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Abstract

In this note, we prove that having unique head-normal forms is a sufficient condition on partial combinatory
algebras to be completable. As application, we show that the pca of strongly normalizing CL-terms as well as
the pca of natural numbers with partial recursive function application can be extended to total combinatory

algebras.
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1. INTRODUCTION
A partial combinatory algebra (pca) is a structure A =< A, s, k,-> where A is a set, - is a
partial binary operation (application) on A, and k, s are two elements of A such that

1. Ya,a' € A (k-a)-d =a,
2. Va,d' € A (s-a)-d |,

(@-a")-(a"-d") if (a-d")-(d-a") |,

ron / "_
3. Va,a',a" € A ((s-a)-a’)-a" = undefined otherwise,

4. k # s.

Here M | means the expression M is defined, and M = N means both expressions are defined
and equal. It is common to omit - and associate unparenthesized expressions to the left. In
working with expressions that may or may not be defined, it is useful to write M ~ N to
mean that if either M or N is defined, then both are defined and equal. These notational
conventions allow us to replace clause 3 by



! " 1_n " 1.1
Va,a',a" € A sad'a" ~ aa”(a'a").

Total pca’s, where application is a total operation on the carrier set, will be called ca’s, and

nontotal pca’s, where application is not defined everywhere, will be called nca’s.

In this paper, we are interested in the possibility of embedding a given nca 2 into a ca.
We shall call such an embedding a completion of 2. More precisely: let 2 =<A, s, k,-> and
B =<B,s',k',/'> be pca’s.

1. A homomorphism of 2 into B is a mapping ¢ : A — B such that
(a) B(s) = s/, 6(k) = ¥, and
(b) if a-a’ | then ¢(a-a') = ¢(a) - ¢(a’) for all a,a’ € A.
If ¢ is injective, then ¢ is an embedding.
2. ¢ is a completion of 2 if ¢ is an embedding of 2 into some ca B.
We say that 2 has a completion or is completable if there exists some completion of 2. Not

every nca is completable. Examples of these incompletable nca’s can be found in e.g. [Klo82],
[Bet87] and [BK95].

Given a pca A =<A, s, k,->, we call elements of A of the forms s, k, ka, sa, saa’ head-
normal forms (hnf). Each of the five types of hnf is called dissimilar from the other four.
Moreover, we say that a pca 2l has unique hnf’s if

1. no two dissimilar hnf’s can be equal in 2;

2. Barendregt’s axiom (cf. [Bar75]) holds in 2:
(BA) sapay = sazaz = a9 = ay N\ a1 = as.

In [Klo82], the second author advanced the theorem that having unique hnf’s is a sufficient
condition on pca’s to be completable. In this paper, we shall prove this theorem in detail.

2. HOW TO COMPLETE PCA’S WITH UNIQUE HNF’S

In order to prove the theorem, we employ a free-algebra construction induced by a term
rewrite system. The construction is based on fundamental definitions and notions of term
rewrite systems. Extensive surveys of term rewriting can be found in [Klo92] and [DJ90].

Let A =<A, s,k,-> be a pca. The term rewrite system over A, T (), consists of

1. T(AUYV), the set of terms built from A, a countably infinite set V' of variables, and a
binary function symbol * (written infix), and

2. R, the set of the following rewrite rules:

(a) axd — ad provided ad’ |,
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kaxz — a,
skxxyxz— (xxz)*(yx*2),
saxxxy — (a*xy)*(x+*y), and

(
(f) saad' *x — (axx)* (a *x).

with a,a’ € A. Here we employ the convention of association to the left.

Identity of terms is denoted =. A substitution o is a mapping from V to T(AU V). Substitu-
tions are extended to homomorphisms from T (AU V') to T(AU V). The set of contexts over
T(AUV),C, is defined as follows.

1. Oe(C, and

2.ffCeCandte€T(AUV), thent«C e C and C xt €C.

If C is a context, then C[t|] denotes the term obtained from C by replacing O by ¢. The
rewrite relation — associated with 7 () is defined as follows: ¢ — t' if there exists a rewrite
rule [ — r in R, a substitution o and a context C' such that ¢ = C[o(l)] and t' = Clo(r)].
The transitive-reflexive closure of — is denoted by —». If t — t' we say that t reduces to t'.
We write t «— t' if ' — #; likewise for ¢ «— #. The equivalence relation generated by — is
called convertibility and written as ~. 7 () is confluent if

Vi, e T(AUV) (t~t = W' eT(AUV) t —t" « ).

In order to prove that 7 (2) is confluent, we shall subdivide 7 () into the two separate rewrite
systems 77 () = (T(AUV),R1) and To(A) = (T(AUV), Ro) where Ry consists of the rewrite
schema (a), and R9 consists of the remaining schemas (b)-(f).

