated, allows
simple exact analysis, basically due to the relatively simple form of (3.5). The
ast that service disciplines that violate Assumption 3.1 defy an exact analysis,
yme special cases like two-queue cases and completely symmetrical cases.

server systems there are no non-trivial service disciplines that satisfy Assumption
r, some service disciplines do satisfy the following somewhat milder assumption
ption 3.1.

n 3.2

[; customers present at @; at the start of a visit, then during the course of the
‘hese [; customers will effectively be replaced by a random population having pgf
e each of the other customers will effectively be replaced in an i.i.d. manner by
»pulation having pgf 7;(2).

. Ly (U L
szl | (Kiny e, Xin) = (1, -0 1)) = 2., zi__llng )(z)zi_{fll ...z, (3.6)

| = 1, lz = 0, (37)

=@M, >0, (3.8)

ill describe some multiple-server systems with service disciplines that satisfy
3.2. We will then also briefly indicate some circumstances that may occur in
systems under the influence of which in principle simple service disciplines violate
3.1 but still satisfy Assumption 3.2.

. (3.6), (3.7), (3.8) into (3.3),

0 (2)
m:(2)

n(2)
m:(z)

= Fi(z1,---2i-1,Mi(2), Zit1s+ -+ 1 Zn) (3.9)

I

+ Fi(z1,...,2i-1,0,2i41, .. ., 2)[1 —
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Define
ai(2) = (21, ..., 2i-1,Mi(2), Zit1, - - -, Zn); (3.10)
b‘l.(z) = (Zl, e vy Zil, 0) Zitlye-ns zn); - (3.11)
1
n; " (2)
i(z) = = 3.12
(8= "0t (3.12)

for z=(z1,...,%n), lzn| <L, h=1,...,n,i=1,...,n.
Then (3.9) may be written as

Gi(z) = Fi(ai(2))ci(2) + Fi(bi(2))[1 — ci(2)]- (3.13)

In view of the results of Fuhrmann and Resing, one can in general not expect that the class
of service disciplines that satisfy Assumption 3.2 but not Assumption 3.1, i.e., with ¢;(2) # 1,
allows an exact analysis, except possibly for some special cases. In the next section we will
identify some of those cases.

We now describe some multiple-server systems with service disciplines that satisfy Assump-
tion 3.2. Assumption 3.2 says that during the course of a visit to ; one of the customers
initially present gets replaced by a different population than all the others. This suggests
that either only one of the customers initially present at Q; actually gets served or that all of
them get served but that one of them keeps the servers busy for a different time than all the
others. Having this in mind, we consider a class of service disciplines that are parametrized
by a vector (Lq,...,Ly,) of integers and a vector (p1,...,p,) of probabilities with the fol-
lowing interpretation. If there are I; customers present at the start of a visit to @;, then
k; = min(l;, L;) of them are served. Customers arriving at ¢); during the course of a visit,
are served with probability p;. The case L; = 1 contains both the semi-exhaustive service
discipline (p; = 1) and the 1-limited service discipline (p; = 0). The case L; = oo includes
both the exhaustive service discipline (p; = 1) and the gated service discipline (p; = 0).
Denote &; = A\;p;.

Let Tgk) be the length of a busy period starting with k& customers present in an ordinary
M/G/m queue with arrival rate k; and service time distribution B;(-). Let Ti(k)(w) =

E(e“T:") for Rew 2 0.

Define
ai(z) = Z An(1—2) + )\i(l - pi)(l - 2.'7;)
h#i
for z= (21,...,2n)s |z2e| <L, A=1,...,m,i=1,...,n.
For the above-defined class of service disciplines
'I']z(li)(Z) — Z,,l:i-kiTi(ki)(ai(z)); (3.14)

with k; = min(l;, L;) and the interpretation of ng")(z) as in (3.8). For L; = 1 (3.14) satisfies
(3.7) and (3.8) in Assumption 3.2 with n;(2) = z;, nfl) (2) = Ti(l)(ai(z)). It Ti(k‘)(-) is of the
form
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) =1, k=0, (3.15)
)=t nw)H, k>0, (3.16)

I)‘ 7:(), then (3.14) satisfies (3.7) and (3.8) also for L; = co with 7;(2) = 7i(ai(2)),
(ai(2)).

e two examples where 'ri(k")(-) is of the form (3.15), (3.16).

