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Abstract

Departing from Mulder's semi-coarsening technique for first-order PDEs, the notion of a grid of grids is intro-
duced and a multi-level finite-volume technique for second order elliptic PDEs is developed. Various grid-transfer
operators are investigated, in combination with damped Jacobi-relaxation. Convergence rates as they are pre-
dicted by Fourier local mode analysis are compared with practical measurements. The wide variety of grids
at our disposal leads to the notion of coherent representations of a function on different grids. A sawtooth
multi-level algorithm is proposed for the case of multiple semi-coarsening. A generalization of this technique
towards Zenger's sparse grids is also investigated. A hierarchical set of basis-functions for finite volumes on
sparse grids is briefly discussed.

AMS Subject Classification (1991): 65F10, 65F50, 65N22, 65N55, 68Q25

CR Subject Classification (1991): G.1.0, G.1.3, G.1.8

Keywords € Phrases: coherence, finite volumes, grid of grids, hierarchical basis, linear systems, mesh aspect
ratio, multigrid, multi-level, multiple semi-coarsening, semi-coarsening, sparse grids, wavelets

Note: This research was supported by the Brite-EuRam Il Aeronautics R & D Programme of the European
Communities (Contract No. AER2-CT92-0040).



4
5

Table of Contents

Introduction . . ... . 3
The multi-level method on a grid of grids .. ... ... ... . . . ... . ... ... ... .... 4
2.1 Grids of grids . . ... i 5
2.2 Restriction operators .. ... ... ... ... e 6
2.3 Prolongation operators . .......... . ... 8
2.4 Coherence . ... ... 12
2.5 Galerkin approximations . ........ ... ... ... 16
2.6 Sawtooth multi-level method .. ... ... ... ... .. ... . ... . 19
2.7 The accuracy condition for grid transfer operators ....................... 21
2.8 The smoothing method . ...... .. ... . . . . . 22
2.9 Numerical results . .. ... ... 23
Incomplete grid of grids .. ... . . 26
3.1 Sparse grids . ... ... 26
3.2 Numerical results . . ... ... . 27
3.3 Explanation of results .. ....... ... ... ... 28
3.4 Remedies and alternatives . ........ ... .. ... .. ... .. ... ... . ... 28
Hierarchical basis for finite volumes . ......... ... .. ... . .. . . ... .. ... 29
Conclusions . .. ... 30

REFERENCES . ottt e e e e e e 30



1. Introduction 3

1. INTRODUCTION

In multigrid methods we have to take care of obtaining adequate coarse grid corrections to accelerate
an iterative solution process. The standard procedure of grid coarsening, i.e. doubling the mesh-size
in each space-dimension, is known to be not robust in more-dimensional cases where flow-alignment
or anisotropic diffusion occurs (see [3, 5]). These are examples of phenomena, defined in more space
dimensions, that are locally one-dimensional in essence and do not really allow for coarsening in all
directions. Here, a classical coarse grid correction (CGC) fails to yield proper corrections, simply
because these cannot be represented on the standard-coarsened grid. This has to be compensated for
by powerful smoothing procedures. E.g. in 2D one applies line-wise instead of point-wise relaxation
methods, or one resorts to incomplete factorizations. Indeed, in [14, § 7.12] the best smoothing
methods that can handle both the (rotated) anisotropic Poisson equation and convection-diffusion
equations are exactly of this type. A similar story goes for the solution of Navier-Stokes equations
when the unknowns are strongly coupled in one direction due to high mesh aspect ratios in for instance
high-Reynolds boundary layer and wake flows and also in far-field flows.

Where multigrid standard coarsening in 2D lacks the possibility of representing components in the
error that are low-frequent in one direction but very high-frequent in the other, this holds even more
in three space dimensions.

One rigorous remedy is to apply semi-coarsening, i.e. coarsening merely in the direction of the
strongest coupling [3, 5]. Thus, at the expense of a larger number of grid-points on the coarse grid, we
can represent components in the correction which are of low frequency in the direction of the strong
coupling and of high frequency in the other directions. In this manner, the CGC is effective and we
do not need to put too high demands to the smoother and can therefore rely on simple procedures. In
Figure 1 a piecewise constant grid-function is shown that is of the highest frequency in one direction
and of the lowest in the other (a so-called washboard function). Restriction (by integration) to the
standard coarsened grid annihilates the function whereas restriction to the semi-coarsened grid is
clearly representative.

Another, but related, remedy is the frequency decomposition multigrid method (FDMGM) of Hack-
busch (see [6, 7]). In 2D, through shifting the standard coarse grid one obtains three further grids for
the representation of corrections corresponding to four different types of frequencies. Depending on
the type, the grids are recursively coarsened. In 3D this approach can be generalised to the creation
of seven further coarse grids, shifting the standard coarse grid. Evaluation of the defect equations on
all the coarse grids leads to a multiple, intertwined, coarse grid correction. Again, at the expense of a
larger complexity on the coarse grid, one obtains an effective CGC which clears the way for a simple
smoothing operator.

In 2D, Mulder proposed to perform semi-coarsening in two directions simultaneously [10, 11]. A
fine grid is coarsened in the z- and y-direction respectively. Vice versa, each coarse grid is linked
to two finer grids, refined in the z- and y-direction respectively. Similar information from different
coarse grids is combined in order to limit the complexity to O(N), where N is the number of cells on
the finest grid. This combining of information implies the averaging of residuals. For the transfer of
corrections from coarse grids to fine grids Mulder proposes alternating prolongations, in the z- and
y-direction respectively. Naik and Van Rosendale [12] propose a weighted average of the interpolated
corrections in the z- and y-direction.

In 3D, semi-coarsening in three directions takes an extra storage of 7N cells for the coarse grids.
Though this amount of storage is only proportional to the number of unknowns, it still may become
prohibitive in practice. Zenger [15] launched the idea of defining a specific set of hierarchical basis-
functions within a FE-space. The set is chosen in a way that N reduces significantly with only a slight
deterioration of accuracy of (smooth) solutions. The supports of the hierarchical basis-functions relate
to each other by semi-coarsening (and semi-refinement) in the same way as the semi-coarsened finite
volumes.

In this paper we consider finite volumes rather than finite elements. We confine ourselves to linear
problems, but we indicate where a generalisation is possible. First, in Section 2 we describe a multi-
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Figure 1: Coarsening of a washboard grid-function.

level method on a complete grid of grids, this is in contrast with the classical approach of a sequence of
standard coarsened grids. The use of some particular grid-transfer operators is discussed and numerical
results are given for a Poisson problem which, depending on the grids used, closely resembles the
anisotropic diffusion equation after discretization. In Section 3 we describe the generalization of the
multi-level method of Section 2 for sparse grids. It is explained what difficulties are encountered. The
use of hierarchical basis-functions, is described in Section 4. In Section 5 conclusions are summarized.

2. THE MULTI-LEVEL METHOD ON A GRID OF GRIDS

Before we arrive at the proposed multi-level algorithm and its results (in the Sections 2.6-2.9), we
first introduce general notions (and notations) in Section 2.1 and, specifically, grid-transfer operators
in Sections 2.2-2.3. In Section 2.4 we describe the notion of what will be called ‘coherence’ of grid-
functions. Hereby we can describe an important possible difference between a representation of a
function on multiple semi-coarsened grids on one hand and on sparse grids on the other. In Section 2.5
we investigate the Galerkin approach for the discretization on coarser grids; for linear problems with
constant coefficients we can give a detailed analysis of the stencils resulting from the Galerkin approach.
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2.1 Grids of grids

For convenience we introduce the notation used for the two-dimensional case. The analogous notation
is used for three space dimensions, but the explanation would, possibly, be less clear by the abundance
of indices. The set of natural numbers, supplied with zero, is written as N. By n we denote a pair of
integers (ny,ng) in N>, By n < m we mean that n; < m; for 7 = 1,2, The inequalities <, >, >
between n and m are defined analogously. The domain of definition, 2, is assumed to be the open
unit square.

