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Analysis of the Asymmetrical Shortest Two-Server Queueing Model

J.W. Cohen
cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

This study presents the analytic solution for the asymmetrical two-server queueing model with arriving customers
joining the shorter queue for the case with Poisson arrivals and negative exponentially distributed service times.
The bivariate generating function of the stationary joint distribution of the queue lengths is explicity determined
by the results obtained.

The determination of this bivariate generating function requires the construction of four generating functions.
It is shown that each of these functions is the sum of a polynomial and a meromorphic function. The poles and
residues at the poles of the meromorphic functions can be simply calculated recursively; the coefficients of the
polynomials are easily found, in particular if the asymmetry in the model parameters is not excessively large.
The starting point for the asymptotic analysis for the queue lengths is obtained. The approach developed in the
present study is applicable to a larger class of random walks modelling asymmetrical two-dimensional queueing
processes.
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1. INTRODUCTION

The “two-server shortest queueing” model also known as the “two-queues in parallel” model has
obtained quite some attention in Queueing Theory literature, the greater part of it concerning the
symmetrical model. For a short overview of the studies on the symmetrical model see [2]. The
asymmetrical model presents an analytic problem which appeared inaccessible for quite a long time.
In the present study the solution of this problem will be given.

The model concerns a two-server system with a Poisson arrival stream of the customers,rate A, and
an arriving customer joins the shorter queue if the queues are unequal; if they are equal he joins the
queue in front of server ¢ with probability 7;,2 = 1,2. The server provides customers exponentially
distributed service times with service rate 1/3;,4 = 1,2. The symmetrical model concerns the case
with m; = w9 = 1/2,8; = B2. The analysis of the queueing model requires the investigation of the
stochastic process {xi(t),x2(t),t > 0} with x;(¢) the number of customers present with server 7 at
time t,¢ = 1,2. The analysis of this stochastic process can be reduced to that of a random walk with
state space the set of lattice points in Ry with integer-valued, nonnegative coordinates.

In the applications of the two-server, shortest queueing model the stationary joint distribution of
the queue lengths, or its bivariate generating function, usually contains all the information required
to calulate the various performance characteristics of the model. Approximative techniques have been
studied to obtain this information. Usually, they concern the replacement of the infinite state space
of the random walk by a finite one. For the so resulting process the Kolmogorov equations for the
statioinary probabilities are then solved numerically.

BrANC [5], [10], applies the power-series algorithm. Here it is assumed that the stationary proba-
bilities can be expressed as a power series in powers of some suitable chosen function of the traffic to
be handled by the servers. Substitution of these series into the Kolmogorov equations then leads to a



set of equations from which the coefficients of these series can be recursively calculated. The results
obtained by this approach are quite satisfactory when compared to those obtained by simulation.
Actually, this approach is also based on a special truncation of the state space. Unfortunately, a suffi-
cient mathematical justification of this approach is still not available. ADAN, WESSELS and Z1JMm [4],
and ADAN [7] present an iterative approach which is claimed in [7] to converge to the exact solution.
The results of the present study show, however, that this claim is not justified. For a discussion of
this point see the comments at the end of this introduction.

Random walks on the lattice in Ry with integer valued, nonnegative coordinates are instrumental
in the analytical investigation of a large class of present day queueing models. For such random walks
and their application to Queueing Theory quite some information is presently available concerning a
fairly general approach of their analysis, cf.[1], [11]. For the subclass of semi-homogeneous, nearest-
neighbour random walks a more effective analytical approach came recently available, cf.[12], [13],
and in particular for nearest-neighbour random walks with no one-step transition probabilities to the
North, the North-East and the East, cf. [2], [8], [9]. For this latter case it appeared that the bivariate
generating function of the stationary joint distribution of the random walk, if it exists, can be explicitly
expressed in terms of meromorphic functions. A meromorphic function is a function which is regular
in the whole complex plane, except for at most a finite number of poles in any finite domain.

The random walk to be used in the analysis of the asymmetrical shortest queue is indeed a nearest-
neighbour random walk. However, it is not semi-homogeneous because the one-step transition prob-
abilities at points above the diagonal of the first quadrant differ from those below this diagonal. In
fact this random walk consists of two semi-homogeneous random walks, one at the points above, the
other at the points below the diagonal, and they are coupled at the points on the diagonal. These
two random walks do not have one-step transition probabilities to the North, the North-East and the
East and so it was conjectured that the bivariate generating function of its stationary distribution can
be indeed described in terms of meromorphic functions. This conjecture was the starting point of our
analysis and it appeared to be true.

We continue this introduction with an overview of the sections of the present study.

In Section 2 we formulate the functional equations for the bivariate generating function of the
stationary joint distribution of the queue length process, cf. (2.4). From these equations the following
two equations are derived, cf. (2.9):

i. Qa(p) + “fTB(T)+k1(p,T)<1>O(T)=o,

for (p,7) a zero-tuple of hy(p,7) =0, |p| <1, |r|<1;

(1.1)
i Qu(r) — TaittB(t) + ka(r, 8)o(t) = 0,

for (r,t) a zero-tuple of ho(r,t) =0, |r| <1, [t <1

here k;(-,-) is a polynomial of the first degree, and h;(-,-) a polynomial of the second degree, they are
given; the functions B(+), ®o(-), 21(+) and Qa(:) are all generating functions which are regular inside
the unit disk and continuous in the closure of the unit disk. Next to these conditions there is the
norming condition, which is equivalent with

1 1 1 1
—Qg(l) + —Ql(l) =—+—-1, a1 = )\ﬂl, as = )\ﬂg (12)
ax az a  az
From the conditions mentioned so far the functions B(-), ®o(-), (), = 1,2, have to be determined,
of. (2.10).
In Section 3 properties of the zeros of hqi(p,7) = 0 and of hy(r,t) = 0 are described. These zeros
are denoted by, cf. (3.9),
() or 1(p) for hu(pr) =

rE(t) or tE(r) for  ho(rt) =

)

0 1.3
N (13)



The curve hq(p,7) = 0 when traced for real p and 7 is a hyperbola which has one of its branches in
the first quadrant. A graph with succesive vertical and horizontal edges is inscribed in the branch in
the first quadrant, see Figure 3.2. The corner points of such a graph correspond to zeros of hy(p, 7).
Analogously such a graph is inscribed in the branch of ha(r,t) = 0. Any point of hy(p,7) = 0 induces
also such a graph on ha(r,t) = 0 and vice versa. In Figure 3.4, a binary tree is traced, starting at
Téo). Out from Téo) a graph as mentioned above is constructed on hy(p,7) = 0 and on hy(r,t) = 0.
Each corner point of such a graph induces on the other hyperbola again such a graph, only ascending

graphs are used here. The set of corner points so obtained constitutes the tree generated by Téo), see

for details Section 3. Such a tree with a properly chosen top Téo) is instrumental in the construction
of the functions B(-), ®o(-), 2(:),7 = 1,2.

Section 4 starts with the formulation of a lemma. It states that the functions B(s), ®o(s),Q2:(s),7 =
1,2, can all be continued meromorphically into |s| > 1. For those meromorphic continuations a set of

relations is derived, cf.(4.2),..., (4.5). We mention here two of those relations, viz.

Do (1) + =5 BO) +kalp(1),1)B0(1) =0 for (™ (7),7) =0,
. (1.4)
Qi (r= (7)) — Tét_tB(t) + ka(r=(t),t)®o(t) =0 for  ho(r—(7),7) =0.

It is assumed, cf. assumption 4.2, that all poles of B(s), ®o(s),Qi(s),2 = 1,2, in |s| > 1 are simple;
at a pole of B(-) its residue is indicated by b(+); ¢o(-),w:(+), stand for residues of ®o(-), 2;(-),7 = 1,2,
respectively. Note that b(s) = 0 implies that s is not a pole of B(-). From the set of relations
(4.2),...,(4.5), a set of relations for the residues is obtained; e.g. if 7 is a pole of B(-) and also of
®y(-), then it is seen from (1.4) that in general p~(7) is a pole of Q3(+) and r~(7) one of Qy(-). The
essential point of the analysis is to construct from the set of equations for the residues a nonnull
solution such that B(-), ®o(-), Q;(-),2 = 1,2, are true meromorphic functions, i.e. the pole set of each
of these functions has not a finite accumulation point. It turns out that there is a non-trivial solution
to this problem. The solution of this problem is discussed in Sections 5, 6 and 7.
In Section 5 it is shown that a unique T" in 7 > 1 exists such that the equations

— D) + R (DL DR(T) =0 (e (T),T) =0,
—4 (1.5)
ﬁb(i’“) +ha(r™(T),T)¢o(T) =0 , ho(r~(T),T) =0,

for the residues b(T') and ¢o(T') of B(-) and ®¢(-), possess a nonnull solution. Actually, T is then
determined by that zero of 7 in 7 > 1 for which the main determinant of the set of equations (1.5) is
zero. Note that (1.4) and (1.5) imply that p~(T) is not a pole of Q5(-), and r—(T") not a pole of Q4 (+).

In Section 6 it is shown that the set of nodes of the tree generated by Téo) = T is pole set of
B(-) as well as of ®y(-). The poles of 2;(-),2 = 1,2, can be deduced from those of B(-) and ®4(-).
Further a recursive set of equations is derived for the residues at these poles, see Lemmas 6.1 and 6.2.
In order to decide whether the pole set of B(:), say, can be used to define a meromorphic function
information is required concerning the asymptotic behaviour of the poles of B(-) and of their residues
b(-). This asymptotic behavior is studied in Section 7. It is shown that this asymptotic behaviour is
such that for the pole set of B(+) indeed a class of meromorphic functions can be constructed, similarly
for ®¢(+),Qi(:),2 = 1,2. The elements of these classes of meromorphic functions are parametrised by
nonnegative integers my, mg, m;,¢ = 1,2, bounded below by M- 1, M being defined by the asymptotic
behaviour of the residues, cf.(8.6).

In Section 8 the meromorphic functions B(-), ®o(-), Qi(),i = 1,2, are introduced by using the pole
sets obtained in Section 6 for the functions B(-), ®¢(-), :(:),¢ = 1,2; they contain the parameters
my, Mg, m;,t = 1,2, cf.(8.2). Next to these functions polynomials B(s),éo(s),ﬂi(s),i = 1,2 are
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introduced, their degrees are indicated by Nb, ]\74,, N,-,i = 1,2. With the functions so introduced the
functions

B()=B()+B(), ®o()=2()+2(),

Q) = %)+ (), i=12
are considered, cf.(8.7). These functions are substituted into the equations (1.4), cf.(8.8). The asymp-
totic behaviour at infinity of the relations so obtained is investigated. It leads to relations between
m.,.. and the degrees N of the polynomials. An appropriate choice of m_  given M determines the
degrees N... With the degrees so determined the functions (1.6) are again substituted in the equa-
tions (1.4). By considering the resulting equations for properly chosen zero-tuples of h;i(p,7) and of
ho (r, t) a system of linear, inhomogeneous equations for the unknown coefficients of the polynomials
B(-),®0(-),2:(+),72 = 1,2 is obtained. It is shown that this system has a unique solution and so the
functions of (1.6) are all known and satisfy the equations, moreover they are all regular in the closed
unit disk. Theorem 8.1 states that for M >1,a; # as, the functions so constructed, whenever taking
into account the norming condition, determine the bivariate generating function of the stationary

(1.6)

distribution uniquely if and only if ai + ai > 1, the case M = 1 is an important practical case. Next
1 2

the construction of the solution for the case M = 2 is discussed whereas that for M > 3 is exposed. In

Remark 8.2 the meaning of T" for the asymptotic behaviour of the constructed solution is discussed.

In Section 9 the case a; = ag,m # 72, is discussed. For this case the construction of the solution
of (1.4) is essentially simpler, because here the pole sets do not have a tree structure. In Section 10
relations are derived for some characteristic probabilities and moments of the model.

The approach developed in the present study is applicable to a larger class of asymmetrical two-
server models, e.g. the asymmetrical variant of the model in [9]. This class is characterised by zero
one-step transition probabilities to the N, NE and FE in the upper as well as in the lower triangle of
the first quadrant.

We conclude this introduction with some comments on the analysis of ADAN, WESSELS and Z1JM [4]
and ADAN [7]. They avoid the use of generating functions and claim that the stationary probabilities
for the queue lengths (x1,%2) can be represented as:

i. Pr{x; =s,x9=s+1t}= C_lz di(ap;y + c;d?)pE t>1,

1€L (17)
it. Pr{xi =s+t,xg=3s}= C’_IZ di(ogy + cid3)pE t>1,

i€R

for s+t > N with N sufficiently large. Here C is a constant, L is the set of the odd positive integers,
R that of the even positive integers, d; and c; are determined recursively and o;,3; are the nodes
of a binary tree at level 4, the tree being generated by ag. Of this tree in [4], the subtree formed
by the a-nodes is simply related to the tree of Figure 3.4 of the present paper. Actually, the nodes
of the latter tree are the inverses of the corresponding a-nodes of the tree in [7], where (8;, ;) are

zero-tuples of hl(%, 1) or ha(L,1), cf.(2.8), depending on i € L or i € R. In [4], [7], a recursive set

1

)
of equations for the coefﬁcienfc)s &, and ¢; is derived from the Kolmogorov equations. The recursion
is obtained by splitting these equations in two subsets. Partial sums of the righthand sides in (1.7)
from ¢ = 1,..., K, say, satisfy the equations of one subset, those from i = 1,..., K + 1, satisfy the
equations of the other subset, K =1,2,.... All terms in the righthand sides of (1.7) can be calculated
once ag is known.

