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Abstract

A preliminary investigation on building preconditioners based on approximate inverses of certain sub-blocks
of the coefficient matrix is given. The derived preconditioners are suitable for the iterative solution of finite
element problems and they are closely related to the finite element discretization. Some initial results are also

given.
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1. INTRODUCTION

Iterative methods have long been established as alternatives to direct techniques for the
solution of finite element problems. Apart from their desirable properties for conventional
computer architectures [2, 4] (related mainly to the exploitation of the matrix sparsity), recent
interest in iterative solvers has been related to two additional issues: the inherently parallel
nature of the iterative solution (as opposed to elimination methods) which makes them ideal
candidates for parallel processing [4, 12, 25, 33|, and the on-going research on multigrid ideas
[29].

However, the successful application of iterative methods is by no means guaranteed since
their convergence, which depends on the eigenvalue spectrum of the problem, is notoriously
unreliable. Several preconditioning techniques have been proposed, that attempt to overcome
these difficulties by transforming the original problem '

Kz=f (1.1)
into
M Kz=M"1f

by choosing M to be an approximation to K.

In structural analysis, K is the structure stiffness matrix, z are the discretized displacements
and f is the external force vector. Furthermore, in finite element analysis, full assembly of K
is not required for the iterative solution of (1.1). Instead, only element information can be
used in the implementation of an iterative solver on (1.1). This is particularly advantageous
in parallel computations and dictates a certain element-level approach to finite element par-
allelization. Unfortunately, element information is not enough to define “traditional” global
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2. Finite element parallelism in conjugate gradients 2

preconditioners M which, therefore, become difficult to parallelize. Element level precondi-
tioners are an alternative, but so far little work has been done towards this direction.

The present work focuses on another option for finite element preconditioning, namely, the
derivation of global preconditioners from entirely element-level information. Preconditioners
which are closely linked to the finite element idealization, fall easily within this framework.
They are based either on a hierarchical (3, 37], or a coarse/fine mesh formulation [14, 15].
However, although these preconditioners can be derived in parallel, their implementation
within the iterative solution is not entirely parallel, since it requires some form of direct
solution. This report investigates the possibility of avoiding this “bottleneck” by working with
an approximate inverse of the preconditioning matrix instead. In particular, only certain sub-
blocks of M need to be approximately inverted. Two techniques for approximate inversion
are examined here, that are highly parallelizable using only element information.

The organization of this report is as follows. Section 2 describes an element-by-element
approach to parallelism with emphasis on their implementation on message passing archi-
tectures. The hierarchical and the coarse/fine preconditioner are described in Section 3.
Section 4 describes a technique for constructing approximate inverses based on norm min-
imization, while Section 5 presents some optimization techniques that are also suitable for
such a task. Finally, some initial results and concluding remarks are given in Sections 6 and
7 respectively.

2. FINITE ELEMENT PARALLELISM IN CONJUGATE GRADIENTS

A natural approach to parallelizing a finite element iterative solution scheme stems from the
concept of the “element” as a building block in the finite element methodology. Elements
are treated as dejoint and decoupled in many stages of finite element computations (namely
the formation of element level characteristics, such as element stiffness, strains and stresses)
which are therefore inherently parallel in nature. In addition, when an iterative solver is
employed, the explicit formation of the global stiffness matrix can be avoided by inducing the
element connectivity information to the out-of-balance force (residual) vector. In other words,
matrix-vector multiplication with the global stiffness matrix can alternatively be replaced
by element level matrix vector multiplications as long as the out-of-balance force vector is
properly updated. The above reasons suggest that an element oriented problem partitioning
and processor mapping can be particularly efficient in parallel finite element computations.
It should be emphasized that in this report, the term “element” is used in a broad sense and
can also signify substructures (subdomains) or “superelements” (subdomain contributions to
some reduced interface problem) [13].

2.1 Data parallel systems

Little need to be said about the iterative solution of finite element problems on data parallel
systems. The main idea is to work with global (structure level) vectors and element matrices.
This guarantees that the global vectors are properly updated and that the global matrix-
vector multiplication involved can be performed on an element-by-element basis.