Now we introduce the following notation:

0 = (0,0)eN%
er = (1,0)eN?
es = (0,1)€ N*;
e = e +ec€ NZ;
n| = ni+n€eN;
x = (x,x2) € Rz;
by, = 2™ e€Rfork=1,2
Moo = {(e1,22) | 2k = ikha,, (i1,32) € N}
OQn = QN DNnp;
G = {Qn |ne N2} ;
Gp = {Qm|m§n,m€N2};
Cn = {(ml,mQ) | @k = (it + 3)hng, (ir,i2) € N2};
Qn = QNCh;
gn : Op— K
Ini = (9n)j = gn(x) with x = ((i1 + §)ha,, (12 + 3)ha,) € Qs
Sn = {gn|gnIQ§1—>]R}§
Rmmn : Sn— Sm (m < n) a linear surjection;
Pom : Sm — Sn (m < n) a linear injection;
Qn,i = the interior of an elementary rectangle with vertices defined on 2y, with

center ((i1 + %)hn1 , (32 + %)hnz) € Qf and dimensions: h,, , k=1,2.
Here Qn,i is called a cell and gn € Sp is called a grid-function. The set of wvalues of gn can be

interpreted as components of a vector in ]Rz‘nl. The set €, is called the set of cell-centers of {dpn. The
symbol Sn denotes the linear space of real-valued functions on §f,. The 2-tuple n is called the index
of Qn. The integer | = |n| is called a grid-level. Rm n is a restriction and Pp m is a prolongation.
G is called the infinite grid of grids. A finite subset F of G is called a (finite) grid of grids. Gn
is called a complete grid of grids (it follows at once that such a complete grid of grids is finite). A
specific grid in the grid of grids is identified as Q2yy. See Figure 2 for an illustration of a complete grid
of grids. Within some of the coarser grids, in the upper left corner of this diagram, the cells, covering
the grids, are indicated. Enumerated in Table 1, we recognize four types of straight lines in the grid of
grids, each with their own meaning. We observe that semi-coarsening in either direction (Type 1,2)
and standard-coarsening (Type 3) are included. Grids with the same grid-level correspond to lines of
Type 4. Grid-levels will be of use in the description of algorithms to come. An example of a set of
grids belonging to the same grid-level [ is shown in Figure 2 by the dashed line. Note that grids on



the same grid-level [ count the same number of cells.
When a grid of grids F can be written as F = {Qn,,...,Qn_}, then the least common multiple
(LCM(F)) of F, is the grid Qn with

nj = max {k-th component of n;},
J=4ny

and the greatest common divisor (GCD(F)) of F is the grid Qm with

my, = j_r{lin v{k-th component of n;}.

An incomplete grid of grids is a grid of grids that is not complete. An enclosure E of a finite grid F
of grids is a complete grid of grids that includes F. The smallest enclosure En of a finite grid F of
grids is an enclosure of F such that for no m < n another enclosure exists. One can show there exists
exactly one smallest enclosure, viz. En such that 2y is the least common multiple of F. The grid Qp
is then also called the finest grid of the smallest enclosure. An incomplete grid of grids of the first
kind is an incomplete grid of grids which nevertheless includes the finest grid of its smallest enclosure.
An incomplete grid of grids of the second kind is a grid of grids which does not include the finest grid
of its smallest enclosure. See Figure 10 for a specific example of a grid of grids that is incomplete of
the second kind. It corresponds to Zenger’s sparse grids [15].

Table 1: Substructures in the grid of grids

| Type || Definition | Meaning
1 ng >0Any=c>0 T1 semi-coarsening
2 ny>0Any=¢c>0 To Semi-coarsening
3 ny,ng > 0Any —ng =c | standard-coarsening
4 ny,ng > 0Any +ng =1 | grid-level |

The equation and its discretization. We investigate the two-dimensional case of the general (single)
second-order (elliptic) equation

Lu= fon{, (2.1)

with suitable boundary conditions. For a complete grid of grids Gp we can obtain discrete versions
of equation (2.1) on each grid Qyy with m <n

In the rest of Section 2 we consider a multi-level approach for the solution of this equation on the
finest grid.

2.2 Restriction operators
Let f € L?(f2) be a square-integrable function, then we define the operator Rn by

Rn Lz(Q)—>Sn, (2.3a)
fai=(Ralyy = [ fao (2.3b)
i

i.e. the function f is integrated over each cell 0, ; (see Section 2.1). Thus, grid-function fn cor-
responds to the finite-volume discretization of function f on Qn. Definition (2.3) leads to a natural
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Figure 2: A complete grid, G4 4), of grids in R’

definition of the restriction operation between grid-functions within this context of finite-volume dis-
cretization. The definition reads:

R}l,n+ek : Sn+ek - Sna (24&)

1
fl’l,i = (Rn,n+ek .fl'H—ek )i = fn+ek’2i + fn+ek ,2i+e,€ . (24b)

By the definition of integration, the integral of f over a box on the coarse grid is the sum of integrals

of f over the two constituting boxes on the semi-refined grid. This explains definition (2.4): this
restriction can be seen as a Riemann-sum over sub-domains. In the multi-level method to be described
in Section 2.6 this restriction will be applied to grid-functions that represent the right-hand side
of (2.2).

The grids 2 are nested in the sense that 2n O 2m when n > m. In Figure 2 nesting takes
place horizontally and vertically. Grids Q2 which are on the same grid-level |n| = I cannot be nested.
Suppose we have some complete grid of grids Gp. We note that for all grids Qm € Gp it holds true
that Om C Qn. Due to this nesting, restriction (2.4) (based on integration) is commutative w.r.t. the
x-directions:



1 1 1 1
Rpiente, finte, n = Rnyente,fnte,n (2.5)
See the dashed arrows in Figure 2.

Definition 2.2.1 Let S = {Rﬁf‘lehn |ne€ NQ,ek € {el,e2}} be a set of 1D restriction operators. If

the restriction

Rglsj,nl : Sny, — Sn,, (2.6a)
S S S S
RE]“‘?-,nl = REI-?vnv—l R:El'?—lsn'/—z o R£13,H1’ (2'6b)

with

is uniquely defined (i.e. independent of my_y1---ny for v > 2), the restriction Rglsjsnl s called

path-independent.

We note that R%L,,Ih is an example of a path-independent restriction because of (2.5). When f is a
rapidly varying function, the restriction (2.4) yields an appropriate discretization procedure for f on
the coarser grids [17].

2.8 Prolongation operators
Some prolongation operators are indicated as un-dashed arrows in Figure 2.

Piecewise constant prolongation. The definition of piecewise constant prolongation in the xzj-
direction reads:

Prll+ek.,n : Sn — Snie, (2.7a)
Unie,,2i = (Pl}1+ek,nun)2i = Upj (2.7b)
1
Unyie,,2ite, — (Pn+ek,nun)2i+e;c = Unj (2.7¢)

We note that the the standard piecewise constant prolongation in R? can be seen as the subsequent
application of 1D piecewise constant prolongations. We also note that

Pr11+ek,n = (Rh,n+ek)T- (2.8)
Second order prolongation. The definition of second order prolongation in the x;-direction reads:

Pite.n : Sn— Snie,, (2.9a)

Upie.si = (Pnrecntn)yi = iUni_e, t itni (2.9b)

Upte, 2ite, — (PI21+ek,Ilun)2i+e,c = %un,i + %un,i+ek' (2.9¢)

This is shown in Figure 3. The definition can also be applied (with cyclic numbering of i) at the
boundary of 2 when periodic boundary conditions are prescribed.

