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Abstract

In this paper we consider the numerical difficulties that arise when horizontal advection is coupled with chemistry
on a sphere, using operator splitting. From a numerical point of view, these two processes are the most difficult
parts of an atmospheric model for global studies. The advection process is solved on a uniform grid and on a so-
called reduced grid, where less cells are used near the poles than at the equator. The chemical kinetics is solved
with Twostep, a solver based on the two-step backward differentiation formula, with constant and variable
time steps. A reproducible test to measure the accuracy and the mass conservation property is introduced. To
reduce the splitting error we integrate the chemistry along characteristics.

AMS Subject Classification (1991): Primary: 65M25. Secondary: 65M06, 80A30.

Keywords € Phrases: Hyperbolic PDEs; Linear advection; Chemical reactions; Global atmospheric models
Note: Background research for CIRK, a project with as goal the development of a global 3-D transport-chemistry
model of the atmosphere. We gratefully acknowledge financial support from the RIVM.

1. INTRODUCTION.

Global atmospheric transport models are becoming increasingly important for the analysis and de-
scription of the distribution of trace gases and particles. Examples of these models are the GISS
model of Jacob et al. [7], from which the TM2 model of Heimann and Keeling [3] was derived, and
the Moguntia model of Zimmermann [15]. Important processes in these models are advection by wind
and chemical kinetics. Other processes are deposition, emission and diffusion.

In this report horizontal advection and chemical kinetics on a sphere are described by

Oc n 1 O(uc)  O(vecosd)
ot a cos ¢ oA 0o

= F(t, A, ¢, ¢, (1.1)

where ¢ is a concentration vector with unit particles em =3, F is the operator describing the chemical
kinetics, with unit particles cm =2 s~!, u and v are the (given) wind velocity components in respectively
the A (longitude) and ¢ (latitude) direction and a is the radius of the earth, which is taken as a perfect
sphere with radius 6378 km. In global models equation (1.1) is usually solved with operator splitting,
such that advection and chemistry are handled with different numerical schemes and different time
steps.

Desirable properties for the advection scheme are positivity, monotonicity and mass conservation
combined with good shape preserving properties. We investigate the use of the unconditionally stable
splitting scheme from [5] and a method of lines (MOL) scheme from [4]. Both schemes are provided
with flux limiting to minimize oscillations and negative values. These schemes compare favorably with
TREMBA and MPDATA [9]. On uniform grids the unconditional stability is attractive to avoid a too
stringent CFL restriction emanating from the pole singularity [14]. However, the pole singularity also
renders a stable scheme applied with large CFL number inaccurate. To overcome this difficulty, the
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deformation correction proposed in [5] is applied. An alternative way to deal with the pole singularity
is to use a so-called reduced grid [14], which coarsens the grid when approaching the poles. In this
paper we use both a uniform and a reduced grid. The dimension splitting scheme and the MOL
scheme are applied on a reduced grid in the manner proposed in [1].

The chemical solver must be computationally efficient in the 1% error range and preferably mass
conservative. In this report, the chemical kinetics is solved with Twostep [11, 13], a solver based on
the two-step backward differentiation formula, combined with Gauss-Seidel iteration to approximately
solve the implicitly defined solution. For atmospheric chemistry problems Twostep compares favorably
to QSSA [13] and VODE [12].

The research described in this paper deals on the one hand with the implementation of earlier
derived advection schemes [1, 5] and on the other hand with the coupling between advection and
chemical kinetics.

2. THE NUMERICAL TEST PROBLEM.

We construct a test problem for which we can calculate a reference solution with an accuracy up to
round-off error. For this purpose we use an analytical wind field, so that we can transform the PDE
(1.1) into an ODE for all grid points by integrating along characteristics. These ODEs are solved with
the state-of-the-art BDF code VODE [2]. The reference solution is calculated in double precision (14
decimal digits), all other calculations in single precision (7 decimal digits).