2.2 Message passing systems
The “locality” underlying a message passing system suggests a different processor mapping
whereby both element matrices and element vectors are kept and take part in the solution
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procedure. Each processor is associated with all calculations for a particular “element” and
the structured connectivity information is induced through the network topology by means of
communicating information across (in order to keep the element vectors properly updated).

For the solution of the physical problem described by (1.1), each processor is assigned an
element and all the related element vectors. For the sake of formality, it is assumed here
that local (substructure) vectors and matrices are expanded to the global (structure) size,
by padding the redundant positions with zeroes. The global displacement vector z in (1.1)
is distributed in a natural sense among the N, (number of elemens) processors, i.e., foreach
degree-of-freedom 7 present in element e:

ze(1) = z(2), e=1,...,Np. (2.2)

This can be viewed as satisfying the compatibility requirements for each interface node, in
the sense that the interface displacements are common to any two adjacent elements, and it
is exactly those interface displacements that are stored in more than one processors. On the
other hand, the entire force vector f exists (theoretically) distributed among the subdomains

Np
F=Y fe (2.3)
e=1

This follows from the equilibrium relation for each interface node, where it is natural to
expect that the interface related entries in f can be distributed in any manner among the
substructures as long as they sum up to the external force for each node under consideration.
The various vectors arising in a parallel implementation of iterative solvers are derived either
from z or from f and they, therefore, fall under two categories: displacement-type vectors
that are partitioned according to (2.2) and force-type vectors that satisfy (2.3).

In their standard form, non-stationary iterative methods [19], such as the conjugate gradient
method, are built around three basic operations:

1. Matriz-vector multiplication. This operation is normally required as an intermediate
step for computing the residual vector and involves the coefficient matrix K and a
displacement-type vector and results to a force-type vector. The global matrix K is the
result of a finite element assembly operation

NP
K=Y K.
e=1

Bearing in mind that the effect of multiplying a local displacement-type vector y. (ex-
panded to the full problem size) by an element stiffness matrix K, is as if the global
vector ¥ is involved instead, i.e.

K.y. = K.y,

a global matrix vector multiplication can be replaced by entirely local operations:

N, N, N,
Z=Ky=ZKey=ZKeye=Zze.
e=1

e=1 e=1
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2. Linked triads:
z:=z4+ oy

where y, z are vectors and « a scalar. Global linked triad operations can be replaced
by local ones

Ze 1= 2Ze + OYe (2.4)

provided that the scalar quantity o is known to all processors. If both y and z are
displacement or force type vectors, then (2.4) is an entirely parallel operation. On the
other hand, if both y and z are not partitioned in a similar manner then it is neces-
sary to coerce the non-conforming vector to the type of the left-hand-side vector before
computing (2.4). Such a coercion involves a local interprocessor communication, i.e.
communication among processors assigned to adjacent subdomains. In a parallel imple-
mentation of the conjugate gradient method, for example, only one local communication
per iteration is required, with all other linked triads involved being completely parallel
(Figure 0.1).

3. Inner products. Each iteration of an iterative solver requires the evaluation of a number
of dot products. The trick here is to always enforce this kind of operations between a
displacement-type (y) and a force-type vector (z), and using (2.2) and (2.3) to get

Np Np Np
— I, __ T, _ T, _—
T=2 y—zzey‘“zzeye—zTe-

e=1 e=1 e=1

The computation of inner products very much depends on the specific processor inter-
connection scheme and requires interprocessor communication. For some topologies,
such as the hypercube it is possible to implement an inner product operation with a
number of local communications [20, 32] while in other configurations, the inner prod-
uct computations require a global type communication whereby the local contributions
Te are first gathered and added together on a single processor and then the result is
broadcasted back to each individual processor.

A typical conjugate gradient algorithm, running on each processor is shown in the flowchart
in Figure 0.1, where the local and global communications are indicated by thick bordered
boxes.

A more detailed discussion on the parallel implementation of the conjugate gradient method
based on a substructuring approach is given in [5, 30].

3. FINITE ELEMENT PRECONDITIONING

As it was shown in the preceding section the key aspect in parallelizing the finite element
method is the element level (in a broad sense) orientation of the solution procedure. Sadly,
the most successful preconditioners for conventional computers, such as incomplete factor-
ization [1, 19, 35] and SSOR techniques [21, 34] can only be constructed from global matriz
information. In addition, their underlying structure is inherently sequential 4, 33].



