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Abstract

2| under consideration consists of n customer types attended to by m parallel non-
servers. Customers are allocated to the servers in a probabilistic manner; upon arrival
; are sent to one of the servers according to an m x n matrix of routing probabilities.
fer the problem of finding an allocation that minimizes a weighted sum of the mean
mes. We expose the structure of an optimal allocation and describe for some special
etail how the structure may be exploited in actually determining an optimal alloca-
-her we consider the problem of finding an optimal deterministic allocation, i.e., an
llocation that involves a 0-1 matrix of routing probabilities. We show the problem
-hard and indicate how the structure of an optimal non-deterministic allocation may
s a heuristic guideline in searching for an optimal deterministic allocation.

«et Classification (1991): 60K25, 68M20, 90B22, 90B35.

y Phrases: load balancing, load sharing, random splitting, source partitioning, stochas-
iling, waiting-cost minimization.

work was supported in part by the European Grant BRA-QMIPS of CEC DG XHI.

>TION

we consider a system in which there are several parallel servers to process jobs
ieveral distinct sources. Such a system arises quite naturally in modelling situ-
3 pool of resources is available to perform various kinds of activities. Examples
in distributed computer systems, flexible manufacturing systems, and telecom-
stworks. Another example may be found in a situation where a pool of repair
able to perform maintenance activities at various installations.
tem, in which there are several servers to process jobs generated at several
lly some freedom of decision exists as to which server is to process which job
Thus the need arises for a scheduling strategy, i.e., a collection of decision
or scheduling the jobs. At a global level decisions need to be made about which
ocess which job. Subsequently at a local level decisions need to be made about
arvice. In the present paper we mainly focus on the global scheduling problem;
ich on the local scheduling problem. Locally, the order of service is assumed to
ate between the sources from which the jobs originated.
ction of a global scheduling strategy is load sharing; a strategy should make the
rate in sharing the load of the system so as to optimize the system performance.

]
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is also frequently referred to as load balancing. The term load balancing arises
ition that to optimize the system performance the load should be balanced
vers. In the present paper we find however that the load, in the sense of traffic
sneral should not be completely balanced.
is [16] give a comprehensive survey of the overwhelming variety of approaches
g in the literature. They identify some fundamentally distinguishing features
g strategies. A first distinction refers to the side that takes the initiative in
2 jobs. In source-initiative policies a source decides to which server to route
rer-initiative policies a server decides from which source to get a job. Conse-
rce-initiative policies decisions are typically made at arrival epochs, whereas in
ve policies decisions are typically made at service completion epochs (possibly
:hs when servers are idle). Moreover, in source-initiative policies queues tend to
rTvers, whereas in server-initiative policies queues tend to form at the sources.
re are also policies conceivable in which both the sources and the servers par-
cating the jobs.
inction refers to the amount of information that is used in allocating the jobs.
¢ policies only information is used about the basic characteristics of the system,
intensities. In dynamic policies also information is used about the actual state
- like the queue lengths. Evidently, in principle the performance of the system
substantially by using such information in allocating the jobs. However, gath-
ormation and implementing a sophisticated dynamic allocation strategy may
iderable communication overhead and complicate the operation of the system
Therefore dynamic policies are not necessarily preferable to static policies.
; paper we assume that customers are allocated to the servers in a probabilis- -
pon arrival customers are sent to one of the servers according to a matrix of
bilities. Such a load sharing strategy is commonly referred to as random split-
sxonomy of Wang & Morris [16] random splitting belongs to the class of static
ve load sharing strategies. We are interested in the problem of finding a random
minimizes a weighted sum of the mean waiting times.
f the model lies in the combination of heterogeneous servers (i.e. different service
zeneous sources (i.e. different service times), and a fairly general cost function.
hanthikumar [3] consider a version of the problem with homogeneous servers
1l mean waiting time as performance measure, which we will discuss later on in
cal detail. Buzen & Chen [4] consider a variant of the problem with a single
e overall mean sojourn time as performance criterion. A natural approach to
erogeneous servers and heterogeneous sources might be to aggregate the dif-
into a single source, and then use the results of Buzen & Chen. Each server
andle a traffic mix of the same, heterogeneous, composition, but of possibly
1sity, depending on the processing rate of the servers. In the present paper we
that each server should handle o traffic miz as homogeneous as possible. For
sources Boxma & Combé [2] show that ‘pattern’ allocation outperforms prob-
ation, but that the optimal routing probabilities of Buzen & Chen provide a
lication for the optimal occurrence fractions in ‘pattern’ allocation. It is likely
bservations hold for heterogeneous sources.
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vsley [12], [13] and De Souza e Silva & Gerla [7] consider optimal load bal-
of distributed computer systems consisting of a number of heterogeneous host
nected by a communication network. A job may be either processed at the
t arrives or transferred to another host. In the latter case, a transferred job
unication delay in addition to the queueing delay at the host on which it is
e assumptions in [12], [13], and [7] on the service requirements of jobs are
rhat restrictive.

ons it may be desirable that job classes are not split among different servers.
ufacturing systems e.g. such a splitting may be undesirable because handling
» class usually requires special expensive tools. In case job classes are not split
t servers, a load sharing strategy is commonly referred to as source partition-
f the practical relevance we are specifically interested in finding an optimal
ning. For general partitioning problems Anily & Federgruen [1] identify ana-
es of the cost function under which an optimal solution has a simple structure,
or a simple solution method. They mention the problem of finding an optimal
ning as an example for which the mean number of waiting customers as cost
a by Little’s law is nothing but a specific weighted sum of the mean waiting
t have such analytical properties.

of the paper is organized as follows. In section 2 we present a detailed model
'e then consider the problem of finding an optimal random splitting. In sec-
se the structure of an optimal allocation and in section 4 we describe for
ases in detail how the structure may be exploited in actually determining an
;ion. In section 5 we consider the problem of finding an optimal source parti-
ow the problem to be NP-hard and indicate how the structure of an optimal
tic allocation may be used as a heuristic guideline in searching for an optimal
Jlocation. In section 6 we conclude with some remarks and suggestions for
h.

