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Structural Identifiability of
Linear Mamillary Compartmental Systems

J.M. van den Hof
cwi,
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract
In biology and mathematics compartmental systems are frequently used. System identifica-
tion of systems based on physical laws often involves parameter estimation. Before parameter
estimation can take place, we have to examine whether the parameters are structurally iden-
tifiable. In this paper we propose a test for the structural identifiability of linear mamillary
compartmental systems. The method is based on the similarity transformation approach.
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1. INTRODUCTION

In this paper we shall investigate the structural identifiability of a certain class of compartmental
systems, the so-called mamillary systems.

The class of compartmental systems is a frequently used class of models in biology and mathemat-
ics. Such a system consists of several compartments with more or less homogeneous concentrations
of material. The compartments interact by processes of transportation and diffusion. Linear com-
partmental systems consist of inputs, states, and outputs, which are positive, so these systems are
in system theory called positive linear systems. In many models we can use some prior knowledge
on the system parameters, derived from physical laws and, in biological systems, from anatomical
structure, biochemistry, and physiology. We can incorporate this structure in a system and obtain
a class of structured linear dynamic systems.

Before estimating the parameters, we have to examine whether the parameters are structurally
identifiable, i.e., whether we can in principle determine the parameters uniquely from the data. In
much of the literature on identifiability only local identifiability is treated, see [9, 18]. There are
several methods to test local identifiability, but only a few can test global identifiability. These
include the Laplace transform approach, described in for example [1, 8, 11, 15], the Taylor series
expansion approach, in for example [8, 15], and the exhaustive modeling or similarity transformation
approach, see for example [3, 7, 8, 11, 14]. The last two approaches can also be applied, in an adapted
version, to nonlinear systems, see [4, 19]. In this paper we mean global structural identifiability,
when we speak about structural identifiability.

The outline of this paper is as follows. In section 2 the problem is formulated and the theorems
we need are given. In section 3 the results for a class of mamillary systems are given.



2. DEFINITIONS AND PROBLEM FORMULATION

In this section the problem is posed. We shall use the notation and definitions given in [17, section
3], but we will consider the continuous-time case, which can easily be derived from the discrete-time
version.

For linear dynamic systems of the form

z(t) = Axz(t)+ Bu(t), =z(to)= =0, (2.1)

y(t) = Ca(t)+ Du(t), :

with A € R"*", B € R"*™, C € R¥*", D € RF¥*™, the impulse response function W is defined by
W(t) = Ce**B, t>0,

and will be extended at ¢ = 0 to W(0) = D. It can completely be characterized by the Markov
parameters, defined as follows:

M) = D,
. di=t i1 .
M(]) = FW(t)lt:(] =CA] B, ] =1,2,....

We can view the Markov parameters M (0), M (1), M(2),... as a function M : N — R*¥*™_ The
set of Markov parameters M : N — R¥*™ will be denoted by M(k,m). Let LYP(n,m,k) =
R™M ™ x R™™ x RFX™ x R¥X™ consist of the elements (A, B, C, D), i.e. the system parameters, as
defined above. Define the map that associates the system parameters of a linear dynamic system
with the Markov parameters g : LXP(n,m, k) — M(k,m) by

94 8,0.0)0) ={ Cyip, 130 2:2)

Structured linear dynamic systems are linear dynamic systems in which the system parameters A,
B, C, and D are polynomial maps, defined on a parameter set P C R". In this paper the initial
condition zg is assumed to be zero or known. In practice zq is often (partially) unknown. This
problem is much more complicated, and is treated in [21], together with structural identifiability
from the input-output observations.

A subclass of the linear dynamic systems is formed by the positive linear systems. Positive linear
systems are linear dynamic systems in which the state, input, and output space are X = RY,
U=RyY = Ri, respectively. A special class of structured positive linear dynamic systems is
formed by the linear compartmental systems. For a general text on this class of systems, see [11].
Linear compartmental systems are positive linear systems of the form (2.1), for which conservation
of mass holds. This corresponds with the following requirements on the matrices of continuous-time
linear systems.

e all elements of B, C, and D are nonnegative;
o for A = (asj)ij=1,....n, We have

aij > 0, 4,j€{l,...,n}, i#],

n n
- Z @ji, Or Za]‘iSO, ie{l,...,n}.
=1

i=l,j#i

[L77]

IA

The model studied in this paper belongs to this class of systems.
The problem in this paper is whether the parameters of a structured linear system are structurally
identifiable. For the definition of this concept we refer to [17, section 4]. Intuitively, structural



identifiability is whether we can uniquely determine the parameter values from the observations of
inputs and outputs. Structural identifiability has been introduced by Bellman and Astrém in [1].
Since then structural identifiability of linear and nonlinear structured systems has been studied by
many authors.