From the results of the present study it can be seen that the lefthand sides of (1.7) can be expressed
indeed by sums of the types as in the righthand sides of (1.7), ai_l are the poles of the functions B(-)
and ®¢(-), ;! those of Q;(-), cf. (8.7), below. Because the a; are strictly decreasing it follows from

(1.7) that for fixed ¢t > 1,
Pr{x; =s+1,xo=s+1+1t}
Pr{x; = s,x2 = s + t}

ap for s— oco. (1.8)



In [4], [7] the determination of ap is based on a heuristic asymptotic argument, it is sustained by
numerical results for the truncated model with large truncation parameter. The results of the present
study prove that the value of ag taken in [4], [7], i.e. ap = (a7 ' +a5")?, is the correct one, see Lemma
5.1 and Remark 8.2 below.

Whether the iterative technique in [4] leads in the limit to the correct solution of the Kolmogorov
equations may be checked by comparing the asymptotic results for d;,¢;,2 — oo, cf. Section 5.5 of
[4], with those for the residues at the poles in the present study. It appears that these asymptotic
results differ, and so leads to the conclusion that the limiting results in [4], [7], do not satisfy all the
Kolmogorov equations. This conclusion, however, does not imply that the approach in [4] necessarily
leads to numerical results, which are not accurate in quite a few digits, because usually only the
smaller poles contribute essentially to the numerical values of the probabilities in (1.7).

2. THE FUNCTIONAL EQUATION
The functional equations for the bivariate generating function of the joint distribution of the queue
lengths x1, X3, of the asymmetrical shortest queue model have been derived in [1], see Section II1.1.2,
p. 245. Below we recall these functional equations using mainly the same notation as in [1].

Put for |r| <1,

7. q)o(’r‘) = E{Txl (X1 = XQ)},
it. Qo(r) := E{r¥2(x; = 0)},
iti. Qi(r) ;= E{r*1(x2 = 0)}, (2.1)
1 1 1 '
iv. B(r):=®(r)(— +m)— — ®(0) -1+ —)E{r¥i(x1 =x2+1)} =
1 ag 1 ag 1 ar
—®o(r)(— +m) + —P9(0) + (1 + —) E{r¥2(x2 = x1) };
a ai asr
1 1 b
Ki(r1,72) =11 + - ) (2.2)
a1T1 azTg a1a3
1 1 b
Ky(ry,re) =19 + + - ;
a1’ azT2 a1az
with
a1 >0,a3 >0, b:=a;+as+ajas, (2.3)
1>m>0,1>m >0, m +m =1,
m # mg if a3 = ag,cf. Remark 2.3, below.
The functional equations read: for |r1| < 1,|rg| <1,
. 1 1
i B{rry? (%2 > x1)} K (r1, 72) + Qz(Tz)a_l (1- H) +
1
@0(7‘17‘2)[7!‘27‘2 + - — 71'2] - B(’I‘l’l‘g) = 0,
aure 4 1 1 (2.4)
i, B{r{'rd? (x1 > %)} Ko (r1,72) + 91(7“)(1—2 (1- E)—f—

1
@0(7‘17‘2)[7!‘17‘1 + — a— — 7!'1] =+ B(T17‘2) =0.
2

asT2

From these equations it follows by using the norming condition, i.e. Pr{x; > 0,x2 > 0} = 1, that,
cf.[1], p. 242,



1 1 1 1

—P =0 —P =0}=—4+ —-—1. 2.5

~Prfx; =0} + - Pr{xy =0} = = + - (2.5
It follows that the condition

1 1

R (26

aj ag

is a necessary condition for the existence of a stationary distribution.
REMARK 2.1. It will be shown, cf. Theorem 8.1, that (2.6) is also a sufficient condition. O

ASSUMPTION 2.1. In the present analysis it will be assumed that

1 1
—+ —>1. O
ay az

For (#1,72) a zero-tuple of K1(r1,72),|r1| < 1,|r2| < 1, we have
0 < [E{##2 (x > x1)}| < 1,
and so it follows from (2.4)i,

1 1 1 1

Qg(fg)a—2(1 - E) + D¢ (71 72)[mafs + o m o] — B(f172) = 0. (2.7)
Put
hi(p,7) = aias7® + (a1 — bp)T + azp?,
ha(r,t) = aiazt® + (ag — br)t + a17?, 28
ki(p,7) = —1+agm(ar7 —p),
ka(r,t) = —1+aymi(ast —r).

By using the properties of the zeros of Kj(ry,72) in simplifying the term between square brackets in
(2.7) and taking p = 79,7 = 7175 it is readily verified that (2.7) is equivalent with

i. Qa(p) + paiTTB(T) + k1(p,7)®0(7) =0,

for (p, ) a zero-tuple of by (p,7):[p] < 1, [7] < 1
ast (2.9)
2

1. Ql(T‘) - tB(t) + kg(?", t)cbg(t) = 0,
r—
for (r,t) a zero-tuple of ha(r,t);|r| <1, |t| < 1;

note that the derivation of (2.9)ii is analogous to that of (2.9)i.

From the above it is seen that the determination of the bivariate generating function E{rX'rX}
of the stationary joint distribution of the queue lengths requires the construction of the functions
Q1(p), Q2(p), ®o(p) and B(p) which should satisfy the following conditions:

i. they are regular for |p| < 1 and the sum of the coefficients in their series expansions in (2.10)
powers of p™ converges absolutely;

1. they satisfy the relations (2.1)iv, (2.5), (2.9)i, ii and, cf.(2.1), ©;(0) = ®¢(0),7 =1, 2.

REMARK 2.2. Once functions B(-), @o(-), 21(:) and Q2(-) have been constructed which are not identi-
cally zero and satisfy the conditions (2.10), so that E{ri*7x2},|r1| < 1, |rz| <1, is then determined
via (2.4), then it follows that the Kolmogorov equations for the stationary probabilities possess an

absolute convergent nonnull solution. By applying a wellknown Foster criterion, cf.[3], p.25, it follows



that the queue length process (x; (t),x2(t)), of which the state space is irreducible, is positive recurrent
and further that there is only one solution which satisfies (2.10) and the norming condition. Hence it
suffices to construct functions B(-), 21(-) and ©;(-) which satisfy (2.10). |

REMARK 2.3. The analysis of the problem formulated in (2.10) for the case a1 = ag, T # 7o, differs
from that for the case a; # as. The analysis in Sections 6, 7 and 8 concerns the case a; # as. In
Section 9 the case a1 = ag, ™ # 72 is discussed. For the case a; = ag,m = 7o, see [2]. O

3. ON THE ZEROS OF hi(p,T) AND ha(r,t).
In this section we shall describe several properties of the zeros of hy(p, T) and of ha(r,t), and introduce
several functions of these zeros; these functions are needed to describe the functions Q4 (r), Qa2(p), Po(7)
and B(7). Because of the symmetry between h;(p,7) and ha(r,t) we mainly restrict the discussion to
hi(p,T), those for ho(r,t) follow by interchanging a; and as.
From (2.8) we have
1

i. hi(p,7)=0 = 7(p) = m[—al +bp £ /(a1 — bp)2 — 4a1a2p?),

1
i. hi(p,7)=0 = p(r) = E[bT + /272 — dayas(T + ag7?)).

(3.1)

LEMMA 3.1. For every p with |p| > 1,p # 1, the two zeros 7%(p) of hi(p,T) may be defined so that

7= (p)| < lpl < |7 (p)l; (3-2)

and similarly for the two zeros p(7) with |7| > 1,7 # 1, i.e.
o~ (D] < |7| < |p* (7).
Analogously for hy(r,t) =0 :
()| <Ir| <[t (r)] for |r|>1,7#1, (33)
[r= @) < [t| <[r* (@) for [t| =1, t#1. '

For the proof of Lemma 3.1 see Appendix A.
From (3.1) it is seen that 7(p) has two branch points p~ and p* and that p(7) has also two branch
points 7~ and 71. It is readily verified that

a
pi:[1+a—2(1:{:‘/a1)2]_1,0<p_<p+§1,
1
_ 0.0 < 40,10,2 + < 1 (34)
T = —_ =7 :
’ b2 — 4a1a2 ’

analogous relations hold for the branch points 7+ and t* of the zeros of ha(r,t).
The curve hy(p,7) = 0 is for real p and 7 a hyperbola with center (g, 7m) given by

2&1 ag
2 _ 2
b? — 4a1a5

aib

0 3.5
b2 — 4a1a3 > 5 (3.5)

and asymptotes given by

1
= /b2 _ 21(+ _ +
p— Pm = 20, b+ 4/b? —da1a3](T — Fm). (3.6)

Some special zeros of hi(p,T) are listed below.



1
7r(0)=——, =(0)=0, p=(0)=0,
az
! 1
7 (1) = min(L, 20, 7% (1) = max(1, —),
@ a’ 37)
pm(1) = min(l,a + ). p+(1) = max(L,as + 21,
as s
dp(7) as(a1 — 1)
= f —(1.1) and 2o
dr ajas + a1 — as or (p(T)aT) ( , ) and asaq + as #

In Figure 3.1 the hyperbola hy(p,7) = 0 is traced, the line 7 = 0 is a tangent at p = 0,7 = 0.

FIGURE 3.1.

Let (pn,Tn) be a zero-tuple of hi(p,7) with p, = p~(7n), 7 = 77 (pn) and 7,, > 1, see Figure 3.2.

FIGURE 3.2.

Starting from (p,,7,) we construct a series of zero-tuples of hi(p, 7), cf.(3.2) and (3.3):

(Pu;ﬂ/); RN} (pn—l;Tn—1)7 (p’n:T’n)7 (pn+1:7—n+1)7 AR (38)



they are recursively defined by:

Tnc1t =7 (pn) s Pnt1 = pt (1),
(3.9)
Pr—1=p (Tn=1), Tng1 =TT (Png1).

The sequence in (3.8) will be called the ladder generated by T, on the hyperbola hi(p, 7). Its “up-
ladder” is unbounded, its “down-ladder” is finite and stopped at that index v for which 0 < 7, < 1
or p, < 1.

Whenever a; # ag, cf. Remark 2.1, the zero-tuple (pn, ) of hi(p,7) induces also a ladder viz.

veoes(Fnc1,tnz1), (Fnytn)y (Faatstngt), .-, (3.10)

on the hyperbola hy(r,t) = 0, and t~n:Fi # Tnzi,t # 0. It is recursively defined by

tn =T, Fn =1 (tn),

tho1 =t (Fn) s, Fop1 =711 (tn), (3.11)

o1 =17 (tao1),  fng1 = tF(Faga);
again the “down-ladder” is stopped at that p for which E,L <lor#, <l
REMARK 3.1. Note that for a; # as, i.e. hi(p,t) Z ha(p,t),

tn1 #Ta1 tng1 # Tntd,

Tnel #Tn-1, Tntl # Tntl.

Analogously a zero tuple of hy(r,t) with 7, = r=(t,),t, = tT(r,) and t, > 1 or r,, > 1 generates a
ladder on hy(r,t) = 0 and induces a ladder on hy(p,7) = 0, see Figure 3.3.

FIGURE 3.3

These ladders are defined analogously to those in Figure 3.2. Actually interchange in (3.9) and (3.4)
p and 7 and also 7 and ¢. It should be noted that the ladder in (3.8) with top (pn, 7 ) is identical with
the ladder generated on hy(p,7) = 0 with top (pnt1, Tnt1) if Tns1 = 77 (Pnt1), Prt1 = o (T0)-

However, the ladder on hy(r,t) induced by (pn, T, ) generally differs from that induced on ho(r,t)

by (Pnt1,Tnt1)-
We shall denote by
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i. U(r,) with hy(pn, ™) = 0 the ladder generated by (pn, ) on hi(p,7) = 0; ( )
3.12

ii. I(1,) the ladder induced by (pn,T,) on hy(7,t) = 0 with hy(pp,7,) = 0.

Analogously the ladders I(t,) and I(t,) are defined.

REMARK 3.2. Note that every point of hy(p,7) with p > 1 or 7 > 1 induces a ladder on hy(r,t) and
conversely. O

It is further readily seen from (3.9) and (3.10) that, cf. Figure 3.2. and 3.3:

Tat1 =71 (pT () pny1 = pT (77 (pn)),

(3.13)
tn+1 = t+(r+(tn)) y Tntl = T+(t+(rﬂ))7

Tn+m — X0, Pn4m — OO, tn—l—m — OO0, Tn4m — OO,

for m —» o0 and 7, > 1,t, > 1.

Next we introduce a notation to describe all the ladder points on the upladders on hy(p,t) = 0 as
well as on hy(r,t) = 0 generated by a point

(po,70) of hi(p,T) = 0.
Define for m = 0,1,2,..., the binary numbers

6m = 6m16m2 . 6mm with 6m] € {031}3 -7 = ]‘" SRR

(3.14)
Bm:=1{6:6=6;,j=0,...,2"—1} ={6:6 € {0,1,2,...,2™ — 1}}.
The tree generated by (79, po) is defined as follows:
its nodes at the n-th level, n = 0,1,..., are
;. ng;’) with 6 <60, 6,60 €B,, j=0,...,2" — 1,
1. Té&tg =71 (pt (7’;(:)))) for 6§"+1) = 26;-"),
; ; (3.15)
n n+1 n
=)L, Y =2 4
J
iii. " =10 =7"(po).

In Figure 3.4 the nodes at the levels 0,1,2 and 3 for the tree generated by (79, po) are shown.

FIGURE 3.4
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From the definitions above it is readily seen that the tree so constructed contains all the ladder
points on hi(p,7) = 0 and ha(r,t) = 0 generated by 7o with hy(po,70) = 0; note that I(7o)is the set of

nodes on the left branch of the tree, I(79) that on the right branch of the tree.

The tree generated by (to,70) is defined analogously interchange the symbols 7 and ¢ and also p

and 7.

