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Abstract
Let A be a bipartite graph between two sbtand T. ThenA defines by Hamming distance,
metrics on botfT andD. The question is studied which pairs of metric spaces can arise this way.
If both spaces are trivial the matdxcomes from a Hadamard matrix or is a BIBD. The second
guestion studied is in what wayscan be used to transfer (classification) information from one of
the two sets to the other. These problems find their origin in mathematical taxonomy.
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1. Introduction .

A great deal of the literature in mathematical taxonomy focusses on clustering; i.
summarizing the the information present in a metric or dissimilarity on 4 sgtmeans of a
classification tree or something similar.

Here we focus directly on the situation that one finds in the taxonomic problems of scienti
disciplines. Often the data are in the form of a collection of documents and a collection of k
words and key phrases that is supposed to be sufficienty rich to descibe (up to a point)
scientific field in question. Here | am not concerned with how such a control list or thesaurus
generated.

The data are thus in the form of a bipartite graplor, equivalently, a relation) between

two sets, a sdd (of documents) and a SE{of terms). The bipartite graghtells us which terms
occur in which documents.

These data can be used to define a metric space structure oh dadiD by means of
Hamming distance —the distance between two terms is the number of documents in which
term occurs and the other not. A first question that arises is what pairs of discrete metric spi
can arise this way. For trivial metric space structures onbatidD it turns out thaA must be
very regular (a Hadamard matrix, a Hadamard matrix minus one row or column, or a symme
BIBD). Section 2 below is devoted to some results in this direction.

It arises frequently in practice that on one of the spacesD there is available metric
information coming from other sources. For instance, in the case of a body of scientific literatL
co-citation analysis can be used to define ‘research clusters’ or ‘research fronts’ of stron
linked clusters of documents. The question then arises how to transfer such information from
of the sets, in this cag® to the other by means of the bipartite graph between them. This matt
is discussed in section three.



Finally, section 4 summarizes some recent ideas and results concerning metrics on
space of all metrics on a given finite set. These things are fundamental for adressing the que:
of finding, for instance, the best approximative ultrametric to a given metric or dissimilarity.

2. The tree-tree problem

2.1.Definiton of the problem

As indicated above we shall take as the basic available data a bipartite graph A betw
terms and documents. Or, equivalenflyis a 0-1 matrix with the set or terms as column indices
and the set of documents as row indices. A 1 at spptr(eans that the ternoccurs in the
doment. These data define two metric spaces as follows:

— the column space &4, cqA)=T(A). As a set this is the set of terms. The distance
between two terms,t' is the Hamming distance between the corresponding columns, i.e. tt
number of row indices with different entries at sgaaadt'. | shall denote this metric with

— the row spaces(A) = D(A) of A As a set this is the set of documents. The distance
between two documentd,d'is the Hamming distance beteen the corresponding rows, i.e. tr
number of column indices with diferent entries in raheandd'.

This leads immediately to a number of natural basic questions, such as:

— Which metric spaces can arise ag(®) or aD(A)?

— To what extent is A uniquely determined B¢A) andT(A)?

— Which pairs of metric spaceds, T can arise from a 0-1 matri

In this paper | concentrate on the last question. Trees and classification schemes (whicl
special kinds of trees) are ubiquitous in (mathematical taxonomy). Thus it is important a
natural to start with the question when both the column and row spaces of a 0-1 matrix are t
or related to trees.

2.1.1.Definitions. A treeis a unoriented connected graph
such that there is a unique path between each two given vertices.
A leaf of a tree is a vertex with just one edge incident with it. . 1
An edge weighted treis a tree with each edge labelled with a 2
real number>0. An example is shown below. Thigstance ° PY °
between two vertices of an edge weighted tree is the sum of
the weights of the edges of the unique path between thos 2/ 1a\t 3| ¥
vertices. This defines a metric on the set of vertices (and o
any subset, particularly the set of leafsyoated treeisatree ©® © © © & @
with a special selected vertex called the root. For a rooted tree Figure 1
and a vertex in it define the set of leaves afas consisting of
those leafs for which the unique path to the root passes through

the vertexa. A hierarchical treeis a rooted edge weighted tree such that for each vertex that
not a leaf all its leaves have the same distance to that vertex.




