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Abstract

is shown that any closed centrally symmetric Borel subset of R? is completely
>wn once its covariance function is given. This result does not need any convex-
or connectivity assumptions. The theorem is proved by rather simple Fourier
hniques. Furthermore we give a geometric proof of the uniform continuity of
» covariance function of any bounded Borel set. These results imply a solution
a problem of Pyke concerning the determination of a set from its interpoint dis-
ice distribution. Inspired by the result for the covariance function of symmetric
s, we introduce a new function, the cross-covariance function, that is shown to
iermine any bounded regular closed subset of Re,

Subject Classification (1991): 53C65, 60D05
rords and Phrases: covariance function, interpoint distance distribution.

duction.

'set) covariance function was introduced by Matérn in 1960 (see Matérn
and Matheron (1965). It maps a Borel set A and a vector x onto the
of the intersection of A with the translation of A by z. The covariance
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. widely used in spatial statistics to investigate second order properties
lel under study. It can be used for instance to estimate the parameters
an model (e.g. Hall (1988), Chapter 5).

ically however the covariance function seems to have received less at-
wo interesting questions immediately arise:

w much geometric information about a set is contained in its covariance
iction?
at are the analytic properties of covariance functions?

1ing the first problem, Matheron (1986) conjectured that the set co-
inction of a convez set determines the set uniquely (up to a translation
sction). For planar symmetric convex sets, he shows the conjecture,
for all sets the support of the covariance function of a set A is equal
A @ (—A) and for convez symmetric sets: A@ (—A) = 2A. The reason
restricted attention to convex sets seemed to be due to the analytic
1e used to describe the boundaries of the sets. Later LeSanovsky and
)0) gave an example of two distinct nonconvex sets with the same co-
mnctions. For convex polygons in the plane the conjecture has recently
:d by Nagel (1993). (There the covariance function is called the covari-
.set.) Schmitt (1993) gives a reconstruction procedure that also works
icted class of nonconvex polygons. Consequently the role of convexity
completely clarified. In this paper we show that any regular closed
Borel subset of IR?, d > 1, is determined by its covariance function.
netry refers to the fact that A = —A. The symmetry forces the state-
: complete in the sense that we obtain the set itself and not a set up to
on. Observe that no convexity or connectivity assumptions are made.
on whether convexity is enough to ensure uniqueness of a set given its
function (up to translation and reflection) remains unanswered.

ame paper in which Matheron published his conjecture, Lipschitz con-
he covariance function of a convex set was proved. We give a geometric
ntinuity of the covariance function of a bounded Borel set (which in
jirect consequence of a standard result in Fouriér theory, see Zaanen
‘ontinuity of the function considered as a function acting on sets was
certain classes of regular closed sets by Cabo and Baddeley (1993).

apter is organised in the following way. In section 1 we give the result
- the uniqueness theorems about the covariance functions. The main
apply Fourier methods to the convolution of two functions to obtain
most everywhere of the functions. In section 2 this is applied to the
function. Section 3 is devoted to the continuity property. In section
ss two related problems of Pyke (1989) and Adler and Pyke (1991).
er paper, they asked whether a convex set is uniquely determined (up
ion and reflection) by the distribution of the difference vector of two
at uniformly distributed points in its interior. The well known relation
e covariance function and this distribution immediately shows that the



.of characterising a set by this distribution is equivalent to the problem of
rising a set by its covariance function. The results of section 2 and 3 solve
blem for all regular closed symmetric subsets of IR?. Nagel (1993) solves
or problem for convex polygons, but again for other sets this problem is
n. As a special case of the abovementioned relation, we have a relation
_the covariance function and the interpoint distance distribution (i.e. the
tion of the length of the difference vector). This relation is exploited
2 that a rotation invariant (not-necessarily-convex) regular closed set
lely determined by its interpoint distance distribution. This answers a
1 of Pyke (1989).

e last section we introduce a new function, the cross-covariance that is
o characterise any regular closed Borel set, thus providing an alternative
o-called three point covariance (see Nagel (1991,1993)).

uniqueness result for convolutions.
xeneral finite Borel measures.

A denote the space of all finite Borel measures on IR, with non-zero total
yie Vp € M: 0 < u(lR) < co. The moments py, of p € M are given by

un=/x"u(dm), n=0,1,2,...
R

?) denote the Borel o-algebra on IR.
il that the convolution u * v of two measures u,v € M is defined by

p*v(B) = / w(B —t)v(dt), B e B(R)
}—t={y—t: y € B}; see e.g. Dudley (1989).