We conclude this section with the derivation of some asymptotic results. From (3.1) it is seen that

+
opi(r) 1

Bif = lim = = o (b dy).
+

B i= Jim = = o (b % dy),
+ 1

T = tim — ) _ (b+dy),

p—oo P 2a1a9
t+(r) 1
+._ 71 —
T2 T rllrnt)lo T a 2(11(12 (b:tdZ),

with

dy :=1/b? —4a1d} , dy := \/b? — 4a?a,.

Note that, cf. Lemma 3.1, for j =1, 2,
RY>1,Tf>1, RFTF =1,
a1a9(TE)?2 —bTE + a3 =0, ap(RE)? —bRE + ajay = 0,
ag(RE —1)% — (b— 2a)(RE —1) —a;, = 0.

Further from (2.4) by using (3.16) and (3.17),

lim dr*(p) _ bIE —i2a2 — [RF1,
p—oo dp 201021 — b
m@%)ng@;ﬁ_
T—oo dT b — 2a9R7
Because
R <1< Rf and R{Rl =a,
we have
Ry <min(l,a;) , R} >max(1,a1),
further
ay Rf
ai —RljE = éﬁ

4. ANALYTIC CONTINUATION

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

In this section we shall consider the analytic continuation of the functions Q1 (s), Qa(s), B(s) and ®4(s)

out from |s| < 1 into |s| > 1.

LEMMA 4.1. The functions Q1(s), Qa2(s), B(s) and ®q(s) can be continued meromorphically out from

|s| <1 into |s| > 1.
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For the proof of this lemma see Appendix B.

REMARK 4.1. The lemma does not imply that these continuations are meromorphic functions, i.e.
have only a finite number of poles in every finite domain, but it implies that their only singularities
are poles or accumlation points of poles. O

ASSUMPTION 4.1. Henceforth it will be assumed that the meromorphic continuations of B(-), ®o(-), Q1(+)
and Q(+) are all meromorphic functions.

REMARK 4.2. Whenever the Assumption 4.1 leads to the construction of functions B(-), @¢(+), Q1 (-)
and Q9(-) which satisfy the conditions (2.10) then our problem has been solved because there exists
only one set of such functions, cf. Remark 2.2. O

The meromorphic continuations of B(:), ®o(-), 21 (-) and Qy(+) will be indicated by the same symbols,
respectively.

It is further shown in Appendix B that the functional equations (2.9) can be extended into the
domains || > 1,|p| > 1,[¢t| > 1 and |r| > 1. Actually it is shown that the following relations hold for
all those 7, p,r,t, for which B(-), ®o(+), 21(+), Q2(:) are finite.

alTi
Q(p) + ﬁig)B(rﬂE(p)) (o () Be(rE(p) =0 for ha(pr(0) =0,  (4.1)
ao + T
Qi (r) — ﬁB(ti(r)) + ko(r, ti(T))q)g(t:t(T)) =0, for  hy(r, £ (r)) =0, (4.2)
D= () + 25— B0+ R (), D)%) =0, for hi(p*(),1) =0, (43)
O (rE(2)) — #B(t) + ky(rE(2)), )P (t) = 0, for  hy(r£(t),t) = 0. (4.4)

REMARK 4.3. From the analysis in Appendix B it is seen that the relations (4.2),...,(4.5), are
independent of assumption 4.1. Note that (4.2) and (4.4), and similarly, (4.3) and (4.5), are not

independent.
O

AssuMPTION 4.2. Henceforth it will be assumed that the poles of B(-), ®¢(-), 1(:), Qa(-) are all
simple poles.

REMARK 4.4. Concerning the introduction of the latter assumption it is noted that Remark 4.2 also
applies here. O

Put for finite ¢ and p:
bt) == lim(s —B(s),  olt) = lim(s — )Po(s),

oilp) = lim(r = p)O(r), i =1,2 ()

Assumption 4.2 implies that these limits exist. Obviously, cf. Assumption 4.2,
[b(t)] #0 <& t isa pole of B(-),
[¢o(t)| #0 < ¢t is a pole of ®y(-), (4.6)
lwi(p)| #0 < t isapoleof Q(-), i=1,2.

Note that (2.10) implies:
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b(t) = 0 and ¢o(t) = 0 for |t| < 1, (4.7)
wi(p) =0for |p| <1, i=1,2.

From (4.2) ,...,(4.6), it follows readily that, cf.(3.4),
for |p| 7é pi7 hl(p7 Ti(p)) =0,

a7 (o),
r(p) + 20 () + b 7 D D, = 0 (48
for |r| # r%, WE(r, ££(r)) = 0,
—an + T + ag).,_
or(r) + 22 U 0) + ka5 T2, = 0 (49
for |7| # Ti,hl(pi(T),T) =0,
dp*(a),_ a7 — 0
np (N2, + b)), () = 0 (4.10)
for [t| # ti7h2(ri(t)7t) =0,
oIy 29t ), Dde(t) = 0 (4.11)
1 do 77T rE() -t 2 e ) )

In Sections 6, 7, 8 and 9 the relations (4.9) ,...,(4.12) will be used to calculate the residues of
B(+), ®(-), 21(-),Qa(-) at their various poles. Note that the relations (4.11) and (4.12) on the one
hand and (4.9) and (4.10) on the other hand are dependent of each other.

5. THE EQUATION FOR THE TOP OF THE TREE
In this section we derive a relation for the in absolute value smallest pole of B(-) and of ®y(-).
From (4.4) and (4.5) we have:

for || >1, hi(p~(7),7) =0, hao(r—(7),7) =0

WB(T) + ki(p™ (1), 7)®0(7) = —Q2(p™ (7)), (5.1)
%B(T) + ka(r (1), ) ®o(7) = —Qu(r™ (7). (5.2)
Put
2T k(o) 7)
Dol r(rr) = | " . (5.3)
'I‘(T) —r kZ(T(T)’T)

A simple calculation using (2.3), (2.8) and (5.1) shows that
~(r (1) = ™ (1) = DD (), (), 7) =
T (5.4)
[b —arag(mir= (1) + map™ (7))]7 — a1~ (7) — agp™ (7).

Because p~(7) = 7 # 0, r— (1) — 7 # 0 for |7| > 1 it follows

B _ B B a1r(T) + azp (1)
D(p~(7),r (7),7) =0 7= b= araalrir—(7) + map- (]
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From (2.3) and (3.7) it is seen that
b

a1a2

—mr~ (1) —mp— (1) > 0. (5.6)
LEMMA 5.1.

t. The equation

(1) , ()
r=— as a1
—— — {mr=(r) + map™ (1)}

has in T > 1 a unique root T =T, say, it has multiplicity one,

1 1
1. for — 4+ — >1 1itis given by

ay ao
1 1
T=(—+—)?
(ot
further
1 1
_T:_T = — —.
pT) =1 (T) = o+

PROOF. It is readily seen that the equation is equivalent with
1 r(r),, 1 p‘(T))

1+ —(1 )+ —(1
=12 _T( ) o _z - (5.7)
r(r p (T
1-— — 1
7!'1( p ) 71'2( p )
Because, cf.Lemma 3.1 and (3.16),
0<™ D 1 0« 1 frrs1,
T T
T(T),LRZ_, p(T),LRl_ fort:1— o0,

and because the righthand side ¢f.(5.7) is readily seen to be larger than one for 7 > 1, the first
statement of the lemma follows. It is simply verified that 7+ = T,p~(7) = p=(T), v (r) = r—(T)
satisfy (5.7). It remains to show that, cf.(3.1)ii and Lemma 3.1,

i. po(T)<T, r(T)<T,

(5.8)
. h(p~(T),T)=0, hy(r—(T),T)=0.

1 1
Because — + — > 1, (5.8)i follows. Further by noting that T' = [p~(T')]? it is readily seen that (5.8)ii
ay ag

holds. O

AssUMPTION 5.1. Henceforth it will be assumed that, cf. also Assumption 6.1.
Q2(p™ (T))] < 00, [ (r™(T))] < oo.

REMARK 5.1. Concerning the introduction of the latter Assumption it is noted that Remark 4.2 also
applies here. O

Since 7 = T is a simple zero of the determinant in (5.3) it follows from (5.2), and Assumption 5.1
that
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=T is a simple pole of B(T)and also of ®o(7). (5.9)

In Section 8, Remark 8.2, it will be shown that T is the in absolute value smallest pole of B(-) and
also of ®¢(+).
From (4.6), (5.2) and Assumption 5.1 we obtain:

aT
— e D(T) + k(o7 (1), T)do(T) = 0,
p~(T)-T
T (5.10)
—az —
——b(T)+ k T),T)po(T)=10
T'_(T)—T ( )+ Z(T ( )) )¢0( ) )
note that these relations are linearly dependent.
REMARK 5.2. A simple calculation shows that for 7 > 1 the determinant
aT
p+(7.1) —r ki(pt(7),7)
arr # 0 with hy (p*(7),7) = 0. (5.11)
Y k(p
o (’7’) s 1(p (T)7 T)
Similarly,
—aqt
W;—t ka(rt (t),1)
# 0 with hy(rE(7),7) =0, (5.12)
_ et (r=(t),1)
) —t ’
and by using (5.7)
—a T
m k1(p*(T), T)
T # 0, with hy(pT(T),T) =0, ho(r*(T),T)=0. (5.13)
—a
——" — ky(rT(T),T
T+ (T) _ T 2(/"l ( )’ )
REMARK 5.3. From Lemma 5.1 it is seen that 7' is independent of the value of 71, and that it depends
1 1
only on the sum — + —. O
ay ag

6. POLES AND RESIDUES FOR THE CASE a; # ay
In this section we determine the poles of B(-), ®o(-), 2;(:),7 = 1,2, and derive equations for the residues
at these poles. From these equations it will be seen that these residues can be calculated recursively
and that they all contain the factor ¢o(T).

With

=1, o =pm (=), 1 =1r(x"), (6.1)

and T as defined in Lemma 5.1, we have

(0)

. a1 Ty
i () + ke, 7)o () = 0,
Py —To
L —aer” o) (0) _(0) (0) (62)
. (0) b(TO ) +k2(T0 »To )¢0(7'0 ) =0.
'I"O — 70

With
) =pt(R"), =), (6.3)



16

we obtain from (4.11) and (4.12),

(0) +
. a T, d 2N
i) g (o 1))t (I

(()1) _ éo) do ‘o=7,
6.4)
—go 0 drt (
i. %b(r&o)) + kz(ril), 7’(50))050(7'(50)) +W1(T§1))[ Td (U)] L o =0
7'1 —TO g 770

From (2.8) and (3.4) it is readily verified that the derivative in (6.4)i is finite and nonzero. Further
the determinant formed by the coefficients of b(r, (0)) and (T, (0)) in (6.2)i and (6.4)i is nonzero,

cf.(5.11). Hence from (6.2)i and (6.4)i it is seen that wg(pg )) is nonzero and finite and proportional

to ¢ (Téo)), analogously for w; (r§1)). Consequently

i. pgl) = p"'('réo)) is a simple pole of Qa(+),
1. rgl) = ’I“+(T(§0)) is a simple pole of O, (-), (6.5)

i, wo (pgl)) and w; (ril)) contain ¢o(7, (0 )) as a factor.

FIGURE 6.1
In Figure 6.1 several nodes of the tree generated by 7, (0 — 7 are shown and
oo =t (), Y =t @), ) =), A =), (6.6)
note that
(r( é ), T, ) and (1"01 , Tél)) are zero-tuples of ha(r,t) = 0 induced by (1),
(r=(m (1) ) is not shown in Figure 6.1), (6.7)
(p~( 1( )), (1 )) and (p Eo)’ 1( )) are zero-tuples of hy(p,7) = 0 induced by 7'1(1) , -

(p~ (7'1(1)) is not shown in Figure 6.1).

Next we consider (4.12) for the zero-tuple (1'—(7-(51)), Tél)) of ha(r,t) = 0 and (4.11) for the zero-tuple
(P_(7'1(1)):7'1(1)) of hi(p,7) =0, i.e.

. dr— (o). _ —a 7'( )
me@w[éig)+7ﬁgﬁﬁ”wm(#mﬁmwbm
0 r
(6.8)
. dp~—(o),_ ay P
i wa(pm (N a0 g (o (7)Ao () = 0
do‘ o=T7, p—( 1( )) ( )
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Below we introduce Assumption 6.1 which implies that for the case a; # aa,

() =0, wi(p~(r{V)) = 0. (6.9)
Hence from (4.11) and (6.8)i we have
dp~(o),_ art$V
(o)l ch o ) 4k 5o = 0,
Po- =T (6.10)
b(r$Y) + ko (r= (7§, 7)o (7§ = 0.

Here wz(p((]l)) is given by (6.4)i. The main determinant of the two equations (6.10) with unknowns

b(Tél)),¢0(Tél)) is D(p_(Tél)),’l"_ (Tél)),‘rél)), cf.(5.3). The unique zero of the determinant (5.3) in

T>1lisT=T= Téo), cf.Lemma 5.1, so that it is nonzero, because Tél) > Téo) > 1. The derivative in

(6.10) is also finite and nonzero, hence (6.10) has a nonzero and finite solution b(Tél)), oo (Tél)).
Analogously the equations

dr=(o),_ agr)
DT - ) + 7)) = 0,
' " _(E (6.11)
a
) + k(e (), 7)o () =0,
— (1) (1)
p(m ) =7
has a nonzero and finite solution b(Tl(l)), ((]1)(7'1(1)). Consequently,
i. Tél) and 7'1(1) are simple poles of B(-) and also of ®¢(-),
(6.12)

i1. b(’i’él)),b(’l'l(l)), ®o (Tél)),¢0(7'1(1)) all contain d)o(Tél)) as a factor.

