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Abstract

In this report we deal with problems of constructing orthonormal polynomials and kernel polynomials
associated with a matrix spectral distribution function F', defined on (—m,m]. In section 2 the
recurrence relations between the orthonormal polynomials are presented, as well as the Christoffel-
Darboux formula for the kernel polynomials. In section 3 new results are derived concerning the
spectral distribution function F' dominated by another spectral distribution function Fp in the sense

that

dF(\) = r(e*D) dFo(M) r(e?T)*
where 7 is some matrix polynomial. It is shown how to construct the orthonormal polynomials and
kernel polynomials associated with F, given the polynomial r and the orthonormal polynomials and
kernel polynomials associated with Fo. In section 4 the results are applied to multiple time series
analysis.
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1 Introduction

In [5], chapter 2, recurrence relations are presented between polynomials in a single vari-
able z € C, which are orthonormal on the unit circle z = e (—m < A < m) with respect to
a scalar spectral distribution function F'. These recurrence relations are derived from the
well-known Christoffel-Darboux formula for the corresponding kernel polynomials. For
the extension to the case of a matrix spectral distribution function F, with associated
matrix polynomials in a variable z € C, see e.g. [4], where further references can be
found. Some results from [4] are presented in section 2, for instance recurrence relations
and the Christoffel-Darboux formula for matrix polynomials in the matrix variable Z (not
necessarily Z = zI as in [4]), which are applied in sections 3 and 4.

Unlike section 2 where the matrix spectral distribution function F is arbitrary, we
treat in section 3 matrix spectral distribution functions F' of a special form: we assume
that F is dominated by another matrix spectral distribution function Fp so that (33)
holds with some matrix polynomial 7, called the transfer polynomial. This choice of the
form (33) for the spectral distribution function is motivated by applications in time series
analysis. We show how to construct the orthonormal polynomials and kernel polynomials
associated with F', given the transfer polynomial r and the orthonormal polynomials and
kernel polynomials associated with Fy. This construction is based on formula (40), which
can be viewed as an extension of the Christoffel-Darboux formula. The results of section 3
are partly known: see [3] for similar results concerning a scalar valued spectral distribution
function.

In section 4 special types of transfer polynomials 7 are treated. In case the matrix
polynomial 7 possesses zeros (unlike the scalar case, matrix polynomials need not have
zeros), the relations of section 3 take a particular useful form. See subsections 4.4 - 4.6
for other special cases. In the concluding subsection 4.7 we discuss briefly applications to
time series analysis in the spirit of [2].



1onormal and Kernel Polynomials

rnomials

:tion we will introduce polynomials in the matrix variable Z € M,4(C), where
IN*, M4(C) is the set of all d x d complex valued matrices. On the complex
of these polynomials, an inner product < - ;- > will be defined with respect
ipectral distribution function F : (—w, 7] — My4(C), i.e. a function F with
three properties (cf. [1] or [6]):

-ements, F(Xg) — F(\1), A2 > Ay, are Hermitian non-negative definite.

‘A) is continuous from the right.

F(X) exists.

. For n € IN, the monomial e,, : My(C) — My4(C) is then the mapping such

Z— 7",

vention Z° = I. Note that the product of the monomials e, and e,, is the
Fm- :
yughout the notation My, for the set of all (k+1) x (I4+1) block matrices with
U4(C) (for some k,! € IN), we also define the mapping e, : My(€C) — Mo
ents e;, 7 =0,...,n.

1omials are introduced, polynomials can be defined: a polynomial p is a
(C) — My4(C) defined by

b= z Pkek = Pnen (1)
k=0

IN, where P, = (Py,...,P,) € Myxy,. It is said that the polynomial p of
degree n if P, # 0. The matrix P, is then called the leading coefficient of p.
ote the set of polynomials. Note that p- e belongs to P for all polynomials p
mials e, whereas the product of two arbitrary polynomials is in general not
anymore (for more details see subsection 3.1).

(P, M4(C)) is a vector space, provided scalar multiplication is understood
ltiplication on the left. On this vector space, an inner product is defined. A
- >: P x P — My(C) is an inner product if it possesses the following four

Bg;r >=A<p;r>+B < g;r>forall p,g,7 € P and A, B € My(C).
=< q;p>* for all p,q € P.

- is Hermitian non-negative definite for all p € P.




4. <p;p>=0 = p=0foralpeP.

In this paper we assume that the mapping < -;- > given by

<mg>= [ pPDFN) g™’ )

('““!7"]

is an inner product, where F : (—m, 7] — My(C) is a matrix spectral distribution function.
The mapping defined by (2) indeed satisfies properties 1-3 of an inner product for an
arbitrary F. So, by assuming that (2) defines an inner product, we restricted the class of
spectral functions F', in order to satisfy also property 4. Note that (2) is an inner product
if and only if the spectral function F yields positive definite Hermitian block Toeplitz
matrices

H, = / en(¢71) dF () en(e1)" 3)

(—mm]

for all n € IN. This is easily verified by rewriting the inner product (2) of the polynomials
p = Ppe, and ¢ = Que, in the form

< p;q >= P,H,Q, (4)

for any P, Qn € Moxn-

By assumption the matrices H,, associated with a given spectral function F' by (3),
are invertible for all n € IN and so all expressions of the form X*H 1Y are well defined
for any X € Muy, and Y € My with k,I € IN. Throughout this paper a number of
expressions of this type are treated. It seems therefore useful to make use of the following
abridged notation: for fixed n € IN

XHLY = (X;Y) (5)

where X € Moy and Y € M,y with k,1 € IN. The special vector X € My with
components X; = 0 for j # m and X, =1 for fixed m € {0,...,n}, called the mt™ unit
vector, is denoted by U7

Since for every p € P the matrix < p,p > is Hermitian non-negative definite, we have
the unique decomposition < p,p >= LL* with L € L4(C), where L4(C) is the set of all
d x d complex lower triangular matrices with non-negative real diagonal elements. This
matrix L will be denoted by < p,p >%. Using this notation, the norm || - || : P — L4(C)
is then the mapping

(N1

pr—<p,p>7.

2.2 Orthonormal Polynomials and their Reciprocals

Let £}(C) be the set of all d x d complex lower triangular matrices with positive real
diagonal elements.

Theorem 1 There ezists a unique system of polynomials {@n}nem such that

3



. polynomial of degree n.
ding coefficient of ¢,,, denoted by @, ,, belongs to L}(C).
ynomials {P, }new are orthonormal, i.e.