2.1 The wind field.
We use the wind velocities defined in [9]. These velocities describe a rotation over the globe, with an
arbitrary angle 8 with the equator,

u(A,¢) = (cosBcos¢+sinfsingcos]) -k, (2.2)
v(A,¢) = —sinfBsin) - k. )
We choose 3 = 45° to have a compromise between the most difficult numerical test (3 = 90°) and
the prevalent wind (8 = 0°). In our test, we scaled the wind such that one rotation lasts 14 days,
using

_ a

14 x 24 x 3600’
where a is the radius of the earth and the constant 14 x 24 x 3600 is just 14 days in seconds. The
unit of & is m s~!. With this wind field it is possible to exactly calculate the paths of an air packet
in a Lagrangian calculation. That is, for each grid point equation (1.1) transforms into an ODE

dc * *

E = F(ta A (t)a ¢ (t)a C)' (23)
The calculation of A*(t) and ¢*(t) is given in Appendix B. In our tests we simulate one rotation which
starts at day 181 at 00.00 hours.

2.2 Chemical model.

We use a Methane oxidation cycle which we obtained from Han The at the RIVM [10]. This model
is used in long term global studies. The model has 17 non constant species, two lump species and
46 reactions, and is stiff. The model is fully described in [12] where it is tested as a box model. In
the 2D test described in this report, we use realistic values for the solar zenith angle, which makes
the chemistry time and space dependent. Due to the absence of day or night in the polar regions the
different species grow to a maximum or decrease to a minimum. This gives sharp gradients at the
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transition from polar region to the normal regions (see the concentration of NoO5 and NO in Figure 1)
which makes the advection process difficult. Because the total number of N atoms is conserved in the
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Figure 1: Concentration plot for N3Oj (left) and NO (right)

Methane oxidation cycle, we can test the conservation properties of the numerical scheme by summing
all N atoms and comparing this with the sum of the initial value. All relevant information with respect
to this chemical model can be found in http://www.cwi.nl/ftp/edwins/CIRK Prod Loss.html .

2.8 Initial concentration.

Numerical tests for advection schemes often use a constant background concentration disturbed with,
e.g., a cone or a cylinder. If all components of the initial concentration would be shaped like that,
the system would be far from chemical equilibrium. Therefore in our test run we use a background
concentration that is in chemical equilibrium. This is achieved by starting a calculation at day 167
with over the whole earth the same concentration vector until we arrive at day 181. The initial
concentration vector at day 167 is given in [12], Appendix B, Table 2. At day 181 we then add two
cones on the concentrations of HNO3z and NO to disturb the equilibrium. We use two cones, to have
always one cone in the day zone and one in the night zone,

c(HNOs; t, A, ¢) = c*(HNOs; t, A, ¢) + 4.0 x 10° ¢ (

A,
¢(NO; t, A\, @) A

)
c*(NO; t, A, ¢) + 1.0 x 10° cfy( ) (2.4)

)

with

@ (2)
ey ¢) = max(0,1 - =) g T 9

where R = 7AM\, with AX the grid length in the A direction, and
(3, 6) = 2{cos” ¢ sin®[(A = X5)/2] +sin[(6 — 6;)/2]}7,

(Aj, ¢;) are the coordinates of the center of the day and night zone cone. These coordinates are

(%, 0), (157, 0).

3. NUMERICAL SOLVER.

For the advection part of equation (1.1) explicit methods are usually more efficient than implicit ones.
Because of the stiffness of the chemical model, the chemical kinetics requires an implicit method. To
combine these methods we consider operator splitting.
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3.1 Computational grid.

Computations are performed on two different grids, the well known uniform longitude latitude grid
and a reduced grid. The specific reduced grid and data structure has been borrowed from [1]. The
advantages of the reduced grid is a less severe CFL restriction at the poles, so that greater time steps
can be made with standard explicit schemes. A favorable side effect is the reduction of the number of
grid cells in which the chemical computations must be done. On the uniform grid in our test we use
for the number of grid points in the A and ¢ direction N) and N, respectively 128 and 64, resulting
in a grid distance of 2.8125° in both directions. For the reduced grid we double the latitude cell width
at |¢p| = 61.875°, 75.9375°, 84.375°, see Figure 2. This results in a minimum value for A\ cos ¢ which
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Figure 2: A reduced grid, with the coastline in illustration.

is circa 5.1 times smaller than the value at the equator. On a uniform grid this factor would be circa

40.9. The total number of grid points on a uniform grid amounts to 8192 versus 6304 on a reduced
grid, which reduces the CPU time for the chemical computations with 23%.