Bilinear prolongation. The definition of the standard bilinear prolongation in R? reads:
Prtii+e,n : Sn — Snte, (2.10a)
Unte,et+2i = (Prbﬁe,nun)ewi = %Un,i + 13_6“n,i+e1 + Suy ire, T Tuy i+d2-10b)
Unieet+2ite, — (PI]ii-I-e,nun)e+2i+e1 = %Un,i + %un,i+e1 + nite, T Su 1+ec2 10c)
Unie.e+2ite, — (Prlii-i-e,nun)e+2i+e2 = %un,i + 11_6un,i+e1 + % Unite, T % Up j4d2-10d)
Unie.et+2ive = (Prbi:-e,nun)e+2i+e = %un,i + 1%”n,i+e1 + % nite, T % 1+e(2 10e)
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Figure 3: Prolongations in the z;-direction in R>.

This is symbolically shown in Figure 4. Here, the cell-centers of the respective coarser grids Qp,
Qn+e,; {lnte, are indicated by e, whereas cell-centers of {dnye are indicated by o. The latter are
also depicted in the coarser grids in order to demonstrate how the second order prolongations are
determined. The definition can also be applied (with cyclic numbering of i) at the boundary of Qn
when periodic boundary conditions are prescribed. We note that the bilinear prolongation can be
decomposed into the second order 1D prolongations defined in (2.9):

bi _ p2 2 _ p2 2
Pn+e,n = Pn+e,n+e2Pn+e2,n = Pn+e,n+elpn+e1,n~ (2.11)

Definition 2.3.1 Let S = {Pr(ls.%l—ek |ne N2,ek € {el,eQ}} be a set of 1D prolongation operators.
If the prolongation

Pr(lsf,),m : Sn, — Sn,, (2.12a)
(S) _ p®) (S) (S)
Pnon, = Pon,_ Pn_ n,_. Pn,n, (2.12b)

with
n; <ng---<m,

is uniquely defined (i.e. independent of ny ---n,_y for v > 2), then the prolongation Pﬁm 1s called
path-independent.

Of course, PrllA,,nl is a path-independent prolongation. Also PrzL,,nl is a path-independent prolongation
because of (2.11).

Combination of coarse-grid corrections. We want to solve (2.2) on 2 by a multi-level approach.
We define the residual:
™ = /n — Lnun. (2.13)

We consider the grids {dn_q
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Figure 4: Some second order prolongations in R’.

q€Q={e e e} (2.14)

for acceleration of convergence by coarse grid correction. A picture is shown in Figure 4 of prolonga-
tions stemming from the various coarser grids. We assume that the correction-equations are solved
exactly on the coarser grids, which means that we compute

Cn_q = L;ll_an_q’nT‘n. (215)
At first we might consider the following coarse grid correction
’[Ln = Un + Pn’n_an_q (216)

for the three different possibilities given by (2.14). When q = e we have the classical coarse grid
correction in 2D for standard coarsened grids; when q = e; (k = 1 or 2) we have a coarse grid

correction going with semi-coarsening. However, instead of (2.16) we apply the following coarse grid
correction

ipn =un +we, Pnn-e,cn-e, +we,Pnn-e,n-e, +wePnn ecn-e, (2.17)

where a weighted combination of the corrections is chosen with weights:
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The correction as given by (2.17) is an example of additive subspace correction. We demand at
least first order accuracy, i.e. when the cn_q represent one and the same constant function then the
weighted combination of the corrections should represent the same constant function, hence:

we, + we, + we = 1. (2.18)
We note that both the approach of Naik and Van Rosendale [12]:

we, +we, =1, we =0. (2.19)
and Hemker’s proposal [9]:

we, =1, we, =1, we = —1. (2.20)

fit within this framework. We examine how the multiple corrections reduce the residual, also involving
the choice of the weights in (2.17). We write the amplification-matrices for the residual due to the
coarser-grid corrections:

Mpn-qn : Sn—5n (2.21a)
Mn’n_q’n = In - Ln(Pn’n_qLﬁl_an_qqn), (221b)

where I is the identity-operator for grid-functions in Sy. When we define:
n = fn — Lnin, (2.22)

i.e. the residual after the coarse grid correction (2.17), it follows from (2.15) that:

n = ( Z wgMnn-qn)rn. (2.23)
qeQ
If we employ the Galerkin coarse grid approximation (GCA, see e.g. [14]) on all coarser grids, i.e.
Ln_q = Rn_q,nLnPn,n_q, (224)

then it follows at once that

Rn_qnMnn-gn =0n_q, (2.25)

i.e. the nil-operator that annihilates all grid-functions in Sn_q. We apply this result for the exami-
nation of the following grid-functions:

Rn—el,nrn, Rn—ez,nTn, Rn—e,nrn

i.e. the transfer by restriction of the new residual onto the coarser grids from which the coarser grid cor-
rections originate. We assume the restriction operators to be path-independent (see Definition 2.2.1).
Firstly, we easily establish that

Rn_en™ =0On-e (2.26)
i.e. the zero grid-function in the space Sp_e. Secondly, we can prove that
Rn_e, n™mn = Rn—el,n(

— —1 -1
2 ’ —<2 El - ]
(we, + we)ln — LnPnn-e,(we,Ln_e, + wvePn-e, n-eln_eRn-en-e,)
)Rn-e,nn (2.27)
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under the additional assumption that the prolongation operators are path-independent (see Defi-
nition 2.3.1). We define the following operator, associated with the approximation property (see

Hackbusch [5]):

Anmn : Sn— Sn (m<n) (2.28a)
Anmn = Lp'— PnmLmRmn. (2.28b)

When we = —we,, the equality (2.27) reduces to:

Rn—el,nrn = *wezRn—el,nLnPn,n—e2An—ez,n—e.n—ean—ez,nrn (2~29)

When the approximation property would hold between Lp_e, and Ln_e up to a high order this

results into a ‘small’ grid-function. Analogously, when we = —we,, we derive

Rn—ez,nfn = —We, Rn—eQ,nLnPn,n—el An—el,n—e,n—el Rn—el,nTn (2-30)
It follows from (2.18) and we = —we,, we = —we, that

we, =1, we, =1, we = —1.

Hence, equations (2.29) and (2.30) apply specifically to proposal (2.20).

2.4 Coherence
Definition 2.4.1 A grid-function fyy is called a coherent right-hand side representation of fp,
n > m, when by means of a path-independent restriction Rm n it holds that

Rmmn/n = fm- (2.31)

For Rm n we only consider Ry, p, see (2.4) and (2.6). For the elementary example: m =n— e we
observe that apparently

Jm=Rn_en-e,Rn-e;nfn=Rn_en-e.fn_e,n/mn

when fy is a coherent right-hand side representation of fn. Note that when in IRB, instead of IR2,
there would be six instead of two ways of determining fm which, again, should all yield the same
grid-function.

A set of grid-functions {fm}, defined on a grid of grids V, is called a coherent set when all fm are,
simultaneously, coherent representations of one grid-function defined on the finest grid of the smallest
enclosure of V.

For a complete grid of grids the coherence of right-hand sides (and of the residual and its transfers
to coarser grids) can always be enforced if we choose to do so. This holds also true for an incomplete
grid of the first kind (see Section 2.1). This is because all the coarser grid-functions can be derived
from one and only grid, namely the finest grid of the smallest enclosure.

The grid-functions fn,, ..., fn, are called mutually coherent (on the right) when for the least com-
mon multiple of {Qn,, ..., an} it holds that a grid-function fp exists such that all fn,,7=1,...,v
are coherent right-hand representations of fn. Note that by this definition grid-functions fn,, fn,
might be mutual coherent while neither n; < ns, nor ny < ny, nor n; = ns.