SCRIPTION

ler consideration consists of n customer types attended to by m parallel non-
5. Customers arrive according to Poisson processes. The arrival rate of type-j
n

j» 3 =1,...,n. The total arrival rate is A := 3 ;. Upon arrival customers
Jj=1

one of the servers. Type-j customers are routed to server i with probability

m, j = 1,...,n. The matrix z = (z;;) of routing probabilities will be referred

>abilistic) allocation of the customer types to the servers. In case the matrix
»abilities is 0-1 the (probabilistic) allocation will be referred to as determinis-
cessed at server i, type-j customers require service times having distribution
), i.e., type-j customers require amounts of service having distribution F;(t),
has processing rate ;. In other words, the servers may have different charac-
1stomer types may have different characteristics, but servers cannot ‘specialize’
customer types. Denote by 8; and ﬂj(-z) the first and second moment of Fj(t),

We assume F;(0) < 1,0 85 > 0, ﬂj(?) > 0, j = 1,...,n. Define the traffic
siated with type-j customers as p; := A;jf;, 7 = 1,...,n. The total traffic
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k(3
intensity is p := ) p;. The order of service is assumed to not discriminate between the
J=1

various customer types. Further all arrival, service, and routing processes are assumed to be
mutually independent.

The queues that form at the servers are ordinary M/G/1 queues. The arrival rate at server
k23

iis Y zijA;. Customers that are routed to server ¢ require service times having distribu-
Jj=1

n
tion i T3 A Fj(uit)/ i z;jA; with first moment [E :cij)\jﬂj] / {pi }75 :cij/\j] and second
j=1 j=1 J=1 =1

K n
moment [21 mijAjﬂ§2)] / [,uf _Zl .'BijAjJ, i =1,...,m. Define the traffic intensity at server
J= J=

n
as Y, z4AfB;, t =1,...,m. Necessary and sufficient ergodicity conditions are
i=1

inj)‘jﬁj < L, i=1,...,m. (2.1)
j=1

m
Denote by u = 3 u; the total processing rate of the servers. Summing (2.1) with respect
=1

m
toi=1,...,myields p < pu, as ) z;; = 1, j = 1,...,n. Throughout the paper p < p is
i=1

assumed to hold.

We are interested in the problem of finding an allocation that minimizes a weighted sum of

the mean waiting times. Therefore we first derive a formula that describes the mean waiting

times as function of the allocation matrix = (z;;). Denote by W the waiting time of an "
arbitrary type-j customer, i.e., the time from its arrival to the start of its service. Denote by

V; the waiting time of an arbitrary customer that is routed to server :.

As the order of service is assumed to not discriminate between the various customer types,

m
i=1

As the queues that form at the servers are ordinary M/G/1 queues,

> Ajﬁj(-z)-l‘ij

j=1 .
EV; = J ~ , i=1,...,m. (2.3)
24 (Mi - '21 Ajﬁj%)
J=
Let c; represent the waiting cost per unit of time of a type-j customer, j = 1,...,n. We
assume ¢; > 0, j = 1,...,n. The mean total waiting cost per unit of time amounts to

5> ¢;\;EW,. Using (2.2) and (2.3),
i=1

Y NEW; =) A = . (2.4)
=1 = (ui - 21 Ajﬁi%’)
J:



\N OPTIMAL RANDOM SPLITTING

section we consider the problem of finding an optimal random splitting, i.e.,
allocation of the customer types to the servers that minimizes the mean total
er unit of time. Using (2.1) and (2.4), we formulate the problem as follows.

m (i Aj‘«’ﬁij) (.n Ajﬁ?)zij)
> f@)=) i=1 n3=1 (3.1)
= (#i - j2=:1 Ajﬁjﬂ:ii)

n

=1

m

Z:Eg:l, i=1...,m

i=1

:cij_>_0, i=l,...,m,j=1,...,n.

a non-linear programming problem. It is easily verified that the objective func-
t convex, so that it is not guaranteed that there exists a unique Kuhn-Tucker
er, finding a Kuhn-Tucker point is not quite straightforward.

e is not an obvious way of solving problem (I). Nevertheless, if one is purely
omputing an optimal allocation for some given parameters, then one might in
eed to solving problem (I) by standard non-convex programming techniques.
er not what we are interested in here. What we are primarily interested in, is
e insight into the structural properties of an optimal allocation. We will show
.al solution of problem (I) indeed exhibits a very characteristic structure. As
tivation, the structural properties do not only provide some insight, but are
ul in computing an optimal allocation. Specifically we will describe in section
s with identical servers where all the customer types are in a sense ordered,
may be exploited in a very simple manner in actually determining an optimal
oblem (I). In these cases there exists a unique Kuhn-Tucker point exhibiting
of an optimal solution. So it is guaranteed that this Kuhn-Tucker point is the
on. Moreover, finding this Kuhn-Tucker point is comparatively straightforward
. In cases where not all the customer types are ordered, the structure may still
n actually determining an optimal solution of problem (I), but not in a manner
section 5 we indicate how the knowledge of the structure of an optimal solution
) may also be used as a guideline in heuristically solving the NP-hard integer
er z;;’s) of problem (I).

se the structure of an optimal allocation z*. We first introduce some notation.

llocation z, define K;(z) = {j | zi; > 0} to be the index set of the customer
<

ly) allocated to server 4. Define A;(z) = (;—’, ﬂ’—) |j€ K,(:c)} to be the
i Pj




(2)
L ]-values corresponding to the customer types allocated to server i. Denote

3

nv(A;(z))), with int(conv(-)) denoting the interior of the convex hull. The set
. @

interpreted as the global range of %, —é—— -values corresponding to the cus-
i Pj

llocated to server i. Denote B;(z) = [i Ajﬂ](-z):cij] / [ﬂz‘ (Mi - znj )\j,@jzijﬂ ,

Ajijij} / [Mi (ui - i )\jﬁjxij”. The numbers B;(z) and C;(z) may be in-
i=1

neasures for the ‘ﬂj(?) /B;-weight’ and the ‘c;/B;-weight’ associated with the
s allocated to server 1.

se the structure of an optimal allocation z* in terms of the corresponding sets
tively, it is to be expected that an optimal allocation will satisfy one of the
(in general mutually exclusive) ‘extremal’ properties.

er handles a traffic mix of the same composition (e.g. zj; = pi/p, i =1,...,m
so that the traffic mix at each server is completely heterogeneous;

ver handles a traffic mix as homogeneous as possible, so that different servers
fic mixes of a completely different composition.

ma says that an optimal allocation in fact satisfies the second property (so the
n general).