I fn=m

<¢";¢’">=5"‘"‘I={ 0 ifn#m

such a system will be constructed explicitly by using the Gram-Schmidt
ation procedure: let 9o = ep and ¢y = ||| %o. Given ¢y, ..., d,, let Yp41
7

n
Yny1 = €ny1 — Z < €nt1; Ok > Pr.
k=0

< Yn+t1; Yny1 > is Hermitian positive definite, so ||[¢n41]| ! exists. Define now
+17 %n+1. Then the polynomials {@,}.cnv satisfy the three conditions of

s to prove uniqueness. Suppose that there is another system {q?&n}nem that
three conditions of this theorem. Let C := @n,n@;’h. Then C¢, — ¢, is

| of degree less than n, hence < C¢, — qhbn; Co, — qAS,, >= 0, which yields
). So @, ¢, = &1 ¢, and it remains to verify the identity ®,, = @ .. By
last expression the inner product first with ¢, and then with q@n, we get

< @p; On >= én,nq);,}z = (‘I’n,n@;jl *

n = @:,n(i)n,ny le @n,n = é‘n,'rl. Since bOth @n,n and (i)n»"' belong to £I(C)
B -
b (cf. (5))

& = (Unsen), (6)

Mxo is the n®* unit vector. Then ¢, = [|&,||"2&,, as is easily verified by
er;€n > for0< k< n.

1omial reciprocal to ¢, denoted by ¢%, is uniquely defined by the following
38

ngs to the span of ey, ..., e,.
m of ¢* equals I.
thogonal to ey, ..., e,.

Ticient of ey in ¢ belongs to £} (C).




So if
& = (Unsen),
where U? € M,y is the 07 unit vector, then ¢} = ll€2]| 7€z, as is easily verified by
calculating < ;&2 > for 0 < k < n.
Note that for every spectral distribution function F, the mapping F : (—m, 7] —
M4(C) is also a spectral distribution function. The orthonormal polynomials associated
with F' and F and their reciprocals are related as follows:

Theorem 2 Let {QS;I:—},LE]N be the orthonormal polynomials associated with F and let
{#FP}nenw be the polynomials reciprocal to the orthonormal polynomials associated with
F.
If ¢5 =X (I)"l,kek! then ¢£‘p =3 6n,n——kek-
k=0 k=0

The term ‘reciprocal’ is justified by the following considerations  (cf. [5]): if the matrix
spectral distribution function F has real increments, i.e. dF = dF (wlii_ch is always true
for d = 1), then ¢2(Z) = ¢,(Z27')Z". Note that the condition dF" = dF is equivalent to
dF = dFT, since dF = dF* by definition.

Proof: Let < -;- >p and < -;- > denote the inner product with respect to F' and F

n
respectively. Then for ¢IP = Y. ®ppnier we have
k=0

< €m; ¢7I;-‘p >F= [< ¢§7 €n—-m >F]T (7)

which is verified as follows. By (3) we get [HET = ﬁ: = J,HEJ, where J, € Muxn is
such that for 0 < k,l < n
URJ, UL = Gpqinl.

This identity and (4) yield (7):

<em ¢ >p = UPHE@pp, .., Ba0)* = Ul IndnHy Jndn(@am, - - Bno)”
= U (B, @) = (@, s o) HL UL
= [< o5 enm >Fl"
We deduce now the desired statement from (7). First note that the coefficient of g in
¢E? equals ®,, , and therefore belongs to L} (C). By the definition of reciprocals it suffices
to show that for ¢f* = kioal’n—kek we have < em; ¢E? >p= 0 with 1 < m < n and

< ¢Fe; ¢FP >p=1. Both identities follow from (7). The former identity is obvious and
the latter is obtained as follows:

< @FPFP >p = Bpn < eo;LF >p=Tual< dhien >7]"
F, T __ F.F T
= [< ¢n y (I)n,'n.en >f] - [< ¢n b ¢'n, >—I':] = I'
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this subsection with two simple examples of orthonormal polynomials and
als associated with certain matrix spectral distribution functions F'.

et the increments of F' : (—m, 7] — My(C) be given by
1
dF(\) = 5;2 d), (8)

trix ¥ is Hermitian positive definite. So there exists a matrix £z € £3(C)
£3* = ¥, whose inverse Y% belongs to £J(C) as well. The function F in
is associated with ‘White Noise’. Then for all n € IN

n = 2 2e, and ¢, = _%60.
Y-%e, and ¢f = X

uppose
dF()) = B(e™)HdFy()) B(e*D) 71, (9)

solynomial of degree 7 € INT with a leading coefficient equal to I, while Fy
example 1. Moreover all roots of the equation |3(2I)| = O are lying inside
e, where | - | denotes the determinant. This function F' is associated with
n of " order’. Then the first 7+ 1 polynomials ¢, and ¢?, 0 < n < 7, are
ccording to the recurrence procedure described in subsection 2.4 and for all

O = E_-li ﬁen—'r] and ¢fz = ¢1p7 (10)

ns 2.4 and 4.4 for more details).

stoffel-Darboux Formula for Kernel Polynomials

tion kernel polynomials are introduced. We will give a short proof of the
hristoffel-Darboux formula.

xr fixed A € My(C), define the kernel polynomial s : M4(C) — My4(C) by
Sy = i $(A)" r.- (11)
k=0
+ will write s,(A, ) instead of s2.
Let n € IN. Then for a fized A € M4(C)
< p; 5y >=p(A) (12)

mials p of degree < n. The kernel polynomial s2 is uniquely determined by
1g property (12).



n
Proof: A polynomial p of degree < n can always be written in the form p = Y Ci¢x,
k=0

with some matrices Cy € My(C). Then
<p; sﬁ >= z Cr < x; 5o >= Z Cror(A) = p(A).
k=0 k=0

Suppose that there exists another polynomial 32 with the property (12). Then
< drysh—5>=0
for all 0 < k < n, which yields sh = 85. O
Note that with the notation (5) we also have the representation
sn = (€n(A); €n)- (13)

This can be proved by checking property (12).
In the next theorem the Chistoffel-Darboux formula is derived (cf. [5]).

Theorem 4 Let n € IN. For a fited A € My(C)

sn(A, ) — e1(A) sn(A, )er() = Dhy1 (A 11 () = Brir(A) Gnra()- (14)

Proof: First note that

Smr1(A, ) = e1(A)" Y de(A) dr(-)er() + i1 (A) G4 () (15)
k=0
since {@oe1, - - -, Pne1, Poy1} is an orthonormal basis of span{ey, - . .,€en41}. This can be

verified by using the definition of ¢, ; and the fact that < drer; prer >=< or; b1 >.
Now (11) gives
3n+1(A7 ) = Sn(A’ ) + ¢n+1(A)*¢n+1(')
and (11) and (15) give

Snt1(A, ) = e1(A) sa(A, Jei(r) + ¢ﬁ+1(A)*¢fL+1(’)-

By combining these two formulas for sn41(A,-) we get (14). a
Corollary 1 Fizn € N and let ®,; ¢ = #541(0). Then
3?1+1 = (®h41,0) Fnt1 (16)
and
$041(0,0) = (®4410)"P% 110- (17)
Proof: The identity (16) is obtained by evaluating (15) at A = 0, and (17) is a special
case of (16). O



..........