Example 2.4.1 Suppose that fn_e, = Rn_e, nfn and fn_e, = Rn_e, nfn (with path-independent
Rm,n) then fn_e, and fn_e, are mutually coherent.

We derive the following

Proposition 2.4.1 Let Qn be the common divisor of Qn, and Qn,, then the grid-functions fn, and
fn, are mutually coherent if and only if
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Rn.n1 fn1 = Rn,nz .fng .

Proof.

1. Let fn, and fn, be mutually coherent, then, by definition, for some m with m > n;, m > ny
a grid-function fi exists such that

.f1’11 = Rnl,mfma

-fn2 - an,mfm-

It follows that

Bnn,fn, = Bnn, Bn,mfm = Rnm/m = Rnn,Bn, mfm = Rnn, fn,-

2. We assume

Rn,n1 fIl1 = Rn,n2 fl’lz .

First we consider the canonical grids, i.e. n; = n+e; and ny = n+ey. Then the least common
multiple of Qp, and Qp, is Qm with m = n + e. We consider merely the canonical cells, see
Figure 5. Geometrically, the four sub-figures are at the same location in R?. The values of the
respective grid-functions fn, and fn, at the canonical cells are given in this picture. Either grid-
function fn,, k& = 1,2 yields the value ¥ on the cell at the common divisor Q2 after application
of Rn n,. We show that fn,, k£ = 1,2 are mutually coherent w.r.t. some fin to be constructed.
In order to satisfy

fnl = Rnl,mfm;

.fl’l2 - an,mfm-

it is sufficient that the values p, q,r, s € R of fm satisfy the following system of linear equations:

1100 p T4+ 0 5
0 0 11 S
s (2.32)
1 010 r 0 -1
01 01 s 5 0 +1
The general solution reads:
1 1 1
1 t3 —3 > +1
1,1 41 -1
=1 2 3 a |+uf , pe R (2.33)
i Tz T3 -
b
1 1 1
$ i 2 T3 +1

In this manner we construct fim.

Other cases than the canonical grids follow by induction for ny, ny in N2, as follows. Suppose
that n;, > n+ e, k = 1,2 (the most general case, special cases can be treated analogously). We
start by considering the grid-functions

.fl'l+ek = Rn+ekynkfnk k= 1,2
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on the corresponding grids with the common divisor pn. It holds that

Rn,l’l+61 fn+61 = Rl’l,l’l+e2 fn+e2

because of the basic assumption. By means of the construction (2.33) we create a grid-function
fnte w.r.t. to which fnie, are mutually coherent. By repeating this procedure, we construct
fn+e+e,, etcetera until we have filled the smallest enclosure of Qn, k£ = 1,2 one by one. W.r.t.
the grid-function fm on the finest grid Qm of this smallest enclosure the fn, k¥ = 1,2 are now
mutually coherent. O

Remark 2.4.1 Note the degrees of freedom in constructing fm because of the possible choices of p.
If we choose p = 0 in (2.33) then we choose the vector with the smallest 2-norm. Thus, when we
apply p = 0 throughout at Qm, we construct the fm with the smallest 2-norm.

D C On C Qnte,

o[

2 5|2 +b|C (nve CQnie

Figure 5: Cells in the canonical case in R’

The second part of Proposition 2.4.1 implies that also for a set of grid-functions defined on an
incomplete grid of grids of the second kind, we can easily establish (looking at the common divisors)
whether those grid-functions are a coherent set.

Coherence on the left-hand side. A similar notion of coherence can be defined as well for grid-
functions that e.g. represent a solution. Firstly, we define the restriction operator:
In : L*Q)— Sn, (2.34a)
—~ 1
Uni= (Inu)i = |Q .| (Rnu)ia (2.34b)
ni

with v € L?(Q) an integrable function; Ry is as defined by (2.3); |2, ;| denotes the area in R” (the
n,i

volume in ]RS) of the cell i at the grid {dn. We can interpret u, ; as the average value of u at cell i.
Secondly, we define a restriction operator:

Innte. : Snte, — Sn (2.35a)
|Qn+e 2i| |Qn+e 2i+e |
Yni T I k| Unye,2i T |Qk | - n+ey,2it+e; (2.35b)
n,i ni
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Again we integrated the grid-function, but we divided by the cell-area (the cell-volume) for each cell
in order to find the average value. Then, analogously to (2.6), we can uniquely define

In,n, : Sn, — Sn, (2.36a)
In,n, = In,n,_,In,_,n,_, In,n, (2.36b)

for
n,<n,_---<mng.

A grid-function um is called a coherent left-hand side representation of up, n > m, when by means
of the path-independent restriction, defined by (2.35) and (2.36), it holds that

Im’n’U,n =um. (237)

Now that we have defined coherent left- and right-hand side representations we pose and answer the
question whether coherence remains after application of the operator Lp (or its inverse). Firstly, we
define the following projection (a ‘high-pass’ filter):

Hnmmn : Sn— Sn(m<n) (2.38a)
Hnmmn = In—Ponm/mn. (2.38Db)

Secondly, we define the following (operator-dependent) restriction operator:
7 -1
In_gqn = Ln_an—q,nLn- (2.39)

This restriction operator depends on the discretization-operators and is of theoretical value only. We
observe that, like some other restriction operators, it is the left-inverse of a prolongation operator:

In—q=In-qnPnn_q- (2.40)

Thirdly, we define the grid-functions rn_q (see (2.13)) which represent residuals:

™m-q = fn-q — In-qun-q,4€ Q, (2.41)
where fn_q are coherent representations of fn. We now state the following

Proposition 2.4.2 Let us assume that the coarse grid discrete operators are defined by GCA (2.24)
and that both restrictions and prolongations are path-independent; Q = {e;, eq, e} (see (2.14)). We
assume that the inverse of Ln_q ezists for all q € Q.

1. Ifun_q,q € Q are coherent (left-hand side) representations of un, then

T'n_q — Rn_q’n’l‘n = Ln_qin_q’an’n_q’nuH. (242)

2. If rn_q,d € Q are coherent (right-hand side) representations of rn, then
Un_q - In_qyn’l,Ln = jn_q,an‘n_q‘nuH. (243)
Proof.
1. From the coherence of the un_q it follows by definition that

Un-q — In—q,nun = Un—q-

The derivation of (2.42) is straightforward.
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2. From the coherence of the rn_q it follows by definition that

Tn_q - Rn_q'nTn = On_q
The derivation of (2.43) is straightforward. O

When we consider the set of discretizations (2.2) with m < n for a complete grid of grids Gn, we
deduce from Proposition 2.4.2 that when the grid-functions fm on the right-hand side are a coherent
set, it does not follow that the corresponding solutions upy, are a coherent set; nor the other way
round.