A pattern of a rewrite rule ¢ — ' is the part of ¢’s construction tree that does not contain
any variables. Observe that 77(2) and 72(2() have the following patterns:

SN, NN
(a) (b) (c)

/N /N /N

s sa saa’



A term rewrite system is orthogonal if it is left-linear, i.e. no variable occurs twice or more
in the left-hand term of any rule, and non-ambiguous, i.e. has the property that in no term
patterns can overlap. Orthogonal term rewrite systems have the confluence property as well
as various other desirable properties concerned with reduction strategies.

71(2) is clearly orthogonal. As for 73(), we can only state with certainty that it is

left-linear; overlap of patterns, however, can occur if and only if

1. two dissimilar hnf’s are equal in 2, or

2. there are ag # a1, ay # ag such that kay = ka1, sag = say, or sagas = saias.

It follows that 75(2) is orthogonal too provided 2 has unique hnf’s. For, if 2 has unique
hnf’s, then

1. no two dissimilar hnf’s are equal in 2,

2. (a) if kag = kay, then ag = kagk = kark = ay,
(b) if sap = sayq, then sapk = sa1k and hence ap = a; by (BA),

(c) if sapas = sajas, then ap = a; and as = a3 again by (BA).

PROPOSITION 2.1. Let A =<A,s,k,-> be a pca with unique hnf’s. Then both T1(2A) and
T5(2A) are orthogonal and, a fortiori, confluent. |

We shall use confluence of its subsystems to prove that 7 (2) is confluent. For this, we
invoke a proposition that is sometimes referred to as the Lemma of Hindley-Rosen ([Hin64],
[Bar84]): For ¢ = 1,2, let us write —; for the rewrite relation associated with 7;(). The
reflexive closure of —; is denoted by —;, its transitive-reflexive closure by —»;. Moreover, we
say that —1 and —»9 commute, if

Vi, " e T(AUV)I" €e T(AUV) (t =1t At —gt" =t —ot" A" —1 "),
Now, given the confluence of 7;(2) and 73(2), the Lemma of Hindley-Rosen states that 7 (2)

is confluent, if —; and —3 commute. However, as observed in [Hin64|, commutativity of
—»1 and —»9 already follows if the following diagram commutes:

¢ Lt

2 2
t" 1 "

We shall use this strengthened version of the Lemma of Hindley-Rosen in the proposition
below.
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PROPOSITION 2.2. Let % =<A, s, k,-> be a pca with unique hnf’s. Then T (A) is confluent.

PRrROOF. We have to check all possible diagrams of the sort depicted above. To this end, let
us call a substitution instance of the left-hand term of rewrite rule (i) (i € {a,b,c,d,e,f}) an
(i)-redex. Moreover, let us write ¢t —; t' for the reduction of ¢ to ¢’ obtained by an application
of rewrite rule (i); likewise for ¢ —»; t' and ¢ =, . Observe that, if the left-hand upper
expression ¢ contains an (a)-redex a * a' disjoint from an (i)-redex [ (i € {b,c,d,e,f}), in the
upper horizontal reduction step the (a)-redex is contracted, and in the left vertical reduction
step the (i)-redex is contracted, then the diagram commutes trivially:

t=Cllyaxad] ——4t' =CJl,ad]

t"=Cll'axad] ——o t" =C[l',ad]

here C is a context containing two holes O, and the common reduct ¢" is obtained by contract-
ing the (i)-redex [ in ¢’ and the (a)-redex a x @' in ¢”. It remains to consider the cases where
the redexes are not disjoint, i.e. where one redex is a subexpression of the other. In these
cases we can actually forget about the surrounding context C' and can focus on the positions
of the redexes relative to each other. Since an (i)-redex can never be a proper subexpression
of an (a)-redex, it remains to consider the cases where the (a)-redex is a subexpression of
the (i)-redex for i € {b,c,d,e,f}. There are in fact 14 such cases which we have arranged in
groups depending on i. To obtain a more compact notation, we abbreviate expressions of the
form CJt] to C; and let a,b,c range over elements of A. We believe that the diagrams are
self-explanatory and do not require any further comment.

Case i=b:
kxaxt —————— kaxt kxCpp st ———, kxCy*xt
b c b b
a a @ Ca*b aCab

kxtk Cpp ————a kxtxCy




Case i=c:

kaxb —— , kab=a

Cc c

Case i=d:

skaxtxt — s, saxtxt

d e
axt' x (txt) ——gaxt x(t*t)

Skt COgupxt! ———g skt *Cgppxt

d d
txt x (Coup xt') ———g txt/ x (Cop x t)