2.4 Recurrence Relations

In this subsection recurrence relations between orthonormal polynomials and their recip-
rocals are derived. These relations yield an algorithm for constructing the polynomials

{#n}new recurrently.

Theorem 5 For each n € IN the orthonormal polynomials ¢, and ¢2 given by

Z Qn kCk and ¢p = Z @n KEk (18)
satisfy the following identity
q);ql-l,n+1¢n+1 = (I);,}z(bnel + Cnd}, (19)
with
Co=— < enri 8 > (20)
so that
O 141 (Prtinen)” = Pon(®50)" — CaCy @)
Proof: The polynomials ¢pe; and ¢% are linearly independent. Moreover these poly-
nomials, as well as the polynomial ¢,,;, are orthogonal to e;,...,e,. Hence ¢,,; €

span{¢ner; @}, i.e. @dny1 = Agpe; + Bgf for some A,B € My(C). By comparing the
coefficients of ey and e,; in the last expression, we get relation (19), provided

Cn = Bt 041 Pi1,0(B00) (22)
Thus, to complete the proof of (19), we have to verify (cf. (20) and (22))
q);.}.l n+1 n+1 O(q) 0) = < €n+1; Qbfl > . (23)

Let 9, := @;il,nﬂcbnﬂ —epy1 — O;1 11n4+1®Pns10€0- Then we have < 9fy,; @8 >= 0, since
¥ € span{ey, ..., e,}. This implies (23), due to < ¢py1; 4 >= 0 and

< eg; B >= (P4 4)7F < #8508 >= (B4 4) 7.
By taking the inner product with e,; in (19) and using the relation (20) we get
B 1ns1 < Pnil; €npr >= Bk < Bneg;enqn > —CoCh,
which yields (21). Indeed < ¢ne1;€nt1 >=< dner; B, L dner >= (P;),)* since
< @ne1; Pne1 >=< Pp; ¢y >= L
O

The recurrence relations established in theorem 5 allow for the construction of the or-
thonormal polynomials and their reciprocals according to the following

Algorithm: Suppose ¢, ¢4, and s), are given. In order to determine ¢,1, ¢5,, and s,
carry out the following calculations:




1. calculate C, by using (20)

9. calculate 41011 € L£F(C) by using (21)
3. determine ¢,; by using (19)

4. determine %, = sp + @11 oPn+1

5. calculate @, o € L (C) by using (17)
6. determine ¢f,; by using (16).

In theorem 5 ¢nyy is expressed in terms of ¢, and ¢?. Tt will be shown now that also
¢% .1 can be expressed in terms of ¢, and ¢~.

Theorem 6 For eachn € IN the orthonormal polynomials ¢, and ¢f, given by (18) satisfy
the following identity

(‘I)fz+1,0)_1 1 = (®%0) "' ¢5 + Dndre (24)

with
Dn = — < €p; d’nel > (25)
so that '
(@ 110)  (@0410) 7" = (Bh0) (@) — DiDy,. (26)

Proof: By using the same arguments as in theorem 5, we get #h 11 = Adner + Bef, for
some A, B € My(C). By comparing the coefficients of e and e,y; in the last expression,
we get relation (24), provided

D, = (¢Z+1,0)—1@Z+1,n+1q);jr
The proof of (25) is now based on
— < eg; Pn€1 >= ((I’ft+1,0)-l@fz+1,n+1@;i-

To prove the last relation, use the same arguments as in theorem 5 when proving (23),
making use of ¥, = (®4,10) ' dhi1 — €0 — (®,10) 7 ®h 11 nt16nt1 this time and taking
into consideration that < ¥,; ¢ne1 >= 0.

By taking the inner product with g in (24) we get the desired relation (26). |

Example: Consider the autoregressive case of example 2 in subsection 2.2. Since for all
n > n the orthonormal polynomials ¢, are given by (10), we have ¢pe; = @ny1. Thus
D, = 0 for all n > 7 by definition (25). Due to (24) and (26) we get ¢f, = ¢h foralln > 7
(cf. (10)).




2.5 Determinants

In this subsection we derive the commonly used expression for the determinant of the
matrix s,41(0,0) as the quotient of the determinants |H,| and |H,,;]. We use here the
representation (alternative to (17))

3n+1(01 O)_l =Hp — (Bn; Bn) (27)

where ‘ .
B, = / e e, (¢) dF ().

(_“’W]

In order to verify (27), note first that by (3) and the definition of the vector B,,, the block
Toeplitz matrix H,; may be presented in the form

g.o-(HB B \_(loY(co I 0
=B, H,/ \D I 0 H, D 1

with D = H;'B,, and C = Hy — B:H;'B,. Therefore

(BT )G e

By (5), (13) and (28) we get (27), since

C™ = Ui"H 3, Un] = $041(0,0). (29)
Theorem 7 For alln € N |
8n41(0,0)] = ———. 30
01(0,0)] = (30)
Proof: By (28) and (29) we get (30):
[Hoss|™ = [C7Y [Hal™ = [sn41(0,0)] |Ha| ™.
[m]
Since so(A,Z) = Hy' by (5) and (13), we get by applying (17) and (30) that
= I11+(0,0)| = [T @El1e%, (31)

IH | k=0 k=0

for all n € IN. In case dF = dF we also have of 0= =, k in view of theorem 2. Therefore,
in this particular case, (31) reduces to

=[] 1®eel[ @l (32)
k=0

T
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truction of Polynomials

section 2, we focus here our attention to matrix spectral distribution func-
pecial form: we assume that F' is related to another matrix spectral distri-
m Fy by

dF(\) = r(e™1) dFy(\) r(e?1)*, (33)
olynomial with a leading coefficient equal to I. Spectral functions F' of the
often encountered in time series analysis, for it is associated with moving
ls in which the observed time series with the spectral distribution F' is
linear transformation of some basic time series with the spectral distribution
arily White Noise), and the transformation is characterized by a polynomial
ion 7 (see e.g. [7], [8] or [9]). We will show how to construct the orthonormal
.nd kernel polynomials associated with F, given the transfer polynomial 7
normal polynomials and kernel polynomials associated with Fo.

luct of Polynomials

oned in subsection 2.1, the product of a polynomial and a monomial is a
ut obviously the product of two arbitrary polynomials is not a polynomial
; do not in general commute. It is necessary therefore to modify this notion

ag natural way:

ye polynomials. If p = Z Pex, for some matrices Py € My(C), then the
» polynomials p and g, denoted by p<gq, is the polynomial

k(3
p<ag=Y Prgex.
k=0

1q(Z) # p(Z)q(Z) (we write p < ¢(Z) instead of p(Z) < ¢(Z), for simplicity),
\d 7 are commutative. For instance, paq(21) = p(2I)g(2I) for z € C. Observe
product p < ¢ evaluated at Z € ME(C), where for a fixed g € P the subset
4(C) consists of all matrices Z such that ¢(Z) is invertible, satisfies

p<q(Z) = p(Zy) a(Z) (34)

7)Z q(Z)'. This is easily verified since Z§ = ¢(Z )Zrg(Z)~ ! for n € IN.
y operation < is closed, i.e. p<aq € P for all p,q € P. Moreover [P,<| is a

tion < is associative: p<(g<r) = (p<g) «r for all p,q,7 € P, and

an identity, namely eo.