1
t the service times at Q; are exponentially distributed with parameter pu; = 1/0;.

e the time needed in an M /M /m queue with arrival rate x; and service rate p; to

jueue length from k to I, k > I. Let qbgk’l)(w) = E(e“"ng’l)) for Rew >0,k >l
(kiio)

=¢; " (w)

he length of a busy period in an M/M/1 queue with arrival rate x; and service

et ¢i(w) = E(e™Us) for Rew > 0.

the properties of the exponential distribution

k
w) = [[ 84D w),
=1

)(w) = ¢;(w), 1> m.

rms ¢;(+), ¢£1’0)(-), . ,¢>§m_1’m“2)(-) may be determined by solving a set of linear
f. Medhi [21] pp. 138-140. In particular,

e \/(Iﬁi 4w+ mui)2 — dmki;

2ni !

() = (m — 1)¢s(w)

m— ¢i(w)
ed service discipline, i.e., p; =0,
_ My '
mu; + w
) i
(w) = I<m
lp, +w

1g, for m =1, Ti(k")(-) is of the form (3.15), (3.16) with 7;(w) = Ti(l)(w) = ¢i(w).
— 2, 7®)() is of the form (3.15), (3.16) with 7:(w) = ¢s(w), 7" (W) = ¢V (W),

5—@;—“%}—) For m > 2, 'rz-(k")(-) is no longer of the form (3.15), (3.16).



)
t

:he service times at @); are deterministic.

length of a busy period in an ordinary M/D/m queue with arrival rate x; and
i Let 9;(w) = E(e™*V+) for Rew > 0.

) () is of the form (3.15), (3.16) with 73(w) = 1, 7" (w) = thi(w),

A )eBilwt)

No—Bileray > f Stadje [27].

There are also some circumstances that may occur in single-server systems
ience of which in principle simple service disciplines violate Assumption 3.1 but
ssumption 3.2. An obvious example arises when one of the customers served
e.g. the first one or the last one, requires an exceptional service time. Another
wided by a set-up time or a shut-down time that is only incurred when at least
is served during a visit.

O

[ QUEUE LENGTH DISTRIBUTION II

s section we obtained under Assumption 3.2 a set of 2n equations (3.2), (3.13)
'n pgf’s Fi(z), Gi(2),i=1,...,n. In the present section we identify some cases
pgf’s can actually be solved from these equations. Obviously it suffices to find
* Gi(z) for an arbitrary ¢, as the remaining F;(z), Gi(z), i =1,...,n, can then
1 from (3.2), (3.13).

3.2) into (3.13),

Gi—1(ai(2))di-1(ai(2))ei(z) + Gi-1(bi(2))di-1(bi(2))[1 — ei(2)], (41)

o(-) are to be understood as dn(-), G.(-) respectively.
) » times we obtain a functional equation for G;(-).
ind, using the definitions (3.1), (3.10), (3.11), (3.12),

y (s D (2) i 3 7 (2)
#(n(2))o(A(L —n( )))————n( ot G(0)e(N)[1 e J: (4.2)
1S in the sequel) the redundant indices are omitted.

ind

= Gi(ai-1(ai(2)))di-1(ai-1(ai(2)))ei-1(ai(2))di(ai(2))ci(2)

- Gi(bi—1(ai(2)))di—1(bi—1(ai(2)))[1 — ei-1(ai(2))]di(ai(2))ei(2)

- Giai-1(bi(2)))di—1(ai-1(bi(2))) ei-1(bi(2))di(bi(2))[1 — ci(2)]

- Gi(bi—1(bi(2)))di-1(bi—1(bs(2)))[L — ci-1(bi(2))]di(bi(2))[1 — ci(2)].
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Using the definitions (3.1), (3.10), (3.11), (3.12),
Gl(zl, 22) = (4.3)

ms (mz), z2) i (2)

Gl(ﬂl(z)”’h(nl(z),22))02{’7(771(2)7772(771(2)’22))}01{7(771(z)a22)} n2(n1(z)’z2) nl(z)

(1) (1)
_ My (m(2),22),m " (2)
G1(7]1(z),0)0'2{’)’(7]1(2),0)}01{7(7]1(2),Z2)}[1 ;2(,”1(2)’22) ] 7:;1(2) +

(1) 1)
(0,10, 2))o 00, 2o {0, D22y - T
s (0, z2) 77(1)(2)
G1(0,0)02{7(0,0)}01{7(0, z2) }[1 — 7;2(0,252) - 7;1(2) ],

(similarly with the indices interchanged) with v(z1, z2) = A1(1 — z1) + A2(1 — 22). Remember
that n;(z) is an n-dimensional pgf so that | 7;(2) | < 1 for 2 = (21,...,2a), | 2 | £ 1,
h=1,...,n,i=1,...,n.