o Figure 1 is not a hierarchical tree but figures 2
and 3 are. In these figures and those below an %
unlabelled edge is supposed to have weight 1.
A hierarchical tree defines an ultrametric on its 2
set of leaves. And inversely, [5, 10], every finite

. . ; \ o e
ultrametric space arises that way. By inserting,

/ \ \ if necessary, extra vertices of valency two (as \
was done in figure 3), each ultrametric space

O arises as the space of leafs of some e @

‘hierarchically organized’ tree like the one in Figure 2
figure 3 for which for each vertex all the edges
° pointing towards the leafs have the same weight.

Figure 3 It is rather easy to see that each edge weighted tree with integ:
weights can be realized asTdA) (or a D(A)). Things are rather
different if it is required that botf(A) and D(A) are required to be trees. This appears to be
quite difficult to realize. In particular it seems difficult to realize a pair of spaces that are n
(nearly) isomorphic. This is, roughly, what | like to call thee-tree problemTo make the
problem more precise let us define:

2.1.2.Definition . A finite metric spacgX,m) is tree likeif it is isometric to a subspace of
the vertex metric space defined by an edge weighted tree.

2.1.3.Tree-tree problem Which pairs of tree-like spaces can be realized by a 0-1 matrix.

| view these 0-1 matrices as some sort of generalized hierarchical block designs. 7
reason for that is theorem 2.2.5 below.

To the tree-tree problem as stated there can be added the problem of finding a g
characterization of those matrices for which both the column metric space and the row me
space are tree like.

Of course the tree like metric spaces are characterized by the socalled four point conditic

2.1.4.Four point condition. A finite metric spacd X, m) is tree-like if and only if for all
not necessarily distinct four poings, a,,b,,b, X

m(a,,a,) + m(b,,b,) < maxim(a,, b)) + m(a,,b,), m(a,, b,) + m(a,, b,)} (2.1.4.1)

This gives a necessary and sufficient condition on a 0-1 matrix A to yield a pair of tree i
spaces. But certainly a very inelegant and unsatisfying one.

2.1.5.Ultrametric tree-tree problem. Which pairs of ultrametric spaces can be realized
by a 0-1 matrix?

2.1.6.Complete tree-tree problem Which (complete) pairs of edge weighted trees can be
realized by a 0-1 matrix?

2.2.Trivial tree - trivial tree matrices and BIBD's

Let us start with some very simple examples where the column and row metric spaces
‘trivial’ in the sense of the definition below.

2.2.1.Definition. A trivial discrete metric spacéX,m) is a metric space such that there is
a positive number such that

m(x,y) =a forall xZy in X
(and of coursan(x,x) =0 for all x 0X).

2.2.2.Example. Hadamard matrices. A Hadamard matrixis an nxn matrix H with
entriesl, -1 such that

HHT =1,.
It follows that alsoH™H = |_ (and thatn is even,n = 2k). It is immediate from these two



properties that for each two rows there are preclselytries that are equal akentries that are
unequal. And similarly for the columns. L&tbe the matrix obtained froid by replacing each
—1with 0. Then both the column and the row spacé afe the trival metric space af= 2k
points with distanc&

2.2.3.Example. Hadamard matrices with one row or column deletedNow letH be a
Hadamard matrix for which one row or column consists entirely of +1’s or entirely of -1’<
Delete that row or column. Again replace -1 with O everywhere. The result is an 0-1 matrix w
trivial column and trivial row space of sizeand n—1 and distance/2.

Not every Hadamard matrix has such a column or row. Howeilzeisifdiagonal with each
diagonal element equal to 1 or -1, an#liifs an Hadamard matrix, then so & andDH. So it
is easy to modify a Hadamard matrix so as to obtain one with such a column or row.

2.2.4.Example. Symmetric BIBD’s. A balanced incomplete block design (BIBD) is a
zero-one matridA such that each row has the same numbeof,1's, each column has the same
number,s, of 1's, and further, for each pair of column indides| there are preciself} rows
which have a 1 at both locationandj. This last condition is the same as saying that each twc
different columns havéd common 1's.