11



s verified as follows: if p = ‘Zj Pire; and q = in: Que; then the polynomial
k=0 1=0

PrQe;4+ and therefore

= Zn: Pi(gar)er = Zn: Pk(f: Qirer)ex = znj % PrQireisr = (pag) <r.
k=0  1=0 k

k=0 =0 1=0
system [P, +, <] is a ring since
mn abelian group.
1 semigroup.
ation < is distributive over the operation .

3) denote the set of all invertible d X d complex valued matrices. The ring

he following additional property that if p,r € P and the leading coeflicient

0o M7 (C), then

par=0 = p=0. (35)

r is verified as follows: suppose p # 0, so p = i‘ Prer with P, # 0. Let
k=0 :

ith R,, € M7 (C). Then by assumption par = i in: PyRse; = 0. Hence
E=01=0

of €min equals zero, i.e. P,R,, = 0. Since R,, € M (C) this yields P, = 0,

licts the assumption P, # 0. Thus p = 0 and (35) is proved.

tributivity, we have the following important consequence of (35): if p,q,7 €
ding coefficient of r belongs to M7 (C), then

pAr =gd4r = p=gq. (36)

h the operation <, we need in subsection 3.2 the operation i dual to <, in

p>gt=(pag)*

nsion of the Christoffel-Darboux Formula

we consider the case of two matrix spectral distribution functions F' and Fqy
}) where

T= i Rmeém (37)
m=0

al of degree n € IN with R, = 1.
sion of the Christoffel-Darboux formula, asserted in theorem 9, relates kernel
ssociated with F' and kernel polynomials associated with Fj. It is therefore

12




necessary to index these polynomials (as well as orthonormal polynomials, inner products,
etc.) by F and Fj respectively.

Let P be the linear space of the polynomials p <7 with p € P:
P = {par|pe P}
For all polynomials p,q € P we have
< paAr;g<ar >p,=<p;q >F . (38)

Indeed, since p a1 evaluated at eI coincides with pr at ™1, we get

L pdr;qdr >p, = / p(e*D)r(e™T) dFo(N) r(e*1)*q(e™)*
(_7‘-!”]
= / p(e™1) dF () q(e*])* =< p;q >F -
(=m7]

We will now give an orthonormal basis (with respect to <-;- > F,) of PT:

Theorem 8 Let {¢X }new be the system of orthonormal polynomials associated with F'.
The system of polynomials {¢F ar}nen is the unique orthonormal basis of P" such that

1. ¢F ar is a polynomial of degree n + 1, belonging to P.
2. the leading coefficient of @£ ar belongs to L(C).
3. the polynomials {#X ar}uew are orthonormal with respect to < -5 >py.

Proof: In view of (38) the properties 1-3 of the polynomials ¢f < r are directly verified.
Uniqueness of the system {¢F <ar}nen can be proved as follows. Suppose that there is
another system {@f < 7}.en that satisfies the three conditions of this theorem. Then
by (38) {¢F}new is a system of orthonormal polynomials satisfying the conditions of
theorem 1. Thus ¢, = é,, for all n € IN, that is the system {¢F ar}nen is unique. O

For all n € IN, denote by P, the linear space of the polynomials of degree < n. We will
need the following unique decomposition of the space Pnin:

Pasn = Paig © Py (39
with
Proy = {p<r|p € P} and Prt. = {qlqg € Ponand <p;g>r=0forallpe Prin}-

By theorem 8, the system of polynomials {¢Far:0<k<n}isan orthonormal basis of

Pr4y- To construct an orthonormal basis of P;i,, we need the following polynomials:

13




€ IN and a fixed k € {0,...,7— 1} let

n—1—k

ZBI(BIQ’I')-F Z C,, 1—m €p—1-m

1=0 m=0
—m € M4(C), be the unique polynomial such that
ongs to the span of ega7,...,€, 47, €k, . .., €51.
rthogonal (with respect to Fp) to eg47,..., €, 47, €41, .., €p_1.
m (with respect to Fy) of (5 equals L.
ficient Cy, of ¢, belongs to L] (C).

tem of polynomials {C,f %10 <k <n— 1} is an orthonormal basis of Py,
expression for the polynomials C,f: > will be given in the remark at the end
3.3). Due to this fact we can establish the following relationship between
mials associated with F' and kernel polynomials associated with Fj.

For each A € My(C) and eachn € N

n—1

(A, ) ar() = si2(Ay ) = X [GRa(A)'GE() — R 41 (A) @ nbk+1 9], (40)

k=0

tion in subsection 3.1 of the operation <« and its dual >, it is easily verified
r(Z) are commutative, then the left-hand side of (40) evaluated at Z reduces
,Z)r(Z) and if A,Z € Mj(C), then it reduces to r(A)*sE(A,, Z,)r(Z).
onship (40) can be viewed as an extension of the Christoffel-Darboux for-
, with the choice r = e; (so 7 = 1) we get dF = dFy. Then g(f 0 = ¢, and
reduces to the Christoffel-Darboux formula (14).

€ IN and A € My(C) be fixed. Define the kernel polynomial s7,,, (A,) :
4(C) by

$n(A ) = 18F ar(A)]* 6F ar(). (41)

k=0

ial sy, (A, ) is the only polynomial in P/, nt+n With the following reproducing

<par(-);spyqn(A, ) >p=p<ar(A) (42)
mials p € P,. Due to (11), the expression (41) reduces to

Snin(A ) =T(A) > s (A, ) ar(). (43)

14




lynomial

Spin(As7) = Z S (A) G (44)

k=0
in. It is the only polynomial in 731; T with the following reproducing prop-

< q( ): 3n+n(A ) > Fp= q(A)

L
tn°

ow that the unique kernel polynomial .sn+,, (A, ) in Pp4y can be decomposed

n+1](A ) = sn—}-q(A ) + 8n+7](A ) (45)

) € Ph4y and sy (A EP +n and this decomposition is unique. Obviously
rerify that the sum on the nght hand side of (45) possesses the reproducing
ntn- Indeed, for all p € Ppyy