2.5 Galerkin approzimations
When we disregard the use of mixed derivatives we can confine ourselves to discretization-stencils not
larger than five-point ones (seven-point in 3D). We consider the following typical equation:

2 2
Lu=(—eaa—m%—uaa—mg+aaim+,ﬁa;;+af)u=f. (2.44)
On structured and rectangular grids in 2D the discretization that we employ, boils down to:
0 —ph;? 0
ol —eh %2 2(eh %+ ph?) —eh;? (diffusion-stencil) (2.45a)
|0 —phy? 0
I 0 +B(2h,,)"t 0
hohy, | —a(2h,)™! 0 +a(2h,)7! (convection-stencil) (2.45b)
i 0 —B(2h,) 7t 0
0 0 0
hophom, 0 o 0 (identity-stencil) (2.45¢)
0 0 0

for n = (n,m). Actually, this symbolizes the discretization in use on all grids. In this section we
compare (2.45) to the use of GCA (2.24). If Rp_ n, and Pp, n_ are path-independent then we observe
that

Ln, = Rn,n,Ln, Pn;n, (2.46)
is uniquely defined (path-independent). In the particular case that
Pnlyn”( = PIll],n.ﬂ Rnﬂ/,nl = R%’l.,,nl (247)

the Galerkin approximation generates the following stencils at the grid an_l m) (with hy—y = 2hy,,):

0 —ph;? 0
ho—1hm, —2¢h;?, 2(2eh;?, + ph;?) —2eh;Z, (diffusion-stencil) (2.48a)
0 —ph;? 0
0 4B (2hn) 0
Bp_1hm | —a(2hy—1)7 1 0 +a(2h,—1)7 ! (convection-stencil ) (2.48b)
0 —B(2hy, )71 0
0 0 0
ho—1hm 0 o 0 (identity-stencil) (2.48¢)
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We observe that the convection-stencil (2.48b) is consistent with (2.45b) and that the identity-
stencil (2.48¢) is consistent with (2.45¢), but also that the diffusion-stencil (2.48a) is not consistent
with (2.45a). This observation is in accordance with an accuracy condition for transfer operators that
needs to be satisfied:

mp +mpg > 2m, (2.49)

(see [2, 5, 8, 14]) where 2m is the order of the PDE, and mp,mp the highest order plus one of
polynomials that are interpolated exactly by the prolongations P and sRT where s is a scaling factor.
When the prolongation and restriction are given by (2.47) then mp = mpg =1 and rule (2.49) is
violated for the (second order) diffusion term in (2.44). For the convection (first order) and the
identity term (zeroth order) the prolongation and restriction are sufficiently accurate.

In order to mend the consistency of the Galerkin-approximation on the coarse grid of the second
order part of equation (2.44) we may employ the same restriction operator but the prolongation
operator of second order (see Section 2.3):

Pn,n, = Pi, n,, Bn,n, = Rnn, (2.50)
Hereby rule (2.49) is now satisfied. By choosing (2.50), the Galerkin approximation generates the
following stencils at the grid an—l,m):

0 0 0
ho—1hm, —ehy 2, 2eh;? —eh %, (z1-diffusion-stencil) (2.51a)
0 0 0
—guhy? —fphi? —gph?
ho_1hom, + tphy? 3phi? 4Lph;? (z2-diffusion-stencil) (2.51b)
—sphy? =3phn? —Lphl?
0 +B(2hy,)"t 0
Bp1h | —a(2hp_1)7t 0 +a(2h, 1)t (convection-stencil) (2.51¢)
0 —B(2h,,) ! 0

Stencil (2.45a) is turned into the sum of stencils (2.51a) and (2.51b). We observe that for the diffusion
in the zy-direction a nine-point stencil (2.51b) comes into being. When we perform a lumping proce-
dure for the stencil (2.51b) (thus averaging out the z;-dependence) we observe consistency between
Galerkin approximation (2.51) and discretization (2.45). A disadvantage of this central differencing
type of discretization is that each time the grid is 1-coarsened by the factor 2 the mesh Péclet num-
ber in the z;-direction is multiplied by the same factor, which is reflected by the Galerkin coarse grid
approximation (2.51) (it can be observed most clearly from the derivation below of (2.56)). For a
substantial number of grid-levels this may cause divergence for a multi-level algorithm, as was already
observed in [19]. A remedy may be to use upwind differencing for the separate discretization on each
coarse grid individually or the use of Galerkin coarse grid approximation (2.24) in connection with
upwind prolongation (see e.g. [16]).

When we employ discretization (2.45) also on all coarser grids together with Hemker’s prolongation,
where the said first and second order prolongation can be plugged into, then both experiments and
Fourier local mode analysis [9] show that first order prolongation is sufficiently accurate even for the
case of a second order PDE.

Further analysis of the Galerkin approach for constant coefficients. ~ We perform an analysis of the
behaviour of the Galerkin coarse grid approximations for the advection-diffusion equation (2.44). This
analysis is the analogue of the one introduced and performed in [18] for bilinear finite elements. In
the analysis we confine ourselves to constant coefficients and therefore the matrix Ly is represented
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by a single nine-point stencil only. Note that here we consider a five-point stencil as a special case
of a nine-point stencil. With the one choice for the restriction and the respective two choices for
the prolongation (first order and second order) in the z;-direction we obtain a coarse grid matrix
Ln_e, which is also represented by a nine-point stencil. Because of the constant coefficients the
construction (2.24) can be seen as the linear transformation

Gf = ¢, with f,ce R, (2.52)
where G can be represented by a 9 X 9-matrix. The vectors f and ¢ correspond with the stencils
.f7 fS f9 cr Ccg Co
e~ fo 5 fo|, &~ ca ¢ ¢ |- (2.53)
fl f2 f3 c1 C9 C3

The stencil f* is defined on the finer, the stencil ¢* is defined on the coarser grid. The matrix G
describes what stencil ¢* is obtained on the semi-coarsened grid, from an arbitrary stencil f*, when
stencil ¢* is constructed by GCA, see (2.24). Let Gy correspond to the case of (2.47) i.e. first order
prolongation and G5 correspond to the case of (2.50) i.e. second order prolongation. An eigenvalue
decomposition of Gy exists and reads:

Gy =ViDVit Gy, Vi, Dy e R® x R, (2.54)
where D is a diagonal matrix showing the eigenvalues of G; and
-1 o - o o o 0 o0
2 o 0 o0 0 -1 -% o0
~1 0 4% 0 0 0 0 0
0o -1 0 0 -1 o0 0 0 O
Vi o= o 2 0o o0 o0 o0 2 o0 1], (2.55a)
0 -1 0 0 +4+3 0 0 0 0
0 0 -1 0 0 - 0 o0 o0
0 0 2 0 0 0 -1 +L% o0
0 0 -1 0 0+ 0 o0 0
-+ 0 - 0 0 0 0 0 O
o 0o o - o -+ o0 0 o0
o o o o o o0 -2 o -1
-1 0 41 0 0 0 0 0 0
vito= o 0 o0 -1 0 41 0 o0 o0 [, (2.55b)
0o 0 0 0 0 0 -1 0 +1
4 ob b0 00 b b
-1 -1 =1 0 0 0 +1 +1 +1
! 1 1 1 1 1 1 1 1
Dy = diag( 1 1 1 1 1 1 2 2 2), (2.55¢)

The matrix Gy and its decomposition follow from a straightforward evaluation. The column-vectors
of V1 are the right-eigenvectors of Gy, the row-vectors of Vl_1 are the left-eigenvectors of G;. When
we write the column-vectors of V; as stencils (2.53) we immediately recognize some standard central
differences. Thus, by G¥, the Galerkin coarse grid approximation after g times coarsening in the
z1-direction is now fully described for the case of constant coefficients.
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A similar eigenvalue decomposition of G2 exists with:

-1 0 0 -5 0 0 —} —15 3%
2 0 0 0 0 0 -3 -3 3§
-1 0 0+ o0 o0 -}t -4 L
o -1 0 o -+ o + 0o %
Vo = o 2 0 o0 0 0 3% 0 %], (2.56a)
o -1 0 o0+ o0 1% o %
0 0 -1 0 0 -3 5 & =
o 0 2 0 0 0 -3 3
0 0 -1 0 0 +& -} & =%
-1 4+ -+ 0 0 0 0 0 O
0 0 0 -3 45 -3 0 0 0
o 0o o o o o0 -1 +& -1
-1 0 41 0 0 0 0 0 0
| o 0 0 -1 0 +1 o0 0 0|, (2.56b)
0o 0 0 0 0 0 -1 0 +1
I I R e
-1 -1 -1 0 0 0 41 +1 +1
1 1 1 1 1 1 1 1 1
Dy = diag(3 % + 1 1 1 2 2 2). (2.56¢)

The multiplicity of all the different eigenvalues of both decompositions is larger than 1, so clearly
these decompositions are not quite uniquely defined.
We observe that with (2.56) the mesh Péclet number in the z;-direction is multiplied by the factor
2 and the mesh Péclet number in the zs-direction remains unchanged; with (2.55) the mesh Péclet
numbers in both x1- and xs-direction remain unchanged.