3. Finite element preconditioning

Choose x
gs= bs - CsXs
l w,= C dg
S _ .
Convert g, to gg Ts = WgOg
( Force to displacement - type ) l
! T = X1,
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No
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Figure 0.1: Parallel conjugate gradient algorithm for processor s
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Ongoing research on element-by-element preconditioners [26, 23, 18] has shown some promis-
ing results for certain classes of problems. On the other hand, since element preconditioners
span a fairly recent and limited “research lifetime”, they lack in robustness and general ap-
plicability when compared with global matrix techniques.

A different approach to finite element preconditioning has been adopted in the present
work. The focal point is on global preconditioners implemented with element level information.
This differs from “pure” element preconditioners in the sense that instead of element level
preconditioning matrices, approximate inverses of global preconditioners are constructed from
element information. The preconditioning operation now involves a highly parallel matrix-
vector multiplication rather than the conventional solution of the preconditioning system. It
should be noted, that in certain cases, the full preconditioner does not necessarily have to be
explicitly assembled. Another particular of the current work is the strong link of the adopted
global preconditioners with the finite element discretization procedure, namely hierarchical
and coarse/fine mesh formulations.

3.1 Hierarchical preconditioning

If hierarchical shape functions [8] are used to interpolate the displacements within a finite
element domain, the displacement function can be expresses in terms of the discretized dis-
placements as

U= NlTxl + N)T:Bh
where N; and N}, are the lower and higher order shape functions respectively, and zj, involves

only relative nodal displacements.

Under the hierarchical formulation the governing stiffness equations (on the element or the
structure level) take the form:

Ky K r \_ [ i
Ky Ky Tp In

where Kj; and K}, represent the lower and the higher order stiffness elements respectively,
while K5 and Kp; represent the coupling between higher and lower order variables.

Since the lower order variables are clearly more significant, one could use as a precondi-
tioning matrix

Ky 0
M:( 0” th) (3.5)

with Dy, being the diagonal part of K. It is clear that M is positive definite since Kj;,
being a stiffness matrix in its own right, is positive definite.

This preconditioning technique was applied by Crisfield [7] in conjunction with a 2-parameter
conjugate gradient-like iteration [6]. Various implementations of this method can also be found
in [36, 37] as well as in [3] where some of the detailed mathematical aspects are considered.

Hierarchical preconditioning is both successful and popular in finite element analyses but
it can only be implemented where hierarchical bases have been introduced.
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() (®)

Figure 0.2: Initial coarse mesh and derived fine mesh

3.2 Coarse/fine mesh preconditioning '

The hierarchical method can be viewed as a special coarse/fine mesh generalization [8]. The
former procedure is the easier to implement while the latter is more general and can be applied
without directly implementing hierarchically based displacement functions. In addition it is
more flexible since it can be implemented with various levels of coarseness.

A typical finite element idealization over a domain (Figure 0.2(b)) can be viewed as a
refinement of an initial coarse mesh discretization (Figure 0.2(a)). Alternatively, one can
always specify an auxiliary coarse mesh on top of a fine mesh discretization. If a distinction
is made between nodal quantities common to both meshes (referred to as “coarse” variables
herein) and variables that are present only in the fine mesh (“fine” mesh variables in this
context) and the “fine” mesh displacements s are expressed in terms relative to the coarse
mesh variables p., the finite element discretization procedure yields

w= NEz,+ NEif (3.6)

where u are the displacements and N¢ and Np are the standard shape functions for the coarse
and the fine mesh respectively. Separating ”coarse” from ”fine” mesh variables, the global
stiffness equations (1.1) can be written as

F_ fc _ I_{cc I_{cf Zc _ s
! (ff) (Kfc Kff)(ff) o -0

As shown in [14], the coarse stiffness block K, is exactly the full stiffness matrix of the
coarse mesh (Figure 0.2(a)), while the “fine” mesh stiffness block Ky; is unaffected by the
introduction of relative degrees-of-freedom and is identical in both K and K (if the former is
written in a partitioned form).