A BIBD is symmetric ifA is square. It then follows that=s and that each two distinct
rows also havel common 1’s.

It follows immediately that the row space and the column space of a symmetric BIBD &
trivial metric spaces with points and distancg(r — A).

2.2.5.Theorem. Let A be anmx n zero-one matrix such that both the column space anc
the row space are trivial. Théxnis one of the examples 2.2.2 - 2.2.4. Aéis’ an Hadamard
matrix, a Hadamard matrix with one constant row or column deleted, or it is a symmetric BIBC

Let B be the matrix obtained frow by replacing each -1 with 0. Then the trivial column
and row space condition gntranslates foB in the statement that the rowsBform a system
of mlengthn vectors all of whom make the same angle with one another and the columns forr
system oh vectors of lengtim that also all make the same angle with one another.

2.2.6.Proof of theoren2.2.5. LetB be themx n matrix obtained fronA by replacing each

-1 with 0. Letd be the distance between each two distinct ronB @r A) ande the distance
between each two distinct columns. Then

n p L pC

i O M
g’ = " F, p=n-2d (2.2.6.1)
oM O O pC
Ep L p nE
On g L qO
g m o M
B'B=0 0 g=m-2e (2.2.6.2)
oM O O aqpQg
Eq L g m%

Interchanging rows and columns if necessary we can assumen that By the lemma below,
the mx m matrix BB is nonsingular except whep=n or n=—-(m-1)p. The first case can
not happen becaus®> 0. The second case can happen. Then, becausa, n=m-1, and
p=-1. Now add one column of 1's (or -1's) Bxto obtain anmx m matrix B. It follows that

B is a Hadamard matrix. So in this case we are dealing with an instance of the examples 2.2.
Continuing, we can assume tHaB' is nonsingular and hence that
n=m (2.2.6.3)



Let ¢,c,,L ,c, be the column sums @&, and letr,r,,L ,r, be the row sums dB. Multiply
(2.2.6.1) withB on the right to obtain

[, L cC
BB'B=(n-p)B+ pBM I\/E (2.2.6.4)
[c, L cC
and, usingn = m, multiply (2.2.6.2) on the left witB to obtain
o, L nC
BB'B= (n—q)B+q%M ME (2.2.6.5)
r, L rLC

Subtracting (2.2.6.5) from 2.2.6.4) we see that the médyixp)B is equal to a matrix of rank
<2.If n=mz23 this is only possible ip = g and hence2=d, because B is invertible.

Now there are two cases.
Case 1,p=9=0. Then B is a Hadamard matrix by (2.2.6.1).
Case 2,p=qg#0. Then it follows from ((2.2.6.4) and (2.2.6.5) that
C1:L :Cn:r1:|_ =r,
so that A is a symmetric BIBD withi =(n+c,)/2 entries 1 in each column and row and
A=(n+c —d)/2.
This proves the theorem foym =3; it is trivial to deal with the remaining cases.
2.2.7.Lemma. The determinant of thexx m matrix in (2.2.6.1) is equal to
On p L pO

pn I"I m-1
det] U=(n-p n+(m-1)p
MO O p ( ) ( ( ) )

Ep L p nE
Proof. Straightforward.

Using similar but more complicated arguments one can show thas &in mx n zero-one
matrix such that each two distinct rows have exagtlpnes in common and each two distinct

columns have exactljl ones in common, thehis a symmetric BIBD. Interpreting the column
indices ofA as points and the row indicesAfs lines, this gives, [7]:

2.2.8.Theorem Let X be a finite set (of points), with a system of subsets called lines. Le
there ben points andn lines. Suppose that:

(i) Each two distinct lines meet ig points
(i) Trough each pair of distinct points there pasines.

Thenn=m and A = u , each line has points and through each point there rglines
(wherer(r —1) = A(n-12)).

2.3.More Examples

Using the various symmetric BIBD’s as main building blocks a variety of examples ¢
tree-tree matrices can be constructed. Here is a small selection. In the pictures below (and at
the black nodes in a tree make up the tree like space that is being realized.