2.6 Sawtooth multi-level method

We make a deliberate choice for sawtooth-multigrid. This type of multigrid employs a V-cycle without
pre-relaxation, hence there is no interfering of smoothing when the residual is transferred to subsequent
coarser grids. This guarantees the coherence wished for w.r.t. the residuals (see Section 2.4). For
an introduction to sawtooth-multigrid see [13]. An additional advantage is that this cycle can be
programmed in a simple way without recursion. Here, the algorithm is written in a fashion of the
FAS and/or NMGM algorithms [3, 5]. This is immaterial for the linear problems that we have
under consideration, it merely indicates a possible generalisation for nonlinear problems. Due to this
nonlinear approach we need to store an (old) approximation of the solution on each coarser grid: u‘flld.
These coarse solutions are chosen to be fixed throughout execution of the algorithm. The finest grid,
i.e. the grid with the highest level of refinement in each z;-direction, is essentially the one grid of
interest where we want to obtain a solution. This one grid is denoted by n' (with n’ > 0). We want
to solve the following linear system stemming from the discretization of a PDE on the finest grid

Lpun' = for. (2.57)

We have some starting solution ups and employ the following scheme to improve it (we use the grids
Qp with n < n' to accelerate convergence):

Sawtooth Multi-Level(SML):
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Stage A:
T ‘= fn/ — Ln/un/ (1)
dn! =T (2)
for | from |n'|—1 to 1 by -1 (3)
do (4)
for all n<n' with |n|=]l A n>0 (5)
do (6)
choose an arbitrary ej, € {ej,ez} with Qnye; 70 (7)
dn = Rn,n+e]-0 dn+e]-0 (8)
FiE™ = Lpu@d 4 dn (9)
up = uHd (10)
end do (11)
end do (12)
Stage B:
to 2 (13)
do (14)
RELAX(Lg,ug, fg™") (15)
end do (16)
cg = ug — u%ld (17)
Stage C:

for | from 1 to |n’|
do
for all n<n' with |n|=]l A n>0
do
if n>0 then
Un ‘= uUn + quQ (.qunqn_an_q
else if mny >0 then

Un ‘= un ‘|— Pn’n_eICn_el 25)

un = un + Pnn-e,cn-e, 27)

end if 28)
RELAX(Lp,un, fi™P) 29)

if < |n'| then 30)

cn i=1uUn — ucﬁld 31)

end if 32)
end do 33)

(

(

(

(

(

(

(

(
else (26)

(

(

(

(

(

(

(
end do (
For the meaning of Q; wq see Section 2.3. We recognize three stages within this scheme; A, B and
C. In stage A the residual on the finest grid Q' is transferred to all subsequent coarser grids. In
stage B we determine the coarsest-grid correction. In stage C corrections are transferred to finer grids.
Post-relaxation follows. The three stages together constitute one (sawtooth-)multigrid cycle.

The stages A, B are built up such that the various operations on the grid-functions involved are
partitioned per grid-level I. The designation ‘for all...’ in the lines (5) & (20) of the description
of the algorithm means that the ranking order is arbitrary. Consequently the operations involved
are suitable for parallelization. When we use Jacobi-type iterations for RELAX() we can moreover
vectorize each parallel process.
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In the lines (7-8) we notice that a freedom of choice exists for the restriction of a fine-grid-residual
onto a coarser grid. This is because the dn (0 < n < n') constitute, by definition, a coherent set of
right-hand side grid-functions (see also Section 2.4). E.g. when in 2D and n > 0, the following holds:

R1'1,1’1+(-L‘1 dn+e1 = Rn,n+e1 Rn+e1.n+edn+e = Rn,n+e2 Rn+e2.n+edn+e = Rn,n+e2 dn+e2~

Hence we observe that in the lines (7-8) the grid-function dp is uniquely defined, though the result
can be obtained in (two) different ways.

When we would have chosen a multigrid-algorithm which includes pre-relaxation on lower levels,
then because of the smoothing of the solutions in stage A, this would involve the updating of dnte,

for k=1,2:
. gtemp
dnie, = fnye, — Lnte,un+e,
before the transfer to coarser grids. But then, in general, the grid-function dp is not uniquely defined
anymore because

Rl’l,l’l+61 dl’l+61 ?é Rn,l’l+62 dl’l+e2

and some weighted averaging of these restricted residuals would have to be introduced for the com-
putation of dn. It is not clear in advance that equal weighting:

— 1 1
dn = 5Rnn+e,dnte, + 5Rnn+e,dn+e,

(see e.g. [10, 12]) would be the appropriate choice in all cases possible. E.g. consider the particular
situation that ||dnte, || => ||dn+e,|| due to some odd behaviour of the pre-relaxation method. Equal
weighting for the restricted residuals in stage A then results in a too large correction for unye,
and a too small correction for unte, in stage C. Anyway, such an algorithm would become far less
transparent than in its present form. Speaking in terms of coherence (see Section 2.4), we conclude
that in the multi-level method without pre-relaxation we do obtain coherent representations of the
finest-grid-residual on all levels, but with pre-relaxation we do not.

In a direct line with our approach we prefer the combination of prolongations with the weights (2.20)
(see line (23) of the description of the algorithm). By our approach of handling restricted residuals and
interpolated corrections we avoid that we have to determine weights for providing a way of switching
to an appropriate coarse grid as in [12]. Obviously, all previous arguments for the 2D case hold for
the 3D case as well.

2.7 The accuracy condition for grid transfer operators

It is well-known for multigrid methods with standard coarsening that we have to satisfy the accuracy
condition (2.49) for grid transfer operators on penalty of lack of convergence (see e.g. [2, 5, 8, 14]).
Therefore, in the context of multiple semi-coarsening we address the question of the order of accuracy
when prolongations from various grids are combined (see Section 2.3).

Proposition 2.7.1 Consider the function
v : R*-R
v(z1,2) = apo + a1 + ag1 2.
Let vp = fr\lv and vp_q = IH_\qv for q € Q = {ey, es, €}.
1. When (2.20) is valid, then

Un = Z u)qpl}l’n_qvn_q. (258)
qeQ
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2. When (2.19) is valid, then (2.58) holds (generally) only for ajop = ag1 = 0.

Proof. Both parts of the proof follow from straightforward evaluation for the functions 1, z, y sepa-
rately. m|

Remark 2.7.1 1. The first part of the proposition states that the combined piecewise constant
prolongation is of second order accuracy for (2.20), the second part of the proposition states that
the combined piecewise constant prolongation is of first order accuracy for (2.19).

2. For neither (2.19) nor (2.20) functions of type
v(z1, 22) = a1171 72
are interpolated exactly.

Along the boundary of the grid of grids (i.e. ny = 0 or ny = 0) the SML-algorithm acts differently
than somewhere amidst the grid of grids (i.e. n > 0. The weighted averaging of corrections stemming
from different grids does not take place, simply for lack of coarse grids across the boundary of the grid
of grids. Thus, a correction stems from one coarse grid only (see lines (25) and (27) of SML). When
we study the transfer of defects and corrections for n; = 0, no = 1,2,...,] we observe that, along
this boundary of the grid of grids, the SML-algorithm degenerates to multigrid for an essentially one-
dimensional problem (during one sweep, results from grids with n; > 0 have no influence whatsoever).
This leads to the conjecture that for elliptic problems and with the use of a restriction operator as
defined in Section 2.2 we need a second order prolongation for the correction (at lines (25) and (27)
of SML). However, in practice we did not perceive any difference in convergence rate for the SML-
algorithm as a whole when such a second order prolongation was applied at the boundary of the grid of
grids. For purely convection problems piecewise constant prolongation should be sufficiently accurate
anyway.