< p( )’ n+n(A ) + sn-i-n(A ) > R= p(A),

decomposition (39) and the reproducing property of s;,, (A, -) and 573, (A, )
orl , respectively.
ulas (43) (44) and (45) yield

snon(A, ) = r(A) B sy (A, ) ar() + Z S (A G (-
» also have (cf. (11))
'n.+1](A ) = SFO(A ) + Z ¢n+k+1(A) ¢n+k+1( )

s these two formulas for s53.,(A, ), we get (40). o

struction of Kernel Polynomials

:tion we establish yet another relationship between the kernel polynomials
th F and Fp, respectively. Consequently useful expressions are derived for
the kernel s7 and the inverse of the block Toeplitz matrix HE,

With the polynomial r given by (37) associate the matrix C;, , € M sinin
k=0,...,nand [ =0,...,n+7

urc; Ul =

_ Ry« ifOSl—kSn
0 otherwise

15



where Ry, ..., R,_1,R, = I are the coefficients of the polynomial r. It is simply verified
that

H'r{ = C:,WH':I‘LF?FnCn»"? (46)
due to (3), (33) and

Gy p8nin =€, 4T, (47)

where e,<r € M, is the vector with components e;<r, j =0, ...,n. By the last relation
the elements in P, are characterized as the linear combinations of the polynomials
U*C;, eniq With m € {0,...,n}. Indeed, if p = P,e, belongs to P, (Pn € Moxn), then
by (47) the elements in Py, are given by

pdr = Pre, a7 = P,C}, eniy. (48)
We will now characterize the elements in ’P,';i,’. To this end, we first determine the null
space of C;, . Let C;, = (C;,Cy ), where C;; and C;,, are elements of Mpx,_; and
Muxn respectively. Note that C; , is invertible. Let V; , = (V; 1,V ,), where V;; and
V, , are elements of M, _;x, ; and M;_;x, respectively, such that

(i) V; , is arbitrary but invertible and

(ii) the columns of V,, span the null space of C;, ., i.e. C, V., =0.

n,n’

By property (ii) we have C; V1 +C;; 3Vn2 = 0. So
Vo = "(C:,Z)_lc:z,lvn,l = —(Cn,1C,;§)*Vn,1. (49)

We will show now that the elements in ’Pflin are characterized as the linear combina-
tions of the polynomials U™ (Vy ;3 en+n) 0 with m € {0,...,7 — 1}, where we again use
the notation (5). Indeed, fix Q-1 € Moxy-1 and consider the polynomial

Q'q—l (Vn,n; en-l-n)Fo' (50)

It suffices to show that the inner product (with respect to Fp) of this polynomial with an

element in Py, , say p<ar € Pr, ., equals 0. This is directly verified by using (4) and (48):

< pariq >Fo: PnC:L,nH'IFL’?f-n(Hf?{—n)—lvn,ﬂQ;—l = 0.

We are now in a position to establish the relationship between the kernel polynomials
associated with F' and Fj, respectively.

Theorem 10 Let A € M4(C) be fizred. Then

r(A) 5 SE(A,)9() = (mra(A)iensn()) —
(en+"}(A); Vn,n)Fo[(Vn’.,-,; Vnm)FO]_l(Vnm; en+n(.))F0. (51)

16




Recall that (€niq(A); €ntn())™ = shi,(A,-); cf. (18).

Proof: Let A € My(C) be fixed. As was already noted, the first term in the right-hand
side of (51) is the kernel polynomial s75,(A,:). By (43) the left-hand side of (51) is the
kernel polynomial s, (A, ), By (45) it suffices thus to proof

ST (A, ) = (nin(A); V) [ (Vigi Vi) 17 (Vs €n () - (52)

Since by (50) each polynomial in 73%.,, has the form Qu—1(Vng; €nty)™ with some Q,—; €
Moxq-1, it is easily verified that the kernel polynomial given by (52) belongs to Py, and

has the reproducing property in Pri,. O

Corollary 2 Let A € My(C) be fired. Then

r(A)* > sE(A, ) ar() = ensn(A) npn €nty(), (53)

where
Hn+"] = [Hf?l-n]_l - [Hrﬁzg—n]_lvn,ﬂ(vz,n[Hf:?i-n]_lvn,fl)_lvr*z,n[HS?Fn]_l' (54)
Proof: By using (5) and (13), formula (53) is a direct consequence of (51). O

It is shown in the next theorem how the inverse of the Toeplitz matrix Hf is ealculated,
given the inverse of the Toeplitz matrix Hf‘_’m and the polynomial r.

Theorem 11 For eachn € N |
1 I N § S (55)
with the matric Ty € Mayny given by Toy = (0,C,) D*.
Proof: It suffices to prove that
enin = Tnnen 47+ Vo, Vo 1€n-1- (56)

Indeed, since I1,4,Vn, = 0 the desired formula (55) follows from (53) and (56).~ In order
to prove (56), note that (47) yields

e, AT =Cpep 1 +Cp pen €
Hence by using (49) we get
€, €, = [c:l,g]_l.e'n, 4r + V ,Zv;—ien—l

which easily reduces to (56). O

Formula (55) yields the following explicit expression for the kernel polynomial s (A,-)

(cf. (51)).

17



For eachn € N
sf(A,) = [Trnen(A)] iy Thpenl:). (57)
ng (13) and (55) we get (57). O
: choose for V, ; the identity matrix, then the polynomials C,f O, k=0,...,m7—
) coincide with the components of the vector
(Vi Vn,n)Fo]_%(Vnm; en+n('))Fo € My_1x0-
an be checked by using (56).

struction of Orthonormal Polynomials

e of a polynomial p = i Prey is defined as usual by
k=0

p(l) = Z kPrer_1.
k=1
ative of a polynomial p is defined by p™) := [p(¥-D]M) with the convention
g with p(")(Z), we also use the common notation (ddZ—NN)p(Z) for the derivative
1at Z.
onship (51) between the kernel polynomials associated with F' and Fy, re-
ovides for a similar relationship between the orthonormal polynomials ¢f
the next theorem in which the polynomial ¢f = (U%;e,(-))F is related to

al {fin = (Uﬁi?,;enm(-))FO (cf. (6); recall that ¢, = ||&a]|71&n)-
Foralln € IN
en())"ar() = (Unifiensa(:)™ —
(Uni%s Vi) (Va3 Vi) 17 (Vi €nn (). (58)
the desired relation (58), by taking the (n +n)® derivative with respect to
les in (51). The result on the right-hand side is obvious. The calculation on
side is equally simple, provided the following consequence of (47) is taken

tion
sh(A, ) 47()) = ea(A)* (Hy) 7 C;, sensq(")-

en only need to verify that

]' % n * n (]
(n+n)! {Cn7ﬂen+ﬂ]( ) = Cn,nUniZ =0,
finition of the N* derivative p™ of a polynomial p at the end of subsec-

|

yields the following explicit expression for the polynomials ££ = (U7; e, (-))”
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Corollary 4 For eachn € N
(Unsea(-))” = Uniy Mgy Tanen(:). (59)
Proof: By (54), (56) and (58) we get |
(UT; e())" ar() = Upi T o inenin() = Uniy ThainTagen() ar().