3.2 Advection scheme.

The advection scheme Split-DeCo introduced in [5] is used on the uniform longitude latitude grid and
on the reduced grid. The Split-DeCo scheme is made unconditionally stable by allowing the stencil
to vary with the Courant numbers. When we have a large CFL number, this scheme is still stable,
but near the poles the scheme is inaccurate due to the pole singularity. To overcome this difficulty, a
deformation correction is applied, see details in [5]. The MOL scheme [4] is used on the reduced grid
only. Both schemes use the same four-point, upwind biased stencil in each direction and are provided
with flux limiting to minimize the occurrence of oscillations and negative values. The MOL scheme
uses a 2-stage Runge-Kutta method for the time integration and hence is approximately two times
more expensive for a given step size than the Split-DeCo scheme.

3.8 Chemical solver.

The chemical solver used is Twostep [11, 13]. Twostep is a stiff ODE-solver based on the 2nd-
order implicit backward differentiation formula (BDF2). Twostep has been designed as a special
purpose solver for atmospheric chemistry ODE problems and uses explicit Gauss-Seidel iteration for

approximately solving the implicit relations. As in [12] we use NO, and O, lumping to enhance
accuracy for a low number of iterations.

To avoid many rejected steps in Twostep caused by the sharp transitions at sunrise and sunset, we
wrote a subroutine which calculates sunrise and sunset, and let Twostep restart at these times, see
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Appendix C. The restart is accomplished by giving Twostep sunset or sunrise as the start or end of
the integration interval, if occurring. In this case we can also restart when using constant time steps.
In the full scale model we have in mind this restart might be also necessary for parametrizations which
also strongly depend on the solar zenith angle.

3.4 The operator splitting technique.
Discretization of the advection operator in equation (1.1) yields an ODE system,

de(t)
dt

= Alt, o(t) + F(t, A, 6, <(t)).

We use Strang splitting. Because the space-dependency of the solar zenith angle causes a splitting
error, we improve Strang splitting for this case by integrating the chemistry along characteristics. For
first order splitting this correction is proposed in [6]. Because of the startup costs of the chemical
solver, we calculate the chemistry in the middle step to have a two times larger integration interval.
Thus we use the splitting

40— A, (o)), by <t <ty
C*(tn7 A7 ¢) = Cn(A, ¢)7
de (1) w v, .
dt - F(t’)\+aCOS¢(t tn+%)a¢+ a(t tn+l)ac (t))a as
c**(tna A, ¢) - c*(tn+la A, ¢)a
dt - 2

= A(ta C***(t))a tn+1 <t < toya,
A, 9)

giving the new approximation at time level #,1.

The meteorological input used in the full scale model we have in mind is updated every 6 hours.
This implies that the advection step should be 6 hours divided by an integer. Combined with the CFL
condition in the ¢ direction for the Split-DeCo scheme on a uniform grid, this gives 224 advection
steps for a full rotation. This makes the advection step 1.5 h and the chemical integration interval
3 h. To have the same integration interval for the chemistry when using for advection the dimensional
splitting scheme and the MOL scheme, we divided in the MOL scheme the advection step in 4 sub
advection steps of 1.5/4 h to maintain stability. This is essential for the comparison we make, because
the length of the time interval ¢, — t,, determines the splitting error and the influence of the start
up costs of the chemistry.