The similarity approach for the test of structural identifiability is based on realization theory.
For time-invariant finite-dimensional linear systems the realization problem has been solved. Hence
equivalent conditions for structural identifiability may be formulated. For other classes of dynamic
systems, such as positive linear systems, the realization problem is still open, so conditions for
structural identifiability may not be known. For the realization of positive linear systems, see
20, 22].

Theorem 2.1 Consider the structured linear dynamic system
a(t) A(p)=(t) + B(p)u(t), =(to) = o,
y(t) = C(p)x(t) + D(p)u(d),
with parametrization (P, f), f: P — SLYXPy(n,m, k), p — (A(p), B(p),C(p), D(p)).

a This system is structurally minimal if and only if it is structurally reachable and structurally
observable.

b Assume that the system is structurally minimal. Then this parametrization is structurally identi-
fiable from the Markov parameters if and only if for all p,q € P outside an algebraic set and
T € R™™*™, nonsingular, the equations

A(p) =TA(9)T', B(p)=TB(q), C(p)=C(9)T"', D(p) = D(q), (2.3)

imply that p = q. Under the assumption stated and for all ¢ € P outside an algebraic set, the
system of equations (2.3) for the pair (p,T) € P x R"*™, with T nonsingular, has the unique
solution (p,T) = (¢,I).

Proof. This result follows directly from the main result of realization theory for time-invariant

finite-dimensional linear systems. For references see [2, 12, 13, 16].

Remark 2.2 A structured linear dynamic system is structurally reachable (structurally observable)
if it is reachable (observable) for all p € P outside an algebraic set.

To obtain equations that are not too complex, we will rewrite condition (2.3) as follows:
A(p)T =TA(q), B(p)=TB(g), C(p)T=C(q), D(p)=D(q). (2.4)
Then we obtain polynomial equations that are linear in the elements of T', which are easier to handle.

For positive linear systems, i.e., with input, state, and output positive, the conditions given in
Theorem 2.1 are only sufficient, not necessary.

Proposition 2.3 Consider the structured positive linear system
@(t) = Alp)x(t) + Bp)u(t), x(to) = o,
y(t) = C(p)z(t) + D(p)u(t),

with parametrization (P, f), f : P — SLXPi(n,m,k). The parametrization (P, f) is structurally
identifiable from the Markov parameters if the following conditions are satisfied:

1. this system is structurally reachable and structurally observable in the sense of ordinary linear
dynamic systems;

2. Condition (2.3) implies p = q for all p,q € P, outside an algebraic set, and T € R™ ™,
nonsingular.

Proof. If a linear dynamic system is structurally minimal as an ordinary linear system, it is definitely
minimal as a positive linear system. O



3. A GENERAL MAMILLARY SYSTEM

In this section we shall derive results on the structural identifiability of a class of compartmental sys-
tems, in which there is a central compartment and only exchange between this central compartment
and the other compartments. In the literature this kind of system is called a mamillary system, and
the central compartment the mother compartment. In [5] also results on identifiability of mamil-
lary systems are given, but these only concern local identifiability. The reason that the system in
this section is globally identifiable, is that there is some prior knowledge about some parameter
values. We will study the following mamillary system, in which there is an input u in the mother
compartment and we can take measurements in the mother compartment, as shown in Figure 1.
There is excretion to the environment from only one non-mother compartment, say, without loss of
generality, from compartment .

input u L o L w b
Q exchange
with
environment

(6%) hy

)

Figure 1: General mamillary model

The model is given by the following differential equations.

& = —(aa+ B+ hiz,,
Tz = —aTz + haxy,
z3 = —azz3+ h3z,,
-'bn—l = —Qp_1Tp_1+ hn—lmn;
n—1
T, = Z a;x; — hpxy, + u,
=1

in which z; denotes the concentration or amount of a substance in compartment 4, a; denotes
the rate of exchange of the substance from compartment ¢ into the mother compartment, 3 is the
excretion rate, and h;, for s = 1,...,n — 1, is the rate of exchange from the mother compartment



into compartment i. Finally, h,, = E?:_ll h;. The values of hy, ho,...,h, are assumed to be known,
which is realistic: we have several examples for which this assumption holds. We assume these
values h; to be nonzero and mutually unequal. The unknown parameters are oy, as,...,a,_1, and