)

t*) =0 for i’ # ",
By

5, if ﬁ, —.— | € B(z*), then z}; = 1.
Bi" B

A.
0O

1ggests that the customer types should be clustered according to the corre-
@

L
i B
The next Lemma says that different traffic mixes may however not involve an
‘erent ‘,6’;-2) /B;-weight’ and ‘c;/6;-weight’.

-values. As a consequence, different servers will deal with different

w(z*), Cy(z*) 2> Cin(z*), then py By (z*)Cy (z*) < pin By (z*)Cn (z*).
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tes that if one server carries both larger B;(z*) and C;(z*) than another, then
r larger p;B;(z*)Ci(z*) as well.

ler of this section as well as in the next section we consider the case of identical
=p/m,i=1,...,m. Lemma 3.2 then states that it is no longer possible that

sies both larger B;(z*) and C;(z*) than another.

L
:E*) = C,;I(:l:*) < Cin (.’E*)

1e that the servers are indexed such that By (z*) > B (z*), Cu(z*) < Cir(z*)

4 O, m;‘l/jll > 0.

(2) (2) (2) (2)
N i ?J— , then i’ < i".
ﬁj/ - ﬁju ! ﬁ]l ? ﬂ]l IBj” ﬂj" -

O

wtes that expensive, calm (cheap, wild) customer types with large (small) ¢;/8;
ze) ﬁ( ) /B; should be sent to servers with small (large) B;(z*) and large (small)
xperiencing a small (large) waiting time. (Note that B;(z) is in fact twice the
time at server i for allocation z.) Lemma 3.3 does however not indicate what
e with expensive but wild (cheap but calm) customer types with large (small)
se (small) ,8](2) /B;. Indeed, it depends not only on their own individual c; /B;

1t also on some other less seizable factors whether they should be sent to servers
(z*) and large Ci(z*) or with large B;(z*) and small C;(z*).

Oows us to strengthen the statements on the clustering of the customer types in
Ve first introduce some additional notation. Define

U {wa: PR A
y,z2) Yy ﬁa ﬂ] Y, /63 ﬂ]

JEK; (=)
/3(2) ,6(2)
> a < ’ )
jeg(m){(y,Z) y> ﬁ 2S5 (y Z)?é(ﬁ] 5

= Qi(z) N Ri(z), Ti(x) = Pi(z) U Si().



‘z*) = 0 for i’ # "

Cy IBJ('z)
Is, if | =, =— | € Si(z*), then z}; = 1.

:D.
O

1ggests that in the case of identical servers the customer types should be clustered
2
Cy 1

Pi
Bi’ B;

the corresponding ( ) -values in an even stronger sense than stated before

1.

)

The sets P;(z) and S;(z).

erified from the definition of P;(z) and S;(z) that if Py(z) N Pu(z) = 0 and
t) = 0, then also Py(z) N Syr(z) = 0, i.e., Ty(z) N Tiw(z) = O, see Figure 3.1,
1d dots constitute the set A;(z). The area inside the dotted lines corresponds
(). The rectangular area represents the set S;(z). So in the case of identical
12 3.1 and Lemma 3.4 may be summarized as follows.

.2
z*) =0 for i #£".

¢; BP
Is, if | -, 21— ) € Ti(z*), then zj; = 1.
Bi' B



9

v of clustering as exposed in the previous Lemma’s suggests that the optimal
silities are almost all equal to either 0 or 1. Although the settings are quite
latter observation strongly reminds of the vertex-allocation theorem for the
g of single customer chains in closed product-form networks, saying that each
1d consistently select the same server for each request type rather than choose
ly, cf. Tripathi & Woodside [14], Woodside & Tripathi [15], Cheng & Muntz

ction we show how the structure, as characterized in the previous Lemma’s,
ted in computing an optimal allocation.

OF ORDERED CUSTOMER TYPES

. we show how the structure, as characterized in the Lemma’s of the previous
se exploited in computing an optimal allocation. We make the following as-

4.1
2) (2) 2) (2)
T Cat Cqin ,B'I ﬁ’// Csr ﬂ‘l Csn ﬁ'll
types are ordered such that - < - L >-2 L I ) 412
yp i ﬂjl! ﬁJI ﬁjl! ﬁ]’ ﬂ]' :Bj" ﬁj"
[ ]
@
e ©
[ ]
[ ] L ]
L J
<5
B;

“he case of ordered customer types.

cribe in detail how the structure may be exploited in actually determining an
ation in cases where the customer types are ordered in the sense of Assumption
ption 4.1 is satisfied, then Corollary 3.2 provides a very strong characterization
| allocation, see Figure 4.1, where the rectangles represent the sets Tj(x) for
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* an instance with m = 3 servers and n = 16 customer types. The fact that the sets T;(x)
do not intersect, completely determines their ‘position’, so that only the problem remains
to determine their ‘size’. In cases where the customer types are not ordered, the structure
may still be exploited in actually determining an optimal allocation but not in a manner as
simple.

Theoretically speaking, Assumption 4.1 is somewhat restrictive. However, there are several
cases of practical interest that satisfy Assumption 4.1.

Case i. c;j/Bij=v,i=1,...,n

In other words, the waiting costs per unit of time are proportional to the mean service times.
n

This is the case when the goal is minimizing the mean amount of waiting work, . p;EW;.