4. NUMERICAL EXPERIMENTS.

4.1 Numerical experiment with the advection schemes.

The advection schemes are tested with a full rotation over both poles (8 = 90°). By way of compari-
son, we also apply the Donor Cell scheme. The advected concentrations are a cone with no background
and maximum 0.9 (cone) and a cylinder with background 1.0 and maximum 2.0 (cyl). The number
of advection steps (#adv) is for the Donor Cell 5120 (as in [9]), for the Split-DeCo 256 (as in [5]) and
for the MOL scheme 1450 (the nearest even number as in [1], because of Strang splitting we want an
even number). Notice that now S = 90° which necessitates a somewhat larger number of steps than
necessary for f# = 45°. The results are given in Table 1, where EMIN and EMAX are respectively the
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method #adv | shape | EMIN | EMAX | ERRO | ERR1 | CPU | CPU’
(s) %
Donor Cell 5120 cone 0.0 -8.3E-1 | 6.3E-2 0.0 206 | 100.0

unif., Split-DeCo | 256 cone 0.0 -1.5E-1 | 8.8E-3 | -1.0E-3 20 9.8
red., Split-DeCo 256 cone | -2.2E-3 | -1.8E-1 | 1.0E-2 | -2.8E-3 22 10.9
red. MOL 1450 | cone | -2.4E-6 | -2.9E-1 | 1.6E-2 0.0 150 72.9

Donor Cell 5120 cyl 0.0 -3.0E-1 | 6.7E-2 0.0 206 | 100.0
unif., Split-DeCo | 256 cyl -2.3E-2 | 1.9E-2 | 2.8E-2 | 7.6E-5 20 9.8
red., Split-DeCo 256 cyl -1.6E-2 | 2.3E-2 | 3.0E-2 | 6.1E-5 22 10.9

red. MOL 1450 cyl -2.4E-3 | 1.3E-3 | 3.2E-2 0.0 150 72.9

Table 1: Results from a test with different advection schemes.

error of the minimum and the maximum value, ERRO is the scaled Ly-error, and ERR1 is a measure
for the mass balance. The errors are the same as in [5, 9],

min(czj) — min(e¢;, ;(tn)) max(czj) — max(c;,; (tn))

max(c; ;(t,)) ’ EMAX = max(c;,j(tn))

ERRO — D vilel; = eii(ta))?)V? ERRI — > ick;
max(ci,;(tn)) ’

EMIN =

b

= - Y ]_7
D icii(tn)

where v; = cos(¢;)/(Ny 2119\21 cos(¢)). The scaling is chosen such that ERRO will be equal to 1
if the error is 1 in all grid points and max(c; ;j(¢,)) = 1. The sums and max/min values are taken
overi =1,---,Ny, j=1,---,N,. In all formulas ¢; ;(t,) denotes the reference solution, and ci; the
computed solution at time ¢,,. CPU’ is the relative CPU compared to the Donor Cell algorithm. The
results are for double precision to overcome some difficulties caused by underflow due to numerical
diffusion.

The ERRO error of the Split-DeCo and the MOL scheme are of the same order of magnitude, and
comparable with the errors of the scheme in [8], but this scheme seems to be more expensive in terms
of computational effort. The MOL scheme uses more CPU time and is more diffusive, but is closer
to physics as it uses no splitting. The Split-DeCo schemes are not strictly mass conservative, but the
ERRI1 error is acceptable. The schemes on a reduced grid are not positive, but this can easily be
repaired in cases where positivity is very important, see Appendix A. The Split-DeCo scheme gives
the best results, even on a uniform grid.

4.2 Numerical experiment with Twostep.

To examine the time step strategy in Twostep we have first integrated along characteristics, where
errors are only caused by the chemical solver. We use 2 Gauss-Seidel iterations and in the tests with
variable time steps between T, and Tmaz, the relative tolerances (rtol) are 1071, 1072 and 1073.
The absolute tolerance is always 1.0. A lower bound of 7,,,;, = 30s prevents Twostep from taking
too small time steps. Increasing this lower bound is strongly dissuaded, because the BDF2 solution
will then sometimes give unphysical negative concentrations. The results are given in Table 2, where
L2(ERRO) is the Lg-error over the components over ERRO, the global Ls-error. ERR1 is the mean
over the components over ERR1 and is a measure for the mass balance.