With b(Tél)),qﬁg(Tél)) defined above as the solution of the equations (6.10) and b(Tl(l)),¢0(7'1(1)) as
the solution of the equations (6.11) we obtain from (4.4) and (4.12),

) dpt(o),_ ar{V
i NI+ B b)) 7)o =,

=1 @ _ M
A Poo (710) (6.13)
.. dr™(o),_ —aaT,
it O ) a7 () = 0,
o Tor — 7o
. dpt(a)._ ay
i @) b)) + ka(efy 1 )go(r) = 0,

D
LI (6.14)

. drt(o),_ —a T(l)
i I G + )+, D)) = 0
! ™1 — T

From (6.13) and (6.14) it is seen that:

42,2 and 12

for which the residues follow from (6.13) and (6.14).

,rﬁ) are simple poles of Qy(-) and 24(-), respectively, (6.15)

The relations (6.4) and (6.8) represent the relations for the poles and residues at the zero-level of the
tree, cf. also (6.3), the relations (6.10), (6.11), (6.13) and (6.14) describe the relations for the poles
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and residues at the first level of the tree generated by Téo). To obtain those relations at the nth level

of the tree we introduce, cf.(6.9), the following

AsSUMPTION 6.1. For the case a; # ag let Tén),é € {0,1,...,2™ — 1} be an element of the tree
generated by Téo) =T, see Figure 3.4. Henceforth it will be assumed, cf.Remark 2.1,

1. for 6§ even :

wi(r= (7)) =0 with  hy(r=(r{™),7™) =0,

(6.16)
1. for 6 odd :
walp™(ry") =0 with  h(p™(ry™), ;) = 0. 0
REMARK 6.1. Concerning the introduction of the latter assumption it is noted that remark 4.2 also
applies here. O
Consider Figure 6.2.
FIGURE 6.2
with the symbols defined by
A =), ), o1n
n+1 n n+1 n ’
phs = pt (V) oY =t (),
and
6€{0,...,2" -1}
written as a binary number, cf.(3.14).
Suppose for the present that
for § even : pg") is a simple pole of a(+), ( )
6.18
for 6 odd : 7'((5”) is a simple pole of Q(-).
We consider first the case that
6 is even. (6.19)

For this case we have from (4.11) and (4.12) because assumption 6.1 implies that w; (ré")) =0:
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- (n)
i D ) R, () =0,

& - n n
do o=Tg pg ) ( )
(n)
asT, n n n n
B (n)2 ) (n) b(’ré ))+k2(7l((5 )7 Té ))¢0(T§ )) =0;
Ty —Tg
ap* (o) ) (6.20)
.. n — 1 n n n n
i3. wz(ng-l—l))[T]aiT(n) +Wa(")b( 7} ))+ k1 (pé5+1)a : ))¢0(7'5( )) =0,
¢ Pas T Ts
(n)
“ee n asT, n n n n
si. eI )+ Y A i) =0
Ta541
Next the case
6 isodd (6.21)
then analogously we have because wg (pg")) =0
— (n)
. n dr=(o — — Q2T n n n n
G L ) 4 k6, 1)) =0,
¢ Ts "~ Ts
(n)
=)+ ke ) = 0
o) oo (6.22)
. n T g — aoT, n n n n
1. w( éEIP)[ do ]U;gn) + ﬁ_ﬁ(n)b( 7} ))+k2(’“§51—i)=7'5( ))450(7'5( )) =0

25+1

n dp+ o alT(n) n n n n
112. wz(Pgaﬂ))[%L:ﬂgn) + ﬁb( ( )) + ki (Pgaﬂ), 7'5( ))450(7'5( )) =0
Pas ~ —

The relations (6.20)i are two equations for b(Ta ) q§0( ) for 6 even. Again it is readily verified
that the main determinant is nonzero and that the derlvatlve in (6.20)i is finite and nonzero see below

(6.10). From (4.6) and (6.18) it is seen that ws (pg")) is finite and nonzero. Then (6.17)i has a nonnull
solution b(t (")) ¢o(T, (")) ie., (cf.(4.6),

for 6 even: (6.23)
( ) is a simple pole of B(-) and also of ®¢(-). '

From the solution of (6.20)i it follows from (6.21)ii and iii that, cf.(4.6),

for é even:
pgT—l) and régill) are simple poles of Qa(+) and Q4 (-), respectively, (6.24)

and their residues are calculated from (6.20)ii and (6.20)iii.
Further from (4.6) and (6.18) it follows that

for 6 odd:

Té") is a simple pole of B(:) and ®¢(-),

(n+1) (n+1)

6.25
pas ~ and rys 1’ are simple poles of Q25(-) and 4(-), respectively, ( )

and their residues are calculated from (6.22)ii and (6.22)iii.

It remains to consider the hypothesis, cf.(6.18), that wg(pg")) for é even and w; (rg")) for 6 odd are
both finite and nonzero. By induction it is seen from (6.20) and (6.22) for n = 1,2,..., and (6.10),
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(6.11), (6.13) and (6.14) that these hypotheses are indeed valid. Note that these relations show that
all residues are zero or no one is zero; the latter case is impossible see last but one paragraph of
appendix B.

LEMMA 6.1.For the case ay # ay and with T as defined in Lemma 5.1:

1. every element Té"),n =0,1,2,...;6 € {0,1,...,2™ — 1}, of the tree generated by Téo) =T is a
simple pole of B(-) and also of ®¢(-),

. pg") = p‘(Té")) is for 6 even a simple pole of Qs(+),

111. Tgn) = 7'_(7'5(”)) is for § odd a simple pole of Q1 (+),

iv. the residues b(Té")),gbg (Té")) of B(:) and ®¢(-) are obtained by solving for each Té") two linear
equation, viz.(6.2) forn =0, (6.10) and (6.11) for n = 1, and (6.20) and (6.22) forn =2,3,...;

v. for & even the residues wz(pggH)) and wy (régii)) are determined by (6.8) for n =0, by (6.13)

forn =1, by (6.20)ii, it forn =2,3,...,

vi. for 6 odd the residues wg(pggﬂ)) and wl(ré?ii)) are determined by (6.14) for n = 1, and by

(6.22)ii, i forn =2,3,...,
vii. these residues can be calculated recursively, except for ¢q (Téo)) which is a factor of every residue.

PROOF. The proof follows immediately from the above analysis in this section. O

(

Lemma 6.1 describes the equations for the residues at all nodes of the tree generated by 7'00) =T.
But as we have seen in Section 3 every node 'r&(") with & even induces on hy(r,t) = 0 a ladder, and
analogously for é§ odd a ladder on hi(p,7) = 0, see Figures 3.2 and 3.3. So we have to consider also
the equations (4.9),...,(4.12) for the residues at the points of the down-ladders of such induced ladders,
see below (3.9).

LEMMA 6.2. For the case a; # ag the only poles of B(:), ®o(-), Q1 (r) and Qa2(p) are those described
in Lemma 6.1.

PROOF. Let (7,,pn) be a zero-tuple of hi(p,7) and consider the down-ladder induced by 7, on
ha(r,t) =0, see Figure 3.2.
With

Tnh = En s ’I~‘n = ’I‘_(En), tn—l = t_(fn), Fn—l = ’I‘_(tn_l), ey

it follows from (4.10) that

)= (b o E G DL =
n =t ) (6.26)
[%]b(%—l) + ko (T, t~n—1)¢0(£n—1)[dtd£0)];i;na
and
) = [F2EE) + kel B =
i~ ) (6.27)
—aot;_1 dt (o),

7i — tim1b(tiz1) + kz(Fi,fi_1)¢0(t~,-_1)[ do ‘o=Ti-v’
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fori=mn—1,n—2,...,v, with v the index at which the down-ladder is stopped (cf. below (3.9)) i.e.
the index for which

0<t,<lor0<i, <I;
so that, cf.(4.8),

b(1,) =0, ¢o(1,) =0 or —wi(7,) =0, (6.28)
and, cf. Assumption 6.1,

wi(Fr) = 0. (6.29)

The set of relations (6.27), (6.28) and (6.29) is insufficient to determine the unknown residues
w1 (7;),b(t;) and ¢o(t;). However, assumption 4.1 leads to the conclusion that the only solution of this
set of relations is the zero-solution, i.e.

at all induced down-ladders the residues at the elements of these down-ladders are zero, so that
these elements cannot be poles of B(-), ®o(+), 21(:) and Qa(+).

To see this first note that every element of the tree generated by Téo) = T induces down-ladders
on hi(p,7) = 0 or on hy(r,t) = 0, and elements of down-ladders again induce down-ladders. Since

the tree generated by Téo) consists of an infinite, but countable number of nodes, it follows that the
finite part of hq(p,7) = 0 with p € [p~(1), p7(1)] contains an infinitely countable set of elements (p, 7)
stemming from the induced down-ladders, similarly for hy(r,t) = 0. Hence Assumption 4.1 requires
that the residues at these elements are all zero, because a meromorphic function can have at most a
finite number of poles in a finite domain. It is readily seen (cf.(6.27), (6.28)) from Assumption 6.1
together with the relations (4.9),...,(4.12), that all residues at points of the down-ladders induced by
any point of the tree are indeed zero. Consequently for the various assumptions so far introduced, cf.
Assumptions 4.1, 4.2, 5.1 and 6.1, the only poles of B(-), ®o(-),Q;(-),7 = 1,2, are those mentioned in
Lemma 6.1. O

7. ASYMPTOTIC BEHAVIOUR OF THE RESIDUES, a; # as
For the further analysis of the functions B(:), ®¢(:),Q1(-) and Q2(-), we require the asymptotic be-
haviour for n — oo of the residues of these functions at their poles, see the preceding section.

First we consider the ladder generated by Tc(,o) =T on hy(p,7) =0, i.e. the set of nodes () slm) =

(ny>9;
0,n=0,1,2,..., which is the left-most branch of the tree generated by (T, p~(T)). K
Put cf. Figure 3.2, for n =0,1,2,...,
Tp = T(g"), Téo) =T,
P = p(Ta)s prp1 = p¥(10) = p~ (Tug1), Ba(pn,7a) =0, (7.1)
Tn =77 (pn), Tnt1 =77 (Pnt1), h1(Pnt1, Tns1) = 0.
From (4.9) we obtain
@alpns) + b)) + R (pns, re) @ (D)1, o, (7.2)
a17n dr=(o), 4
wa(prt1) + [mb(m) + ’fl(Pn+1:7'7»)9250(7%)][T]U:Wr1 =0. (7.3)

Elimination of wa(pn41) yields
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a1 Ty, k1(pni1, Tn drt(c
gy Bl 8T @
Pn+1 — Tn+1 Tn+1 do (7 4)
0T k1 (Pnt1,7n) dr=(0), '
b(Tn 20 (T L
i) 2T o
Further with
Frt1 =7 (Tnt1),  h2(Fng1,Tat1) =0,
from (6.15),
—aoTh ko(Tnt1, Tn
—2 " b(rqn) + M7n+1¢0(7'n+1) =0. (7.5)
Tn+1l — Tn41 Tn+1
For n — oo we have, cf.(2.8), (3.16),..., (3.19), since 7, — oo implies p, — oo and 7, — oo:
a1Tn+1 R ai k1 (pn+1,7'n+1) - azﬂz(m _ R_)
pn—l—l - Tn—l—l Rl_ - 1 ’ Tn—l—l v
17y a k1(pny1,Tn) "
— , — agme(a; — Ry, 7.6
Pn+1 — Tn Rii——]- Tn 2 2( ! 1) ( )
a2Tnt1 G2 ko (Frt1, Tnt1) s aymi(as — Ry)
Fnt1 —Tny1 Ry — 17 Ta+1 2n
dr*(o) bTE — 2a,

= n _) - T .
do |0 Prt1 2a1a2T1i—b’

ot _ THP () pH(ma) | BE TV pige
W () Ry Ty

LEMMA 7.1. For the elements (pn,Tn) of the left-most ladder of the tree generated by (T, po(T)),
cf.(7.1), holds:

forn=20,1,2,...,
. . b(Tm-{—n) n
1. 7131_?100 m = )u‘]. I
.. . Tm+n¢0(7'm+n) . ¢0(Tm+1)
1. lim ——————————= =47,  lim ————= = u1 Ay, 7.7
m— oo Tm¢0(Tm) )u‘l 00 ¢0(7—m) /J‘l 1 ( )
e . w2 (pm+n) . ¢0(Tm+n)
1e.  lim ———= = u?, lim ——————— = A7,
mso walpm) M1 Mmoo o (Trm) (1)
with
w. 0< A= R—}i_ <1l, wm= )\I_IR}I_ ﬂ-le_ +7F2R1_ <0,
R R —1mRy +mR;
b(m) _
V. lim ———=-mR,,
n—oo Tn¢0(7-'n.) 1 2
n Ry
vi. lim w2 (pn) S (mRy +mRT) <0;

n—oo Tago(Ta)  (Ry —1)

for the elements (rn,t,) of the right-most ladder of the tree generated by (T,7—(T')) holds: for
n=0,1,2,...,
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i. lim bltm in)

tmtn@o(tmin) 5 $o(tm+1)

-
= K2,

it. lim = uy, im = g Aa, 7.8
Mmoo tm¢0(tm) H2 Mmoo ¢0(tm) H2A2 ( )
v . w1 (Tm+n) . ¢0 (tm+n)
1i.  lim ————= = u?, lim ——————= = A2)",
m— o0 w1 (Tm) NZ m— 00 ¢0(tm) (IJQ 2)
with
. Ry _ R, —1 7!'2R_ + 7T1R+
v, 0< A= =2 <1, =)\122 1 2 <0,
> R H2=2% o 1L R, MR,
b(tn) _
V. lim ———— =-mR,,
n—oo  tndo(tn) o
n Ry
vi. T L ) I 1 (maRy +mRy) < 0.

n—oo  Tado(Ta)  R; —1

PROOF. From (7.5) and (7.6) it follows that the following limit exists and is given by, cf.(3.20),

. b(Tn+1) ai — _ _
Jim o (tin) a_zﬂ-l(Rz 1)(a2 — Ry) = —mR;,
so that (7.7)v has been proved.