"HEOREM. Suppose all moments of i1 and v exist:

pn <00 and v, <oo foralln.

L*=V*xV

ln = Vp for all n.

>F. Let ¢ and ¢ be the characteristic functions of x and v respectively,

B(t) = /}R £ (dz)
W(t) = /R €i"y(dz), te R



-known that the characteristic function of the convolution of two mea-
als the product of their characteristic functions. Consequently the char-
functions of % p and v * v are given by ¢? and 1? respectively. Thus
on (1.1) is equivalent to

#(t)? =p(t)? for all ¢.

moments exist, the k-th derivative ¢(*) of ¢ exists and is a continuous
that is equal to

#90 = i [ ateulaa),

Feller (1968), XV .4).
for t = 0 we obtain

¢®)(0) = i* py,  for all k.
(1.1) yields

o o

@ B(t)? = @0 ¥(t)? for all t and n,

in particular this is true for ¢ = 0. By Leibniz’s rule we have

—fwmm=ZCﬁWwWWm

k=0 k
=q" Zn: n Lklbn—k, foralln
k 7

iilar expression for 1. We prove the theorem by induction.
, (1.2) yields
$(0)* = 9(0)%,

po = ¢(0) = ¥(0) = vo,
lefinition ¢(0) = p(JR) > 0 and ¥(0) = v(IR) > 0. Now suppose
ur =v for all k < m.

) and (1.3) yield

i Z (Z) Plin—k = 1" Z (Z) VkVn—k

n
k=0 k=0



. equivalent to

n—1 n—-1
n n
2pnpio + E (k) Bk fn—k = 2vnvp + E (k) Vg Vn—k-
k=1 k=1

) the sums cancel and by the first induction step uo = vp > 0, so we can
oth sides by uo to obtain

ey, = Vn.
v mathematical induction we have

fn = v, for all n. 0

clear that Theorem 1.1 does not depend on the number of dimensions.
ogues for IR? will be used in the sequel without further comment.

Remark. Suppose the additional condition is satisfied that the measures
rmined by their moments, that is

fn = v, for all n implies u = v.

sary and sufficient condition for this was given by Carleman (see Shohat
narkin (1943)): a finite measure is uniquely determined by its moments

.1
2n
E Ho i = OO.

o Feller (1968), VIL3 for an example of a distribution that is not de-
d by its moments.) For measures concentrated on a compact set K this
n is trivially satisfied. Indeed we can bound the function z?" on K by its
mm M2 say, consequently s, is bounded above by M*" = M¢"u(IR).

L 1 1 1
IBEHEDY Mou(R)% Mo 2 u(R)=

1 -
diverges.
()% 8

e sequence {u(IR 2= } converges to 1 the series
g

n 1.1 can be rephrased in several ways. For a probabilistic interpretation

X and Y are independent random variables with the same distribution
et Z and W be independent random variables distributed according to
pose moreover that P and Q satisfy condition (1.5) of remark 1.2. Then
n 1.1 states that if the distribution of X +Y coincides with the distribution
¥, then P = Q.



\bsolutely continuous measures.

: measure 1 has a Radon-Nikodym derivative with respect to Lebesgue
, f € L! say, the characteristic function ¢ is the Fourier transform f of
over the convolution of two such functions is defined as

foly) = /R Fly — 2)g(z) da,

- well-known that (f * g)" = f§.

JOROLLARY. Suppose p and v are absolutely continuous with respect to
> measure A\. Let f and g denote their Radon-Nikodym derivatives and
f and g have compact supports. Then (f x f)"(t) = (g x g)"(t) for all t

f =g for A-almost all x.

)F. By Theorem 1.1, (f * f)"(t) = (g * g)"(¢) for all t implies equality of
ents, i.e.

/f(x)x"dmzf g(z)z" dz, for allm =0,1,2....
R R

and g have compact supports this immediately implies

f = g for A-almost all z.

:xample. Let A and B be compact Borel sets in JR and let f =14, 9=
pose 14%14 = 1g*1g. Then (14x14)"(¢) = (1p*1p)"(¢) for all ¢, thus
llary yields

1, =1p almost everywhere.

ext section we shall give a geometric interpretation of this example.

2 case of two finite absolutely continuous Borel measures on [0, c0) the
»n of Theorem 1.1 can be changed into the direct statement that p*p =
lies 4 = v, thus avoiding the somewhat unnatural detour via moments. In
is a consequence of the following theorem by Titchmarsh (see Mikusinski
Jieudonné (1960)).