Although variable time steps gives good results, we have also performed runs with constant time
steps, because this will probably be more attractive when working on a vector machine. Then, 120 s
gives an optimum between CPU and accuracy for constant time steps, although the BDF2 solution
then sometimes gives negative solutions. Using a constant time step of 30 s in this test costs about 12
hours. Results for rtol = 107! and 7y = 30 s gives for the lowest CPU time the desired accuracy
of approximately 1%.
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Tmin | Tmaz | rtol | L2(ERRO) | ERR1 | CPU
(s) (h)
1/900 1E-1 4.8E-3 9.0E-3 1.87
30/900 1E-1 4.8E-3 9.0E-3 1.72
1/900 1E-2 2.4E-3 4.5E-3 3.85
30/900 1E-2 2.4E-3 4.5E-3 2.13
1/900 1E-3 2.6E-4 4.6E-4 | 10.03

240/240 - 1.7E-2 29E-2 | 1.61

120/120 - 5.7E-3 9.6E-3 | 3.13

60/ 60 - 7.4E-4 14E-3 | 6.22

Table 2: Results from a test along characteristics.
method Tmin [ Tmaz | rtol | L2(ERRO) | L2(EMAX) | ERR1 | CPU
(s) (h)
unif. Split-DeCo 30/900 1E-1 8.7E-3 2.5E-2 8.5E-3 | 1.05
red. Split-DeCo 30/900 1E-1 8.9E-3 2.5E-2 8.4E-3 | 0.88
red. MOL 30/900 1E-1 9.6E-3 4.6E-2 8.3E-3 | 1.17
unif. Split-DeCo 1/900 1E-3 7.5E-3 3.1E-2 2.2E-4 | 6.21
red. Split-DeCo 1/900 1E-3 7.8E-3 3.1E-2 2.2E-4 | 5.59
red. MOL 1/900 1E-3 8.6E-3 5.3E-2 1.5E-4 | 5.82

Table 3: Advection with chemical kinetics on a uniform and a reduced grid.

4.3 Advection and chemical kinetics.

In Table 3 we show the results of coupling the Split-DeCo scheme and the MOL scheme with
Twostep using variable time steps. We use the same errors as in Table 2, extended with an error
measure representing smearing, L2(EMAX), the La-error over the components over EMAX, the error
in the maximum.

In all cases the mass balance error is mainly determined by the chemistry solver, whereas the
smearing is mainly determined by the advection solver. The global La-error over all components is
caused by the operator splitting, the advection solver and the chemistry solver, although in the case
with the most accurate chemistry, this term is negligible. The Split-DeCo scheme on a reduced grid
gives for the lowest CPU the desired accuracy. The MOL scheme on a reduced grid costs more CPU
time and is more diffusive.

In Table 4 results are given for a test without a restart at sunset and sunrise, and results for a
calculation without integrating chemistry along the characteristics. The advection is carried out with
the Split-DeCo scheme on a uniform grid. From this table it is clear that a restart at sunrise and
sunset is redundant. On the other hand, integration along characteristics reduces the global Ls-error
from approximately 1.4% to 0.8%, without extra CPU time.

Figure 3 and 4 are plots for the sum of N-atoms, after a full rotation on a reduced grid. There is no
splitting error visible at the poles with the Split-DeCo scheme, and it is clear that the MOL approach
is somewhat more diffusive, in accordance with the tests presented in [5, 4].

5. RESULTS AND CONCLUSIONS.

The tests described in this report show that the reduced grid is a good approach to reduce CPU,
while maintaining accuracy. However, they reveal that the Split-DeCo scheme also performs very
satisfactorily on the uniform grid due to the possibility to apply this scheme unconditionally stable
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along
restart | characte- | Toin / Tmae | rtol | L2(ERRO) | L2(EMAX) | ERR1 | CPU
ristics (s) (h)
yes yes 1/900 1E-3 7.5E-3 2.8E-2 24E-4 | 6.21
no yes 1/900 1E-3 7.5E-3 3.1E-2 2.7E-4 | 6.23
yes no 1/900 1E-3 1.3E-2 2.9E-2 1.5E-3 | 6.32
no no 1/900 1E-3 1.3E-2 2.9E-2 1.5E-3 | 6.46
yes yes 30/900 1E-1 8.7E-3 2.5E-2 8.5E-3 | 1.05
no yes 30/900 1E-1 8.7E-3 2.5E-2 8.6E-3 | 1.09
yes no 30/900 1E-1 1.4E-2 2.4E-2 9.0E-3 | 1.02
no no 30/900 1E-1 1.4E-2 2.4E-2 9.1E-3 | 1.05
yes yes 120/120 9.6E-3 2.4E-2 1.1E-2 | 2.31
no yes 120/120 - 9.7E-3 2.3E-2 1.1E-2 | 2.28
yes no 120/120 - 1.5E-2 2.2E-2 1.4E-2 | 2.26
no no 120/120 - 1.5E-2 2.2E-2 1.4E-2 | 2.27