2.3.1.Example.
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2.3.2.Example
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Figure 4

0 N\
L cy=nn- / |\ / \

Figure 5

2.3.3.Example. Let A" be the matrix obtained from that of example 2.3.2 by deleting the
top row. Than the row space @f is equal to the space of figure 4 while the column space is the

of figure 5.
2.3.4.Example.

Let E, denote thenxn matrix with every entry equal to 1, and letdenote the
nx n unit matrix, and let O stand for whaever size matrix of zeros is appropriate.

M 0
A:EbE3
[0

l5

oC

E!
3C
1,C

cs(A) =rs(A) =

/IN

O

O

/

\

Figure 6



2.3.5.Example.

0D, |& kC
O | E3E
A= EE3 I 3 r, cs(A) =rs(A) =
3 O [
O, E C
2.3.6.Example.
M 0 0 0 OC °
(0 1 00
A=0
g 110
111 0 e o 0 0

Figure 8

)\

AN
WA
LA

o006 000 000
Figure 7

s AN f

2.3.7.Remark. It is not possible to realize the tree-like space

unlabelled edges have weight 1.

depicted in figure 10 with a four by four matrix. Here, as always, /O\
/O

Figure 10



2.3.8.Example.
Mm 0 0 0 0 O o o)
0 1000 o /\
A= 0 1 0 0 Of, cs(A)= ,1s(A) =
Sl 1 1 1 o 1L e o0 0 0 i ;
C Figure 11
M 1 1 1 1 OC
00 oo
Figure 12
2.3.9.Example.
o, E, 0 C /\

LT AN
AN

0000 00060 . [ N
Figure 13

2.3.10.Remark. Call a rooted tree for which the number of edges towards any of its leaf
equal toa, a tree oh levels. Using similar techniques as in the proof of theorem 2.2.5, there is
great deal one can say abour the zero-one matrices that produce tree-like spaces @ffiavel
their row and column spaces. | intend to return to that in a future paper.

2.4.Tree-like spaces of unbounded height

There is a systematic iterative construction that yields trees and tree like spaces of
number of levels.

2.4.1.The zero construction
Let A be a zero-one matrix of sizex n, and suppose that

(i) all columns have distanced, to one another

(it) all rows have distance d. to one another

(iii ) the rows ofA all have precisely, ones

(iv) the columns oA have preciselw, ones

V) 2w, >d., n>w. >0, and2w, >d, O<w,<m

(vi) the row space oA and the column space Afare both tree-like
Now consider th& x k block matrices



(2.4.1.1)

Then if Tr(A) denotes the row tree & and Tc(A) is the column tree, then the row space and
column space oy’ look like figures 14 and 15 below.

@) @)
W, - dr/2 W - dC/Z
Tr(A) Tr(A) - Tr(A) Tc(A) Tc(A) - Tc(A)
Figure 14 Figure 15
Note that
d(A)=2w,, d(A)=2w, W(A)=w, W(A)=w, (2.4.1.2)

2.4.2.The one construction

A very similar construction can be carried out with ones instead of zeros in (2.4.1.1). Let
be as before in 2.4.1 above except that the conditions (v) get replaced by

(V) 2(n-w,)>d,, n>w, >0, and2(n-w_)>d,, O<w,<m
In this case consider tHex k block matrices

A E L EC
A= EE A O [, where E is themxn matrix consisting completely of ones.
MO O E
L E AE

Then the row space and column spaceibfook like figure 14 and 15 except that, —d. /2
andw, —d./2 getreplaced byn—-w. —d /2 andn—-w_ —d_/2.

Further
d(A)=2(n-w,), d(A)=2(n-w,), (2.4.2.1)
w,(A) = (k=Dn+w,, w(A)=(k-Dm+w, (2.4.2.2)

2.4.3.Iterating the constructions.

It is now easy to check that if A satisfies the conditions for the zero constructiothan
satisfies the conditions for the one construction, and that if A satisfies the conditions for the «
construction therd satisfies the conditions for the zero construction.