"HEOREM (Titchmarsh). Let f and g be integrable over [0,T). If the
ion of f and g vanishes almost everywhere in [0,T] then there exist two
Ty >0, Ty > 0, such that Ty +T5 > T and such that f vanishes a.e. on
1d g vanishes a.e. on [0,Ty].




THEOREM. Let p and v be two finite Borel measures on [a, 00) that are
tely continuous with respect to Lebesgue measure A on [@,00), for some
y € IR.
en

Lk =V%UV

="

ooF. It suffices to give the proof for @ = 0. Let f and g be the densities of
v respectively. Thus f and g are nonnegative almost everywhere on [0, 00).
W * = v * v, we immediately obtain

fxf=g*g ae on][0,00).

alently
(f—g)*(f+g)=0 a.e. on[0,00).

f and g are integrable a.e. on [0,00), for all T > 0 they are integrable a.e.
> interval [0,T]. Then Titchmarsh provides us with 73 > 0, T > 0 such
N 4+ Ty > T and such that

f—g=0 ae onl0,Ti]
f+g=0 ae. on0,T3].
mplies that f = g a.e. on [0, max(Ty,T»)]. Indeed, if Tt = max(T1,T2), (¢)
s f = g a.e. on [0,T1] = [0, max(Ty,T3)]. If T, = max(Ty,T3), (1) implies
‘=g =0 ae. on [0,Ty] = [0, max(T1,T3)], because f, g > 0 a.e. on [0,00).
10te that
T < Ty + Ty = min(Ty, Ty) + max(Ty, Ty) < 2max(Ty,Ts),

fF=g a.e. on [0, 2T, for all T > 0. Letting T — oo, this yields f =g ae.
00). O

kusiniski (1987) one can find a higher-dimensional analogue of Theorem 1.5
» convolution ring of continuous functions with supports in a given cone.

Covariance functions determine regular compact symmetric sets.

note by B = B(IR?) the Borel o-algebra of IR®. A set A € Bis regular closed
juals the closure of its interior:

A° = A

igular closed set is bounded, we call it regular compact.



EFINITION. For a bounded Borel set A the covariance function of A is
s

Caly) =MAN(A-y)), yeR.

d-dimensional Lebesgue measure. When we wish to stress the dimension,
subscript as in Ay.

llowing properties are easy to check:

4(0) = A(A);
' is symmetric: C4(y) = Ca(—y), Vy € R%
'a has compact support.

iivalent definition is obtained by writing (2.1) in terms of convolutions.

Caly) = (1a*1_4)(y),

i={-z:z¢€ A}
msequence of Corollary 1.3, we immediately obtain the following unique-
rem.

IEOREM. Let A,B € B(Rd) be reqular compact sets such that
and B =—B. Then C4 = Cp implies A = B.

:hat the sets are completely determined and not just up to some trans-

*. By (2.2) for all y € R?
Caly) =(lax1-4)(y) = (1a *14)(y) since A = —A.

2 assumption is equivalent to (14 * 14)(y) = (1p * 15)(y) for all y €
ctly as in Example 1.4 it follows from Corollary 1.3 that the Fourier
s of the convolutions are equal and thus 14 = 1p a.e.. Regularity of
ow implies A =B. O

ntinuity of the covariance function.

ion 4 we need continuity of the covariance function. This is a direct
ice of the continuity of the convolution of an L! function and an essen-
nded function (Zaanen (1989)). Here we give a geometric proof for the
se of the covariance function.



THEOREM. Let B be a Borel set with A\g(B) < oo. Then the mapping
s(z) is continuous on IR%.

)OF. From the definition of the covariance function we easily derive
|CB(z) — Cr(y)| < 2(Cp(0) — Cp(z —¥))

jo Matheron (1986)). Thus it is enough to prove continuity in 0. Let € > 0
m. By Theorem 11.4 (Billingsley (1979)), there exists a finite sequence
, of hypercubes such that

AMBAU; ;) < €/2.
= UL, U;. It suffices to prove that
MB) = MBNT,B) < AU) = ANUNTU) + AMBAU),
z € IR%. Indeed, once we have (3.2)