Table 4: Effect of restart and integration along characteristics.

Figure 3: Reference solution (left) and redgridDeCo (right)
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Figure 4: Results for the MOL approach.

at the poles, as suggested in [5]. On the other hand, for the MOL scheme grid reduction is necessary
for coping with singularities at the poles.

On the scalar machine used here, variable time steps in the chemistry solver gives the best results.
We will test in the near future whether this is also valid on vector and parallel machines. All com-
binations of schemes in this report give the desired accuracy of approximately 1%, see Tables 3 and
4, except the smearing for the MOL scheme. The CPU time for the Split-DeCo scheme is dominated
by the chemistry. In the MOL approach the CPU time is caused for roughly 63% by the chemistry
and for 37% by the advection. The MOL approach costs roughly 33% more CPU than the Split-DeCo
approach and is more diffusive. Coupled with chemistry, the Split-DeCo scheme performs well on
both a uniform and a reduced grid. The splitting error caused by the time splitting of the advection
and chemistry is about 0.6% for the split step size of 3 h. This error can be reduced by integrating
chemistry along characteristics.
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A. Implementation of the reduced grid. |

A. IMPLEMENTATION OF THE REDUCED GRID.

Comments on the implementation of the reduced grid are from [1].

The reduced grid is implemented in a domain decomposition fashion where uniform blocks of different
latitude cell widths are connected. At the interfaces the required concentrations are obtained by inter-
polation. To preserve mass conservation we impose as boundary conditions for the coarser blocks the
fluxes computed on the boundary of the neighboring finer domains. If we assume one grid coarsening
at ¢ +1s and consequently also at ¢y o—J+ 1y WE would get the following implementation:

o First handle the equatorial area, i.e., compute the fluxes for¢ =1,---,Nyand j = J+1,---, Ny —
J. If values c;y or cin,—s+1 are needed they are obtained by linear interpolation from the
available values

(Beij+ciyi;)/4 z:even
(3c%+1j+c ;)/4, iodd

Ci]'

(A.6)
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e Next, compute the fluxes at the boundary for the South-Pole area

fPigyr = (Poi_ysys +1Posp1)/2
fPi% = 0, fori=1,---,Ny/2

e Finally, compute the the fluxes at the boundary for the North-Pole area

Pin,—gry = (Poiin, grt +Pon, 41)/2
fPiN¢,+% = 0, fOI"L‘:].,“‘,N)\/Q

The implementation for more domains is analogous.

The spatial discretization scheme implemented as above can result in negative values. This can be
avoided by taking constant interpolation at the boundary of coarse to finer blocks, instead of linear
interpolation. That means that equation (A.6) is replaced by

Cij = C%j, 7 even AT
i o (A7)
Cij = C%+1J-,, 2 O

This leads to an order reduction at the boundary of coarse to finer blocks. After several tests we
have done so far, it is not clear whether positivity is more important than the influence of the order
reduction.



B. Exact solution of the advection.

B. EXACT SOLUTION OF THE ADVECTION.

In this section we calculate the position of a vector (Ag, ¢o) at time 7, the time divided by the time
of a full rotation, after being advected by the velocities given in equation (2.2) from [9],

u
v

= (cosfB cos¢ + sin B sing cosA) - K
= —sinfsin A - k.