Indeed A? is ankmx kn matrix (k = 2). So
2(kn—w, (AY)) = 2kn-2w, >2w. =d.(A’)
becausek>2 and n>w,. Also 0<w, =w(A’) <n<kn. The column conditions are checked
similarly, and it follows that the conditions for the one-construction are satisfie&f for
Analogously,A! is also akmx kn matrix, and
2w, (A) =2(k—Dn+2w. >2(n-w.) =d.(A)
becausek =2k and n>w,.. Also 0<(k-1)n+w. =w,(A}) <kn. The column conditions are



10

checked similarly and it follows indeed tha} stisfies the conditions for the zero construction.

Thus, provided a startify can be found, the two constructions can be applied alternatel
to yield tree-like spaces with an arbitrary number of levels.

There are many possible starting matrices. E.g. the unit matrix of size 3 or more satis’
the conditions for the one construction; the matgx- 1, n = 3 satisfies the conditions for the

zero construction, and the incidence matfixf the projective spacB*(F,) i.e.
1 00 0 1 O

<
I
S BHE RS 1
O r OO R
P O O KL B
P OO R O R
O r O Fr O
P P OO OO
=

00 1
satisfies the conditions for both the zero construction and the one construction.

2.5.Complete trees
Let T, be the followingk x k matrix

MM L 1 0OC o
MN N M
T.=0 L
NP
L L O e o [
and let E stand for matrices consisting eniirely of 1's of the | | |
approrpiate sizes. Consider the block zero-one matrix e o o
m E E L EC | |
T, E L EL * °
A=CE E T, O M¢ S .
OM M o o ECL - '
% E e o [
E L E Tkm Figure 16

The column and row spaces Afare both complete trees with
just one node of valency >2, as depicted in figure 16 on the

right. It consists of one central node of valency m, from which issue m branchds nattes,
i =1L ,m. These are the only kind of examples | know for which both the row and colum

space are complete trees. Modifying the example a bit the edges can be given arbitrary pos
integer weights.

3. Transfer of metrics.

As noted before in the introduction a bipartite graph connecting terms and documel
should also permit the transfer of information on one of the two sets to the other. This sectio
devoted to aspects of that problem.
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3.1.The transfer problem

Loosely stated the transfer problem is concerned with the following situatioh. [Léd x T
be a bipartite graph (or, equivalently, a relation) between B sétdocuments and a s€&tof
terms. Let there be given a metric Bnresp.T). What is the ‘best’ corresponding metric Bn
(respD).

This sort of situation frequently arises in practice. In the case of the taxonomy of a scient
field for instance, the technique of co-citation analysis, cf e.g. [4, 16,18], gives clustering ty
information on the sed of documents, and the question arises how to transfer this informatio

optimally to classification information on the set of terms.

3.2.The canonical embedding in function space

To discuss various aspects of the transfer problem we first need to descrie a canon

embedding of a (discrete) metric space into the space of functions on it.

3.2.1.Definition. Let (X,m) be a (discrete) metric space. LletX) be the space of all real
valued functions oX. Give F(X) the max (or sup) norm metric:

me(f,9) = maxf(x) - g(x) (3.2.1.1)
The canonical embedding ®finto F(X) is given by
ay: X - F(X), xa g, g(y)=m(xy) (3.2.1.2)

3.2.2.Lemma. The canonical embeddira, is isometric.
The proof of this lemma is a straightforward application of the triangle inequality.

3.3.The Hausdorff metric

3.3.1.Definition. Let (X,m) be a discrete metric space, andAeandB be subsets oX.
Then the Hausdorff distance between the AetsdB is defined as

m,4 (A B) = max{m&xrpmig m(a,b), rpDanmDiE m(a,b)} (3.3.1.1)
It is well known that the Hausdorff metric is a metric, i.e. it satisfigg (A B)=0,
m(AB)=0 < A=B, and the triangle inequalityn,(A B) <m(AC)+m(C,B), cf e.g.
[2, 15].
3.3.2.Definition. (Extension of the canonical embedding). For a subsdiX define

0r: X > R, g.(x)= mulp m(a, X) (3.3.2.1)
3.3.3.Proposition. For all subset# andB of X:
M (9a, Gs) = Myy (A B) (3.3.3.1)

Proof Take x[IX. Let a A be such thatg,(x) = m(a,x). Let b, 0B be such that
m(a,,b,) < m(a,,b) for all b OB. We have
m,4 (A, B) = max{maxminm(a, b), maxminm(a, b)}
alA bOB b0OB alA

