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Abstract

inspired by natural language, the paper suggests a variable-free system for predicate logic. The system gen-
eralizes the implicit variables of modal logic, interpreted as instructions to access elements of the current
computational path.
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1. INTRODUCTION

The idea that variables should not be part of semantic representations of natural language is not new
(see, for example, Purdy (1991), and Sanchez (1991)). It rests on the simple observation that, unlike
verbs or nouns, variables are not visible in natural language expressions. But the issue of variables
in natural language semantics acquires a new meaning in the context of first-order dynamic logic
(Harel (1984)), and the related natural language formalisms of DRT (Heim(1982), Kamp (1981)) and
DPL (Groenendijk and Stokhof (1991)). This is so because in these logics variables are not merely
combinatory devices that enable quantification. In addition, they are names for the registers of a
random access machine that is being programmed. The basic instruction in first-order dynamic logic
is the assignment z := t, changing the current content of the z register to the current value of the
term ¢£. DRT and DPL use this kind of dynamic mechanism to model aspects of natural language
anaphora: an antecedent like a man introduces a register ¢ whose value represents a man. An anaphor
like he can use the register name z to retrieve that representation. Nevertheless, the original objection
against explicit variables in natural language semantics still stands.

In particular, suppose one accepts the assumption that natural language semantics involves registers
which are dynamically updated. Even so it is possible to reject the assumption that these registers are
accessed by explicit names like z (cf. Vermeulen (1991)). As an alternative, we suggest an implicit,
contextually dependent access method, which treats the current registers as a sequence, or a path. The
basic instruction is z; := ¢, where ; is the i-th register back in the current path. To illustrate the idea
in its simplest form, the present paper applies it to predicate logic itself, rather than to any particular
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bles and Path Instructions 2

. In this setting, the implicit access method can be viewed as a generalization of the
3 method of modal logic, where the only accessible element is the last member of the
Technically, this allows for a particularly simple comparison between modal logic and
:, Dow seen as a type of a modal system.

is organized as follows: Section 2 is an intuitive discussion of implicit variables as
ons. Section 3 defines the modal language used to express formulas of predicate logic.
1es a semantics for this modal language in terms of sequence models. Sections 5 and 6
mple connections between modal logic and predicate logic that become apparent from
7e: A proof theoretic connection between Enderton’s (1972) axiom system for predicate
n Section 5, and a model theoretic connection between partial isomorphism and modal
in Section 6. Section 7 compares the path-based system to Predicate-Functor Logic
, Kuhn (1983)). It concludes with a brief discussion of a somewhat similar idea in

5,%,x denote formulas. 1,7,k denote natural numbers. M denotes a Kripke model. L
! order language with no function symbols. D denotes a Tarski model with domain D.

/ARIABLES AND PaTH INSTRUCTIONS

wn, variables in modal logic are implicit. For example, a formula like 0Cp can be thought
\g a first-order formula like Vy(z Ry — Vz(yRz — Pz)). One possible perspective about
of implicit variables is in terms of paths. From this perspective, a modal formula is
. point, which is viewed as a path of length 1. Each O operator is viewed as extending
wh by one element to the right, and each propositional letter is viewed as checking a
e last element of the current path. For example, if O0p is evaluated at a point <s; >,
rmula Op is evaluated at sequences of type < s;, 32 >, and p checks the p property of the
3 of sequences of type < 81, 83, s3 >. Under this view, implicit variables are instructions
ents of paths. Concretely, an instruction of the form z; accesses the i-th element from
i current path. So the only instruction used by standard modal logic is z;. Along the
edicate logic can be thought of as a modal system which makes use of the full range
3 z; for any positive natural number i. As in modal logic, these instructions play the
ound and free variables, depending on their ‘modal depth’ within the formula. For
1e formula Op — p, the first instance of an implicit z; is bound, whereas the second is
:ally, an instruction plays the role of a free variable if the element it accesses is in the
hich the formula is evaluated, rather than being added to it through path extensions.

n
Y

st order language without function symbols, defined by:

ol o1 — ¢z | Va0

atom (by which we mean an atomic formula or an equality).
at the variables of £ are of the form z;, where 1 is a positive natural number.

language determined by L is defined by:

pldr— |08

atom of £. (But recall that an expression like z; in £° has the semantics of a path
ther than that of a variable).