Case i=e:

saxbxt ————— sabxt

e f
axt*(bxt) ——gaxt*(bxt)

ka * Cppe —————4 ka * Cy,

sk Cpupxt st ————, sxCyp xt x t/

d d
Cosp ¥t x (txt") ———4 Copxt' x (txt)

sxtxt * Cpup ———g Skt *xt' x Oy

d d
tx Cﬂ*b * (t, * Ca*b) —g Tk Cab * (tl * Cab)

sa* Cpye ¥t ————4 sa* Cye x t

[ [

a*t* (Chee % t) ———q @tk (Cpext)

sa*t* Cpee ————4 Saxtx Ch

e

e

a % Chye * (t * Chye) —>q @ % Cpe * (t % Che)
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Case i=f:
sabx c ———, sabc = ac(bc) sabx Cog —————4 sabx Cry
f I f f
ax*cx*(bxc) ———, ac(bc) a* Cepg * (D% Coug) —q @ % Ceg x (bx Ceyq)

If 7(A) is confluent, then the following quotient construction provides a completion of 2.
DEFINITION 2.3. Let 2 =<A4, s, k,-> be a pca.

1. Let T(A) C T(AUV) be the set of all closed terms, i.e. terms without any variable.
We form the quotient

D) =<T(A)/ ~,[s], [K], >
by taking the collection
T(4)/ ~= {[f]|t € T(A)}
of equivalence classes
] ={t' e T(A)|t ~ 1t}
equipped with the total application operation
[£] - [t'] = [t 2.

2. Define 7y : A — T'(A)/ ~ by

for all a € A.

THEOREM 2.4. Let A =<A,s,k,-> be a pca with unique hnf’s. Then 7y is a completion of
2A.

PrROOF. We have to prove that



1. T'(A) is a ca, and

2. 7y is an embedding of A into T'(2).
First observe that
() la=d]=a=ad

for all a,a’ € A: For, if [a] = [a'], then @ ~ a’. Hence a and o’ have a common reduct, since
7T (2) is confluent. Therefore, as a,a’ cannot be reduced any further, a = a'.

(1.) Since s # k, [s] # [k]. Hence I'(2) meets the fourth condition on pca’s. It clearly meets
the second condition, since application is total. Satisfaction of condition 1. and 2. follows
from the rewrite rules (b) and (d), respectively.

(2.) Clearly, vy preserves the constants. For preservation of application, let a,a’ € A be such
that aa’ |. Then a * a’ ~ aa’ by rewrite rule (a). Thus

va(aa’) = [aa'] = [axa'] = [a] - ['] = 7a(a) - ya(a').

So 7y is an homomorphism and is injective by (). a

In the next section, we shall discuss two examples.

3. EXAMPLES
For nca’s, we can reduce the property of having unique head-normal forms to a more handsome
set of five axioms.

PROPOSITION 3.1. Let A =<A, s, k,-> be a nca. A has unique head-normal forms if and only
if A satisfies Barendregt’s aziom as well as the following four azioms: for all a,a’,a" € A,

1. s # sad,
2. k # sad,
3. sa # sa’d”, and

4. ka # sa'a".

PrOOF. The if-part is obvious. For the only-if-part, we have to show that the remaining
dissimilar hnf’s are unequal in 2. That is, we have to show that for all a,a’ € A,

5. s # ka: Suppose s = ka. Then ss = kas = a = kak = sk. Hence s = k by (BA).
Contradiction.

6. s # sa: Suppose s = sa and pick a’,a” € A such that a’a” is undefined. Then

sa’'a" = saad'a” ~ aad”"(a’a"). Hence a'a” is defined. Contradiction.
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7. k #* ka: Suppose k = ka. Then ks = kas = a = kak = kk. Hence s = kss = kks = k.
Contradiction.

8. k # sa: Suppose k = sa and pick a',a” € A such that a’a” is undefined. Then

a' = kd'a" = sad’a” ~ aad”(a'a"). Hence a’a” is defined. Contradiction.

9. ka # sa’: Suppose ka = sa’. Then sa’'k = kak = a = kas = sa’s. Hence s = k by
(BA). Contradiction.

We shall use this shorter characterization in the two examples to follow.
EXAMPLE 3.2. The term rewrite system CL of combinatory logic consists of

1. T({S,K}UV), the set of terms built from the two constants S, K, a countably infinite
set V' of variables, and a binary application operator - which we do not write, and

2. the following two rewrite rules:

(a) Szyz — x2(yz)
(b) Kzy — =x.

The rewrite relation associated with CL is defined as usually, i.e. as in the case of 7(2). As
is well-known, CL is confluent.

A term of the form SLMN or KLM is a redex. A term not containing such redexes is a
normal form (nf) and has a nf if it reduces to one. A reduction of L is a sequence of terms
L=L, - Ly — L3 — ---. Reductions may be infinite. If every reduction of L terminates
eventually (in a normal form), then L is said to be strongly normalizing. We let SN be the
set of all closed, strongly normalizing CL-terms.