The above approach to the coarse/fine mesh procedure is closely linked to the hierarchical
formulation. As shown in [14], however, the stiffness equations (3.7) can alternatively (and
more conveniently) be derived from the standard formulation, without considering (3.6), by
introducing appropriate transformation matrices that connect the displacements p and p in
both bases:
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T I 0 Ze _
(=)= (2 0)(z)-r -

The submatrix T, is obtained by evaluating the coarse mesh shape functions N at the
coordinates of the “fine” mesh points

Tsc(f,c) = Nc(c) computed at position f. (3.9)

This procedure is only applied once at the beginning of the analysis. The “relative” stiffness
matrix K in (3.7) and the equivalent force vector g can be obtained from the standard fine
mesh stiffness matrix K and force vector q (provided that the “coarse” and “fine” mesh
variables have been reordered) as transformation operations

K =TTKT, f=T1Tf

which can be applied on either the structure or the element level. Once the stiffness equations
(3.7) are solved, the “relative” displacements Z can be transformed to by (3.8).

The derivation of the transformation matrices Ty and the transformed system (3.7) are
highly parallel operations if a substructure based problem partitioning is adopted. In a
parallel computer environment, each processor is assigned a substructure defined by one or
more coarse elements. Then the operations for defining the transformation matrices for the &
fine mesh elements (or nodes) within each substructure can proceed independently and in
parallel.

If an iterative solver is applied to (3.7) then starting from the above coarse/fine mesh
formulation various preconditioners can be constructed as discussed in [14]. A particular
case which favours parallel processing is to define an approximation to the “relative” stiffness
matrix K by

K 0
M—( . fo) (3.10)

where K. is the stiffness matrix of the coarse mesh discretization and D 7f the diagonal of K¢
in (3.7). It is important that the preconditioner (3.10) does not involve an approximation on
K. because this matrix provides a valid coarse mesh solution and the induced strain energy
1/2zT K .z, will dominate the fine mesh solution.

3.8 Remarks on implementation

In both the the coarse/fine mesh (3.10) and hierarchical preconditioner (3.5) , the coarse mesh
(low order) variables are completely decoupled from the fine mesh (high order) variables and
the preconditioning operation of an iterative solver on the residual g

z=M71g
can be carried out in two independent steps:

zj = Dgs (3.11)
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for the fine mesh (or the high order) variables, and
ze = K. ge (3.12)

for the coarse mesh (or the low order) variables.

Clearly, in a multiprocessor environment, the “fine” mesh preconditioning (3.11) that is just
diagonal scaling is also a “perfectly” parallel operation. The construction of the coarse part
of the preconditioner, on the other hand, requires a direct factorization of K., and further-
more the distributed implementation of (3.12) involves a forward and backward substitution.
These operations are inherently sequential, since they are governed by the same problems as
the parallelization of a direct solver: namely, high interprocessor communication and load
imbalancing.

A way out of these problems was investigated in [15], whereby the factorization of the coarse
stiffness block and the forward/back substitution in the preconditioning step of each iteration
could be performed sequentially on a single dedicated processor. This serial implementation
of the factorization and the preconditioning step in a parallel environment, also requires
global communication operations between the central processor and the parallel nodes. For
the above preconditioners these operations involve only a relative small part of the global
stiffness matrix (especially in the case of coarse/fine mesh preconditioning where the size of
the coarse mesh can be easily adjusted to the particular needs for an efficient implementation
of the global communication operation, by choosing a suitable level of discretization for the
selected coarse mesh).

On the contrary, this switch to sequential processing is not possible when implementing
other types of preconditioners, since they usually involve operations on a full problem scale.
This is true even for incomplete Choleski preconditioners where the rejection of the fill-in
terms depends on their magnitude [35]: although they can end up with a preconditioner of
any size between diagonal and the full factors, they still require the factorization procedure
to be applied on the full stiffness matrix.

Another option that will be further investigated in the present work is to approximate the
inverse of the coarse (low order) stiffness block and apply this directly to (3.12). Clearly, a
successful application of this family of finite element preconditioners heavily relies on a precise
representation of the coarse stiffness block K. (or Kj respectively) in the preconditioning
matrix M. Therefore it is crucial that the method generating the approximate inverse of
K. to be as accurate and reliable as possible. This rules out the case of polynomial type
approximations to the inverse of a matrix [19] based on the expansion of the Neumann series.
Although such an approximation can be generated by element level matrix-vector multipli-
cations, it presents an extremely high operation count and the commonly used truncation to
about the fourth term in the series, yields an approximation to the inverse which is usually
not better than the diagonal approximation itself [4, 13]. Some more promising alternatives
will be subsequently presented.