A(B) = A(BNT,B) < A(U) — AU NT,U) + N(BAU)
= MU UT,U) — A\U) + \(BAU)
< MU=\ U + MBAU)
< MU\ UY +¢€/2, by (3.1),

Ullzll consists of all points in JR* at a distance atmost ||z|| from U. Now
> that MU=\ U) <37, )\(Ui"w“ \ U;). Since the U; are convex, we can use

viner formula (see Schneider (1993)) to write each A(Ui"ncII \ U;) as a poly-
in ||z|| with zero constant term and finite positive coefficients determined

100se § > 0, such that A(UI*I\ U) < ¢/2 for all ||z|| < 6.
or |lz]| < &

Cg(0) — Cp(z) = M(B) = A(BNT,B) <e.
us proceed with the proof of (3.2). First observe that
B=(B\U)u(BnNU).
3)

B) — M\BNT,B) = AB\U)+ABNU) - A(BNU)NT(BNU))
—M(B\U)NT(B\U))
—M(B\U)NT(BNU)) = M(BNU)NT,(B\U)



last three terms at the right-hand side of (3.4) are nonnegative, we
et

B) — M(BNT,B) < A(B\U)+ABNU) - AN(BNU)NT(BNU)).

ite \(BNU)NTL(BNU)) as 2A(BNU) - A((BNU)UT (BNU)), using
n invariance of Lebesgue measure. Then the right-hand side of (3.5) is

AMB\U)+XMBNU)=-2MBNU)+AX(BNU)UT(BNU)).

AM(BNU)UT(BNU)) L NUUT(BNU))
< AU UTU),

MBNU) = AU) - AU \ B).

3 not greater than

MU UT,U) = AU) + MB\U) + AU \ B) =
= AU) = MU NT,U) + M(BAU).

erpoint distance distributions.

quence of subsequent volumes of the IMS Bulletin (see Pyke (1989))
d the following question:

ven two independent points uniformly distributed over the interior of a
mpact set C, does the distribution of their distance determine C7

9) produced an example showing that in general this need not be true
Lesanovsky and Rataj (1990) published a paper containing among oth-
lt about the structure of these examples. The examples were based on
x sets and therefore Pyke’s question was restricted to conver C (see
: and Pyke (1991)). However, the following theorem shows that this
L is not needed as long as symmetric sets are involved. This is a direct
ce of Theorem 2.2 and the continuity of the covariance function.

the relation between interpoint distance distributions and covariance
derived from Borel’s overlap Lemma. (Borel (1925); Sheng (1985). See
and Baddeley (1993).)
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LEMMA. For two independent points X.,Y wuniformly distributed over the
w of a reqular compact set A € B(R%)

PIX Y| <p) = Ca(w)dw, p2>0.

7 ),
A(4)? JBo,p)

st observe that this implies the equivalence of the problem of characterising
oy the distribution of the difference vector of two independent uniformly
nated points X, Y in its interior and the problem of characterising a set
covariance function. Indeed, from (2.2) it is seen that A\(A)~2 C4(-) is the
y of the distribution of the difference vector, since X —Y = X + (-Y).
s result (1993) thus solves the problem for convex polygons in the plane.
heorem 2.2 together with the continuity of the covariance function solves the
m for regular closed symmetric subsets of IR?. In the case of the distribution
length of the difference vector, it is clear that the restriction on the sets to
racterised will have to be more severe, since this distribution throws away
formation about the directions. Theorem 2.2 yields the following result.

ProrOSITION. Let A and B be regular compact Borel sets that are rotation
ant (and hence centrally symmetric). Let X,Y be independent uniform
in the interior of A and let Z,W be two such points in B. Then

POIX =Y <p)=P(|Z-W| <p) forallp=0

s equality of the sets A and B.

DOF. Rewrite (4.1) as

BIX =Y <0 =500 | [, 7Catra) duar

A is rotation invariant, its covariance function only depends on the distance,
(4.3) is
dK,d
A(A4)?

p
/ r Calrug) dr
0

dky is the surface area of the unit sphere S%! in IR? and uy € S%! is
ary but fixed. By (4.2) we have

1

1 p P
/0 7 Calrug) dr = W/O r Cg(rup)dr, for all p.

2A)?2

by continuity of the covariance function we may take the derivative with
t to p on both sides, this is

_P
MA)?

Calpuo) = ;(-j;—)—pﬁmuo) for all p > 0.