According to (36) this implies the desired relation (59). O

3.5 Determinants

The determinant of HY can be calculated according to the following relationship.

Theorem 13 For alln € N

Vomi Vin) P
HF — Hn ‘( T'-,Tl’ n)n 60
el = Wbl 7 o)
Proof: Define
Qo= (VaaVils In ) = ((€CuaCad)", Tn ) = (CaCi3)" (61)

Then by (46)
QnH'rI:?i-ﬂ * ( 2) Hn n27

so that
[Hy | = QaHZ5,Qu (62)

by |Cn 2| = 1. It will be now proved that
0 (VagVal)
VoVl Had

|QuHz, Qul = | = In—1] (63)

Note first that if Hn+,, is partitioned as follows

HF(] _ ( H'IF]‘?-I B* )
ntn T B H,,Flh b]

then by definition (61)
Q.HE, Q. = HE® + Voo Vi1 HR (Vo oV )" — B(VagVs, D* = Va2V 1B

_HP. 1 (V V 1)*
) B o, 1 n,2¥n 1
Y — (VaaVil, B) ( L o ) ( B* :

i

Hence

n—1 n—1

QnHS?{-nQ ———HFO _ ( v vnl, B ) ( IO IIIWFT ) ( (Vn2vn1) >’ (64)
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—Hg‘gl Iﬂ_l . 0 In—l -
L1 0 ) \I HPF, ) -

pply to (64) the following well-known formula for the determinant of a block

A B
C D

l — |A||D — CA™'B| = |D||A — BD"C|. (65)

ince

-1y
0 IUF—’OI (Vn,21in,1) 0 (Vn,nVT:%)*
I Hply B =\ v, y1l HFo
Vn’2v,;j B H,fo n,n¥n,l n4n

0 I,
I, HP,

and (63) we have

=| =Tl ==Ll ™

0 (VagVar)*
Fo

7 ~1
V n,n¥n,l n+n

Hy| =] = I

he proof, apply (65) to the right-hand side of the last relation. We get (60),

|Hy |

i

| = Ly 1| = (Ve Va1) IS Ve Vil

|H5‘-)}—7] I I (Vn—,]{)* (Vn,n)* [Hf?m] - V‘"-,Tlvr:,i l y
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4 Applications

Tn this section the results of section 3, concerning spectral distribution functions F' of
form (33) with arbitrary r and Fp, are specified in a number of special situations of
practical importance. In subsections 4.1 - 4.3 F, is kept arbitrary, while r is specified as
follows. First it is assumed that the transfer polynomial r possesses zeros which completely
determine r, in the sense that the number of zeros coincide with the order n of r and besides
the associated Vandermonde block matrix is invertible (see subsections 4.1 and 4.2; for
notational convenience, we first deal with the case of simple zeros, and then with the case
of multiple zeros). As usual, a W € My(C) is called a zero of r with multiplicity m € IN*
if (W) = ... =r™ (W) =0 and r(m(W) # 0. Note that this assumption restricts
the class of transfer polynomials only in case d > 1, for in the last case a matrix valued
polynomial 7 need not have zeros. This particular situation deserves special attention,
since here the results of section 3 take a useful form (see theorems 14 and 15).

Next, in subsection 4.3, we assume that the transformation characterized by r (of time
series with the spectral distribution function Fy to time series with the spectral distri-
bution function F) is a result of 7 successive transformations characterized by transfer
polynomials of degree 1, say e; — ©gep, - - -, €1 — Oy—_1€0 with parameters ©; € My(C). In
this case r is the product of these polynomials (in the sense of subsection 3.1; see (67)),
and the parameters Oy, ..., 0, ; are in general not zeros of r, unlessd =1 ord > 1 but
n = 1. It will be shown that here the explicit expression (57) for sE(A,-) takes a useful
form.

In subsections 4.4 - 4.7 we deal with spectral distribution functions which arise in
some special time series models: in subsections 4.4, 4.5 and 4.6 we treat autoregression,
first order moving average and ARMA(1,1) models respectively. Finally we discuss in
subsection 4.7 how to apply the results of the present section to determine the likelihood
of a Gaussian zero mean time series, working out the special case of an one dimensional
ARMA(1,1) model.

4.1 Transfer Polynomial with Simple Zeros

Suppose that the polynomial r possesses simple zeros Wy, ... ,W,_1, and the Vander-
monde block matrix V, € My _1xy-1 associated with these simple zeros is invertible.
This matrix is defined as usual: for 0 < k,l <7y -1

Uk VUL = (W)

We say in this case that r is completely described by its zeros Wy, ... , Wo_1. It will be
shown next that under the present circumstances the right-hand side of (51), relating the
kernel polynomials associated with F' and Fy, can be expressed in terms of the kernel sfin.
We use the following notations: the vector with components sffi,,(Wk, ), 0<k<n—1,

is denoted by s, (W,-) € M,_1xo, i-e.
+7 ]

Uk 5B (W, ) = sI8, (Wi, ).
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Similarly, we denote by sn+n(W, W) the matrix in M,,_;xy—1 such that for 0 < k,1 < n—1

Uk* (W W)Ul 1= S (Wk,Wl)

n+1] 'n.+17

Theorem 14 If the transfer polynomial r of degree n € INT, given by (37), is completely
described by the simple zeros Wy, ..., W,_1, then for each A € M4(C)
(W,).  (66)

r(A)* > sf:(A, Jar() = sn+n(A - (W, A)*sn+ﬂ(W W)~ 15k

n+'q n+n

Proof: Formula (66) is a direct consequence of (51) where the matrix V,, is identified
with the matrix V,,, € M, n_1xn—1 which is defined as follows: for 0 < k <n+7n -1
and 0<I<n—1

Uk+n 1 VanUny = (W),

Indeed, with this choice for V,, we have C; 'V, , = 0, since the W; are zeros of r and
Vn,1 coincides With the Vandermonde block matrix V,, which is assumed invertible (recall
that V. = (Vs 1, Vi)

Wlth Vog = Vn,, we can write the right-hand side of (51) explicitly in terms of the
the kernel polynomial sn+,,(A -) evaluated at the zeros of r: for 0 < k,I < 17— 1 we have

U’;*_l(Vn,n; en+n('))F0 = 3n+n(wk7 )
and :
Usil(vn,n; Vn,n)FoUil_l - 3n+q(Wk7 Wl)
which yields (66). O