TR R

unction °, a recursive translation
ppropriate path instructions of L
I0R(zs, z1, Z7), and YrgVzy R(z4,
é € L, [+1]¢ is the result of repl

follows:
1
p
2)° =des ($1)° — (62)°

=def O(f21/241][+1]¢)°

R(z3,z4,%5))°
z341][+1]VzaR(z3, 24, T5))°
[x341]Vas R(zs, 5, T6))°
sR(z1,2s5,%6))°

3 /z541)[+1] R(z1, 25, Z6))°
z1/zs+1)R(z2, T6, 27))°
R(z2,21,27))°

E((Dz, T, "57)

nd 1-1 up to alphabetic variants.
all ¢ € [¢], ¥° = ¢°, and for all 1
n of Vz1Vza R(x1, 22, T5).-

saring £ and L° it is convenient
currences of path instructions.

s easy. For c a constant,
- =def L
) =g4es the L atom [c/zi]p

b1 — ¢2) =aes lc/zild1 — [c/zild

Nhat ° does is replace the variab
he £ formula Vz3Vz4 R(z3, T4, T5)
1, T2, 337).

¢ with Titl-

if [¢] is the set of alphabetic vari
For example, OOR(z3, 21, Z7) is

ns for substitution in £° and for



¢ =des Olc/xit1]d

Lo=ges L

P =des the L atom [z;/z;]p

(61 = ¢2) =aes [zj/mild1 — [z;/zi]de

0¢ =des O[zj+1/Tit1]d

hen a path instruction is free, we define the modal depth of a formula within another
:xample, the modal depth of the first occurrence of p in Op — p is 1, whereas the modal
econd occurrence of p is 0.

formula of £°, and ¥ an occurrence of a subformula of ¢. md(y, @), the modal depth of
ted by:

1) =gef 0
0) =des 0

_ md(y, ¢1) if ¥ occurs in ¢
br— 2) =def \ md(y.dy) if 1 ocours in ¢y

@) =gey md(y, ¢) + 1

An occurrence of a path instruction x; in ¢ € L° is free if j > d, where d is the modal
tom containing that occurrence in ¢.

thinking about Op — p as Op(z;) — p(z1), the first occurrence of x; is bound and the
Note that the usual restrictions on substitution in predicate logic are not needed, since
les get ‘captured’. For example, [z;/z3]0p(z4) = Op(zs).

5
et S be a set. The set of finite sequences over S is called S*, and sequences are written
o <81,...,8,> is written as 81...8,. If 0 = 8y...3, we write'length(c) = n.

Let D be a model for L, with domain D, and 6§ € D*. If§ = d,, ...d; we write lqﬁ“p"S

alue of ¢ in D under the partial assignment 6 : {x1,...,z,} = D defined by §(z;) = d;.
rsal of order).

e Model determined by D, is defined by:
§ <Wpe, Rpe, Vpe >, where

D*

{<é,6d> |6 € D*,d € D}




5) = |p[>*

s undefined iff p contains an z; with i > length(§). The definition of satisfaction in D°
trict (or weak Kleene) interpretation of the undefined truth value U:

=F
= Vp-(p)(é)

s [V 1B =V =U
217 =8 F |¢1|P =T and|¢2|” *=F

T otherwise

, U I¢|D°,6' = U for some § R’
"= T |¢/P® =Tforall 6RE'
F  otherwise

ss in |<;le’D"s is also subject to a weak Kleene interpretation, one can prove the following

> I'D°,6 - |¢i'D,6

»n the total number of — and V in ¢.

obvious. ¢ = p: by the definition of Vp..

= 1 — bt |(B1— d2)° P = Ui [ 43170 = Uor |43[7"° = Uif |7 =U o
w the induction hypothesis, iff there is a free zj in either ¢; or ¢ that is not in the
B |p1 — &2 ]D"s = U. The argument for T is similar.
[z1/zj+1][+1]¢')° IDO‘M = U for some éd iff |[z1/z;+1][+1]¢'] = U for some éd, by
hypothesis. Since z; must be in the domain of éd this may happen iff there is a free zj
: j that is not in the domain of §, iff |Vz;¢' [P = . |([z1/41][+1]¢')° [P*%% =T for
Tjp1][+1]¢' |P%¢ = T for all 6d by the induction hypothesis, iff |¢' 19’6” =T for all 8"
om & at most in the value for z;, iff |Vz;¢' 1P =T. o

D,éd

' is an explicit representation of the possible ‘paths’in D. In this respect, it is reminiscent
ing construction in modal logic (Sahlqvist (1975)).