From (7.4), (7.6) and (7.7)v it is seen that the first limit in (7.7)ii exists for n = 1 and from this
result the relation for the second limit in (7.7)ii follows by using the definition of A;, ¢f.(7.7)iv, and the
last relation of (7.6). The second relation in (7.7)iii follows immediately from the first one in (7.7)ii.

Next we let n — oo in (7.4). We then obtain by using (3.16), (3.18), (7.1) and (7.7)v,

a _ — —
[R_ 1_ 1(_7"1R2 ) +azma(ay — Ry Ry i =
1
a -
R+71—1(_7F1R2 ) +asmy (a1 — RY)RY .
1

By using (3.20) the second relation in (7.7)iv is readily obtained, since 0 < Ry < 1,Rf > 1. The
lefthand inequality of the first relation of (7.7)iv follows from Rf > Ry > 0.
From (7.7)ii, v, and from

— Iim b(Tnt1) b(m) Tn®o(Tn)
n— oo b(Tn) Tn¢0(7—n) Tn+1¢0(7-n+1)

_1 . b(Tag1)
p1 n—oo b(Tn) ’

—7T1R2_

the relation (7.7)i readily follows.
From (7.2) we obtain for n — oo,

lim w2 (Pn+1) _CL1
n—o0 Tn+1¢0(7-n+1) R]_ - ]-

(—7T1R2_) =+ 0,271'2((11 — Rl_)Rl_ = 0,

so by using (3.20) we obtain (7.7)vi. From
wa(pnt1) _ walpnt1) walpn)  Tno(7n)
Tn+190(Tnt1)  w2(pn) Tndo(Tn) Tat10(Tnt1)

it follows, because the first and third quotient have the same limit, cf.(7.7), whereas that of the last
quotient is equal to pi , that
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and so the first relation in (7.7)iii follows. Hence (7.7) has been proved, and (7.8) follows from the
symmetry. O

The lemma above describes only the asymptotic behaviour of the various residues at those nodes
of the tree generated by (T, p~(T')) which belong to the left- or right-most branch of that tree, i.e. at
the nodes

7™ and Tén) with §=2"—1.
To consider the asymptotics for n — oo of the residues at a generic point
7™ s e {0,1,...,2m " — 1},
we write
6= en2"+d,,
em € {0,...,2™ -1}, d,€{0,1,...,2" —1}.
( (m)

Hence 'r&m+"),n =0,1,2,..., is the tree generated by 7e,,’, it is a subtree of that generated by T'.
Now write d,, as a binary number and in this binary representation denote by

(7.9)

dgn) the number of zeros ,
(7.10)
dé") the number of ones ,
d™ +d{™ = n. (7.11)
It readily follows from (7.6), (7.9) and (7.10) that for every finite n: for m — oo,
T§m+") Fo) o) d(
TR {TF RIS (T RE Y = A7 4 A > 1. (7.12)
Tem
LEMMA 7.2. Let T(m+n) =0,1,2,...;n=0,1,2,..., be a generic element of the tree generated by
(T, p~(T)) then: forn:O,l,Z,...,
Oy b(r (m+")) FONFS
. lim ——— =yt py?
m— oo b(Té:)) 1 2
(m+n) (m+m) (n)  4(m)
i. lim il (T(m) ) (7.13)
e g (rl)
. wi(py (mtn) ) dmoam
i, tim = (m+n)) =uit pyt, i=12,

with em,dn,d(ln ,dgn) for given § € {0,1,...,2mt" — 1} as defined in (7.9) and (7.10), and, cf.(6.17),

pgm'i'") :p‘(r§m+")) for 6 even,

=r=(r{™™) |, 6odd.

ProOF. For § = e,,,2" + d consider the tree generated by Tém) which is a subtree of the tree generated

by T( )T, Apply for this subtree Lemma 7.1 with n = 1. Next apply again this lemma with n =1
for the elements
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7™ With § = 26 +dy , dy € {0,1}; (7.14)

then (7.13)i for n = 1 follows from (7.7)i and (7.8)i. Apply Lemma 7.1 again with n = 1 for the
subtree gnerated by T§m+1) as given in (7.14), then (7.13)i follows for

Ta(m+2) with § = 226m +d2 s d2 € {0,1, 273}

Repeating this procedure leads to (7.13)i. The statements (7.13)ii and iii are similarly proved. O

8. THE SOLUTION FOR THE CASE a1 # a
We introduce the following meromorphic functions.

For 7'5("),6 € (0,1,2,...,2" —1),n = 0,1,2..., a node of the nth level of the tree generated by
Téo) =T, cf. Section 3, and with

) =pm(1") s (e (), 7") =0, §even,

(8.1)
i =), ke (), 1Y) =0, §odd,
put for nonnegative integers my, mg, ma, my:
3 & b T m,
i B)= Y — o )™
n=0 6€B, T T6 7—6
= S
.. — - \mg
. Po(7): z_% P T—Tén)(Tg(n)) )
= 2 o p (8.2)
.o& __ 26 m
iti. Qa(p) := Z (n)( (")) K

6eB, P~ Ps 6

B
Il
-

Z wi?) (L)THI
NORNED

seB, T~ Ts

.pa
=

Il
K

0.

3
Il
-

with, cf.(3.14),

B, ={0,1,2,...,2" — 1}, (8.3)
and where, cf.(4.6),

b = b(ri™), 64" = go(rfV), Wi = wa(pf™), W) = wn (V). (8:4)

First we have to determine the values of m_ for which the righthand sides of (8.2) are well-defined
meromorphic functions, cf.[14].

Consider first the function in (8.2)i. From (7.12) it is readily seen that B(7) as defined in (8.2)i has
only a finite number of poles in any finite interval. From Lemma 7.2 and (7.12) we have with

§ = ex2™ +dy, d™,d\™, as defined in (7.10),
for k — oo,
k4n k a™ a{m
byt b, s

— [ AL ymALyd” 8.5
[T§k+n)]m+1 [Téf)]mﬂ_) [)‘l—dﬁn))‘;dgn)]mﬂ (11 1 ] (112 2 ] (8.5)

Because 0 < A\; < 1,0 =1,2, and d§") + d(zn) = n, we have

d(n)> [ AT [ ATt % = [ AT + e AT
d{M=0

1
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Obviously, a unique, finite nonnegative number M may be and is defined by

7. |N1>\{W+1 +M2)\é\4+1| <1< |N1)\i\~4 +/.L2)\£7[| if |p,1)\1 +u2>\2| > 1, (8 6)
1. MIOIf |ll,1)\1 +/Lg}\2| <1,

note that p; and pe are both negative, cf.(7.7)iv, (7.8)iv.

Hence for my > M it is seen that the righthand side of (8.2)i converges absolutely for every 7 with
|7| < R, for every finite R, whenever terms with poles 7'5") |7'5(")| < R, are deleted from this sum.
Consequently, the sum in the righthand side of (8.2)i is a well-defined meromorphic function for my >
M. The same conclusion is reached for the sums in (8.2)iii and (8.2)iv, i.e. mg > M,m; > M. Next
consider (8.2)ii. A calculation analogous to that in (8.5) yields by using (7.7)ii that the meromorphic
function in (8.2)ii is well-defined for my > max(0, M —1).

1 1 ~ = ~
LemMA 8.1. For ay # as,— + — > 1, the functions B(-),®o(-),Q:,¢ = 1,2, are well-defined
ap az

meromorphic functions for
my > M,mo > M,mq > M, my > max(0, M — 1),
with M as defined in (8.6);

_ - 1 1 ~
B(7) and ®¢(7) are both regular for || < T = (— + —)%, Qa(p) is regular for |p| < p* (7, (0))

aj ag
1 1 a1 1 ~ 1 1 as , 1 1
ar(— + =) + (= + =), and N (r) for 1| <as(— + =)+ 2(= + —).
ay as as aj as ay as ai az az

PROOF. The first statement has been proved above, the other statements follow from Lemma 6.2 and
O =r>1,/M>T
0 - s lg )
1 1 1 1 ~
( ) > pT (T, (0)) =a(—+—)>+ L (—+—), 6§ €B,, n=1,2,..., and analogously for Q;(r).O
ay a2 as a az

~

Next we introduce four polynomials, viz. B(-),@O(-),fli(-), with degrees Nb,N¢,Ni,i = 1,2, and
put

B(r) = B(r) + B(r) with B(r) =Y Byr,

@ (T) = &)0(7—) + é0 (7-) ] é0 (7-) = Z (i>007-k7

(8.7)
Da(p) = Qap) + Qalp) ;. Qalp) =) Qoo
Q(r) = U(r) + M(r) o () = ZQwTk,

and B(-), ®o(-),Qs(-),i = 1,2, given by (8.2), cf. also Lemma 8.1. It will be shown that these polyno-
mials may be determined in such a way that the functions in the lefthand sides of (8.7) satisfy the
conditions (2.10).

LeEMMA 8.2. The functions B(-), ®o(-), %(:),2 = 1,2, as given by (8.7), satisfy the condition (2.10)i.

PROOF. The statement of the lemma follows immediately from Lemma 8.2, note that T' > 1, pT(T) > 1
and r*(T) > 1, cf.Lemmas 3.1 and 5.1. O
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For the functions B(+), ®o(-), 2(:),7 = 1,2 as described in (8.7) denote by:

Ff(r)  the lefthand side of (4.4),

N (8.8)
F(r) the lefthand side of (4.5).

From (8.2), (8.7) and (8.8) we then have (note wég) =0)

N a7 - 1 o
F5- (1) = Qa(p*(r) + ——B(1) + 2k (% (1), 7)o (7)
(n) +
o 1 (n) T—Ts p*(7) () T T
+ e [w { by {5 1T 8.9
D=0 DseB, . Tén) 26 o= (7) — pgn) pgn) 8 pE(r)—71 7_6(71) (8.9)

Wk (1), T) , T i
+T¢5 - {Ta(n)} 4],

note that the sum of the three terms inside the square brackets is zero for 7 = 7'5(”), cf. (4.11). For
T — oo it follows from (2.8), (3.16), (8.7) and (8.9) since FiF(7) is regular for |7| > 1, that

FE(r) = Q2 (p*(r)) P e @ B(r) s,

e T RY =1
' (8.10)
) ) i -
asma(a — Rli)—o(,T) N+l L 3572 1 O(7™271), 1 — o0,
[r] e
with s a nonzero constant and
m; = max(m; —1,my — 1,my), i =1,2. (8.11)
Put
fii == max(N;, Ny, Ny + 1, mg — 1,mp — 1,myg), i = 1,2, (8.12)
with Ny + 1 deleted if ®(-) = 0.
From (8.9), (8.10) and (8.12) it is readily verified that
|FE(T)| ~ Ag|7|P2 for |7| — 0. (8.13)
Because 7% are the only branch points of p*(7) and p~(7) it follows from (4.4) and Lemma 6.1 that

F5f (1) + Fy5 (7) is regular for all 7. Consequently, Liouville’s theorem implies that Fy (1) + F; () is a
polynomial of degree fiz. Such a polynomial contains jio+1 coefficients. Because Fyt (1)+ F; (1) should
be zero for all 7, cf.(4.4), and (8.8), we thus obtain conditions for the coefficients of the polynomials
B(-),®0(-), (), = 1,2, since analogous conclusions hold for F¥(t).

Note that next to these conditions we have the two conditions which stem from the definitions
(2.1), see also (2.10). Further is should be mentioned that the set of Kolmogorov equations which are
equivalent with the conditions (2.10) contains one dependent equation. So in total the coefficients of
the polynomials have to satisfy fi; + 1+ fio + 14+ 2 —1 = fi; + fiz + 3 conditions. Consequently, we
have, cf.(8.7) and Lemma 8.1,

i. mp > M,my > M,mq > M, myg > max(0, M —1),
ii. Ny>0, Np >0, Ny >0, Ny >0,
) . ) . (8.14)
iii. |Bo| >0, Q90| > 0, [10| > 0, |®go| > 0,

tv. fi1 + fla +3 conditions have to be satisfied.
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The determination of the polynomials in (8.7) for given mb,mi,m¢,Nb,Ni,N¢,i = 1,2, proceeds
in principle as follows. From (8.12) fi;,7 = 1,2, is determined, so that we need fis + 1 relations to
guarantee that F; (1) = 0, and analogously fi; + 1 relations in order that Fjt(t) = 0. These relations
are obtained by chosing fia + 1 zero-tuples (p*(7;),7;),7 = 1,...,fi2 + 1, of hy(p,7) = 0. Insertion
of these zero-tuples in (4.4) leads to fiz + 1 inhomogeneous linear equations for the coefficients of the
polynomials in (8.7). Analogously fi; + 1 zero-tuples (r(t;),t;) of ha(r,t) are chosen and substituted
in (4.5). From the structure of the relations (4.4) and (4.5) it is seen that the 7; and t; may always
be chosen in such a way that the resulting set of linear equations together with Q;(0) = ®((0), cf.
(2.10), is sufficient and hence leads to a solution. Once the polynomials in (8.7) have been determined
the lefthand sides in (8.7) are known. From the analysis given so far it then follows that the functions
given by (8.7) satisfy (2.9) for all |7| > 0.

Obviously, we have quite some freedom in chosing the exponents in (8.2) and the degrees of the
polynomials in (8.7). This freedom is not so surprising because in general a meromorphic function
has not a unique decomposition, cf.[14], p.304, see also Remark 8.1.