A final issue in this approach is related to the fact that inverses of even very sparse matrices
are usually dense. However, bearing in mind that the size of the coarse mesh is usually only
a small fraction of the full scale problem, a fact that in many cases does not seriously affect
the efficiency of the preconditioner. If 7 is the density factor of the coefficient matrix (7 /N?
number of nonzeros in a N-by-N matrix) and n is the order of the coarse mesh problem, then
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for

n/N =~ /T

a fully dense approximate inverse of the coarse submatrix yields a preconditioner with the
same number of nonzeros as the coefficient matrix. This is normally an acceptable size as far
as storage demands and operation count are concerned. Typical values of 7 from problems
encountered in finite element analysis on regular grids range from 15/N (for 2-dimensional
triangular element problems) to 243/N (for 3-dimensional 20-node brick problems).

4. APPROXIMATE INVERSES BASED ON SOME NORM MINIMIZATION

Recently various techniques have been presented in the literature, that attempt to construct
approximations to the inverse of a matrix to be used for preconditioners. Their common
point is that the approximate inverse is obtained as the solution to some norm minimization
problem

min ||KM — I|| ' (4.13)

most often the Frobenius norm. The choice of the latter is justified by the fact that the {; or
Iy norms are considerably more expensive to be minimized. Moreover, it is well known that,
the convergence behaviour of the conjugate gradient method, for instance, is particularly
sensitive to the eigenvalue distribution of the coefficient matrix [24], and minimizing the
Frobenius norm should cluster most eigenvalues in the vicinity of 1, as it is observed in [22].
A final reason for choosing this particular norm is that it enables the solution of (4.13) to be
obtained in a highly parallel fashion. More specifically, since

N
IKM = I = 3" (KM — I)e;]|2

=1

the solution of (4.13) in the Frobenius norm degenerates into N independent least squares
problems '

ny}LinHKmi —-el, i=1,...,N (4.14)

with m;, e; being the ith column of the preconditioning and the identity matrix respectively.

Naturally, the solution to (4.14) yields a dense approximate inverse (since it simulates,
in a sense, the exact inverse which is usually dense even for very sparse cases) and can
only be treated effectively if a sparsity pattern is enforced upon it. Not strangely enough,
these methods share some common approaches with incomplete factorization techniques, in
the way they treat fill-in elements: the generated matrix elements are included in the final
preconditioner either if they fall within a prescribed sparsity pattern [27], or if they are “large”
in magnitude [22]. A justification for the latter, is given in [9] where it is observed that very
often most of the entries in the exact inverse K ! are indeed very small.

In the present work, such a technique was tested at some stage for preconditioning the
global stiffness equations. More specifically, a preconditioner was constructed based on the
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solution of a 2 dimensional structural analysis problem discretized with 8-node plane stress
elements (similar to the ones described in Section 6 that follows). The preconditioner was
derived as the solution to (4.14) for the fully assembled stiffness matrix, with the sparsity
pattern for M being the same as that of K. This was required for a possible future application
within an element-by-element framework: where such an approximate inverse could be stored
implicitly as a number of element level matrices M, and be used for element-by-element matrix
vector multiplications. Symmetry was also imposed on the derived matrix (in order to be
used with the conjugate gradient method) by setting it equal to (M + M7T)/2. Unfortunately,
for this type of test problem (which is representative of a commonly encountered class of
engineering problems involving 2-dimensional structured meshes) the resulting matrix was
singular and further investigation towards this direction was abandoned. As is proved in [22],
if the predefined sparsity pattern of M generates residuals to the solution of (4.14) that satisfy

r; =||Km; — el <e, 1,...,N (4.15)

and v/ Ne < 1 or \/Pe < 1 (with p being the maximum number of nonzeros over all r;) it
can be guaranteed that the resulting matrix will be nonsingular. This demonstrates that
the success of approximate inverse preconditioning with fixed sparsity patterns is extremely
problem dependent.