In general we obtain a functional equation for G;(-) containing 2™ arguments in the right-hand
side. So, in accordance with the results of Fuhrmann and Resing, in general the functional
equation can not be solved. In fact solving the functional equation only stands a chance in
cases where ‘enough’ of the 2" arguments in the right-hand side reduce either to z or to a
constant. We will now indicate some of those cases.

Case I. n =1 queue, n(z) = z.
This covers the case L = 1 described in the previous section, i.e., only one of the customers
present at the start of a visit is served, while customers arriving during the course of a visit
are served with probability p.
Rewriting (4.2),

G(2)lz = s (A1 = 2))nM(2)] = G(0)o (N)[z — P (2)]- (4.4)
Letting z — 1 in (4.4),

1 1-(Wy()-as

= -
(€5)
with (nM)'(1) = dﬁz;@;m' Apparently the stability condition is As + (7(!)'(1) < 1. Note

that As+(n()/(1) is the mean increase of the queue length between the start of two successive
visits when the system is not empty, which should indeed be less than 1 to ensure stability.

Case II. n = 1 queue, 1(z) # z.

This covers the case L = oo described in the previous section, i.e., all the customers present at
the start of a visit are served, while customers arriving during the course of a visit are served
with probability p, moreover assuming that there are either two servers and exponential
service times, cf. Example 3.1, or an infinite number of servers and deterministic service
times, cf. Example 3.2.




=n(2), f(2) = c(A1L=n(2)))nD(2)/n(2), 9(2) = o)1 = 0D (2) /n(2)] in (4.2),
Ge(2))f(2) + G(0)g(2). (4.5)

= 2; e®)(2) = e(e®V(2)); k>1,

)} K times,

G (@) [T S0) +60) 3P (:) II £V (). (46)

k=0 k=0

ma establishes the convergence of (4.6) for K — oo under the condition /(1) <

len
D(z) = 1 for all z with |z| £ 1;

2)) converges for all z with |z2| < 1;

k—1
2) [0 7(e®(2)) converges for all z with |z| < 1.
1=0

0

1e stability condition is /(1) < 1. Note that n’(1) is the mean number of
which each of the customers present at the start of a visit, except one, gets
e course of the visit, which should indeed be less than 1 to ensure stability. In

' ( p)P
7(1) = ~pp

< 1iff p < 2, irrespective of p. In Example 3.2, (1) = 0, also

'p.
ien, letting K — oo in (4.6),

1 £(e® ) +60) S g(e®(2)) H F(eD(2)). 4.7)
k=0 k=0
in (4.7),

Il f(e®(0))

k=0

1- 3 ge®() T £(e0(0))
k=0 1=0
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= 2 queues, n;(z) = 2;, 1= 1,2.

he case L; = 1 described in the previous section, i.e., only one of the customers
e start of a visit to Q; is served, while customers arriving at Q; during the course
served with probability p;, ¢ = 1,2.

3) reduces to

2)lz2 — 01(1(2))aa(v(@)n{ (2)ns ()] =
)1 (7(2))o2 (v (21, 0))sY (&)l — m” (2)]+
2)01((0, 22))02(1(0, 22)) 1 — ni (2)]ng” (0, 22)+
)o1(7(0, 22))02(1(0)) 21 — 7" (2)][22 — m5 (0, 22)]

ie., ngl)(z) = Bi(v(2)), i = 1,2, the problem of solving the above functional
y be formulated as a boundary value problem, cf. Boxma & Groenendijk [9].

= 2 queues, n;(2), ngl)(z) do not depend on z;, i = 1,2.

in Example 3.1 for p; = 1, i = 1,2, i.e., two servers, exponential service times,
ervice.