2.8 The smoothing method
We consider the Poisson equation:

Lu= —Au=f, (2.59)

with periodic boundary conditions. After discretization in the manner of (2.45a) the corresponding
stencils on the grids (2, , read as follows:

0 —2m=n 0
L(n,m) — _9gn—m 21n—n+1 + 2n—m+1 _9gn—m . (260)
0 —2m-n 0

We observe the anisotropic appearance of this stencil as soon as n # m. It is well-known in this case
that for standard MG-methods one needs to resort to line-wise relaxation or incomplete factorization
for smoothing in order to obtain satisfactory MG-convergence. For smoothing procedure within the
Sawtooth Multi-Level procedure we employ damped point-wise Jacobi(a) relaxation

ul®™ = aDg!(fn — (In — Dn)uft®) + (1 — a)uf (2.61)

with « the damping parameter and Dy the main diagonal of the discrete operator Ly. The amplifi-
cation matrix Jp(a) for the error reads:

BV — Jn(a)edd = (In — aDg! Ln)edd (2.62)
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This simple procedure is not fit for standard MG-methods, see e.g. [14, § 7.6]. For MG-methods
which use multiple semi-coarsening such as SML, we may expect that damped Jacobi becomes an
appropriate smoother again. When washboard functions are present in the error they cannot hamper
convergence as with standard multigrid for now they are resolved on the semi-coarsened grids. Indeed,
two-level Fourier-analysis, see [9], shows that this is the case. For a = % the Jacobi-method is known
to annihilate completely the pure chess-board component in the error. Hemker [9] favours o = % due
to Fourier-analysis. When we apply two subsequent Jacobi(a) relaxation sweeps we can use different
a1, ag as damping parameters. A proper choice of such a combination of two different a’s may prove to
be more effective than the application of two Jacobi(a)-sweeps with one and the same a. We propose
to use as subsequent values a; = %, Qg = % This proposal is examined in the next subsection.

2.9 Numerical results

As test-problem we choose (2.59)- (2.60) with periodic boundary conditions. Such a problem is more
difficult to solve than the same problem with Dirichlet boundary conditions where a substantial lower
number of frequency components can hamper the convergence rate.

At grid-level [ = 12 we perform experiments for the Sawtooth Multi-Level procedure with n' = (6, 6),
(7,5), (8,4), (9,3), (10,2), (11,1) respectively (for each such n' the number of grid-points is 4096).
For prolongation and restriction we fix upon (2.47). For RELAX() in SML we use two damped Jacobi
iterations, namely Jacobi(a;), Jacobi(ag) with a; = as = % The convergence histories for the
different n' are shown in Figure 6. Along the horizontal axis the number of SML-cycles is written,
along the vertical axis the 10-logarithm of the maximum-norm of the residual ry:.

We repeat the experiments, but now instead of [ = 12 (Figure 6) we perform at grid-level [ = 14,
see Figure 7. In this way we can check, grid by grid, whether the convergence rates do not slow down
after reducing the mesh-size in both directions. Indeed, in this sense the convergence rates turn out
to be perfectly grid-independent.

The foregoing experiments (see Figure 6,7) are repeated but for different values of the a’s, namely

as = 2. The results are shown in Figure 8 and 9. We observe a general improvement of

o = 3, 3
the convergence rate, and less variance between convergence rates at different grids {2/ on the same
grid-level [ = |n'|. Experiments were also performed for a; = s = 2 (results not shown). However,

3
the results with a7 = %, g = % exhibit far better convergence rates.
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3. INCOMPLETE GRID OF GRIDS

In Section 2.6 we described the SML-algorithm which is designed for a complete grid of grids. In this
section we consider a modification of SML, to make it suitable for an incomplete grid of grids of the
second kind, namely Zenger’s sparse grids [15]. We define the latter by

Zpy={Qm||m|<A A m>0}, AeN, (3.63)

see Figure 10. We consider finite volumes rather than finite elements. A is called the highest grid-level.

m
n ‘ A

/ r="

L -

Figure 10: Z: Sparse grids in R’

3.1 Sparse grids
We want to solve the following linear systems stemming from the discretization of a PDE on Zj.

Lnun = fn, forallne€ {n||n|]=A A n>0} (3.64)

We have starting solutions un on grid-level A and consider the following scheme to improve them
simultaneously:

Sparse Grids Sawtooth Multi-Level(SpG-SML):



3. Incomplete grid of grids

Stage A:

for all n with |nf=A A n>0

do
rn = fn — Lnun
dn =Tn

end do

for | from A—-1 to
do

for all n with |n|=0 A n>0

do

1 1

dl’l = iRn,n_}_el dn_|_e1 + §Rn.n+ezdn+ez
t

P = Lnu(ﬁld + dn

.— ,0ld
Un 1= ugy

end do
end do
Stage B:
to 2
do
RELAX(Lg, ug, f3™?)
end do
co ‘= ug — u((’)ld
Stage C:
for [ from 1 to A
do

for all n with |n|=! A n>0

do
if n>0 then

Un ‘— Un + quQ qun!n_an_q
else if mn; >0 then
un = un + Pnn-e tn-e,

else

un = un + Ponn_e,tn-e,

end if

RELAX(Ly, un, fit™P

if [ <A then

. old
Cn ‘= Un — Up

end if
end do
end do

1 by

)
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(1)

Comparing to SML we note the following differences. In the lines (1-5) we now compute residuals on
a whole sequence of grids at the same grid-level instead of at one finest grid only, see SML at lines
(1-2). In the lines (8) and (22) we now perform operations on the whole grid-level, compare to SML
at lines (5) and (20). At line (10) averaging of restricted residuals is happening, compare to SML at

lines (7-8).

3.2 Numerical results

We consider the same test-problem as in Section 2.8 and perform an experiment for A = 12. We may
compare the results with Figure 8. The convergence history for the SpG-SML -algorithm is reported
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in Figure 11. In contrast with Figure 8, the norms of residuals on different grids are measured as they
develop simultaneously per SpG-SML -cycle. In Figure 11 we observe that after rapid convergence for

AARER

o, —8 -
logyo il g [ ]
—10 |
~11 | |
_12 L |
—13 | |
14 1 |
—15 |- |
16 L |
17 |- |

18 ! ! ! !

0 5 10 15 20

k = SpG-SML -iterations

Figure 11: Convergence history of SpG-SML for A =12, oy = %; ay = %

the first cycle(s), the convergence rate slows down.

3.8 Fzxplanation of results

The numerical experiment in Section 3.2 has been performed by starting with zero solutions up. The
right-hand sides fn (|Jn| = A) are, by discretization, mutually coherent. Therefore the initial (i.e.
k = 0) residuals are mutually coherent as well and line (10) of SpG-SML yields the same result as line
(7-8) of SML. Already after the first SpG-SML -cycle on, the residuals rp are not mutually coherent
any more, due to the relaxation sweep. That’s why we have to compute some average of the defects
dnye, at line (10) (here equal weighting has been chosen, but other operator-dependent options might
be considered as well). Due to the loss of coherence, both two-level Fourier analysis and the analysis
of Section 2.3 do not apply to SpG-SML.

3.4 Remedies and alternatives

One remedy might be to enforce coherence also for SpG-SML. This can be done by computation of
a solution un,, np = (A, A), by means of interpolation (grid-level by grid-level) starting at grid-level
A. After computation of

™, = an - LnAunA

we transfer this residual by restriction to the grids Qn, |n| = A. Then these transferred residuals are
coherent and we may expect a good convergence rate as with SML. However, the explicit computation
of un, and rn, involves a complexity of order

[10A]
200
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which is the square of the order of similar operations at grid-level A. We therefore need to avoid the
explicit execution of such an operation. Here, Proposition 2.4.1 may be of help. This may be a topic
of future research.