The available freedom will be used to choose the numbers in (8.14)i and ii as small as possible, with
M being defined in (8.6). Before discussing this point we first consider several zero-tuples which are
most appropriate for the determination of the polynomials in (8.7).

Denote by (p,7) and (#,%) a zero-tuple of hi(p,7) = 0 and hy(r,t) = 0, respectively.

For

1 - 1
(ﬁ: 7:) = (07 __) and (’Fat) = (07 __)7 (815)
as a1
it follows from (2.9) that
. 1 1
1. QQ(O) —alB(——)—(1+a27r2)<I>0(——) ZO,
az az
. X (8.16)
1. 91(0)4—@23(——)—(1+a271'1)q)0(——) 207
ai a1
note that 7 = 1 > Téo) =Tand 7= 1 > Téo) =T, so that 7 = _1 and 7 = _1 are not poles
as ap az ai
of B(-) and of ®y(-), c¢f. Lemmas 6.1 and 6.2. From the definitions (2.1) we have
2;(0) = ®(0), 1,2. (8.17)
Hence from (8.16),
. 1 1
1. alB(——) + (]. + a17r2)<1>0(——) — @0(0) =0,
as as
) . (8.18)
1. —(LQB(——) + (]. + a27r1)<1>0(——) — @0(0) =0.
ai ay
Comparison of the relations (8.18) with (2.1)iv shows that
1
E{r¥i(x; =x3+ 1)} is finite for r = ——,
a
11 (8.19)
E{r*2(xy = x; + 1)} is finite for r = ——.
az
For
(p,7) = (0,0) and (#,%) = (0,0), (8.20)

we have
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dr dt
e _n = O e _n = 0
dp/f;g ) dr /r_O )

t=0

and so from (2.9),

t. Q2(0) + a1 B(0) — ®4(0) =0,
2(0) + a1 B(0) — ®0(0) (8.21)
Hence, from (8.17) and (8.21)i or (8.21)ii:
B(0) =0, (8.22)
obviously, here the dependency of the set of Kolmogorov equations is manifested.
For
. 1 . 1
(p,7) =(1,—) and (#t) =(1,—), (8.23)
ay as
we have from (2.9),
. a 1 1
i Q)+ —=B(—)~2(—-) =0, a#l,
a; — 1 a a
) ) (8.24)
.. az
1. Ql(l)— az—lB a—z)—Qg(a—z)—o, G,z;é]..
For
(5,7) = (1,1) and (#,1) = (1,1), (8.25)
we have from (2.9),
B
Qz(l) + a1 lim ﬂ + [—]. + a27r2(a1 - ].)](I)O(].) = 0,
p—T=1p—T
B (8.26)
t
Ql(l) — a hgril T—E)t + [—1 + alﬂ'l(az - 1)]@0(1) =0.
Hence, since Q;(1) is finite,
B(1) =0. (8.27)
From (3.7) we have
dp _ —az dr _ —asg
dt _alaz—{—al—az’ dt _a1a2+a1—a2'
Hence from (8.26),
d
Qz(l) — (0,1(12 +a; — az)d—B(T) |‘r:1 +[—1 + 0,271'2(0,1 - 1)]@0(1) = 0,
T
q (8.28)
Ql(l) + (a1a2 + a1 — GQ)EB(T) |T:1 +[—1 + a17r1(a2 — 1)]@0(1) =0.
Next we consider the zero-tuples, cf.(3.4),
(8,7) = (p(r*),7%) and (7,4) = (r(t*),t). (8.29)

From (3.4) it is seen that p(71) is a zero with multiplicity two of hy(p,71). Consequently, it follows
from (4.4) that p(71) should be a zero of multiplicity two of (4.4) with 7 = 7, since 7 = 71 is not a
pole of B(1) and ®,(7), and p = p(r1) is not a pole of 3(p). Hence from (2.9)i:
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al'r‘"

i [92(P) + p— T+ B(T+) + kl(pa T+)¢0(T+)]P=P(T+) =0,

d d a;rt d
Lo d 4 Tt +) 4 + —
7. [dpﬂz(p) + B(T )dpp e + QO(T )dpkl(paT )]P:P(T+) 07 (8 30)
t+
iti. [Q(r) — T“it B(t*) + ka(r, t1)®0 (t1)] =ity =0,
. d d 02t+ d
. [ 0(r) = B 5 + So(t) ko (rtD)lrmrr) =05

note that p(v+) — 7t £ 0.

Next note that (2.4)i for ro = 0,71 # 0, leads to (8.17) and so the zero tuple (p,7) = (p(77),77) =
(0,0) needs no further attention.
Finally we consider the zero-tuples, cf.(3 ( 4

)s
(6:7) = (p*,7(pF)) and (7,1) = (r, ¢(r¥)). (8.31)
)i

For p = p™ it is seen from (3.4) that 7 = T(p is a zero of multiplicity two of h1(p*,7), also 7 = 7(p™)
is a zero of multiplicity two of hy(p~, 7). As before we obtain from (2.9):

for pt #1,
) a7
i [Q(pt) + p = “B(r) + kr (p, 7)o (7)) rr(pt) = O
d, a7 d (8.32)
.. 1 + —
. [E{pi B(T)} + E{kl(p 57—)¢0}]T:T(pi) =0,
and for 7+ # 1,
. ast
i 106%) — 2B + b, B0 (Bicer) =0,
(8.33)
.. d —agt d +
1. 7L S tB(t)} + &{kz(T 1) ®o(t) Hize(rty =05
note that, cf.(3.4),
pt=1loa =1landrt =16 ay=1. (8.34)

The case a1 = 1 has to excluded in (8.24)i and (8.30)i, similarly as = 1 in (8.24)ii and (8.30)ii. If
a1 = 1 then the second terms in (8.24)i and (8.30)i have to replaced by their limits for a; — 1.

We proceed with the determination of the polynomials in (8.8). With regard to the available freedom
mentioned above we shall try to choose the degrees of the polynomials in (8.7) as small as possible.
First we consider the case

M=1. (8.35)
Take for the present case

my—1l=myg—1=my—1=my=Ny=Ny=Ny =Ng=0,By=0,89 =0. (8.36)
This choice is consistent with (8.14), and it follows from (8.2) and (8.12) that

w0 ()
i. B(0)=05(00=21(0)=0, ®=-) > ¢<n)’

o sem. T (8.37)

~
>
=
oy
Il
=
)
Il
o
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From (8.37)ii it is seen that we need three coefficients. From (8.8), (8.17), (8.22) and (8.37) we obtain
() = Qug = B0(0),i =1,2; (8.38)

and so the three nonzero coefficients of the polynomials in (8.8) have been determined. The results

so far obtained lead to the following

THEOREM 8.1. For i + i > 1,a1 # ag, M =1, ¢f.(8.6), the functions B(-), ®o(-),(-),i = 1,2,

which satisfy the condztwns (2 10) are given by, cf.(8.2),

B 1 11

i B(T) = Z Z (n) (")7 |T| <T-= (a_ + _)27

n=0 6cB, T — 75 1 a2
(")
. Z Y —— 7| < T,
n=0 6eB, T 7—5 (8 39)
211. Qz(p) = — z Z + Z Z 26(,”) (n) ’ |p| < p+(T)a
n=0 §€B, n=1 6§€B, P~ Ps

o

(n) )
. M) =-32, Em3¢' +3 % wﬂm @,|ﬂ<r()

6 n=1 6eB, T

these functions have meromorphic continuations in the whole complez plane, which are given by (8.39).
The residues bg"),qﬁg"),wg;),i, 1,2, can be calculated recursively, see Lemma 6.2, they all contain the
factor ¢q (Téo)), which is uniquely determined by

Lo+ tam=2+ g (8.40)

ai az ai as

1 1
The generating functions E{rX1(x; = x + 1)}, B{rX*(x2 = x1 + 1)}, |r| < (— + —)? are determined
ar a2

by (2.1)iv, (8.39)i4, and E{ri'ry*(xs > x1)}, B{rF'r3>(x1 > x2)} are obtained from (2.4) and
(8.89).

The queue length process {x1(t),xa(t),t > 0} is positive recurrent if and only if i + al_2 > 1.
ProoF. From (8.35), ..., (8.38) and the analysis given above it follows that the functions in (8.39)
satisfy (4.4) for all |7| > 0 and (4.5) for all |t| > 0. So by using Lemma 8.2 they satisfy the conditions
(2.10)i and (2.9) of (2.10)ii. The determination of E{r*1(x; = x2+1)} follows from (2.1)iv and (8.39).
It is further seen, cf.(8.19), that the radius of convergence of the latter generating function is larger than
one, analogously for E{r¥2(xy = X1 +1)}. From (2.4) and (8.39) the bivariate generating functions
E{v"1 32 (X9 > x1)} and E{r{'r3*(x; > Xo)} are obtained. It is readily seen that the domain of
convergence of these bivariate generating functions contains the product unit disks |r1| < 1, |re| < 1,
as a true subset. Hence the coefficients in the series expansions of the bivariate generating function
E{r1 r2 21 is an absolutely convergent solution of the Kolmogorov equations. Hence Foster’s criterion,
cf.Remark 2.2, implies that the queue length process {x;(t), x2(t), t > 0} is positive recurrent for
al + % > 1; (2.6) shows that this condition is also necessary. Because all generating function contain
¢o(T') as a linear factor, cf.Lemma 6.1, it follows from (8.40), cf.(2.1) and (2.5), and so it is uniquely
defined. For the uniqueness of the solution constructed for the conditions of the theorem see Remark
2.2. O

Next we consider the case

~ 1 1
M=2, — 4+ — >]., a17éa2. (841)
ay as
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Take

mb—1:m2—1=m1—1=m¢=1,

) o (8.42)
Ny =1, N, =Ny =N, =0.
This choice is again consistent with (8.14) and it follows that
i = fiz = 1. (8.43)

Hence we need four coefficients. We have Nb =1 and further <i>00 should be nonzero since <i>0(0) =0,
and ®¢(0) should be positive for a positive recurrent queue length process, cf.(2.1)i. Note B(0) = 0 for
mp = 1, so that By(0) = 0, cf.(8.17). From the two equations (8. 18), B; and ®y can be determined,
their main determinant is nonzero. Then from (8.17) we obtain Q,g, 1 = 1,2. The explicit equations
for By and ®go read, cf.(8.18),

ap A 2 ~ 1 ~ 1
—— By + a1my®oo = —a1B(——) — (1 + a1m)®o(——),
as as a2
) . (8.44)
as - ~ ~ ~
+=2B1 + agm &0 = azB(——) — (1 + agm1)®o(——).
a1 a1 al
Hence with B; and @00 determined by (8.44) we have for the present case (8.41):
T,
n=0 6eB,
¢(") r
=dgo + Z Z <
T —
"0 ocB, 7" (8.45)
wza 2
(p) = oo + Y- Z (n)[ <n)]
n=1 6B,
(ﬂ)
_Wis T e
Q1 ( ‘1’00+Z Z —r(n) ]
n=1 6€B, §

Note that (8.27) implies:

b{™ 1
Z Z (n) (n)) (8.46)

n=0 5€Bn

For the conditions (8.41) and with (8. 39) replaced by (8.45) in Theorem 8.1 we obtain the relevant
theorem for the case M = 2,a; # as, o+ 2, > 1. Tt is fully analogous and its explicit formulation
is, therefore, omitted.

The determination of the polynomials in (8.7) for M > 3, i + (11—2 > 1, a; # ag, proceeds along
the same lines as for the cases M = 1,2. The relations (8.17), (8.18), (8.22), (8.24), (8.27), (8.28),
(8.30), (8.32) and (8.34) yield in general twenty-two equations, except for a; =1 or ap = 1, ¢f.(8.24),
(8.28) and (8.34), so their number suffices for rather large M, the more so since cases with M > 3
seem hardly to occur in the applications.

REMARK 8.1. The degrees of the polynomials and the exponents of the meromorphic functions have
been introduced in (8.7) and (8.2). They have to be determined in such a way that (8.14) is satisfied
and Fjt(7) + F7 (1), i = 1,2, are zero at fi; + 1 points. In this determination it is no objection to
replace my by my+hy, mg by mg+hg, ma by mo+hy and my by mqy+hq, with hy, hg, ha, hq, positive
integers (and M defined by (8.6)). Such a change when compared with the case that hy, hg, ha, hy are
all zero actually amounts to substraction of a polynomial from the meromorphic function and addition
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of that polynomial to the “A” polynomial. In fact this also occurs by noting that the solution given
by (8.44) also holds for the case M = 1. |

REMARK 8.2. From (8.2) and (8.7) it is readily seen that T' = 7_0(0) = (i + ;—2)2 > 1 is the smallest
pole of ®y(-) and also of B(:). Hence T determines the asymptotic behaviour of Pr{x; = x2 = n} for
n — 00, i.e.

#0(T)
Tn+1

Pr{x; =x9 =n} ~ — for n — oo.