'z) do not depend on z;, 4 = 1,2, then the complete right-hand side of (4.3) does
on 2;. In other words, G;(z) does not depend on z;, reflecting that Q; is empty
letion of a visit to Q; when p; = 1. So equation (4.3) may be replaced by

= Hy(e1(z2)) fi(z2) + H1(n2(0))g1(22) + H1(0)h1(22), (4.8)

n2(m(z), z2);

1l

1 (m(2), 22) 1 (2)
me(m(z),z2) m(z)’

= oo{v(m(2), m(m(2), 22)) }or1{v(m(2), 22)}

7)51) (0, z2) Ugl)(z)].
172(0, 22) m(z)

(1) (1)
_ _my (m(2), 22),m ' (2)
= 0'2{’)/(771(2:),0)}0’1{7(7]1(2:), z2)}[1 ;2(771('2)’ Zz) ,’;1 (z)

o 0,z) (),
72(0, 22) m(z)

= 02{7(0,m2(0, 22)) }o1{7(0, 22)} [t -

+ 02{7(0,0)}o1{7(0, 22)}[1 -

| o= G1(21,22).

=y, Py =ealE @) k1,




AR i

SR L R e S

) K times, writing 2o =y,

K
= H( V) [T AP @) - (4.9)

k=0

K k—1
+ Hi(m0) Y a1 o) I 1P ®)

o~ (B TT £ (0
+ Hi(0) Y ha(er” ) I] frler’®))-
k=0 1=0
\ma, establishes the convergence of (4.9) for K — oo under the condition e} (1) <

nen
'1)(y) =1 for all y with |y| < 1;

'(y)) converges for all y with |y| < 1;
() H fi(e )(y) ) converges for all y with |y| < 1;

(y)) H fl(eg)(y)) converges for all y with |y| < 1.
1=0

: proof of Lemma 4.1.
(]

he stability condition is €j(1) < 1. Note that €{(1) is the mean number of
ners by which each of the type-1 customers present at the start of a cycle,
rets replaced during the course of the cycle. In Example 3.1 when p; = 1,

=P P2 - PP qifp<a
(1) 2—p12—p2 4-2p+pip2 P
hen, letting K — oo in (4.9),

= T AP (4.10)
k=0

%) k—1
+ Hi(m0) a1 @) IT £i(eP @)
1==0

k=0
00 k-1
+ H(0)S m(eP @) IT fulel ).
k=0 =0

) and y = 72(0) in (4.10) we obtain a pair of linear equations for the unknown
[0) and H1(772(0)).
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Case V. n =2 queues, n;(z) =1,1=1,2.

This occurs in Example 3.2, i.e., an infinite number of servers, deterministic service times,
all the customers present at the start of a visit are served, while customers arriving during
the course of a visit are served with probability p;, ¢ = 1, 2.

Equation (4.3) reduces to

Gi(z1,22) = o1(Al— zQ))ngl)(l, zz)ngl)(z) (4.11)
G1(1,0)02(M)o1 (Ma(1 — 22))[1 = n$D (L, z2)]mi” (2)

G1(0, )oa(An)ar(Ar + Aol — 22))m$0 (0, 22)[1 — M (2)]

G1(0,0)05(M + A2)o1 (A1 + Ae(l — z2))[1 = 15" (0, z2)][1 — 7§” (2)].

+ + +

Putting z = (1,0), z = (0,1), and z = (0,0) in (4.11), we obtain a set of three linear equations
for the unknown constants G1(1,0), G1(0, 1), and G1(0,0).

Case VI n=2 queues, m1(z) = 21, m2(z) = 1.

This covers the case L1 = 1, Ly = oo described in the previous section, i.e., one of the
customer present at the start of a visit to @ is served, customers arriving at @1 during
the course of a visit are served with probability p;, all the customers present at the start
of a visit to Qo are served, customers arriving at Qo during the course of a visit are served
with probability ps, moreover assuming that there are an infinite number of servers and
deterministic service times at @2, cf. Example 3.2.

Equation (4.3) reduces to

(1
Grlonm) = Gilan Noatrlen, s () B (412)

(1)
+ G, 0)02(r(21, )1 (VD)1 - 157 ()] B2 ( 8

W,
+ G1(0,1)o2(+(0, 1))0'1(')’(0az2))'r]§1)(0122)[1 - lelﬁ]

(1)
z
+ Gi(0,0)03(+(0, 0140, )1 - 10, 22)l1 - By
Setting 29 = 0 and 2 = 1 in (4.12) we find expressions for G1(z1,0) and G1(21, 1) containing
the unknown constants G1(0,0) and G1(0,1). Putting z; = 0 in those expressions we obtain

a pair of linear equations for these constants.