Another remedy might be the approach in Section 4. Within that particular approach discretization
takes place simultaneously on all grids in Z,, using hierarchical basis-functions.

4. HIERARCHICAL BASIS FOR FINITE VOLUMES

Zenger [15], Griebel [4] and Bungartz [1] applied an hierarchical basis for sparse grids in the context
of finite element methods. Here we formulate an orthogonal set of hierarchical basis-functions which
form the finite-volume counterpart of that approach. First we define the function

v : R—DR (4.65a)
-1 ifo<z<i,
o(z) = +1 ifi<az<l, (4.65b)

0 otherwise.

Next we define the function

1/1((8’8)) Q- R, (4.66a)
Y0 x) = 1. (4.66b)

Further we define

vy o Q- R, (4.67a)
2,0 n— . . T —
1’b((n1 )0 ( ) = 80(2 ! 1$1 - Z)’ 1= Oa T (2 =1 1) (467b)

for n; € N and

Yoy : Q—R, (4.68a)
Yo (x) = @ ey —j), G =0, (277 - 1), (4.68b)

for ny € N. Using definitions (4.66,4.67,4.68) we now define the functions

Yoty = R, (4.69a)
i, i,0 0,5
((nf)n2 (X) = 1/)((n1.)0)(x) : ¢((0,2)2)(X)7 (469b)

z':()’...’(Q"I_l_l);
jzoa"'a(an_l_l)'

for (ny,n9) € N”. We define the space
Wa(@) = {gn”}, i =0, ("7 = 1); 5 =0, (2" ~1). (4.70)
Finally, we define the space of hierarchical basis-functions on Z,:

VW) ={goote @ Wa (4.71)
nz0,n|<A



30 REFERENCES

5. CONCLUSIONS

We examined the feasibility of multi-level methods based on multiple semi-coarsening. Within a
grid of grids we have seen examples of path-independent prolongations and restrictions. This leads
also to path-independent Galerkin coarse grid approximations (GCA) for the discretizations. For a
discretized linear second order elliptic PDE with constant coefficients in two space dimensions the
outcome of GCA was fully analysed. For a (standard) second order prolongation it turned out that
with each GCA-coarsening the corresponding mesh Péclet number is multiplied by the factor 2. We
applied additive subspace correction by weighted averaging of the corrections for the solution which
stem from multiple semi-coarsened grids. Various choices are proposed by different authors, yet all
fitted within the same framework. One such choice appeared to increase the order of accuracy of the
underlying separate 1D prolongations. We introduced the notion of coherence: it shows a relation that
may hold between grid-functions that represent the same continuous function. When we consider the
discretizations on a grid of grids, we showed that coherent grid-functions at the right-hand side do not
imply coherent solutions, nor the other way round. We formulated a sawtooth multi-level algorithm
(SML) which relies on simple Jacobi smoothing and additive subspace correction by multiple semi-
coarsening. This algorithm is amenable to parallelization and vectorization. For SML averaging of
residuals at coarser grids is not material (and superfluous). Coherence appears to be important for
convergence of SML. For discrete problems with anisotropic stencils SML showed a satisfactory and
grid-independent convergence, as had been predicted by two-level Fourier-analysis. Especially the
usage of Jacobi with alternating damping parameters % and % exhibited good convergence rates.
Straightforward generalisation of SML to sparse grids does not perform with satisfying convergence
rates, due to lack of coherence. A remedy might be to enforce coherence by means of a virtual finest
grid. An alternative might be the use of discretization based on hierarchical basis-functions within
the context of finite volumes. The latter topics are subject to current research.

REFERENCES

1. H. J. BUNGARTZ: Dunne Gitter und deren Anwendung bei der adaptiven Losung der dreidi-
mensionalen Poisson-Gleichung, Dissertation Fakultat fir Mathematik und Informatik, Technische
Universitat Miinchen, Germany, 1992.

2. A. BRANDT: Multi-level adaptive techniques (MLAT) for partial differential equations: ideas and
software, in: J. Rice (Ed.) Proc. Symposium on Mathematical Software, (Academic, New York,
1977), pp. 277-318.

3. A. BRANDT: Guide to multigrid development, in: W. Hackbusch and U. Trottenberg (Eds.),
Lecture Notes in Mathematics, 960 (Springer, Berlin, 1981), pp. 220-312.

4. MICHAEL GRIEBEL, MICHAEL SCHNEIDER, CHRISTOPH ZENGER: A combination technique for
the solution of sparse grid problems; Report TUM-19038 Sonderforschungsbereich 342, Technische
Universitat Minchen, Germany, 1990.

5. W. HACKBUSCH: Multi-Grid Methods and Applications (Springer Ser. Comput. Math. 4, Berlin,
1985).

6. W. HACKBUSCH: A new approach to robust multigrid solvers, in: J. McKenna and R. Temam
(Eds.), ICIAM ’87 (SIAM, Philadelphia, 1988), pp. 114-126.

7. W. HACKBUSCH, S. HAGEMANN: Frequency decomposition multi-grid methods for hyperbolic
problems, in: J. Ballmann and R. Jeltsch (Eds.), Notes on Numerical Fluid Mechanics, 24 (Vieweg
Verlag, Braunschweig, 1989), pp. 209-217.

8. P.W. HEMKER: On the order of prolongations and restrictions in multigrid procedures, J. Com-
put. Appl. Math., 32, 1990, pp. 423-429.

9. P.W. HEMKER: Remarks on sparse-grid finite-volume multigrid, Report No. 9421 (CWI, Ams-
terdam, 1994).



REFERENCES 31

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

W.A. MULDER: A new multigrid approach to convection problems, J. Comput. Physics, 83, 1989,
pp- 303-323.

W.A. MULDER: A high-resolution Euler solver based on multigrid, semi-coarsening, and defect
correction, J. Comput. Physics, 100, 1992, pp. 91-104.

N.H. Naik AND J. VAN ROSENDALE: The improved robustness of multigrid elliptic solvers based
on multiple semi-coarsened grids, STAM J. Numer. Anal. Vol.30, No. 1, pp. 215-229, 1993.

P. WESSELING: A robust and efficient multigrid method, in: W. Hackbusch and U. Trottenberg
(Eds.), Lecture Notes in Mathematics, 960 (Springer, Berlin, 1981), pp. 614—630.

P. WESSELING: An Introduction to Multigrid Methods, (John Wiley & Sons Ltd., Chichester,
England, 1991).

CHRISTOPH ZENGER: Sparse Grids, Report TUM-19037 Sonderforschungsbereich 342, Technische
Universitat Miinchen, Germany, 1990.

P.M. DE ZEguw: Chapter 14: Multigrid and Advection, in: C.B. Vreugdenhil and B. Koren
(Eds.), Numerical Methods for Advection-Diffusion Problems (Notes on Numerical Fluid Mechan-
ics, 45, Vieweg Verlag, Braunschweig, 1993), pp. 335-351.

P.M. DE ZEEUW: Nonlinear multigrid applied to a one-dimensional stationary semiconductor

model, SIAM J. Sci. Stat. Comput. Vol.13, No. 2, pp. 512-530, 1992.

P.M. DE ZEEUW: Matrix-dependent prolongations and restrictions in a blackbox multigrid solver,
J. Comput. Appl. Math., 33, 1990, pp. 1-27.

P.M. DE ZEEUW AND E.J. VAN ASSELT: The convergence rate of multi-level algorithms applied
to the convection-diffusion equation, SIAM J. Sci. Stat. Comput., Vol.6, No. 2, pp. 492-503, 1985.