4.2 Transfer Polynomial with Multiple Zeros

We say that the polynomial r of degree n € IN* is completely described by its (multiple)

zeros if r has zeros W; € My(C) of multiplicity n; € IN*, 0 < j < 7, where n = XT: 4,
Jj=0

such that the generalized Vandermonde block matrix Vi, = (V),..., V(") € M, 1,5,

associated with these zeros is invertible. This matrix is defined as usual: foreach0 < j <7
the matrix Vﬁf) € My_1xn;—1issuch that for0 <k <np—-1land0<I<n; -1

k
Ny 1 WEL if k> 1
Uk VOUL | = ﬁeg)(wj) = ( l ) j =
’ 0 if k<l

The multiplicity of the zeros causes usual comphcatlons in notations. For each zero W,
0 < j <7, we need to define the vector s53.,(W;,) € M,, o with the k™ component

;1;6iﬁksn+,,(A ) lazw;, 0 < k<75 — 1, ie.

kx 1 ak
Unj—13n+n( ) = k! 9A*k n+n(A ) la=w;-
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Slmllarly, for each couple of zeros W; and Wy,, 0 < j,m < 7, we define the matrix
580 (W3, W) € My, _1,.-1, such that for 0 <k <n; —1land 0 <1 <7 — 1

1 & &
K1l 9A** 87! St

Theorem 15 If the transfer polynomial  of degree n € IN*, given by (87), is completely
described by its multzple zeros Wy, ..., W, then for each A € My(C) the kernel polyno-
mials sE(A,-) and sty,(A,-) are related by (66) where

353-11 (W07 )

Uk*—13n+n (Ww wm)Ul m—1 — (A Z) IA—W,,Z—Wm

n+q(W ) = :
n+11(w'r’ )
and
n+r/ (WU’ WO) n+n(W0) T)
'n.+n(W W) T
n+17 (WT’ WO) ‘ n+11 (WT’ W'r)

Proof: Use the same arguments as in the course of proving theorem 14, based again on
(51) with Vn,n = Vn,n (VSS,)?, V(t)) € Mn+n—1xn 1. Here V(J) € Mn+n—-1x17,-—1;

Ogjg'r,issuchthatfor05k5n+77—1andOSlSnJ—l

k k—1 -
Ui, vou! -1 = ¢ ff)(W) { ( ! )Wj Hhzt

L1 A 1
0 ifk<l.
O
4.3 Product Transfer Polynomial
In this subsection we assume that the polynomial r can be decomposed as follows
r = (61 — @n_leo) qd...4 (61 — 6060) (67)

with parameters ©;, 0 < j < 5 — 1, belonging to My(C). Surely, in case d = 1 the
parameters ©; are zeros of r, but in general we only know that ©q is a zero of r since for
any p,q € P we have ¢(©) =0 = (p<¢)(©)=0.

Theorem 16 Let the transfer polynomial r be given by (67). Then for each A € My(C)
and n € IN '

STFL,(A7 ) = éntq(A) Maiyain(), (68)
where I1,.4, is given by (54), while &n4n € Muiqp 15 the vector with the first 1 components
equal to 0 and the last n + 1 components given by (0 < ko < )

Ul enn()= Y OF™---677 ey, (). (69)

11,+17 n—
koZ...Zk,,ZO
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Proof: The matrix C},, € Muxn associated with r of the form (67) as in subsection 3.3,

can also be decomposed:
Cr2 = C(©y-1) - -- C(60) (70)

where for each © € M (C) the matrix C(©) € M, is such that for 0 < k,l < n

I ifk=1
U™CO)UL ={ —©0 ifk=1+1 (71)
0 otherwise.

Since the inverse of the matrix C(©) is such that for 0 < k,I < n

k-l
vroEr v, ={ & Rzl ©
we can easily determine the inverse of C}, , and verify that for 0 < kg <n
U (o) tenl) = X Ofh e e ().
ko>...>ky >0
By using theorem 11 and (57) we then get the desired relation (69). O

4.4 Autoregression -

Let F be the matrix distribution function of an autoregressive process of n** order whose
increments are given by

dF(\) = B(e*T)~ dFy(N) B(ePD) ™, (73)

where I} is the same as in example 1 of subsection 2.2, and § is a polynomial of degree
n € IN* such that it has a leading coefficient that equals I and all roots of the equation

|B(z1)| =0 (74)
are lying inside the unit circle.

Theorem 17 The orthonormal polynomials ¢f associated with the matriz spectral dis-
tribution function F of the form (738), are given by

bn=S"%en <9 =5"%Pen (75)
for each n > n.
Proof: For each 0 < m < n — 1 we have by using (2), (8) and (73)

1 1 . . , 1
< em; N7 feny >r= 5o / M= e~ ()L dA T3,

(—7!',71’]
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Thus

< emi S Ben >F=% [ B d TR
Jzl=1

This last integral equals zero, since by (74) the integrand in the last integral is regular
for |z| < 1. 0

Corollary 5 For each A € My(C) and each n € N

ST (A) = 51 (A )+ S IBA)en(A) 5 AC)enl() (76)

k=0

with sf_; (A, -) satisfying

si_y(A,) —ex(A)"si_1(A, Jer(r) = 6;7(A) 67°() — ¢y (A)*65 (). (77)
Proof: By using (11) and (75) we get the desired result (76). Formula (77) follows from
the Christoffel-Darboux formula (14). ad

Note that according to (76), the difference dn(A,-) := sE, (A,-) — s;_;(A, ) satisfies

dn(A, ") — e1(A)"dn(A, Jer (1) = BA)* =7 B() = [B(A)ensa(A)] Z7F B(Jensa (). (78)

We can determine this difference by solving (78). For the determination of sf, (A,-) we
need not only d,,(A,-) but also s_; (A, ). In the following example we will give s, (A, -)
in case n = 1.

Example: Suppose 3 = e; —'eg. Then by (76) the kernel polynomial s£_ (A, -) evaluated
at Z equals

F0(AD) = sE(AZ) + SOIB(A)AR) 571 B(Z)Z,

k=0
where s{'(A,Z) is a constant, namely sf(A,Z)™' = [ dF()A) =< ep;ep >r, which is
(_W’W]
determined by solving the following equation
< €p; €p >r=I"< eg;e0 >F "+ (79)

4.5 First Order Moving Average

In this subsection we deal with a matrix distribution function F', whose increments are
given by (33), where Fy is arbitrary (so Fp is not necessarily the spectral distribution
function of White Noise) while r is specified as follows: r = e, — O¢y with a parameter
© € My(C). Then we have the following
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. For each A € M4(C) andn € N
wi"’(A ()= (A $21(©)[553.1(0, €)1 4131 (€)%, (), (80)
01=0

ynomials {1;° }renw are defined by
$rdy — B151(8) eo = Y T (81)

lemma 1 given at the end of this subsection, the polynomials zp,f ° exist and

present special case of F', formula (66) reduces to
“bsE(A, ) ar() = s58, (A, ") — 521(A, ©)[5754(0,0) 5,54(8, ). (82)

ight-hand side of this relation as follows

(5521 (A,-) = 5121 (A, ©)] = [5751(8, ) — 5,3.1(6,©)] —
[s221(A, 0) — 52,(8,0)][s151(©, ©)] " [s7%1(O, ) — 513.(6, ©)),

rify by using (11) that
(A) = 2. (O 8531() — $:31(0)] -

(8) = 6E(O83,(0)] 1,(0,07 |3 dfh (O () ~ ¢ (O]
the last expression reduces to 7(A)* > 3£ (A, ) ar(-), where §5(A,-) stands
hand side of (80). Hence
r(A) > sh(A, ) ar() = r(A) > 5 (A, ) ar(),
in view of (35), that
r(A) > s (A, ) =r(A) > 5 (A, ),

ly ,
SF(,A) ar(A) = 55(, A) ar(A).