A recently developed adaptive procedure for controlling the magnitude of the ”fill-in” el-
ements is described in [22], and makes use of a drop-off parameter ¢ to check if the current
sparsity pattern enforced to the solution of (4.14) is acceptable or not: If (4.15) is not satisfied
and the maximum level of allowed fill-in has not been reached, then extra positions are allowed
to be filled in M and the whole procedure described by (4.14) is updated to accommodate
the new sparsity pattern.

Adaptive schemes like the one above, that allow the sparsity pattern of M to be progres-
sively augmented, are expected to be robust and generally applicable provided that there is
a certain amount of flexibility in the available storage. A natural extension to these methods
would involve their application for approximating the inverse of the coarse (or low order)
stiffness block in the coarse/fine mesh (or hierarchical) preconditioner previously described.
As was explained in the preceding paragraph, in many cases, only a very small fraction of
the full scale problem is required to define the coarse mesh preconditioner without loss in the
overall efficiency. The approximating inverse of K., therefore, can either be a fully dense
matrix (where possible) or one derived from an adaptive technique such as the ones described
above. However, an investigation towards this direction has not been undertaken at present.

5. APPROXIMATE INVERSES BASED ON OPTIMIZATION TECHNIQUES

The solution of the stiffness equations can be viewed as a minimization procedure, satisfying
a condition of minimum potential energy at equilibrium [8]. The potential energy is expressed
in terms of a quadratic function

1
® = §a;TKx —fTr+ec (5.16)

This is a special case of unconstrained optimization which can be treated with a Quasi- Newton
type procedure [10, 17, 28]. The underlying idea behind Quasi-Newton (also known as variable
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metric methods) is to generate successive approximations to the inverse of the Hessian matrix
K based on information obtained in each iteration. The basic structure of a Quasi-Newton
iteration applied to the quadratic function can be described as:

Step 1 Calculate direction of search:

dr, = —Hygy

with Hj, being the current approximation to the inverse Hessian, and g the gradient
vector of (5.16).

Step 2 Set gy = Kdj and calculate step length:

Step 3 Update minimum and residual vector by:
Tpy1 = Tk + apdy (5.17)
9r+1 = gk + Qkqk (5-1§)
Step 4 Update inverse Hessian approximation Hy to get H41.
Usually the update of the inverse Hessian in Step 4 above, involves either rank-1 or rank-2

updates. It is generally accepted that the Broyden-Fletcher-Goldfarb-Shanno (BFGS) update
defined for quadratics as

q;fHka)dkdf _ dieg{ Hi + Hegrdf

HBFGS :Hk+ 1+
k1 ( % % Ve

(5.19)
with

V& = gt di

exhibits performance superior to that of other update formulas and forms the basis for the
so-called Broyden family of updates. In exact arithmetic, N steps of the BFGS update will
generate the exact inverse.

A consequence of the Dizon’s theorem[11] on the quadratic case states that the precondi-
tioned conjugate gradient (with preconditioner M) and the BFGS Quasi-Newton algorithm
are identical for the same starting point o and symmetric positive definite Hy = M, in the
sense that they generate the same direction of search vectors dy [31]. Therefore the linked
triad updates (5.17) and (5.18) are exactly those found in the conjugate gradient algorithm.
Although not explicitly needed, the information required to build approximations to the in-
verse of the coefficient matrix K is, therefore, present in the conjugate gradient procedure
and can be defined by the vectors d; and g generated in each iteration.
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Aspect ratio || 10 (x = 1.3 x 10'2) || 20 (x = 2.7 x 10?)
n/N 0.1 0.2 0.1 0.2
k(KZ'K) [ 1.8x10° | 4x10* |[ 1.8 x 10° | 4.3 x 10°