B

If we write the system in the compact form of a structured linear system, we will obtain

z = A(p)z+ B(p)u, =(to) = zo, 3.1)
y = Clpe, '
Wlthm: (1‘1 T2 mn)Tapz(alaa2""aa’n—1’/6)’
—Q] — ,B 0 e 0 hl O
0 —Qy - 0 h2 0
A(p) = R ) B(p) = y
0 0 s —0Op—1 hn—l 0
o1 ot Qpo1 —hg 1
C(p) = (0 <o 0 1). Formally, this system is parametrized by the parametrization (P, f), with
P = {(a1,ag,...,an_1,ﬂ)€RiCR”}
fp) = (A®),B(p),C(p)) forpeP.

Theorem 3.1 The parametrization (P, f) of the structured linear dynamic system described above
is structurally identifiable from the Markov parameters as a positive linear system.

For the proof of Theorem 3.1 we need the following lemma.

Lemma 3.2 Consider the linear dynamic system

¢ = Az+ Bu, z(ty) = 2o,

.~ Ca (3.2)

withz € R, w€e R,y € R,

a; 0 0 041 0
0 ag --- 0 Y2 0
A= . : ,» B=1:1,
0 0 -+ ap-1 Yn-1 0
Br B2 v P16 1
C=(0 --- 0 1). Then

1=1,...,n—1,

1. (A,B) is reachableifandonlyif{Zj.fé%' =1 n—1, i#j
1 YE) yJ — Ly ) -

2. (A, C) is observable if and only zf{ g’i(;’ Z?}i”’n;Ll oy
7 7 ) — Ly - 4 -

Proof of Lemma 3.2. We will use the reachability condition of Hautus, [10]:
(A, B) is reachable if and only if rank ( M- A B) =n, forall XeC.



1. For (3.2) we have

A—oy 0 e 0 —v1 O
0 A — (65) s 0 —Y2 0
rank()\I —A B) = rank : . :
0 0 e A — Op—1 —Tn-1 0
—p1 B2 o+ —Pa -6 1
= rank(D,)+1,
with
A—oq 0 A 0 -1
0 A — 0 _
D, := ] a2 ) 72 € R(n—1)xn_
0 0 R N e R L |

(<) For A #a;,i=1,...,n—1, we have rank(D,) =n — 1. For A = a;, we have

% #0, i=1,...,n—1, . o

o £, ij=1,..m—1, j#i imply rank(D)) =n — 1.

(=) Assume ; = 0. Then, for A = a;, the ith row of D} is equal to zero, so rank(D)) < n—1.
Assume a; = o for some 4,5 =1,...,n —1, ¢ # j. Then, for A = o, the ¢th and the jth
column of D) are equal to zero, so rank(D,) < n — 1.

Tt follows that (A, B) is reachable if and only if { aitay, ij=1,...on—1, i#j

i=1,...,n—1,

2. This follows from the fact that (A, C) is observable if and only if (A7, C7T) is reachable. O

Remark 3.3 The system (3.2) is an example of a general input-output hierarchical system, defined
by Davison [6]. In that paper Davison proves that such a system is controllable and observable for
almost all interconnection gains (in Lemma 3.2 the 3; and +;) and almost all output gain matrices (in
Lemma 3.2 the o; and é). But this does not say anything about what happens if for example a; = j;
for some j. This can just be the exception which lies in the algebraic set, or the hyper-surface in

[6].

Proof of Theorem 3.1. For the problem of structural identifiability we will look at this positive
linear system as an ordinary linear system. For Theorem 2.1, we first have to check structural
reachability and structural observability. From Lemma 3.2 it follows that (A(p), B(p)) is reachable
if and only if

hi #0, i=1,2,....n—1,
ai$£aj7 iaj:2737"'7,n’_17 7’#]7
ap+p#a;, 1=23,...,n—1,

and (A(p), C(p)) is observable if and only if

a; # 0, 1=1,2,...,n—1,
ai#aj’ i’j=2’37""n_1’ 275.7’
ap+p0#a; 1=2,3,...,n—1,

It follows that the system will be structurally reachable and structurally observable, if we take for
the algebraic set



n—1 n—1
S = {(a17a2;---,an—1u@) €R"|a; H{(al + B — ;) oy H (o — i)} = 0}-
i=2 j=i+1

Now we may check structural identifiability by the similarity approach. For p € R™, find all p € R™
and T € R™*™, such that

Cp)T = Cp), (3.3)
B(p) = TB(), (3.4)
AP)T = TA(®). (3.5)