Similarly it is seen that

1 1 a1 1
po) =t ) = a4 ) )

a as ag aj as ’
) 0 11 a, 1 1
r((] ) = 7‘+(T(§ )) = az(a + a—2)3 + a—l(a + a—z),

are the smallest poles of Qs(-) and Q4 (-), respectively, and so they determine the leading term in the
asymptotic behaviour of Pr{xs = n, x; = 0} and Pr{x; = n, x2 = 0} for n — oo. O

REMARK 8.4. Numerical calculations indicate that always |Ajpu1 + Agpa| > 1. For quite a few cases
this has been proved in Appendix C. However, a complete proof of M > 1 has not been obtained;
actually, this is not very important, because if it can happen indeed that M = 0, then theorem 8.1
also implies. Note that then may be written

b(") & b(”
n=0 6€B, n=0 6€B, n=0 6€B,

since for M = 0 the first sum in the righthand side converges absolutely and the second sum is a
well-defined meromorphic function, analogously for the similar sums in (8.39). O

9. THE SOLUTION FOR THE CASE a; = ag < 2, 71 # Tg
In the preceeding section the solution has been described for the case a; # as. In this section we
derive the solution for the case

a:=a; =ay<2,m #m, 0<m =1—m9 <1. (9.1)
Again T is defined as in section 5, so cf.Lemma 5.1:

T= 4 p(M)=r(T)=2, (92

a
note that (9.1) implies hy(p,7) = ha(p, T), so
rE(r) = p=(r),  T5(p) = t¥(p). (9-3)
Again Assumption 5.1 is here introduced, and as in (5.9) it follows that
7 =T is a simple pole of B(1) and also of ®o(T). (9.4)
It follows, cf. the derivations of (5.10), that

aT
p~(T)-T
—aT
p~(T)-T

b(T) + k1 (p™ (T), T)$o(T) =

b(T) + ko (p™ (T), T)$o(T) = 0
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and that the two relations in (9.5) are linearly dependent because (9.2) implies that the main deter-
minant of the system (9.5) is equal to zero.

From (9.1) and (9.3) it is seen that the zero-tuple of the ladder (3.8) generated by the zero-tuple T
on hi(p,7) induces on ha(r,t) = 0 ladders which are all congruent with the ladder, cf.fig. 3.2,

(plla Tl/): sy (pn—l,Tn—l); (p’naTﬂ)J (p’n+1a Tﬂ+1)a EERN
(9.6)
To ‘= T: pPo = p_(T)a
witn v as defined below (3.9), and p,,, 7, recursively defined as in (3.9).
Consider for the present case the relations (6.2) and (6.4), i.e.

dpt ()] —0
do T ’

al
p—T
aT
po—T
As in section 6, cf.(6.5), it follows that

Mﬂ+MmJM@wam[

b(T) + ka(po, T)po(T) = 0.

p1 18 a simple pole of Q;(p), 0 < |wi(p1)| < o0, i =1,2. (9.8)
Next consider for the present case the relations (4.9)i and (4.10)i,

dT;‘ ;a)] !

aTy

P1L—T1

=0,

7 (9.9)

—ar m@)”
p1 — j’l b(11) + k2(p1,71)do(T1)] [d di )]"_”1 -

wapr) + M@+Mmmmmﬂ

wi(p1) + [

Via (9.7) wa(p1) can be expressed uniquely as a linear function of ¢o(7'), note that the determinant
formed by the coefficients of b(T") and ¢q(T') is nonzero, cf.(5.13), (9.5), and that po = p~(T'). Anal-
ogously wi(p1) is determined. It is now readily seen that the system (9.9) for the unknowns b(7)
and ¢o(71) has a solution b(m1) # 0, ¢o(71) # 0, since its main determinant is nonzero, cf.(5.13) for
a1 = ag, m # m. Consequently:

71 s a simple pole of B(T)and also of ®o(T). (9.10)
Next we consider the relations (4.11) and (4.12) for the present case, i.e.
dpt(0)]7" ar;
wa(p2) P(T()] + p _lle(ﬁ)+k1(P2,T1)¢0(7'1) =0,
Lt e (9.11)
o —aT
w1(p2) pd; )L_TI + r_;b(ﬁ) + k2(p2, 71)o(71) = 0.

Hence, since b(71) and ¢o(71) are determined by (9.9), it follows readily that wa(p2) and w;(ps) are
both finite and nonzero. Consequenly,

p2 is a simple pole of Q;(p), i =1,2. (9.12)
By repeating the argumentation above it is readily verified that the following lemma holds; its detailed
proof is therefore omitted.
LEMMA 9.1. For the case a1 = ag, m % wo with 19 =T':
i. Tn, n=0,1,2,..., are simple poles of B(t)and also of ®o(7);
1. pn, n=1,2,... are simple poles of U;(p), 1=1,2;

1it. the residues b(7,), ¢o(Tn), wi(pn), ¢ = 1,2, are recursively determined by
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aT
po—T
and forn=1,2,..., by

b(T) + k1(po, T)¢o(T) = 0, (9.13)

-1
. ATp— dr (o
ionlpn) + L) (o] [T =0
Prn — Tn—1 do |,_,,
B —aT,_ dr—(o)17t
it (o) + ) + (o)) [T =0,
n — Tn—1 o=
dt (o)1 Pr (9.14)
. 1
iti. wa(pn) + [pnai . b(tn) + Ekl (Pr> Tn) T o (Tn)] Tdo(a)] . =0,
—ar, 1 dr+ -1
iv. wi(pn) + [pn T—Tn b(7n) + Ekz(ﬂn,m)mﬁo (70)] Td(fg)] . =0.
Next we consider the asymptotic behaviour of b(7,), ¢o(7,) and w;(pn), 1 = 1,2, for n — oo.
LEMMA 9.2. For the case a; = as = a, m # wy with 7o = T':
b n n . i\Pn .
1 := lim (Tnt1) = lim M = lim M ,i=1,2,
n—oo b('rn) n—o0 ¢0(Tn) n—oo wi(pn)
. (9.15)
R-—1Rt R -1
VER iR ) mro1 0
with, since a; = as,
-
Ry =Ry =R, Rf =R} =R™, A:)q:)\zzﬁ. (9.16)

PRrROOF. Add (9.14)i and ii and also (9.14)iii and iv. Next eliminate from the resulting expressions
wa(pn) + wi(pn), this leads to

drt(o)]™"
(9 ) + ol () | 2] =
. o (9.17)
[k1(pn, Tn=1) + k2(pn, Tn=1]P0(Tn-1) [ Tdcfo)]a_pn .
By using (3.16), (3.17), (3.18) and (3.20) it follows for n — oo that
—12 +12
%Tn(ﬁo(Tn) - %Tn—lqﬁO(Tn—l) -0 (918)

so that by using, cf. (7.6), Tnt1/7n — A™1 = RY /R, it is seen that
¢0 (Tn) Rt1- R~
N

il 0.
o(ra1y  R-1-R¥ °

Substraction of (9.14)i and ii, and also (9.14)iii and iv yields after elimination of wa(pn) — w1(pn),

Sar., [dr+(a)]: br)+ 2a7n_1 [dr_(a)]: b(Tn_1) =

Pn — Tn do . Pn — Tn—1 do .
1 drt(o)] 7t
Fhlonm) +halpn mlratn() | TP

1 dr—(o)17"
ok (pnsae) + Kol Tt 10(ra1) [Td—o_“')] .
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Again by using (3.16), (3.17), (3.18) and (3.20) it follows for n — oo:

2aR~ 2aR* [R]2

B [R+]2
R _ lb(Tn) + ﬁb(Tn—l) = —a(m — Wl){l ~R-

1-R*

7—11(750 (Tn) -

Tn—100(Tn-1)} — 0.

Hence
b(7) . R_+ 1- R~
b(Tn—l) R-1—- R+’

From (9.14)i with n replaced by m + n, it follows for m sufficiently large again by using (3.17), (3.18),
(3.20) and the asymptotic relations for b(7,,) and ¢o(7,) obtained above that for n = 1,2,.. .,

B aR™ (b(r) Rt*R -1
R-—1VV™ |RCRF _1
from which it follows that
wp(pnt1) _ RY1- R~
wa(pn) R—1—-R*’

w2(pm+n) =

" ) R*1-R 1"
] + ame R™ 7o (Tm) [Fﬁ] b

Hence (9.15) has been proved. O

As in (8.2) we introduce for the present case the meromorphic functions

T =T Ta

By(r) = Y0 P (T (9.19)
ne0 n Tn

& = wi(pn) , P

0:(r) = Ly,
T; P—Pn Pn

with forn =1,2,..

el

70 =T, Pn+1 = p+(7—n); Tn = rt (pn); (920)

and
meM, md)ZM; m’LZM’Zzl727

here M is uniquely defined as the nonnegative integer such that (note 0 < A < 1).

i. M=0 for [¢A] < 1,
) ) (9.21)
i, [pAMTH < 1 < |pAM| otherwise.

By using (7.6) and Lemma 9.1 it is readily seen, since for k large,

b(Tn+k) b(7k) ) \mt1yn
et "

[Tn—l—k

that for o > M the function B(7) is a well-defined meromorphic function which is regular in |7| < 1.
Similarly for the other functions defined in (9.19).
Because, cf.(9.15),

R~ -1

M =gy
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and since it is readily verified by using (2.3) and (3.16) that |[A¢| < 1 we take from now on in (9.19),

m =M =0. (9.22)

THEOREM 9.1. For ay = as = a < 2, m # we # 1, the functions B(:), ®o(-), Q(-), 1,2, which
satisfy the conditions (2.10) are given by

i. B(s) = —B(0) + B(s),
ii. ®o(s) = B(s), (9.23)
iii.  Qi(s) = ®(0) — 2u(0) + Qu(s), i = 1,2,

here B(-), ®o(-), Qi(-), i = 1,2, are given by (9.19) with my = me = me = my =0, they all contain
¢o(T') as a factor, which is determined by

Q1) + (1) =2— a;
if a > 2 no stationary joint distribution exists.

PROOF. As in section 8 introduce the polynomials B(-), ®o(-), Qi(:), ¢ = 1,2. The degrees of these
functions are determined by the same arguments as used in section 8 for the case M = 1; then the
proof is accomplished as in the proof of Theorem 8.1 and is therefore omitted here. Note that for the
present case fi; =0, 1 = 1,2, cf. (8.12). O

Theorem 9.1 provides all the results needed for the evaluation of the characteristics of the station-
ary joint distribution of the queue lengths (x1,%3). The following analysis provides some detailed
information on the influence of the probabilities m;, ¢ = 1,2, m; + 72 = 1, cf. (2.3).

Put

1
Q(r) :== 5{91(7') + Qa(r)}, (9.24)
Elimination of B(+) from (4.4) and (4.5) yields for the present case, i.e., a1 = ag = a, 7 # 72,
1 1
QrE®) + -1+ §a2t - §ari(t)]<1>0(t) =0, (9.25)

with (r£(t), t) a zero-tuple of
h(r,t) = at® +[1 — (24 a)r]t + 72 = 0. (9.26)

The relations (9.25), (9.26) formulate a functional equation which is identical with that of the sym-
metrical shortest queue, cf. (3.6) of [2]. Hence the solution constructed in [2] can be used here.

Put, cf. (3.2), (3.3) and also [2],
i ri =), ¢f =ttt (rf), n=0,1,...,

with

(9.27)
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The solution of (9.25) and (9.26) is then expressed by, cf. formula (4.7) of [2]:

t 1
H’?‘LOZI(l - t__) H?LOZO(]‘ - t_+)
Bo(t) = (1) . i
H’ZCZI(]‘ - t__) H?LOZO(]' - t_+)
" ! (9.28)
r
41— ) T, (1 )
=) P i
H?—,,O:O(l - __) Hn:l(]' - _+)
Tn Tn
with
1 1
(1) = 52— a), &o(1) = ——. (9.29)

Here the first relation in (9.29) follows from (2.5) and (9.1) and the second one is obtained from (9.25)
for the zero-tuple (r,t) = (1,1). Because the zero-tuples in (9.27) are independent of 7;, ¢ = 1,2, it is
seen that

®y(t) and Q(r) are independent of m;, i = 1,2. (9.30)

Consequently, the stationary distribution of x; + X2, that of max(x;, x2) and of min(x;, x3) are all
independent of m;, ¢ = 1,2, cf. [2].

10. SOME EXPRESSIONS FOR PROBABILITIES AND MOMENTS, a1 # as
In this section we derive some expressions for several characteristics of the queue lengths.
We consider first the case

1 1
al#l, a27é1, al#ag, —+—>]., (101)
ap ag

since we have to discuss separately the case that one of the a; is equal to one.

From (2.4) and appendix D we have

1 1 air B(r)
E{r™ = (1) — Po(r) — ———
{r™ (e > x)} 1—ar 2(1) 1—ar o(7) 1—ayrr—1’ (10.2)
X B(r) .
E{r™?(x2 > x1)} = agrma®o(r) — azr ——-
From which we obtain, cf. appendix (d.4),
. 1 1 aj d
. E = Qa(1) — 1) — — _
i. B{(x2 >x)} —a 2(1) —a o(1) —adr (r)]r—1,
.. d
27. E{(X2 > Xl)} = a2772¢0(1) — Qg d_B(,r)lT:h
r (10.3)
111. E{(Xl = X2)} = q:‘o(].),
. d
. E{(x1 >=x2)} = a1m®e(1) + a1 53(')")',.:1;

here (10.3)iv is obtained from (10.3)ii by interchanging a; and as and by changing the sign of the
term with B(-), cf.(2.4)i and (2.4)ii.

It follows from (10.3) ii,. .., iv,
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d
1 ={1+asm + aim }Po(1) + (a1 — a2)53(7‘)|r:1,

so that
1

®p(l) = ———
0( ) 1+a17r1+a27r2

B(r)lr=1},

— (a1 — az)

a
E{(x >x1)} = ———[~1+ (1 + a1)®o(1)], (10.4)
ayp — as
a
B{(x1 >x5)} = ———[~1+ (1 +a3)®o(1)].
az — a1
From (d.6) and (d.4) we obtain for the present case, cf.(10.1),
. d
2. E{XQ(XQ > Xl)} = CL27I'2‘I>0(1) =+ 04271'25@0(7‘)“:1
d 1 d?
- 0253(7')“:1 - §G2FB(7‘)|T:1;
.. d
1. E{x1(x1 >x2)} = a17r111>0(1)+a17r1511>0(r)|rzl
d 1 d?
+a153( )|7‘ 1 + ald 2_B( )|7‘=13 (105)
i, B{xi(a = x2)} dq><>|
144. x1(x; =x = — r=1,
1(X1 2 I 2o 1
v, BE{xi(x2 >x1)} 51822(1) — @o(1) dB()l }
. = — — —B(7)|,.=
1(X2 1 (1 > ) 2 0 q 1
1 d 1 a; d?
_ 2% P - _1.
1—aydr o(r)lr=1 21—ay deB(T)|r_1

interchanging a, and as and changing the signs of the terms contalnlng B(-) in the expression for
E{X]_}.