k(HeK) | 1.8x10° | 4x10* [ 1.3 x 10% | 2.8 x 10°

Table 0.1: Condition numbers

The above approach can be used to approximate the inverse of the coarse stiffness block
K. for the coarse/fine mesh preconditioner (3.10) (or the hierarchical preconditioner). An
initial application of a diagonally preconditioned conjugate gradient solver can be applied
to the coarse stiffness equations in order to construct an approximate inverse of K .., to be
subsequently used to precondition the subsequent fine mesh solution. Usually, the approxi-
mate inverse could be explicitly formed, (since, as was shown in Section 3.3, the storage and
operation count considerations can be minimal when applied to the coarse mesh problem).
Alternatively, the matrix-vector multiplication involved in the coarse mesh preconditioning
(3.12) can be formed explicitly, using the diagonal of K. (here equal to the initial inverse
Hessian in Quasi-Newton terminology) and the vectors d, ¢ and scalars -y necessary to define
the rank-2 updates in (5.19). The latter approach is particularly desirable when storage con-
siderations are at premium. More specifically, if only 2mn positions are available (instead of
n?), it is possible either (i) to stop updating H after the mth iteration and set M = H,,,1, or
(ii) to reset Hy,41 = diag(K,.) and proceed collecting the m + 1,...,2m subsequent vectors
for the definition of H.

It is clear, that the condition number of the coarse mesh stiffness K. affects how close the
BFGS approximation will be to the exact inverse. On the other hand, numerical evidence
shows that the convergence behaviour of the coarse/fine mesh preconditioner is affected by
the conditioning of the coarse mesh. In other words, for two different coarse meshes with the
same number of elements, it is the well-conditioned case that should be used for this type of
preconditioning (mesh conditioning is mainly affected by the aspect ratio of the individual
elements [16]). The coarse/fine mesh preconditioner with approximate inverses from (5.19),
therefore, is likely to be more effective in cases where an initial “well-conditioned” mesh is
further refined to a “badly-conditioned” final mesh.

6. SOME PRELIMINARY RESULTS

The coarse/fine mesh preconditioner with BFGS approximation on the coarse mesh has ini-
tially been tested on two cantilever beam examples with aspect ratios equal to 10 and 20.
The test examples and the various discretizations used for the auxiliary coarse meshes are
given in Figure 0.3 for the example with aspect ratio 10. Both test cases were discretized
using 8-node plane stress elements for both the fine and the coarse mesh. This rather simple
structure was chosen because it can yield increasingly ill-conditioned problems as a result of
an increase in its aspect ratio. The condition number for the test cases as well as the condi-
tion numbers of the scaled coefficient matrix are given in Table 0.1. The stopping tolerance
for the conjugate gradient solver was set to ||g||/||f|| < 1078, where g and f are the residual
and right-hand-side vector respectively. The convergence history for the test case with aspect
ratio 10 is given in Figure 0.4 for the diagonal and the coarse/fine mesh preconditioners (the
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Figure 0.3: Fine and coarse mesh discretizations for the cantilever examples
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Figure 0.4: Convergence history. From top to bottom: diagonal, 8-coarse elements and 16-
coarse elements

latter with both exact (solid lines) and approximate (circle marks) inverses of K. Diagonal
conjugate gradients converge marginally in this case at about N iterations. On the other
hand, the coarse/fine mesh preconditioners converge rapidly for both exact and approximate
inverses of the coarse stiffness. In fact, as expected from the condition numbers in Table 0.1,
the approximate inverse preconditioners are identical to those with the exact inverses. It
should be mentioned that the conjugate gradient on the coarse stiffness block that generated
the approximate inverses required n iterations (the maximum theoretical limit) and the gave
a final tolerance of slightly below 0.1. In the second test case (with aspect ratio equal to 20)
diagonal preconditioning does not converge as can be seen in Figure 0.5. It can also be seen,
that both approximate inverse preconditioners converge. The convergence of the one derived
from the 16 element, is almost identical to that with the exact inverse of K... On the other
hand, with 8 element modelling the coarse mesh, the approximate inverse preconditioner con-
verges slower compared with the case of the exact inverse. However, the approximation merely
introduces a shift in the convergence, and after some point both history lines remain parallel.
It should be mentioned that in this example both approximate inverses were generated from
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Figure 0.5: Convergence history
a non-converging diagonal conjugate gradient procedure on the coarse mesh.

7. CONCLUSIONS

The few initial results presented in the previous section, although related to limited size prob-
lems, are particularly encouraging. It seems to be feasible to obtain reasonable approximations
to the inverse coarse stiffness that do not seriously affect the performance of the coarse/fine
mesh preconditioner (compared with the case where the exact inverses are employed).

However, there is still a lot of work to be done in order to establish the properties and the
conditions under which these methods can be of practical use.
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