From (3.3) and (3.4) it immediately follows that T has the following form:

tin -+ tipr O

T= : : . (3.6)
th—11 ° th—inm—1 O
0 0 1

The first row of (3.5) gives the following equations

—(a1 + Bt = —t11(a + B), (3.7)

_(al +ﬂ)t1k = _tlk&ka k:2737"'7n_17 '
and

hy = Y00 tijh (3.8)
For ¢ =2,3,...,n — 1, the ith row of (3.5) gives the following equations

—aitin = —tu(ar +B),

—Oéitik = _tik&k; k= 2, 3, ey — 1, (39)
and

n—1

hi = X557 tijhg. (3.10)

Outside S, oy + 3, g, a3, ...,a,—1 are mutually unequal, so in every column of 7" there is at most

one nonzero element. Indeed, assume t;; and t;i, ¢ # j, are both nonzero. To make notation easier,
we take 7,7,k € {2,3,...,n — 1}, but for 4,5,k € {1,2,...,n — 1} the same reasoning holds. Then
(3.9) gives oty = tip6y and ojtjp = tjrés, from which it follows that @; = «;. Contradiction.
Moreover, from the non-singularity of T it follows that exactly one element in every row and every
column of 7' is nonzero.

Assume t;; # 0 for some 4,5 € {2,3,...,n — 1}. Then it follows from (3.9), —at;; = —t;;@;,
that &; = «;, and from the jth entry of the nth row of (3.5) that a;t;; = &;. So t;; = 1. But
then (3.10) gives h; = h;, which, by assumption on the h; being different, is only possible if ¢ = j.
Consequently we have togg =t33 = ++* = tp—1,n—1 =1, t;; =0fori,j € {1,2,...,n —1}, 4 # j, and
therefore t1; # 0. Now (3.8) gives hy = t11h1, which implies ¢33 = 1. So T = I and p = p. With
Theorem 2.1 and Proposition 2.3 it follows that the parametrization is structurally identifiable as a
positive linear system. O

Assume there is not only excretion from compartment x; to the environment, but also from a non-
mother compartment, say, compartment z;, for some j € {2,3,...,n—1}. Then in the matrix A(p)
the j, j-entry is —a;; — v with v unknown. With Lemma 3.2 the system is structurally reachable and
structurally observable, but the parametrization is not structurally identifiable. Indeed, T, with
t11 = tj; = 0, t1; = hi/h;, tj1 = hj/h1, and the other elements as above, satisfies (3.3), (3.4),



and (3.5) for a suitable p. So it is necessary to restrict to only one non-mother compartment with
excretion to the environment.

At the other hand, if there is besides from compartment z; also excretion from the mother
compartment, z,, to the environment, we obtain the following structured linear system,

¢ = A(p)z+ B(p)u, z(to) = o,
y = C(p)m,
with z as above, p = (a1, a9, ...,an-1,8,7),
—Q — ,8 0 e 0 hl
0 —Q s 0 h2
0 0 et TQp—1 hn—l
ai az o+ apo1 —hp—7

and B(p) and C(p) as above. Formally, this system is parametrized by the parametrization (P, f1),
with
P = {(oa,09,...,00-1,8,7) € RTT" C R™1}
fi(p) (A(p), B(p),C(p)) forpe€ Py.

Theorem 3.4 The parametrization (Py, f1) of the structured linear dynamic system described above
1s structurally identifiable from the Markov parameters as a positive linear system.

Proof. Because in Lemma 3.2 there exist no restrictions on 8, which is equivalent to —h,, —+ in the
case of the parametrization (Py, f;) above, the pair (A(p), B(p)) will be reachable and (A(p), C(p))
will be observable outside S defined in the proof of Theorem 3.1. Now we may check structural
identifiability by the similarity approach. For p € R**!, find all $ € R**! and T € R™*™, such that

ClpT = C), (3.11)
B(p) = TB(p), (3.12)
AT = TA(®H). (3.13)

From (3.11) and (3.12) it immediately follows that T is of the form (3.6). Now the nth entry of the
nth row of (3.13) gives

_hn_’Y: _hn_:)'l;
80 4 = «y. The remaining part of the proof is equivalent to the proof of Theorem 3.1. O

4. CONCLUSIONS

For mamillary systems with input and observations in the mother compartment and excretion only
from one non-mother compartment, it is shown that the unknown parameters are (globally) struc-
turally identifiable from the Markov parameters. Also some results on structural reachability and
structural observability are given.
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