(35) to conclude that sf(-, A) = 8Z(-,A). This is the desired assertion (80).

et p € P be a polynomial of degree > 1 with p(©) =0 for some © € My(C)
| — Oeq. Then there exists a unique polynomial ¢ € P such that p=gq<dr.

n—1-1

Z Pirer and q = Qlel with Q; = Z Prmyir19™. Then it is easily
D= q <1 r. By property (36) g is unique. O
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4.6 ARMA(1,1) Model

In this subsection we consider a matrix distribution function F' with increments given by
dF(X) = (€21 — A) (P — T) dFy(A) (€71 — T)*(e* 1 - A)~, (83)

where F is the spectral distribution function of White Noise and A, T € My(C). This
spectral distribution function F is associated with an ARMA(1,1) process if all eigenvalues
of A are inside the unit circle. We will assume this throughout this subsection.

Theorem 19 Suppose A — Y € M7 (C) and define
I'=A-")"AA-T)and®=(A-T)""T(A-T). (84)
Then for each A € My(C) and n € IN the kernel polynomial sE(A,) is given by (80) with
PR =572 |e 4+ (© -T) kf e'“-l—mem] : (85)
m=0

Proof: Due to lemma 2, given at the end of this subsection, the spectral distribution
function F considered here satisfies

AF()) = (€1 — ©)(e — I)F dFy(A) (621 — I) (eI — ©)" (86)

with the same Fy as in (83) and the parameters ©,T' € Mg4(C) given by (84). Since (86)
is presented in the form (33) with r = e; — Oep and

dF(3) = B(PD) - SaNB(EP ) ™, (87)

where 3 = e; — I'eg, we deal here with the case treated already in subsection 4.5 (with
the special Fy this time, given by (87)). Thus formula (80) holds, and it remains to verify
that for the special Fy with the increments (87), the equation (81) is satisfied with i
given by (85). Since the orthonormal polynomials ¢fe ., n € IN, are given by (75), we
have

SR, — ¢f1(0)] = exss — Der — [ers1(@) — Tex(O)]
| = lex1 — er+1(©)] — Ilex — ex(©)]

E k—1
(Z ek me,, — T E Gk_l”mem) 4ar

m=0 m=0

k-1
= (6k +©-1) Z @k_l'mem> qar.

m=0

fl
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uppose A — T € M7(C). Then the equations (84) are equivalent to the

equations:
A+O6="T+Tand A©® =TT (88)

: eigenvalues of I' and A coincide, as well as the eigenvalues of © and Y.

we first that (88) implies (84). By (88) AA+A© = AT+ATI'. Since A® = YT
TT' = AY + AT, which is equivalent to A(A — T) = (A — T)I'. This yields
1 (84) for I'. The expression for © is obtained by using A+© =T +T.

“ the converse statement. By (84) '~0 = (A-7)"1(A-T)(A-T)=A-T,
'+ T'. This yields AT 4+ A" — AA = A©. Moreover the expression (84) for I'
\I' = AA =YT'. Hence A© =TT O

AA(1,1): The One Dimensional Case

the present paper allow for determining the likelihood of zero mean Gaussian
{n}nez in all particular cases treated in this section. If d = 1, for instance,
ikelihood L, (X,) of the sample Xy, ..., X, is (here X, is the column vector
mts X, 0 < k < n)

1
Ln(Xa) = =5 [(n+ 1) log 27 + log |HE| + (Xn; Xa)r| (89)

e spectral distribution function of {X, }nez. If, in addition, F' is of the form
: can apply formulas (55) and (60) in order to specify the right-hand side of
demonstrate this with the following simple

d = 1. Consider the zero mean Gaussian ARMA(1,1) time series {X,}nez
tral density '
dF()\) 0_2 le* — )2
dx 27 |er — 42
6) with y=T=A, |7/ <1,0=0=7T,v#60 and 6> =% > 0). We will

| il

3 7°Ys

k=0

Z lYk|2 - Kn(’Y) 0)

. 1
(n + 1) log(2ro?) — log K. (v, 6) + 7 | =

(90)
k-1 k k-1
Xt (0-0) X = 3 R R, (9)
m=0 m=0 m=0
0 - 2
Kn(7,6) = i (92)

L=l +16— P 5 fope
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and

. 1—|v|2
Ko(7,6) = 0/ (93)
1=+ 10—t £ i
Obviously it suffices to show that (cf. (89) and (90))
2 - 2 T 7k *
o (Xn;xn)F = z IYk| - Kn(’Y: 0) Z 6 Yk y (94)
k=0 k=0
and l Fl a.2n+2 ( )
H|== . 95
Ka(7,0)
In view of (13), one can deduce (94) by verifying first that for A, p € (-, 7]
: 1 1 = i * (1 o % *nk7 %
sE(6, %) = & [T ouP e ou ) - Kl 9) 3 S (ouP ) 0T o).
k=0 k=0 =0
(96)

with 1
0¢£0 = e+ (9 — "‘/) Z Hk*l’mem,

m=0
and then by substituting e®** and e~** in the last expression by X and X respectively, -
for each 0 < k < n. But (96) is obtained by applying theorem 19. Indeed, put d = 1 and

dFy(A) _ o* 1
dx 27 |er — 4|

Then for all n € IN the corresponding orthonormal polynomials evaluated at 6 are

s (6) = "(0 - 7)6"

and
s10,0) == |1— P +10 - Z 161**] , (97)
k=0

since
2

sn1(8,6) — s3°(9,6) = ~—l9 7!2216”2" and [s3°(0,0)] " = (98)

k=0 1— |y
Now we will determine |HZ| by using (60) with V7 = (1,6*,...,(6*)"*"). We get
]HFI - ‘Hn+1l3n+1(61 9))
which yields (95) by (97) and the following consequence of (32) and (98):

1 n+1 1_172ﬂ+11 1__,72
-—~—%M®H@|@ - 'H—:0$L

|H53-1l o? k=1 o?
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