These velocities describe a rotation over the earth with an angle 8 with the equator. The exact
solution is a translation in a shifted coordinate system, which we denote with Z,7,Zz (cartesian) and
X, ¢ (polar). For simplicity we use coordinates in which the radius of the earth is scaled to 1. We first
translate the coordinates Ay and ¢p into Ag and ¢q ,

To
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COS g €Os Ag
cos @ sin Ag
sin ¢q

2o sin 8 + x¢ cos B
Yo

zg cos B — xp sin 3
arcsin(zg)

arctan2w(Yg, Zo),

with arctan27(y, z) is defined as

arctan27(y, z) = atan2(y/z)
arctan2n(y, ) = atan2(y/z) + 2w

In this system we can calculate the rotation in one time step due to the wind.

A =X + 727 and ¢, = ¢o.

Finally we translate the rotated coordinates back in the original coordinate system.

cOS ¢, COS A,
cos ¢, sin A,
sin ¢,
—Z; sin 8 + T, cosf3
Tr
Zr cos 3 + T, sin 3
arcsin(z,)

arctan2m(y,, &, ).

(B.8)

atan2(y/z) > 0
elsethre. (B.9)
(B.10)
(B.11)



C. Sunrise and sunset. Il

C. SUNRISE AND SUNSET.
In this section we calculate sunset and sunrise because we want to restart the chemistry solver at
sunset and sunrise by giving sunset or sunrise as the start or end of the integration interval. In a
Lagrangian calculation we try to take the translation by wind into this calculation.

Given a start location (Ag, ¢o) at tp and a local velocity (u, v) in rad / h, we will calculate the root
of Equation (B.4) from [12], Appendix B.

cos(Z) = sin A sin ¢*(t) + cos A cos ¢*(t) cos (12h — tloggf’ A*(t))w) = 0. (C.12)

In contrast to the test in [12], two formulas are replaced by standard astronomical formulas. The time
of day tod is replaced by the local solar time,
A -

¢
tod = 12
o = 3600 T T

where t is the model time, which is equal to the solar time at A = 7, both in hours. Let d be the day
in the year (1 < d < 365). The declination A is given by

A = 0.396°—-23.264° cos ( (d+10.10 x 27)/365)
— 0.391°cos(2 (d+ 3.88 x 2m)/365)
— 0.176° cos(3 (d+ 14.58 x 2)/365).
The position vector as a function of time is given by
(A*(t), ¢"(t)) = (Ao + u(t — to), do + v (t — to)) (C.13)

This holds for velocities which are almost constant along the trajectory. After substitution of the
above equations in equation (C.12) we obtain

sin A sin{¢g + v(t — to)} +
cos A cos{gg + v (t — )}

C.14)
12h ™ (
12h — ¢t + — (A t —ty) — — ] =0

e e I E)
By using cos(27 — x) = cos(z) we can simplify this equation in

= sinAsin{¢o + v(t — to)} +

cos A cos{¢p + v(t — to)} cos (Lt + X + u(t — to)) =0 (C.15)
12h

This is exactly solvable if v = 0

%t + Xo + u(t — tg) = £ arccos(— tan A tan ¢g), mod 2w

Lo uty — Ao :tar;cos(—tanA tan<;50)7 mod 27 (C.16)

1zn T 2n T
In the case that v cannot be neglected in the calculation of sunrise and sunset, we use the time
obtained with equation (C.16) for the next approximation. We have
F(u,v,t) = sinA sin{¢y + v(t — o)}

+ cos A cos{pg + v(t — o)} cos(%t + Ao + u(t — to)),

which is a function of £ with constant parameters u, v. We want an approximation for a time ty with
the property F'(u, v, t3) = 0. This time can be approximated with

(C.17)



C. Sunrise and sunset. v

F(“: v, tl)
oF
at |y,

OF
where t; is the time with the property F(u, 0, t;) = 0, and the partial derivative B is given by

to = t1 — (018)

68—}; = sin A cos{¢y + v(t — t9)} - v

+cosA{—sin{q§g + v(t — tg)} - v - cos (%t + Ao + u(t — to)) (C.19)

+cos{dg + v(t — tg)} - —sin (I;F—ht + Ao + u(t — t(])) . {172r—h + u}}