Let M = <M, R,V > be a Kripke model. Its unraveling M* is defined by:
tef <Wpt=, Rp=, V- >, where
={6d|6eW* de W}
= {<éd,6dd'> | § € W*,dRd'}

)(éd) = V(p)(d)



1 For every modal formula ¢, d € W, § € W*, M*,6d = ¢ if M,d = ¢.
action on the construction of ¢.

ion will be used in Section 5.

ieed a notion of entailment for £°.

A formula of ¢ € L° is a sentence if it does not contain any free variables.
ue of a sentence ¢ is always T or F, and for every D°,6, and &', |¢]D°’6 = |¢|D°’5'.
if |67 * =T for all 5.

he partiality of the assignments, we define entailment for formulas in terms of entailn

The intuition is a familiar one: free variables are treated as ‘parameters’, i.e.
tive to an assignment. So let {c;}icw be a set of new constants, and [c;/z;]¥ be
ring the set of substitutions {[¢;/z;]}ien to ¥.

Let T'U {@} be a set of L° formulas. T |= ¢ iff for every model D for LU {c;}ien
for all v €T, then D° k= [c;/xz;i]é.

2TI°E¢ iffT ¢

oS

c is a simple variant of predicate logic, it can be axiomatized by a simple translatio:

rstem for predicate logic. For example, here is a translation of the Hilbert-style sys
1972), with generalization as an inference rule.

i ¢ € L°, [d+ 1/d]¢ is the result of replacing every free path instruction z; with
n Zi+1. And similarly for [d — 1/d]¢.

tologies

L

gb') — (D¢ — D¢’)
d+1/d]¢

t/zo][d — 1/d]é

—(p—p')

p' is obtained from p by replacing some occurrences of z; by z;.
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lens

o | ¢
tion

/[ b O /z)d+1/d¢

PL° i3 sound and complete with respect to the class of D° models.

ay be checked directly. (The quantifier rules are sound without side conditions because the
they contain can not make any free variable bound). Completeness follows automatically
ipleteness of Enderton’s system with generalization as an inference rule. For if I Eé
is onto, for every ¥ € I' U {¢} there is a predicate logic formula 9’ such that ¢ = ¥,
sition 2, {y' |y €T} = ¢'. Soif ¢1,...,8x is a derivation of ¢' from {7' |y € I'}, then
a derivation of ¢ from I: if ¢; is a predicate logic axiom, then ¢ is one of the axioms
1 derived from ¢; and ¢; by modus ponens, then ¢? is derived by modus ponens from ¢
similarly for generalization. o

, first-order language with some unary predicates, and recall the discussion in Section
lly, one can think of the standard modal language (ML) as that fragment of L° where
i are unary, there are no equalities, and the only path instruction is z1.! Semantically,
models of £° resemble unravelled universal Kripke models (Kripke models where R =
ad the modal deduction system S5 is sound and complete with respect to the class of
pke models. This state of affairs invites a question about the relation between the modal
f Enderton’s system and S5. As it happens, it is easy to prove the following simple

3 Fproymr @ iff there is a derivation ¢;...¢n of PL°, where ¢, = ¢ is derived from
Vi,1<i<n, ¢; € ML.

For every ¢ € ML, Fppoyyr ¢ iff Fss 9.

oML @ bss @ since PL° is sound and S5 is complete: Restricted to M L, the models
» unravelings of universal models for M L fragment of £°. So by Proposition 1, if ¢ were
» point of a universal model, it would be false in a model of £L°.