Case VII general n, ni(z)=1,i=1,...,n.
Similar to Case V.

Case VIII. general n, m(2) = z1, mi(2) =1, i # 1.
Similar to Case VL



20

5 CONCLUDING REMARKS AND SUGGESTIONS FOR FURTHER RESEARCH

So far we focused on the joint queue length distribution at embedded epochs. In section 3
we obtained under Assumption 3.2 a set of 2n equations (3.2), (3.13) for the associated pgf’s
Fi(2), Gi(z), i = 1,...,n. In section 4 we identified some cases in which these pgf’s can
actually be solved from these equations. These cases include several single-queue systems
with a varying number of servers, two-queue two-server systems with exhaustive service and
exponential service times, as well as infinite-server systems with an arbitrary number of
queues, exhaustive or gated service, and deterministic service times.

To conclude, we now briefly discuss the derivation of the marginal queue length distribution
at an arbitrary epoch from the joint queue length distribution at embedded epochs. Denote
by N; the queue length at @; at an arbitrary epoch. As stated in the introduction, in
isolation a particular queue in a polling system may be viewed as a single-queue system with
service interruptions, the intervisit periods constituting the service interruptions. In section
2 we showed how in such a system with service interruptions and exponential service times,
the queue length distribution at an arbitrary epoch may be expressed into the queue length
distribution at the beginning and the end of a service interruption. In case the assumptions
of section 2 are satisfied, one may thus obtain the marginal queue length distribution at @;
from the queue length distribution at the beginning and the end of a visit to Q;, given by
E(zX#) = F(1,...,1,2,1,...,1) and E(zY#) = G;(1,...,1,2,1,...,1), respectively, with z
as i-th argument. Consider e.g. the two-queue two-server system with exhaustive service and
exponential service times, for which we obtained F;(z) and G;(2) in Case IV of the previous
section. For such a system, using Lemma 2.1 and Lemma 2.2,

BNy = |2 4 P PNy, = 0}] ) [ 2_p(Nas) + PE_Pr{N,, =0}
2—p; 2-p; * 2—piz 2-piz ! ,
with
- Xii
E(ZNA,i) = 1___E_(_z__l
(1-2)EX;

In section 2 we also showed how subsequently the waiting time distribution may be related
to the marginal queue length distribution by using Lemma 2.3.

In case the assumptions of section 2 are not satisfied, one may quite often still obtain the
marginal queue length distribution from the joint queue length distribution at the beginning
and the end of a visit by developing ad hoc methods. We do however not pursue the matter
any further, leaving it as an interesting topic for further research.

Acknowledgement The author is grateful to O.J. Boxma for several valuable discussions
and useful suggestions.
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F LEMMA 2.1

., mz—:z E(Z M/M/m)Pr{NA = l} m i zlPr{NA =1}
1=0 Pr{Ng\ll)/M/m =1} T t=m-1

-1
) Pr{NA =4 Z Pr{iNa=1}| .
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:ation customer to be a customer arriving in a non-serving interval. Consider
ion customer C arriving at some time u. Suppose that C' sees | customers upon
he queue length just after u equals 4+ 1, [ > 0. Let T be the first epoch in
terval after u at which the queue length reaches the level [ + 1 again. Let U
epoch after u at which the queue length drops to the level I. Suppose that the
U] contains K distinct non-serving intervals starting at the consecutive epochs
, K > 0. Let Ny, be the queue length just after the epoch Uy. Let Ty be the first
erving interval after U at which the queue length reaches the level N again.
[T, U], exclusive of the intervals [Uy, T1],...,[Uk, Tk], is called a 1-busy pe-
| I. Note that we have thus established a 1-1 correspondence between 1-busy
wel [ and vacation customers that see ! customers upon arrival. (For m = 1 one
h the 1-1 correspondence in an elegant way by choosing the order of service to
mptive LCFS, cf. Fuhrmann & Cooper [14]; the vacation customer is then the
‘the customers served in the 1-busy period. For m > 1 one can not establish the
ndence in such an elegant way, as the customers then do not necessarily leave in
rice.) The notion of a 1-busy period is illustrated in Figure I, with N(t) denoting
ngth at time ¢. Parallel to the time axis the non-serving intervals are indicated
1es. The serving intervals constituting a 1-busy period at level [ = 1 are indicated

1-busy period at level | = 1.

w an arbitrary tagged customer as it departs from the system.