=1
Minimizing the mean amount of waiting work is equivalent to minimizing the mean to-

tal amount of work, as the difference, the mean amount of work in service always equals
n

% > Ajﬂ§2), irrespective of the allocation z. When the customer types have the same mean
i=1

service time, minimizing the mean amount of waiting work is also equivalent to minimizing

the overall mean waiting time.
For ¢j/Bj =7,j =1,...,n, Corollary 3.1 reduces to

n
5 nols, Enelen :
e > (<) = S NBizy; < (2) D AiBizh;.
w/m — j};l AiBiTh p/m — j; i BT ; j=1 j=1

In particular,
n n n (2) 2)
ST NBimhy = NiBixh == > NiBi Z ;B T ;. (4.1)
J=1 j=1 j=1
For ¢j/Bj =1, j =1,...,n, the set T;(z) reduces to the line-segment

{(7,z)| min f /ﬂj<2<jg{%)ﬁ§-2)/ﬂj}-

€K;i(z)

Thus Corollary 3.2 says that the customer types should be clustered according to the corre-
sponding ,6](-2)/ Bj-values. This means that

(ZAﬂJ ”,ZAﬁ(Z’ ) ( Zxﬁ], ‘::,\jﬁf)), i=1,...,m,
mi=

j=1
will only hold when all the customer types do not only have the same ¢;/0; = v, but also
happen to have the same ,61(2) /B;, which in general is not the case. In view of (4.1) we may
n n
thus conclude that in general Yo A;0;z}; # X AjBizin;, 1e., the total load should not be
j=1 j=1

completely balanced.
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8;=6,j=1,.

s, the mean residual service times are constant. This is the case when the
s have the same service time characteristics, but different priorities reflected in
ng costs per unit of time.

§,j=1,...,n, Corollary 3.1 reduces to

n EACJZ, Z/‘\C],Lu
o 2 () S Nyl <= — < (2)—= :
j=1 pfm — Zl AiB5y i p/m — Zl AiBTin ;
J= =

Z}\ ﬂJ i <~ Z)\ CJ Z/ Z)\ CJ 1// (42)

6,5 =1,...,n, the set T;(z) reduces to the line-segment

<y<
Jer?{n(l)c]/ﬂj ) Jérfl{a'i( cy/ﬂj}

'y 3.2 says that the customer types should be clustered according to the corre-
3;-values (which strongly reminds of the cu-rule, cf. [11], although the cpu-rule
;0 the order of service of customer types rather than the clustering of customer
mplies that

n 1 n
Bjm:j,ZAjcjx;fj) = (E;,\jﬂj, ZA c]) i=1,...,m,
J:

7=1 ]“'1

when all the customer types do not only have the same ﬂ(2)/ Bj = 6, but also
ve the same c;/0;, Wthh in general i 1s not the case. In view of (4.2) we may

aclude that in general Z AiBjzh; # Z AjBjTin;, 1.e., the total load should not

 balanced.

e, j=1,...,m By < By <= B By < By /By

ls, the waltmg costs per unit of time are constant This is the case when the
izing the overall mean waiting time. Moreover, a larger mean service time corre-
wrger mean residual service time. For the majority of service time distributions
the case. Corollary 3.2 then says that the customer types should be clustered
the corresponding (;-values. Again it may verified that the total load should

stely balanced, unless the values of A;, 3;, ,6(2) of the customer types happen to
rery specific relationships.



Buzacott & Shanthikumar [3] consider the problem of finding an optimal allo-
asec; =c=1,j=1,...,n,i.e., the goal is minimizing the mean overall waiting

k3
tion they require that the total load be balanced, i.e., rf = ¥ pjz;; = p/m,
J=1

They show that if the agreeability condition 8y < B;n <= ﬂ](.?) /By < ,8](.,2,) /B
en the customer types should be clustered according to the corresponding S;-
also concluded in Case iii. above, without requiring that the total load be
fact we concluded in Case iii. that the total load should not be completely

O

ibe a method for determining an optimal allocation in cases that satisfy As-
Here we sketch the main idea of the method. In appendix E we describe the
ail.

3.3 we know that the structure of an optimal allocation is (i) (z},...,z},) =
7 m
L...,L,250,0,... ,0), with (ii) > Ty =1, 3 Zy;» = 1. So an optimal allo-
3 k=1 % k=i

(3
completely characterized by s7 = }_ z};, i = 1,...,m. The global idea of the
=1

7 to perform a kind of binary search with regard to sj.

nine a lower and an upper bound for sj.

an estimate s; for s7, somewhere in between lower and upper bound.

8;, determine 8;41, fori =1,2,...,m— 1, from the knowledge of the structure
8f(z) _ 0f(x)
Ozyjn  OTiyyy,,
|ds for an optimal allocation, as may be formally verified from the Kuhn-Tucker
- appendix E we show that through (i), (ii), (iii), s; uniquely determines s;;1,
- 1.

r or later one either runs out of servers or out of customer types. If one runs
, then apparently s; < s7, so then replace the old lower bound by s;. If one
stomer types, then apparently s; > s, so then replace the old upper bound by
2 procedure until lower and upper bound are sufficiently close.

allocation (i), (ii), together with (iii) . The latter condition

ler some examples illustrating that in general the load should indeed not be com-
ed. We assume that there are m = 4 servers and n = 4 customer types. We take
= a(8a 8,1, 1)7 (:61’ )62, ﬁ37:34> = (11 2,4, 8): 5O (pl’ P2, P3, P4) = 40(2, 4,1, 2)
;ssively a = 0.01, o = 0.05, o = 0.10, o = 0.11, so successively p = 0.36,
3.6, p = 3.96. We assume that ,6’](-2) = k7, j =1,...,n, so that the agreeabil-
8 trivially satisfied. Note that x influences the value of the objective function
o that an optimal allocation is independent of k. We compare the value of the
tion f(-) with k = 1 for each of the following three allocations:
mpletely symmetric allocation, i.e., :cZSJ =1/m,i=1,...,m,j=1,...,n;

n
ptimal allocation with r2 = 3 pj:cg =p/m,i=1,...,m;
Jj=1

rue optimal allocation computed by the method of appendix E;
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n
rf = ), p;z}; for the latter allocation. Table 4.1 contains the results for the
j=1

1,j=1,...,n, like in Buzacott & Shanthikumar (3], i.e., f(z) measures (twice)
:an waiting time for allocation z.

T i 10 O A O O I A

1934 0.03747 0.03728 | 0.0876 | 0.0916 | 0.0986 | 0.0822

45 1.5500 1.5468 | 0.4463 | 0.4502 | 0.4673 | 0.4362

)0 34.100 34.086 0.8999 | 0.8980 | 0.9030 | 0.8992

) 412.61 412.46 0.9900 | 0.9897 | 0.9903 | 0.9900

1e value of the objective function for z5, 2B, and z* with¢; =c = 1.

sorts the conclusion that in general the load should not be completely balanced,
shat for ¢; = ¢, j =1,...,n, the quality of zB tends to match that of z*.
tains the results for the case ¢; = B3, j = 1,...,n, ie., f(z) measures (twice)

>unt of waiting work for allocation z.