1 1
A(A4)? Calpuo) = WCB(P’M()) for all p> 0,

- continuity of the covariance function must then also hold for p = 0.
)= 0 in (4.4) yields A(A) = A(B) thus

Ca(pug) = Cp(puo) for allp > 0.
was arbitrary, Theorem 2.2 yields A= B. L[]
oss-covariance functions determine regular compact sets.

s section we introduce a generalisation of the covariance function, that
to characterise every regular closed subset of R°.

EFINITION. Let A, B € B(JR?) be bounded. The cross-covariance func-
. with respect to B is defined as

Cas(y) = MAN(B+y)), yeR"

wing properties are immediate consequences of the definition:

4,8(0)=AANB) (=0if AN B = 0);
'a,B is anti-symmetric in the following sense:

Cap(y) = Cral-y), Vye R

‘a,B has compact support;
‘a,4(y) =Ca(-y) =Caly), yE€ IR%, in other words Matérn’s covari-
nce function can be considered as an ‘autocovariance’ in this setup.

Za,—a the cross-covariance of A.

covariance functions, an equivalent formulation in terms of convolutions

Ca,B(y) = (14 *1_B)(y).

reorem 1.1, we now immediately derive the uniqueness result.
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THEOREM. Let A,B € B(Rd) be regular compact sets. Then Ca,_a =
implies A = B.

observe that the sets are completely determined and not just up to some
ition.

YOF. Suppose C4,—4 = Cp,_B, or by (5.2)

(1a*14)(y) = (15 *1p)(y), Vye€ R%

y as in the proof of Theorem 2.2 this implies 14 = 1p a.e., whence A = B
ularity. 0

mnark. This result can be extended slightly to the following situation.
se we are given the normed cross-covariance functions (for example normed
ir maximum value); i.e.

CYZCA,_A(.’I:) = ,BZCB‘..B(I), Vz € le,

a, B € R,. Then A= B.
sed, writing (5.3) in terms of convolutions yields

alg*xaly(z)=pBlg*FB1lp(z), forallz.
from Theorem 1.6 we get
aly(z) = B1lp(z) for almost all z.

denote the null set for which (5.4) does not hold. We now first prove that

iplies a = £. :

se z € A\ N. Then (5.4) gives o = f1p(z) thus ¢ € B\ N, implying
But then 14 = 1p a.e. which implies A = B by regularity. [

t we prove continuity of the cross-covariance function using the result of

L 3.

THEOREM. Let A and B be Borel sets with finite Lebesgue measure.
the mapping « — Ca p(z) is continuous on R

YOF. By definition

|Ca,B(z) — Ca,By)| = I/]-A(t)13+a:(t) — 14(t)14y(t) dt|

< / 1415t — ) — 15(t — y)| dt.



viously 14 < 1, this is smaller than

[1a(-2) - 16t~ w)ldt = [t~ o)~ 100t —9))"at.
nge of variables and because of the translation invariance of Lebesgue
this is
2(A\(B) — Cp,p(z — ) = 2(CB(0) — Cp(z — ¥)).
e assertion follows from the continuity of the covariance function of B,
s proved in Theorem 3.1. [

ve that Theorem 5.3 implies uniform continuity of the cross-covariance,
B has compact support if A and B are compact.

does exist another generalisation of the covariance function that also
ises all regular closed sets. It is called the ‘three point covariance func-
~is defined as follows (see Nagel (1993)):
Ca(z,y) =MAN(A-2)N(A-y), zy€R"

oved by Nagel (1991) that it is possible to determine the corresponding
et from the three point covariance function considered as a function of
rariables z and y up to translation. To conclude this paper we would like
k that these two characterising functions can be considered as special
;he following unifying entity.

EFINITION. For n = 1,2... and A, B € B(IR?) bounded let the n-th
tion covariance function of A w.r.t. B, be defined as

Y1, 02, 0ni Y1, Y2, ---Yn) = A(AN (1B —y1) N---N (anB — 4a)),

, 0, ... a, € SO(d) denote rotations of R? and y1,92,...Yn € R

the cross-covariance and three point covariance functions in terms of
ovariances, we get

Ca-a(@) = T (en; —2) = T, (@, 1; ~2,0);

CA(m’ y) = F,(Z,)A(la 1; z, y)’
denotes point reflection w.r.t. the origin and 1 is the identity of SO(d).
ie results obtained until now may be summarised by saying that for
losed sets it either suffices to know the motion covariance with two
ns, or the one with one ‘reflection’ and one translation. In these terms
1’s conjecture is that for convex sets, motion covariance with only one

m - i.e. I‘fi’)A(l; z) - is sufficient.
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