Np the number of customers that the tagged customer leaves behind. By virtue
"A property and an up- & down crossing argument, Np has the same distribution
e by Lp the level of the 1-busy period in which the tagged customer is served.
-hat the 1-busy periods together constitute a partitioning of the serving intervals.)

oo
) = E(zN?) = STE(EN? | Lp = )Pr{Lp = I}. (A1)
=0
yusy period at level [ in the corresponding M/M/m queue to be a period ranging
sch when the queue length jumps to the level [ + 1 to an epoch when the queue
s to the level [. Because of the memoryless property of the exponential service time
, a 1-busy period at level [ in the queue with service interruptions is stochastically
hable from a 1-busy period at level [ in the corresponding M/M/m queue. So,
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given that Lp = [, Np has the same distribution as the number of customers that an
arbitrary customer leaves behind as it departs from the corresponding M/M/m queue in a
1-busy period at level I. By virtue of the (conditional) PASTA property and an up- & down

crossing argument, this number has again the same distribution as N® , the queue length
& M/M/m

at an arbitrary epoch in the corresponding M /M /m queue given that the queue length is at
least {.

(1)
E(zN? | Lp = 1) = E(¢NM/mim), (A.2)

Denote by L the level of an arbitrary 1-busy period. Remember that we have established
a 1-1 correspondence between 1-busy periods at level [ and vacation customers that see [
customers upon arrival. So L has the same distribution as the number of customers seen
by an arbitrary arriving vacation customer. Because of the PASTA property, this number
has again the same distribution as N 4. Denote by M; the number of customers served in a
1-busy period at level /. Then

Pr{Lp = I} = ooPr{L =EM; _ ooPr{NA =JEM;, (A3)
Y Pr{L=k}EM; 3 Pr{N=k}EM
k=0 k=0

In a 1-busy period at level [ exactly 1 customer is served that leaves behind ! customers as it
departs from the system. So EM; equals the reciprocal of the probability that an arbitrary
customer leaves behind ! customers as it departs from the system in a 1-busy period at level
l:

1

EM, = . (A.4)
Pr{N{} 1/ = I}
Summarizing,
oo N
E(z" M/M/m)Pr{Ny4 = [}
Ny
1=0 r{ M/M/m = }
with
: -1
ad PI‘{NA = k}
o= [Z . ] . (A.6)
k=0 r{NM/M/m =k}

Substituting (2.2) into (A.5) and (A.6) completes the proof.
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OF LEMMA 4.1

then o
H(2) =1 for all z with |z| < 1;

)(2)) &)nverges for all z with |2| < 1;,

)(2)) s (e (2)) converges for all z with |z < 1.7

since e(z) = n(2) is a pgf,

@) <0 (1) |1-2].

DS @@OFl-a, kx0T (B
(2) = 1.

According to the theory of infinite products, of. Titchmarsh [28] p. 18, II f(e®(2))
§ E[l — f(e®)(2))] converges.

k=0 .
the straight contour in the complex plane from z to 1.

o the theory of complex functions,

@I=150 - f@)I=1 [ #@|<sMEI1-2] (82)

u€l(z)

= max |MI < 00,
uel(z)  du
ontinuously-differentiable on |u| < 1.
, (B.2),
hed M(z
P < S MEE W) |12l = D12 < oo
k=0 1- n (1)

(z)) converges.




otethatZ]g(e(k)(z))H f(e(l)(z))|<KZ]g(e(k)(z)]WlthK max | I
=() =0

k=0

1)) converges, max | H F(e®(2))] < 00. Soto prove that Z 9(e®(2)) H f

uffices to prove that Z 9(e®)(2)) converges.
k=0

k=0 =0

\e straight contour in the complex plane from z to 1.

3.2), noting that g(1) = 0,
N(z) l 1-=2 l7

lg()

Ler(z) du | <00

continuously-differentiable on |u| < 1.
B.3),

B, , k _ N(zx)
())l<1§;N Y W) |1 - 2| = 7@

k-1
NI f (e (2)) converges.
1=0

11—

(B

2| < oo.