) f(=®) f(z*) ri T3 r3 T3

11868 0.11868 0.10477 | 0.0553 | 0.0647 | 0.1140 | 0.1260
3091 4.9091 4.3542 | 0.3366 | 0.4105 | 0.5000 | 0.5528
)0 108.00 94.941 0.8464 | 0.9024 | 0.9162 | 0.9351
8 1306.8 1149.7 0.9840 | 0.9904 | 0.9917 | 0.9938

ne value of the objective function for 2%, £B, and z* with ¢; = §;.

gests that for ¢; #¢, j =1,...,n, the quality of 22 in comparison with z* tends

3
b

AN OPTIMAL SOURCE PARTITIONING

t section we consider the problem of finding an optimal source partitioning, i.e.,
ic allocation of the customer types to the servers that minimizes the mean total
per unit of time. Using (2.1) and (2.4), we formulate the problem as follows.

e flo)=3 ——
i (ui - _Zl Ajﬂjxij)
J=

(5.1)

7=1



n
30 ZAJ-,B]-:C,-J- < g, i=1,...,m;
=1

m

Zmij=1, j=1,...,n;

i=1

zi; € {0,1}, i=1....,m,j=1,...,n.

is a non-linear integer programming problem. Finding a feasible solution of
is equivalent to packing n elements of size p1,...,p, in m bins of capacity
hich is known to be NP-hard for m > 2, even in the case u; = pu/m, cf. Garey
. Finding an optimal solution is of course at least as hard as finding a feasible
»blem (II).

ven in the case of identical servers there is not likely to be an efficient way of
m (II), which motivates a heuristic approach. As even finding a feasible solution
) is NP-hard, we have to take for granted however that heuristic methods cannot
to yield even a feasible solution. Globally speaking, the larger n and the larger
ore feasible solutions there are and the more likely heuristic methods are to
e solution of problem (II). From a practical point of view, neither small n nor
— p are of great concern with respect to solving problem (II). For small n the
of problem (II) does not really matter, so that it be wiser to decide solving
)y an enumerative method. For very small m — p the system will be critically
7, 80 that it may be wiser in the design of the system to decide employing an

cate how the structure of an optimal solution of problem (I), the non-integer
10n-integer) of problem (II), may be used as a guideline in heuristically solving
[o illustrate the specific complexity of problem (II), in comparison with problem
msider the special case of identical servers, i.e., u; = u/m, i = 1,...,m, and

¢ B

cal customer types, i.e., AN =(v,6),j=1,...,n.
i P

z) then reduces to minimizing g(z) defined as

n P
n | 2 Py
) j=1

— n '
=1 p/m — '21 PjZyj

n
imizing g(z) amounts to making Y piz;; for all i =1,...,m as equal as pos-
=1
n
cular, if 35 pjz;; = p/m for all i = 1,...,m, then g(z) is certainly minimal,
. j=1

.. So an optimal solution of problem (I) is simply z}; = 1/m, i = 1,...,m,
Jue to the integrality conditions an optimal solution of problem (II) is however
to obtain.
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Minimizing g(z) is strongly related to minimizing h(z) defined as

n
Just like minimizing g(z), minimizing h(z) in a sense amounts to making Y p;Z;; for all
=1

k13
i=1,...,m as equal as possible. In particular, if }° p;jz;; = p/mforalli=1,...,m, then
)

h(z) is certainly minimal, again just like g(z). For m < 2 minimizing h(z) is completely
equivalent to minimizing g(x). In machine scheduling minimizing h(z) is known as mini-
mizing the makespan of n jobs of length p1,...,pn On ™ parallel identical machines, which
is known to be NP-hard for m > 2, cf. Garey & Johnson [8]. (Of course this is not very
surprising, knowing that packing is already NP-hard; minimizing the makespan is equivalent
to packing the jobs in m bins of capacity as small as possible, which is of course at least as
hard as packing the jobs in m bins of given capacity.)

A prominent family of heuristics for minimizing the makespan is the class of list scheduling
rules. Characteristically of list scheduling rules, jobs are successively selected in order of
appearance on some prespecified list, to be assigned to the machine with the least total pro-
cessing time already assigned. The worst-case ratio for a list scheduling rule is 21 /m, cf. [9].
Evidently, the list ordering is the critical factor for the performance of a list scheduling rule.
There is e.g. always a list ordering for which the list scheduling rule yields an optimal sched-
ule. The worst-case instances suggest that the performance of a list scheduling rule may be
better when jobs are selected in order of non-increasing p;, which features the LPT (Longest
Processing Time) rule. Indeed, the worst-case ratio for the LPT rule is 4/3 — 1/(3m), cf.
[10]. Of course a worst-case ratio renders an inherently sombre picture, which not necessarily
reflects the average performance. Probabilistic analysis reveals that the average performance
of the LPT rule is indeed considerably better than the worst-case ratio may suggest, cf. [6].
Although minimizing h(z) is closely related to minimizing g(z), measures of the good perfor-
mance with regard to h(z) do not immediately carry over to measures of a good performance
with regard to g(z). The crux is that g(z) is substantially more sensitive to suboptimality
than h(z); the larger the total traffic intensity, the more sensitive.

So far we considered the special case of identical servers and ‘almost’ identical customer types,
in which it was easy to conclude that the total traffic stream should be balanced among the
servers. Due to the integrality conditions it was however not so easy to accomplish an ex-
actly balanced division. Returning now to the general case we cannot expect the picture to
be brighter. On the contrary, in the general case it is not even known how exactly the total
traffic stream should be divided among the servers, not to mention the problem of accom-
plishing a desirable division.

We now indicate how the structure of an optimal solution of problem (I) may be used as a
guideline in heuristically solving problem (II). As the cost structure of problem (II) and prob-
lem (I) do not differ, there is no reason to believe that the structure of an optimal solution
of problem (II) and problem (I) will dramatically differ. Globally speaking, the larger n and
the larger m — p, the more feasible integer allocations there are and the more the structure
of an optimal integer allocation is likely to resemble the structure of an optimal non-integer



s remarked before, from a practical point of view, neither small n nor very small
great concern with respect to solving problem (II). There are several options
¢ knowledge of an optimal solution of problem (I), the non-integer version of
may be used in heuristically solving problem (II).