Next we consider the case

1 1
—+—=>1
ay ag

a; = 1, as 7é 1 (106)

By noting that the relations (10.3)ii, iii, iv and the relations (10.4) have been all derived from (d.6) in

which 1 — a1 does not occur it is seen that these relations also apply for the present case with aq = 1.
From (d.10) we obtain for the present case (10.6):

, 1 d? 1 d?

i Efx(xe >x)} = 555%0()l=1 + 5 35 B)le=1;

.. d

1. BE{xi(x; =x2)} = E(I)O(T)l’f‘:h (10.7)
B d d 1 d?
211. E{Xl(Xl > Xg)} = 71'1@0(1) +7T15¢0(7‘)|7.:1 + EB( )lT' 1+ = 5 dr ) (’I")|T:1,

here (10.7)iii follows from (10.5)ii with a; = 1, note that (10.5)ii has been derived from (d.6).
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APPENDIX A.
Let (&,m) be two stochastic variables with joint distribution given by

aiaz

Pr{¢ =2, n=0}= b (a.1)

ai

Pr{gz]-:n:o}:?a

Pr{g=0,n=2}= .
Hence we have from (2.8),

hi(p,7) =0 <= E{'rspn} = pT. (a.2)
Put 7 = pp in (a.2), so that

hi(p,pp) <= p= B2}, (a.3)

Note that (a.1) implies Pr{¢€ +n — 2 < 0} =1, so that for [p| > 1, p# 1 and |p| = 1,
B4 12) < B{lol® +n -2} <1=l. (a-4)

For fixed p, |p| > 1, the last term in (a.3) is regular for |p| < 1, continuous for |p| < 1; it follows by
applying Rouché’s theorem that hy(p, pp) has for |p| > 1, p # 1 exactly one zero in |p| < 1, and so the
other zero of hq(p,pp) lies in |p| > 1, cf. (a.4), note that hi(p,pp) is a quadratic function in p. This
proves the final statement of Lemma 3.1, the proof of the other ones is similar. O

APPENDIX B.
In this appendix we prove Lemma 4.1 and the relations (4.2). From (2.9) for the zero-tuple |p| =
1, 7 =77 (p), note |77 (p)| < |p| =1, cf. (3.2), we have

~(p) = LB (6) + k(o (DB (0D, ol = 1. (b1)

The function Q2(p) is regular in |p| < 1, continuous in |p| < 1. Consequently the righthand side of (b.1)
can be continued analytically into |p| < 1. Consider this analytic continuation of the righthand side
of (b.1) along a simple contour in |p| < 1, starting at a point o with |op| = 1, o9 # 1, and such that
it intersects the interval [p~, p*], cf. (3.4), only once at an interior point oy, say, with p~ < oy < p*.

Because 77 (01) = 71 (01), it is seen that the analytic continuation of the righthand side along this
simple contour leads at its return to o¢ to

a1 77 (o)

) = T )

B(1%(00)) + k1 (00,71 (00))@o (77 (00)). (b.2)

This relation holds for all |og| = 1, o¢ # 1; and so by continuity it also holds for g9 = 1.
Hence we obtain the following set of relations of which the last three are motivated by analogous
arguments as those used in deriving the first one:

H,lT:t
a(p) + L B () + (o, 7)) =0, 1ol =1 (v:3)



agt®(r)

Qq(r) — mB(ti(r)) + ko (r, t5(r)®o(t5(r) =0, || =1, (b.4)
D™ (7)) + gy B) + k(7). )B(r) =0, [r| =1, (b.5)
0% (1)~ o2 B() + (1), )%0(1) =0, |1 =1, (b.6)

(t)—t
with
(p,7%(p)) and (p=(7),T) zero—tuplesof hi(p,7),

(r, t* (1)) )5 (ri (t),t) vy sy ha(r, ).

Because, cf. (3.2), |7t (p)| > 1 for |p| =1, p # 1, it is seen from (b.3) that a domain in |7| > 1 exists
where ®y(7), and similarly, B(7) is regular, note that k;(p, 7) is regular in [p| > 1, |7| > 1, also 77 (p)
is regular in |p| > 1, with |p| and |7| finite. Further it is seen that in |p| > 1 domains exist where
Qa(p) and Q4 (p) are regular. Next take 7 in the domain where ®¢(7) and B(t) are regular, i.e. in the
domain defined by {7 : 7 =77 (p), |p| = 1}. For such 7’s it is seen from (b.5) that here Q2(p* (7)) is
regular. Since |pT(7)| > |7|, 7 # 1 it follows that the domain outside |p| = 1 where Qs(p) is regular
can be again extended. So by repeatedly using the relations (b.3) and (b.5) the domains of regularity
of ®¢(7), Bo(7) and Q2(p) can be recursively extended, analogously for (7). Because |p*(7)| > |7|
in |[7| > 1, |71 (p)| > |p| in |p| > 1, it follows that the domain in |7| > 1 where ®((7) is regular is
unbounded, similarly for B(7), and analogously for Qs(p) and (7).

The singularities of ®o(7) in |7| > 1 can be only poles, because ki(p, 7*(p)) and ke(p*(7), ) are
regular in |p| > 1 and |7| > 1, respectively, note (3.4), and similarly for the other coefficients in
(b.3),..., (b.6). Further ®(7) has at least one pole in {7 : 1 < || < oo}, because if ®¢(7) would
be regular here, then, since it is also regular for |r| < 1, cf(2.10), it is necessarily a constant, as
Liouville’s theorem implies. Analogously, for B(7), Q2(p) and ©;(r). Consequently, Lemma 4.1 has

been proved. O
From the analytic continuations discussed above it is seen that the relations (b.3), ... , (b.6) hold

for all those 7, ¢, p and r where the functions in (b.3), ..., (b.6) are finite. Consequently, it is seen

that the validity of the relations (4.2), ... , (4.5) has been established.

APPENDIX C

The integer M > 0 has been defined in (8.6). Numerical results indicate that M is always larger than
zero. A proof of M > 0 seems to be rather lengthy and intricate. Below we discuss some cases for
which the proof is fairly simple.

The case

1
ay =as =a<?2, =2 =g (c.1)
From (c.1), (3.17) and (7.7)iv it follows that

R —1R{ +Rf R{ —1b/a
Rf—1 2R; R —12R;’

Aipy =

From (3.16), (3.20), (c.1) and (c.2) it results
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2+4+a

—2)\1,U,2 = (2+a)(Ri}' - 1)(0‘_R1_) = 92 _q— (1 _a)R+’

1
Rf = 5(2+a+\/4+a2).

From (c.3) it is not difficult to verify, since Ay = Agpug for the present case that
|)\1,U4 + )\2/1/2| >1for0<a<?2,

so that for the present case M > 0.

Because Ajp; is a continuous function in each of the parameters a;, as, 71 = 1 — o it follows from
the results so far obtained that M is larger than zero for |a; — ag| < €1,|m — %| <eé€, 1/a;+1/as > 1,
with €; and ey sufficiently small.

Next we consider the case

1

a1 >1, m =my = 2 (c.4)

From (3.17), (7.7)iv and (c.4) we have

1
_ _ RTR, + — — R, — Rt
)\1/11 — (Rl _1)(R2 +Ri) — e a1 2 ! —
(Rii— - 1)(R2_ +R1_) Rj‘Rz— + i - R; — Ry
ai

_ 2 _ _
Ry (Rf +R)+ — —2R; —(R{ +Ry)
= -1+ i (c.5)
R{Ry + —— Ry — Ry
1

(Ry ~ 1) ~2) +2(1 ~ 1)

— _1_+_ 2 i ai
RfR; + — —2R;
ai

Because R — 1 > 0, the denominators in (c.5) are positive and the numerator in the last term of
(c.5) is not positive for a; > 1, note

b ay
— —2==14a1+—>0 for a; >1,
a as

it follows that Ajp1 < —1, hence from Agps < 0 we obtain |Ajp1 + Aapa| > 1, ie. M > 0.

Analogously M>0fora; >1, m =mp = 1/2. So far for the present case.
Finally consider the case m; = mp = % and ag | 0. It is readily verified that R, — 0 for ap | 0 and

so it is seen from (c.5) that for ay sufficiently small the numerator in the last term of (c.5) will be
negative and it follows again that Aypuq < —1 and so M > 0 since Aape < 0.

APPENDIX D
From (2.4) it is seen that for |r| < 1,

1—aqr 1—7r 1—7r
C1-r)—
ar ar ar

E{r¥ (32 > x1)} B(r) — B(r) = 0, (d.1)

-7

B{r? (xs > x1)} 2

asr

— (1 =r)ma®o(r) — B(r) = 0. (d.2)
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So that by letting r — 1 it follows, cf. (2.10), that

B(1)=0. (d.3)
Because the in absolute value smallest pole of B(7) as well as of ®¢(7) is 7 = Téo) =T > 1, cf. Lemma
5.1, (8.2) and (8.7), it follows that there exists a neighbourhood of 7 = 1 where B(-) and ®¢(-) are

both regular, so that all derivatives of B(-) and ®¢(-) at r = 1 are finite, so we may write, cf.d.3: for
r~1,
3

Br) = (r— ) B)ret + 5 (r = DG B0)lecr + (= )P Bt +O(( — 1Y), (d4)

d 1 d?
Bo(r) = Bo(1) + (r ~ 1) - Bo(r) s + 1 (r 1) Sy @o(r)]or +O((r — 1)°)
From (d.1) we have: for r ~ 1,
B{r® (x > x1)} = ——— (1) — —— [@o(1) + (r — 1) o(r)|
T X T 1—ar 2 1—aqr 0 " dr olT)lr=1
1 , d? 1 5 d? 4
+§(T -1) m%(?")hﬂ + 6(7“ -1) m‘I’O(Tﬂr:l +0 ((r—1)%)]
8 et + 20— DS Bt + 2= 12 L Bt +0 (- 1), (@5)
1—ayr-dr lr=1 2 ! dr? "lr=1 6 " dr3 lr=1 " ’ )
and from (d.2),
E{r*2(xy > x1)} = agmar®q(r) — aﬂTBETi. (d.6)
For, cf. Theorem 8.1,
1 1
a1:1,a27é1,—+—>1, (d7)
ap as
we have from (d.5): for r ~ 1,
B (x> %)) = o [06(1) = Bo(1) — (r ~ 1) S8y () — 30— 17 L @) (08)
T 2 Yy =1, 0 T dToTr:1 27‘ dr?(ﬂ"r:l .
1 5 d? 4
L1 S By ()lms + O((1 1))
T B0t + 20— DS B mt + 2~ 102 Bt + O((1 =)
1—7r-dr =1 2 " dr2 =t 6 ! dr3 =t Tk
From (d.7) and (d.8) we have:
1 1 d
ap = ]., ao 7é ]., —+ — > 1 = QQ(].) - ‘I:‘()(].) - —B(T‘)|7.:1 = 0, (dg)
ai  as dr

because the lefthand side is bounded by 1 for » = 1. Hence if (d.7) applies then: for r ~ 1,
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d 1 d2 d
E{Txl (Xz > Xl)} = a@o(T)l»,-;l + 5(7" — 1)@@0(7‘)“:1 + EB(’I")|,.:1
(d.10)
o B+ e - ) B +0 (=)
2Tdr2 7)|p=1 67“ r P 7)|p=1 7)).

APPENDIX &

In Section 7 we have defined A; and \y. For the determination of M, cf.(8.6), we need some more

detailed information. It is obtained in this appendix, further some relations between A\; and a;, as

are deduced. These relations are helpful in the numerical evaluation of the queueing characteristics.
With

b 1,1 1

T 2&1(12 - 2 a + as

so that since for ¢ = 1, 2,

a; A% > 1, (e.2)
put

bi = a;A? > 1. (e.3)

Hence from (3.16), (7.7) and (7.8): for ¢ = 1,2,

0<)\,-:\/$:—\/51~—1<1. (e.4)

It follows that

X — 28602 +1=0.
Consider the hyperbola y? — 2yz + 1 = 0. It has its center at the point (0, 0) and asymptotes
y =0, y = 2z the point (1, 1) lies on it. It is readily seen that for i = 1,2,

5i>0 = 0< N <1, (e.5)
and \; decreases monotonically from 1 to 0 for 6:1— oo.
From (e.5) it is seen that a positive integer n may exist such that
AT+ > 1

However, for n sufficient large this inequality cannot hold for any 5 > 1,:=1,2.
To derive the relation between a; and é; note that from (e.1) and (e.3) we have

. 2 .
é 6
| ——] +2(1-20a1———+1=0, (e.6)
61 + b9 01 + 62
with
516
€= —2_ _1>0. (e.7)
o1 + b2

From (e.6) and (e.7) it follows readily that: for i = 1,2,

af = b {142e+2/e(1+€)}, (e.8)

1+e




45

so that
11 _
E§+;§=[L+%izdde+n]3

From which it follows that

+1<1 1+1>1 (e.9)
T F y T T . €.
af  ay ay as

Hence if, cf. (2.6) and remark (2.1),

1,1
—+—>1,

then the relation between a; and &' is given by

8;
m:1+_{L+%—2Mde+DL i=1,2, (e.10)
€
1 1
— 4+ — =1+2+2/e(e+1).
ai as
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