Closed, strongly normalizing terms modulo convertibility form a pca in the following way
(cf. also [BK95]): We let

Asy =< {[M]sn | M € SN}, [S|sn, [K]sn,- >
where

M]sy = {N € SN |M ~ N}
and

[MN|sy if MN € SN,

[M]sn - [N]sn = { undefined otherwise.
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The structure Agy is in fact an nca: w = S(SKK)(SKK) € SN and hence [w|gn exists in
Agn. However, ww & SN; [w]sy - [w]sn is therefore undefined.

We shall not prove in detail that gy has unique head-normal forms, but merely consider
Barendregt’s axiom. The argument for the satisfaction of the remaining axioms is similar.
Thus assume [S|sy[M]|sn[N]sn = [S]sn[M'|sn[N']sn, i.e. SMN ~ SM'N’. Since CL is
confluent, it follows that SM N and SM’'N’ have a common reduct, say L. Moreover, since
neither SM N nor SM'N' is a redex, L must be of the form SM"N" with M — M" « M’
and N — N" «— N'. So M ~ M'" and N ~ N', i.e. [M|gny =[M']sy and [N]sny = [N']gn-

The completability of 2gn does not come as a surprise. In fact, the codomain of its canonical
completion, I'(2gy ), is isomorphic to the paradigmatic ca 2y, obtained from CL by taking
as carrier the set of all closed CL-terms modulo convertibility.

ExamMpPLE 3.3. As second example we consider the nca of natural numbers with partial
recursive function application. More specifically, we define a nontotal application operation
on the natural numbers IN by

n-m = {n}(m)

where {n} is the partial recursive function with Gédel number n. It is not difficult to see
that <IN, -> can be made into an nca by choosing appropriate Godel numbers s and k. In
fact, one can (effectively) generate infinitely many other indices which do the job. In what
follows, we consider a particular nca on <IN, -> where the constants s and k are chosen in a
way such that Theorem 2.4 applies.

If we fix a certain number of variables in a partial recursive function f, we still get a partial
recursive function g of the remaining variables. Moreover, this can be done uniformly in the
fixed variables. This is Kleene’s famous S]*-Theorem (see also [Kle52]) which more precisely
stated reads: Given m,n € IN, there is a primitive recursive injection S : N+ — IN such
that

{S;n(xayla"' 7ym)}(zl7"' ,Zn) = {x}(yla 7ymazla"'7zn)

for all z,y1,...,Ym,21,...,2n € IN.

We now fix pairwise distinct ny,n9,ns3,ny € IN such that for all z,y,z € IN

L. {nl} L,Y,2) = S%(x,y,z),

e
—
3

Ny
—
8
*'N

and define

(k) k= S%(ni,n3,n3), and
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(S) s = S%(TLQ,TLQ,TL;I).
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Observe that k and s are chosen properly:

{{5% (n1,n3,n3) }(n) }(m)
{{n1}(n3, ng,n)}(m)
{S%(TL;J,,TL;J,,TL)}(WL

{ns}(ns,n,m) =n,

{{s}(n)}(m)
{{5% (n2,m2,n4) }(n) }(m)
{{nQ}(nQa N4, TL) (m)
{S%(TL?) Ny, n)}(m
{na}(n4,n,m) =

11 1R

111 R

)
2(ng,m,m) and hence s-n-m |,

{51 (n4,n,m)}(o) by 2.

{na}t(n,m,o)

{n}(0)}({m}(0)) = n-0-(m-o0),

3. s-nm-m-o

111

4. clearly s # k, since S? is injective.

So An =<IN,s,k,-> is an nca. To prove that it has unique head-normal forms we invoke
Proposition 3.1. That is, we have to prove

Suppose s-n-m = s-n'-m'. Then S?(ng,n,m)=s-n-m=s-n'-m' = S?(ng,n’,m’)

s = S?(ng,na,ny) # S¥(ng,n,n') =s-n-n' for all n,n' € IN.
k= S%(ni,n3,n3) # S?(ng,n,n') = s-n-n' for all n,n' € IN.

§-n = {S%(n27n27n4)}(n) = {TLQ}(TLQ,TL4,TL) = S%(TLQ,TL4,TL) 7& S%(TL4,TL,,TL”) =s-n'-n"

(BA):
and hence n = n' and m = m/.
3.1.1:
3.1.2:
3.1.3:
for all n,n',n"” € IN.
3.1.4:

k-n= {S%(nlan?nn?))}(n) = {n1}(n3,n3,n) = S%(Tbg,ng,n) 7é S%(nﬁlanlanﬂ) =s-n'-n"

for all n,n',n"” € IN.

So 2 has unique head-normal forms and is therefore completable by Theorem 2.4. It remains
the question whether I'(y ) is (isomorphic to) a well-known ca, or whether it is a latent model
which deserves closer inspection.
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