1 is to construct an integer allocation, starting from an optimal non-integer al-
3 may e.g. somehow round an optimal non-integer allocation z* to an integer

1
0 for j # j;, for some j; with zj, > 0,2 =1,...,m. As observed before, the
clustering suggests that an optimal non-integer allocation is in fact ‘almost’ in-
ounding may be expected to yield quite acceptable results. The main drawback
imal non-integer allocation is needed, which is not so simple to obtain in cases
itical servers or where the customer types are not ordered.

m
, taking into account the condition levz‘}‘ =1,j=1...,n,ie., 2 =1 for
=

on, which to some extent meets the drawback of the first option, is to construct
location, not starting from an optimal allocation itself, but from the struc-
y e.g. select the best from all integer allocations that satisfy Lemma 3.1, i.e.,
*) = @ for ' # 4", It is easily verified that the best of all integer allocations that
a 3.1 is at least as good as the best integer allocation obtained from rounding
n-integer allocation. The main drawback is that such a procedure, although
n for fixed m, may prove to be rather time-consuming.

n, which to some extent meets the drawback of the second option, is to con-
sger allocation, again starting from the structure of an optimal integer allo-
ot so rigorously. One may e.g. select the best from not all but some proper
teger allocations that satisfy Lemma 3.1, i.e., integer allocations that satisfy
1) = 0 for & # 4" for some Us(z) 2 Pi(z), i = 1,...,m. One may define e.g.
2 ¢/ ﬁj’jé’}%) ¢;i/B;| x jerréif(lz) ﬂ,(z)/ﬁjajefffl{% ) ﬁj(?) /B;|, thus blowing up the
‘ectangles, so that indeed P;(z) C U;(z), i =1,...,m.

ING REMARKS AND SUGGESTIONS FOR FURTHER RESEARCH

1 the problem of finding an allocation that minimizes the mean total waiting
of time. We showed that the customer types should be clustered according to
@
ding (%—, ——’é—) -values and we described for some special cases in detail how
3 i
may be exploited in computing an optimal allocation. In other cases (e.g. when
types are not ordered in the sense of Assumption 4.1) that property may still
n calculating an optimal allocation, but not in a manner as simple. An inter-
or further research might be to develop efficient (heuristic) methods for this.
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Further we considered the problem of finding an optimal deterministic allocation. We showed
the problem to be NP-hard and indicated how the structure of an optimal non-deterministic
allocation may be used as a heuristic guideline in searching for an optimal deterministic al-
location. An interesting topic for further research might be to investigate the quality of the
proposed heuristic methods, either in a theoretical framework or by numerical experiments.
In either way, the quality of the heuristics may be judged by comparison with the optimal
non-deterministic allocation which provides a lower bound for the optimal deterministic al-
location.

In the present paper we focused on the global scheduling problem; we hardly touched on the
local scheduling problem. We assumed the order of service to not discriminate between the
various customer types. When the order of service does discriminate between the various
customer types, the expressions for the mean waiting times are more complicated. However,
for ¢;/B; =7, j = 1,...,n, for some 7, the results of the present paper still hold. Minimizing
the mean total waiting cost per unit of time i‘l ¢;A;EW then amounts to minimizing the

j=

n

mean amount of waiting work Y p;EW;. Minimizing the mean amount of waiting work is
j=1

equivalent to minimizing the mean total amount of work, as the difference, the mean amount

n
of work in service, always equals % 3 }\jﬁ§-2), irrespective of the allocation z. A sample
=1

path comparison shows however that the total amount of work is not influenced by the local
scheduling strategy, which property is frequently referred to as work conservation. Conse-
n

quently minimizing 3 p;EW is completely insensitive to the local scheduling strategy.
—

In the present paperJ we implicitly assumed the various customer types to be served without
any interruptions. In some situations changing over from one customer type to another may
however require a non-negligible switch-over time (e.g., tool changing in a flexible manufac-
turing system, travelling in the case of a repair crew visiting various installations). When
the switch-over times are non-negligible, the expressions for the mean waiting times are more
complicated. For some local scheduling strategies so-called pseudo-conservation laws pro-
vide comparatively simple expressions for il p;EW , but these expressions appear to be less
jo=

amenable to optimization procedures than the objective function (2.4).

In the present paper we assumed that any customer type could, in principle, be allocated to
any server. In some situations it may however occur that some customer types cannot be
allocated to some servers, or that some customer types cannot be combined. Such restric-
tions may be translated into additional constraints on the routing probabilities, the z;;'s. It
would be interesting to investigate how those restrictions on the z;;'s affect the structure of
an optimal allocation.

Acknowledgement The author is grateful to O.J. Boxma for several valuable discussions.
Further the author is indebted to J. van den Berg for some useful suggestions concerning the
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APPENDICES

A Proor oF LEMMA 3.1

Lemma 3.1
Py(z*) O Py (z*) = 0 for ¢ # i".

(2)
In other words, if i b € Pi(z*), then zj; = 1.
ﬁg B
Proof
Suppose not, i.e., by definition of P;(z*), there exist ko, ', i", i' # i, such that
2
o B _ > (ck ﬁ(z)) (A1)
ﬁk‘o ﬂko kEKin(:z:"‘) ﬁk ﬁk
with 23, >0, Thy, > 0,0, 20,k € Ky (z*), ¥  ar=1. Moreover, not all the points
kEK,n(z*)
o BY
ﬂ—’ _Bk— with ax > O lie on a line, i.e., there is no linear equality that is satisfied by all
Dk
,3(2)
the points | —, £ | with oy > 0.
P ﬁ Br *

Now consider e{ } , which measure the
|z=z*

81),// ko 3.’1:1/ ko 8:3,: k (9.'1:1// k
first-order effect on f(z) around z* of transferring a fraction ¢ of customer type kg from
server i’ to server ¢/ and transferrmg a fraction € of customer type k from server i" to server
i, respectively, k € Ky (z*). As z* is an optimal solution of problem (I), the first-order
effect on f(z) around z* of transferring a customer type from one server to another cannot
be negative, so { 6f(z) Bf(z:)} > 0, {Bf(x) 8f(:c)} >0, k€ Ki(z*), as
Bazwko B.’E,jko lz=az* axz’k amz"k |lz=a*
may also be formally verified from the Kuhn-Tucker conditions.
Differentiating f(-) once,