> maxminm(a, b)
alJA bOB

2 minm(a,, b) = m(a,,b,)
Now,
0s(X) = m(x,by) < m(x,a) + m(a, b)) < m(a, x) + m,,(A B)
Hence
05(X) = 9a(X) = M4 (A,B)
and similarly g,(x) — gz(x) < m4(A, B), showing that

OxOX |gA(X) - gB(X)| < my (A B).
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On the other hand, switching A and B if necessary, we can assume that
m.,(AB) = TE%XTDIP m(a,b)

Let this maximum be assumedigtlIB. Theng,(b,) = m,,(A B) andg,(b,) =0. Hence also
M (9, Gs) 2 [0a(0,) — Ge(b,)| = M4 (A, B)

and the proposition is proved.

3.3.4.Remark. In the literature one also frequently encounters the following differen
definition of Hausdorff distance

m.(AB) = maxmin m(a,b) + maxmin m(a,b) (3.3.4.1)

Proposition 3.3.3 fails for this alternative definition. Nor does there seem to be a reasonc
substitute.

3.4.Five transfer procedures

Now let’s return to the basic situation where we have a bipartite graph beetween o set
andT and we want to transfer a given metric@to one onrl (or vice versa). In this subsection |
describe five potential methods for doing this. They have different background philosophies ¢
which one (if any of these five) is appropriate in a given situation will likely depend on th
particular circumstances. All need further investigation.

3.4.1.Hausdorff transfer. Givenl' 0 D x T, for eacht OT let
D, ={dOD:(d,t) O}
Now, given a metrian, onD a metricm, = ¢.-(m,) onTis defined by
M (t,t) = (M5),4a(D,. D)
This transfer method has a number of advantages (and looks very natural). For inddasce if

trivial metric space (no information) then so is the induced metrit. &mother nice aspect is
the following.

3.4.2.Proposition. If the metricmonD is an ultrametric then so s = ¢.(m) onT.
Proof This is an immediate consequence of the lemma below.

3.4.3.Lemma. Let (X,u) be an ultrametric space. Late the Hausdorff metric on the
subsets of X defined by formulas (3.3.1.1). Thers an ultrametric.

Proof. By definition
(A C) = max{maxminm(a,c), maxminm(a,c)}
allA cOC cC alA

Interchanging A and C if necessary we can assume that

u(A C) =u(a,c) = maxminu(a,c)
for a certaina, JA andc, IC. Consider the sdu(a,,b) : b 0B} and let the minimum be assumed
at b OB. If u(a;,b)=u(b,c,), then

u(a,¢) = max{u(a, b),u(b,c)} = u(a,by)

= mbinu(al,b) < maxmbin u(a,b) < u(A, B)

and we are through. It remains to deal with the case

u(a,by) <u(b,c) (3.4.3.1)

Consider the sefu(b,c):b B} and let the minimum be assumedbat If u(b,,c)=u(a,,b,),
then we have

u(a,, ) < maxfu(a,b,),u(b,,c)} = u(b,,c)
= mbinu(b,cl) < mcaxmbin u(b,c) <u(B,C)
and we are through. It remains to deal with the case
u(b,.c,) <u(a,b,) (34.3.2)
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Thus, in total, it remains to deal with the case that both (3.4.3.1) and (3.4.3.2) hold. By 1
ultrametric inequality we then have:

u(a,c) =u(a,b,) >u(b,,c)
u(a,¢) =u(b,c) >u(a,b)
Now suppose that(b,c,) <u(b,c) for all cOC. Then
u(a;,c,) =u(b,c) =minu(b,c) < mbaxminu(b, c)<u(B,C)
and we are done. Thus it remains to deal with the case that there exi§t€asuch that
u(b,,c,) <u(b,c,) (3.4.3.4)
But then, using (3.4.3.4) and (3.4.3.3),
u(a,c,) < maxiu(a, ), u(b;,c,)}

< max{u(a,,c,),u(b,c,)}

=u(a,c)
contradicting that

u(a,¢,) = min u(a,, c)
This finishes the proof.