we show that every §5 derivation has a corresponding derivation in PL° | ML. Every
ology and distribution axiom of S5 corresponds to a boolean tautology or distribution
° | ML. Modus ponens is a rule of PL° | ML, and necessitation corresponds to general-
i = 2. Reflexivity (0¢' — ¢') corresponds to the second quantifier axiom with ¢ = z; and
‘O¢' — 00¢') corresponds to the first quantifier axiom with ¢ = O¢'. Finally, symmetry
) can be derived by a contraposition of 0-¢' — —¢' followed by an application of the first
iom with ¢ = O¢'. a

:tion to unary predicates is not essential here, since if there is only one path instruction then every n-ary
be traded for a unary one.




ypose the rules of PL° are restricted such that their assumptions and conclusions are in
.the axioms of PL° are restricted to those instances in M L. The result is a system that
e S5: It consists of the boolean tautologies, distribution, modus ponens, necessitation
but instead of transitivity and symmetry together, the single restricted axiom scheme:
y pin ¢ is in the scope of at least one O.

ONS

m of structural similarity for models of a modal language is that of a bisimulation. The
basic notion for models of a first order language is that of a partial isomorphism. The
shows that the modal system for predicate logic in this paper is natural in the sense
aese two notions coincide. (Cf. Fernando (1992) for a similar result using a fragment
ynamic logic).

M?, the submodel of M generated by s, is defined by:
f <W?* R*,V°>, where

s | sR*s', 0 <4},

n(w?e x w*),

Vpynw?

M2, the orbit of depth n around s in M, is defined by:
5 <W2,R;,V, >, where

s' | sR's', 0 <i<n},

n(w; x Wy),

:V(p) W,

A relation C between the domains of two Kripke models M = <W,R,V> and M' =
is a bisimulation if it satisfies the following conditions:

then s, s' have the same values for propositional letters
md sRt, then there exists a point t' such that s'R't and tCV'

usly in the other direction.

) Let D be a model for L, c1,...,cn new constants. (D, dl...dn) is the model for
.} that extends D by sending each c; to d; € D.

| <di...dp,d)...d, > is a local isomorphism between D and D' iff (D,d; ...d,) and
satisfy the same quantifier-free sentences.



| At each step i > 0 of the Infinite Ehrenfeucht game between D and D', the first player
n element of either D or D'. The second player (Sy) chooses an element of the other
be the element of D chosen in the i-th step, and similarly for d;. Sy wins if for every i,
..d}> is a local isomorphism between D and D'. Sy has o winning strategy if he wins
‘ween D and D'. -

. D and D' are partially isomorphic iff the Sy player has a winning strategy for the
‘eucht game between D and D'.

otion of bisimulation here is a 3-valued one. In other words, if C is a bisimulation and
every atom p, the truth value of p at s is the same value of p at s': T for T, F for F,

= Wpe and §' € Wpe have the same truth values for atoms iff <6,8'> is a local
etween D and D'.

h(6) < length(é') = n. Then the atom z, = =, is defined at §' but undefined at .
must have the same length, say k. By Lemma 1, § and §' have the same truth values

PP = |p[D"61 for every atom p of £ with variables in {z1,...,Z¢}. o

There is a non-empty bisimulation between D° and D' iff D and D' are partially iso-

is a non-empty bisimulation between D° and D'°. Then w.l.g there is a bisimulation Z
;he roots of D° and D'°, since the structure of the models is repetitive and the restriction
.orphism is a local isomorphism.

of the infinite Ehrenfeucht game can use Z as a winning strategy as follows: By induction
lay in such a way that the position reached after the n-th step of the game isin Z:
ects the two roots.

r the induction hypothesis, the current position <§,8'> isin Z. If the n-th move of Di
d of D then it determines a 6d s.t. §Rp-6d. So Sy can choose an element d' of D' s.t.
ich exists since Z is a bisimulation. Similarly if D4 chooses an element d' of D'.

d D' are partially isomorphic. The winning strategy of Sy determines a bisimulation Z

the set of positions <§,6' >

d in games in which Sy uses his winning strategy

sn-empty. Suppose <6,6'> is in Z and 6 Rpeéd. d can be seen as a move of Di, so Sy
inning strategy for choosing a d' s.t. §'Rpi6'd’. Similarly if §'Rpr.6'd’ for some d in
o
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A completely analogous argument shows that the finite Ehrenfeucht game of n rounds corresponds to
a bisimulation between (D°),, and (D'°), that connects the two roots.
The Ehrenfeucht-Friissé Theorem can be thus restated as follows:

Theorem 4 If L is finite, then (D,6) and (D', §") 'satisfy the same sentences of L of rank n or less
iff there is a bisimulation between (D°)8, and (D'°)8, that connects § and &'.