0f(z)

Oz;;

o) ) g (210
o=z

= Ajc;Bi(z) + )\]ﬁ(2)0 (z) + A\;B;pi Bi(z) Ci(z). (A.2)

A
From (A.1), }\ko(cko,ﬂ,(ci),ﬁko) = Z ;ngof\ (Ck,ﬂ + BOk)-
kEKiu(m*)

So{af(m)_af(w)}!_ oy alu (e @)

k
Oirky  OTirkg kK (z*) AeBe Oz Oz

As {31’(55) _ 5f($)} >0, o {(‘_31_(:6_) — (?L(f_)} >0, k € Ky (z*), we conclude
aziuko a:L‘,;lkO lz=2 Ozik Oz, |Jz=z*

of(z) _ of («'0)} _ ow
that Olk{ EFeS BTk - =0, ke K,/I (.’L‘ ) So
[3(2)

’“ — (Cul) - Cin(*)) = pin Bin (z")Cir (2*) — iy B (27) O (z7)

Ck A2*) — B (z*
B;(Bz(z) Bz( ))+



)]
ints (C—k ﬁL) with o > 0, i.e., there s a linear equality that is satisfied by

Br’ Br
Ck ﬂ;(f)

i | =, —== | with ag > 0. Contradiction.
(ﬂk ﬁk) *

)F LEMMA 3.2

B (z*), Cy(z*) > Cyr(z*), then py By (2*)Cy (z*) < g Bin (z*)Can (z*).

i.e.,
> By (z*), Cy(z*) 2 Cin(z*), po By (z*)Co (z*) > piw Bin (2*)Cin (). (B.1)
that zj,, > 0.

(2ot

oz kg Oz kg

} , which measures the first-order effect on f(z) around
|e==z*

rring a fraction € of customer type kg from server i’ to server i". As z* is
lution of problem (I), the first-order effect on f(z) around z* of transferring a
o) ol
3371'"1::0 317,;/k0 F— -

e formally verified from the Kuhn-Tucker conditions. :
f (B.1) were to hold,

e from one server to another cannot be negative, so {

s |
L 5§?}| = oGk (Bir(2%) = By () + o8 (Cir () — Co (")
) T Kg z=z*
+  AkoBro (pir Bin (z*)Cin (2*) — py By (z*)Cyr ()
< 0.
. O

)F LEMMA 3.3

> O, .’E,?l:jll > 0.
(2)
ﬂ;?) ,6(121) Cst ﬁ(?) Can ﬂ i
> L, 2] # | 2L, |, theni <"
ﬁjl - ﬁju ﬁjl ﬁjl ﬁj" ﬂju

. . 1!
ie, zjy >0, zhu >0, il # 4",

3" Lﬁ>’3_1(3_) i ﬁﬂ("z) £ 5" @ (C.1)
'/f, ﬁj, - ﬂjl’ ! 6]", ﬂjl ﬂj’l ! ﬁjl’ ? )

<

et
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P B (.’E*), C’i:(:v*) > Ci (.’I?*)

€ 6f(z) - m and € 0f(z) - 01(2) , which measure the
8$.LII amzl | =+ Bmz/ 1 axiu 1t I z*

t on f(z) around z* of transferring a fraction € of customer type j ! from server

nd a fraction € of customer type j” from server i to server ', respectlvely As z*
olution of problem (I), the first-order effects on f(z) around z* of transferring

0f(z) _ 8f(:v)} >0,
|lz=z

; from one server to another cannot be negative, so
ami” jl 6{3,,:/ jl

z) } > 0, as may also be formally verified from the Kuhn-Tucker condi-
|lz=2*

'Ijll

8f(=) af(:c)} B {af(m)_af(w)}=

amin j/ B:L',L ] axil ju 8.’1:,;:: 7]

cr e ﬁ(2) ﬁ(2)
ﬂj"{(ﬁ—g‘zj) (B (=) - Bﬂ(w>>+( & )(G~<w> cil(:v»}.

8f(z) af(x)} Ay {Bf(m)_af(w)}
|le=z* |z=z*

-e to hold, then A B
€ ? 7 IBJ {B:L'injl 6.’1,‘1/ 6:1:1;/]'// ami”j"

9f(z) Qf_(a:_)} o, {8f(w) i af(w)} —o
|lz=z |z=2x

amilljl a.’L'iljr ami’j" 8$i//j//

ction, unless {

2 & f(x)

€ Z > {Waimaim} for ey = —Aju By, o =
11,d2=i' i j1.9e=1",3" 7171 1272 |w=x*

= A\jBj + , agmjn = —Aji AjBj» — o, which measures the second-order effect on
of transferring a fra,ctlon €A B of customer type j' from server i’ to server

ion 6()\ i1 ,@J + @) of customer type j" from server i" to server 7. As z* is an

on of problem (I), while the first-order effects on f(z) around z* of transfer-

types from one server to another are zero, the second-order effect cannot be

[ (@) }
34 71 Nin g 2 0.
Z Z {amiljlamizjz 17142272

,'L'2=7:I,i" j11j2=j,1j” lm=m*

z f(-) twice,

z 1 2 of(x
) = 5i1i2 = (AJI)\JZ (chﬁ( )+ 012,6(2)) + 2>‘J2ﬁ128 ( ))
11.71

Ui2j2 u/m — Zl Ajﬁjx’l-lj
J=

A s n 2 9
_ )2 <(:3jlcj2_ﬁjzcj1)z)‘jﬂ§' zi,5+ (BB — BB m)ZA ci m)

n =1 j=1
- X APt
J=



8f(z) _0f(z) _, 0f(z) _ 8f(z) _

— 0 ,L'I Z-II
axi”j' awi’ ] 6$zl 7 8$i" jn ! # !