3.4.4.Remark. Proposition 3.4.2 fails if the alternative definition (3.3.4.1) is taken for the
Hausdorff distance.

3.4.5.Another description of the Hausdorff metric of an ultrametric.
Let m={Y,,L ,Y} be a partition of X. For each subjet Xa®,L ,n}, J# 0, let
P, ={AOX:AnY, #0forallj0JandAnY, =0 for allj OJ}

(3.4.3.3)

Then, as is easily checked, tReform a partitionl of P (X), the set of subsets ¥ Now an
ultrametricu on X is given by a series of coarser and coarser partitions

{singletonskFm,pm pL pm =X
with levelsd,,d,,L ,d, attached to them. Them(x,y) = d, if | is the index of the finest partition

of these that does not separa@@ndy. Associated to the sequence of partitions above there is th
sequence of partitions

{singletonskM,p M, pL p I, =P(X)
Then the Hausdorff metric oR (X) is defined by this series of partitions with the same levels as
above, i.eu(A B) =d, if | is the index of finest partition of thd, that does not separateand
B.
3.4.6.Averaging transfer.
The central idea here is that given two tempt'st is unkown which of the documents I
and D, realy represerttandt'. This leads to the idea that the dissimilarityt ahd t' should be
measured by the average distance of documerils and D, , i.e.
3(D.D)= =y mdd)
#Dt #Dt‘ dOD,,d 0D,
However, this expression does not define a metric. It does suggest though to consider
averaging transfer which attaches to a metrin D the metricg’'(m) onT defined by:

1 1
JAB)=me o (= y— .
m,,(A,B) F<D>(#Ad;gd e d%Bgd) (3.4.6.1)

?V(m)(LtI) = mav(Dt’ Dt)
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Another way to think about this is that,, sort of measures the distance between the (nonexisting

centres ofD, andD,. (For a subspace of the line, and noninterlacing subsets of it, this is exac
the case).

This idea is reinforced by the following observation. For a subséX with metricm, let
1
h, =—
A #A;Aga
Then for anyx O X,
1
m.(h,,X) =— ) m(a,t
H(h ) =S mia)

. . allA
as is easily proved.

Note that the metric ol comes, vial', again from a metric on the set of all subset®,of
as defined by the first part of (3.4.6.1). Observe that foAdH [1 X

o(A,B) 2 m,,(h,,hg)
and it could well be that it is the largest metric subordinate to the averaging dissindilarity
Easy examples show that there is no particular relation between the Hausdorff distar
m,4, on the set of all subseB(X) of a metric spaceX(m) and the averaging distanas,,, on
P(X).
3.4.7. Transfer via weights. Let t,t'0T be terms,A=D,, A=D,, and x,, X, the

characteristic functions of these subsets. Then the Hamming distance bebmekns equal to
the sum (or integral)

; Xa(d) = Xx (D)

b
In this formula, alld (1D are given equal weight. Now let there be given a metric i.orhis
can be used to assign ameasure of relative importance to the elemenits which ‘central
elements’ acquire more weight than ‘peripheral’ ones. For instance as follows:

u(y) =ﬁ, 5= 3 mix)

Now for t,t' OT define
¢ (m)(t,t') = Z IXa(d) = X (A)|u(d)

3.4.8. The last two transfer of metrics procedures require that there is given a metric on
space of all metrics ofi or D, so that it is possible to talk about a best approximating metric in i
given calss to a given metric. Matters pertaining to this will be discussed briefly in the ne
section. For the moment let us assume that we have a suitable meini¢che setM (X) of all
metrics onX, where X isT or D, whatever is needed.

3.4.9.Transfer by approximation. The basic idea is here that the bipartite graph linking
and T perhaps embodies only part of the information linkihgand T and that some other

information is hidden in the given metme on D which comes from a similar source (perhaps
another, overlapping, document collection).