7. DISCUSSION

The system presented in this paper is a variable-free system for predicate logic, based on sequence
models. In these respects, it resembles Predicate-Functor Logic (Quine (1971), Kuhn (1983)). There
are, however, at least three major differences between these systems.

The first difference has to do with what is meant by ’variable-free’. The goal of Predicate-Functor
Logic is to eliminate bound variables altogether, by use of functors. The goal of the system in this
paper is to avoid using explicit names for either free or bound variables, but no attempt is made to
eliminate the variables themselves. The second difference has to do with how the sequences of the
sequence models are manipulated. Both systems quantify over a fixed position at the end of each
sequence, and manipulate the coordinates of the sequences to make this suffice. But the main tool
of Predicate-Functor Logic is permutation, whereas the main tool of the present system is the use
of projection functions. The third difference has to do with ’autonomy’, in the sense of the relation
between the new system and existing logics. Because of its philosophical goals, Predicate-Functor
Logic is set up to be autonomous’ from prior logical systems. The present system, on the other hand,
is a relatively simple extention of standard modal logic.

Some of these differences can be glimpsed from the forms of the formulas themselves. For example,
here is a predicate logic formula, its Predicate-Functor translation from Quine (1971), and its modal
translation (using the usual abbreviations, e.g. ¢ =405 ~0-).

Jzy(~(zg = z3) N F(z3, T2, 23) N F(21, 22, T3))
}SSP7P4("I X Fa X F3)23m3x3m1m3

O(~(z1 = z4) N F(z4, 21, 74) N F2, 21, 24))

We conclude with a brief discussion of Dekker’s (1994) version of DPL, of which we became aware

when about to finish the paper. Dekker’s system resembles the current system in that projection
functions are used to replace variables. But unlike the current system, they are used for dynamic
rather than ‘static’ quantification: the predicate logic part of Dekker’s system is a standard system
with variables.
In Dynamic Predicate Logic (Groenendijk and Stokhof (1991)), dynamic quantification is employed to
model aspects of natural language anaphora. As in first-order dynamic logic, registers are named by
variables, and are accessed by an explicit access method: The existential quantifier in the translation
of an expression like a boy introduces a register, named by an explicit variable like z. Subsequent
pronouns like he make use of the value of this register by employing a free occurrence of z. The
following is a typical (simplified) translation.

A boy likes a girl. She admires him
Jz(Bz A 3y(Gy A Lzy)) A Ayz

Instead of this explicit access method, Dekker suggests an implicit method based on projection
functions: An information state is an n-ary relation between individuals of a model D. An existential
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formula like 3z Bz transforms an n-ary relation s into the n+1-ary relation {6d | § € s and d is a boy }.
A pronoun uses the values in an information state by employing a projection function p; that accesses
the i-th last coordinate of the tuples of the state. The example above has the following simplified

translation:
3z(Bz A y(Gy A Lzy)) A Apapy

Beyond the mere technical similarity between Dekker’s ideas and those of the present paper, there is
an opportunity here for a generalization about the role of pronouns in natural language. Ben-Shalom
(in progress) uses a variable-free system to model bound anaphora in natural language. As in the
present paper, quantification is achieved by a modal system with path instructions over sequence
models. In particular, the accessibility relation i extends tuples by their i-th last coordinate. The
following are typical translations.

A boy likes a girl
Oboyogmlike
A girl admires herself

O gin01admire

Writing ¢.s for the accessibility relation that accesses the i-th last coordinate of static tuples, and
i_d for the accessibility relation accessing the i-th last coordinates of dynamic ones, one can compare
the following translations:

A boy likes a girl. She admires him
Obayogmlike Ay 40y gadmire
A boy likes a girl. She admires herself

OhoyQ girtlike A Oy _g0; ,admire

In other words, pronouns can be argued to be interpreted by projection functions whether they
have static or dynamic antecedents. The difference is confined to which tuples are accessed: those of
the static or the dynamic current state.
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