Kronecker delta. So, as

8°f(z)

Qi j1Uigje =
211 ale]laz‘bzk

Jrije=ji'sj

(2) (2)
; + : {,\2-,/\2- 526 ( = ) 57 _ By +
= " gt A D100 » :
Bl Z AJﬁJ"Ez’] ,U,/m - E )\Jﬂjmz//] ™ ﬁj '6‘7 ﬁj” 'BJ,
Jj=1 =1

" ﬁ(2) ﬂj(_, ﬁ(2)
,ﬁju ((ﬂJ" ﬂJ) (ﬂz” B CE)) (ﬁj” ﬁ (ﬂJ” Czl(x))

e B3 + Ny By af(m))}

le ]//

52
ere to hold, then Z Z { ——L(—a—c)——ailjlaizjz} < 0 for some

inigmt i et \ OFnir OFiads o=z

ion.

F LEMMA 3.4

o*) = 0 for 7' #14".

s ,5(2)
s, if | 2, ~-2— | € Ty(z"), then z}; = 1.

i.e., by definition of T;(z*) there exist ', i", i’ # 4", ji,, ji € Ky(z*), jln, i €
such that

(2) (2) (2) (2)
< s Biw | e, Bj, L0 4 | G D
- ﬂj;; ﬁ' T ﬁa" Bi," By, ’ Bin” By |
< CJI;/ '3.523 S > ﬂ.f?;? cj’w '3.52/3 # ( ) # CJ’;I ﬂgzr?
< b >z> i , i y, z i
ﬁ] K '6.7 i ﬂ]:’: 'Bjiu 'HJiu ﬂ].‘ll ﬂ],‘n
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3.3, on the one hand, ¢’ < 3", as Ty >0, T,
"I

@ 4@ @) @)
n By By [eq, By, cjn, Pir,

s = ] b] 3& ’
w, By, ~ Bin, "\ By, Bi, Bin, " Bz,

- 1! * %
and, ¢ > ¢, as a:i,jz >0, :ci,,j;” > 0,

@ @ @) @
T M cjr, By,

? —_— 2 ) # )
i, B = By, \ By By Bi, B,

i’

itradiction.

D FOR DETERMINING AN OPTIMAL ALLOCATI

lix we describe a method for determining an tion in cases that
otion 4.1. In section 4 we sketched the mai nethod. Here we

ethod in detail.

1e servers are indexed such that

2) « 2 2) _x
r‘ﬂ]( )ﬂcij 2 }\jﬂ](' )mi+1j
> =1 .
—n\ - . L *
?.41 ’\jﬁjx;j p/m— '21 BTty
= J=

n n
2) % * 2) %
B0 — | o MBitag | | x| 2 (E-1)

n n
2 * 2) %
;ﬁ,(- )3;:+1j DA R D) :Ajﬂj(' )$i+1j
j=1 j=1
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On the one hand
2
le\ ﬂ” T3 3@
J_—— > min -2—

> A Gy, JeKE) B
=
on the other hand

2
>: 2Bt 5@
< g T
j§1 AiBiTiy 15 jeina(en) By

@ 52

From Lemma 3.3, min > ax ——.
S FEK;(z*) ,33 j€Kip1(z*) Bj
o

(ZA Bz ,HJ) (Z Ajﬁ](z)wzj) > (Z Ajﬂj:c:;-) (ZA 8z +) . (E2)

Combining (E.1), (E.2) Z A ﬂ(z) > Z A ,8(2) T;11;- Further Z Z AJ,@(Z) Z Aj 181(2)’

j=1 j=1 1,—1 j=1

asZm;j=1,j=1,...,n. SOZ)\jﬂJ(-Z)JI ZAﬂ(2)>ZA,B(2)

i=1 =1 ]—1 7=1
Proof of b. Follows immediately by symmetry considerations.
]

Step 1. Start with the allocation to server 1, which is to carry the largest B;(z*) and the
smallest C;(z*).

Determine a lower bound s} = Z le for s7 from (i) Z)\ ﬂ(z) Z)\ (2) (ii) if
] =1

a:llj/ > 0, then :cllj,, = 1 for j” < j'. However, if Z)\jﬂ?)wﬁj = —TEZ}\J-,BJ() implies

n . J J=1

Z )\jﬂj:cllj > 1, then replace (i) by (iii) Z )\j,Bj;cllj = 1 — ¢, with € sufficiently small.

j=1 i=1

7 n

Determine an upper bound sf = Z z¥; for sf from (i) Z/\ iCjTy; = Z)\ icj, (i) if

j=1 J'—l j=1

ziy > 0, then zi;, = 1 for j" < j'. However, if Z Ajeizl; = Z)\ ¢; implies ZA 85715

J=1 m =1 j=1

n
— (m—1), then replace (i) by (iii) Z AjBizl; = p — (m — 1) + ¢, with e sufficiently small.
=1
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Step 2. Make an estimate s; = ), z1; for s}, somewhere in between sll and s%, e.g.,
=1
1= (s} + 1)/ |
n T
Step 3. For i =1,2,...,m—1, determine s;+1 = ) Ti+1; from (i) zit15; < 1— 3 Tij;, with
1 k=1

Jj=

i
js = max{j | zij > 0}, (i) if 410 > 0 for j; < j', then ziq15 = 1 — kzlxkji, Tip1r = 1

for j; < 3" < 4, (iii) 210 = 0f(z) . Provided j; = max{j | z;; > 0}, the latter condition
Ozij;  OZivy;

necessarily holds for an optimal solution of problem (I), as may be formally verified from

the Kuhn-Tucker conditions. Note that y—(—@ > 0 and constant in s;4+1, and 0f(z) = 0 for

Ox;; am,;;.lji

ij;
si+1 = 0 and increasing in s;41. So through (), (ii), (iii), 8; uniquely determines s;}1, unless

6f(z) > 6f(z) even for z;11, = 1, to which we return in the next step.
Ozij; ~— OTitj;
of(z) _ Ofm)

Tm—ljp-1  OTmjm-1
8/(x)  9f(a]
Ozij; ~ OZitij;
servers, then apparently s; < s}, so then replace st by 1. If one runs out of customer types,
then apparently s; > s}, so then replace s7 by s1. One may of course make a more sophisti-
cated estimate for st than the estimate suggested above. One may e.g. use information about
how soon one either ran out of servers or out of customer types. Repeat the procedure until
lower and upper bound are sufficiently close.

Step 4. Soomer or later one either runs out of servers, i.e., 5 ut

Zmn < 1, or out of customer types, i.e., Titin = 1, but . If one runs out of