Consider all possible bipartite graphsbetweenD andT For eachl we have the
numbers

— Hamming distance betwedhand I
- H(m, mD(r'))
wherem, (") is the Hamming distance dn defined byl™. Let v(m,["") be the set of all"’
that minimze a suitable chosen convex linear combination of these two numbers. Now def

#2(m) on T as the average of the Hamming distances on T defined by the bipartite graphs
v(im,I™).
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3.4.10.Inverse Hausdorff transfer. For eachd [ID let T, be defined by
T, ={t0T:(t,d) O}

Assign the numbem(d,d') to the pair of subsef§,, T, . Now defineg™(m)as (the average of)
the metric(s)m on T for which the induced Hausdorff metri@' on the collectioT, : d D}
best approximates the metna(T,, T, ) = m(d,d").

A important question here is what are conditions for a metric on a collection of subse
A 0O P(X) to be such that it is the Hausdorff metric induced by a metris. dtreliminary to
this is the question what collections of subsitsre such that the associated functigpsfor
AOA, see (3.3.2.1), span the linear sp&¢X).

4. Clustering and transfer.

Much of the literature on mathematical taxonomy and clustering has focussed on i
guestion of ‘abstracting’ from a given dissimilarity a suitable (classification) tree. See [1, 3,
and the references therein for some recent results and ideas. Standard references on clusteri
[9, 14, 17]. A central question is: given a metric on a spawdat is the best approximating
metric of a special kind to the given one. Very often ‘special kind’ means ultrametric so th
there is a correponding hierarchical classification scheme. More generally tree-like metrics
also often considered.

I will not discuss here the question of whether trees are really as appropriate for classificai
and information finding purposes as one would infer from the dominance of these structure
the literature. It may well be that we have here a relic of the hardcopy period: trees are just al
the only classification schemes that can be more or less decently printed.

As remarked the question of best approximating metrics is central. That in turn raises
guestion of finding a good metric on the set of all metrics. This section is mostly concerned w
some matters pertaining to that question.

4.1.Urysohn distance

Let X and Y be metric spaces. The most natural distance betXesamd Y is probably
Urysohn distance, which is defined by

8,(X.Y) = min Hd(a(X), A(Y))
where the infimum if over all inbeddings, 8 of X andY into a third metric spacg, and where
Hd denotes Hausdorff distance. Because of the existence of universal metric spaces (Urys

spaces) in which each metric space (of cardinality less than a given cardinal) can be inbed
the spacé& in the above can be taken to be a fixed Urysohn space.

As | said, this is probably the most natural idea of distance between metric spaces. Howe
| know of no way to calculate it in concrete cases.

4.2.Function space distance
Consider a fixed seX and the setM (X) of all metrics onX. Each metrian in M (X)
defines an isometric inbeddirm, : X - F(X). Now define the distance between two metrics on
X by
8- (mm) = Hd(a,,(X), @, (X))
This is likely quite related to Urysohn distance, because one of the constructions of Urysc
spaces uses similar function spaces and embeddings, [12].
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4.3.Lipshits distance
Consider a seX and two metrics (or definite dissimilarities), m,, defined on it. The
distortion of m,with respect tan, is defined by
my (%)

disto{m,,m,) = sup—=———==
e )

where the sup is taken over adly 0X, x#y. The Lipshitz distance betwean,m, is now
defined as

d, (m, m,) = log(distor(m,, m)distor(m,, m,))
Note that if the two distances are proportional, their Lipshitz distance is zero. This is really
advantage for classification problems because a constant scalar factor should not matter.

It is easy to see that:

4.3.1.Proposition, [11, 13]. The Lipshitz distancé, defines a metric on isometry-classes-
up-to-a-scalar-factor of metrics (or definite dissimilarities) on a fixe.set

Lipshits distance is well adapted to one popular clustering technique

4.3.2.Theorem, [8]. The single link clustering technique applied to a dissimilanityn X
yields an ultrametriai on X that is maximally close to m in the sense of Lipshits distance
(compared to all other ultrametrics ¥h

I know of no other metrics oM (X) that are linked to a well known clustering method in
this way.

4.4. Transfer and clustering

A clustering method can be seen as a mappinl (X) —» U(X) whereU(X) is a chosen
subset ofM (X). Now choose any transfer method (or two of them) to go back and forttDfrom
to T. The combination of such a transfer with a clustering method on,Mé&p), yields a
clustering method oM (T). What can be said about the resulting clustering method?
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