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Wiener-Hopf Analysis of an M/G/1 Queue
with Negative Customers and of a Related
Class of Random Walks
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Abstract

Two variants of an M/G/1 queue with negative customers lead to the
study of a random walk X, 41 = [X,, + &,]T where the integer-valued ¢,,
are not bounded from below or from above, and are distributed differently
in the interior of the state-space and on the boundary. Their generating
functions are assumed to be rational. We give a simple closed-form for-
mula for E (SX") , corresponding to a representation of the data which is
suitable for the queueing model. Alternative representations and deriva-
tions are discussed.

With this formula, we calculate the queue length of an M/G/1 queue
with negative customers, in which the negative customers can remove
ordinary customers only at the end of a service. If the service is expo-
nential, the arbitrary-time queue length is a mixture of two geometrical
distributions.

AMS Subject Classification (1991): 60K25, 68M20, 90B22.

Keywords and Phrases: M /G /1 queue, negative customers, queue length,
Wiener-Hopf technique.
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1. INTRODUCTION

Consider the following model'. Independent jobs arrive at a server in a Poisso-
nian stream. At the same time, the server also admits a Poissonian stream of
messages from other service sites, inviting jobs to immigrate there. The server
handles these messages during a housekeeping routine, which is re-entered after
every job completion. Single jobs are matched with single messages, and sent
to the sites where the messages had originated. Surplus messages are discarded.
The performance question is: How many jobs are found at the server at an
arbitrary time? In this model, the messages can be seen as negative customers,
who each remove an ordinary customer at the end of a service.

We show that such a problem is fully tractable, assuming that the Laplace-
Stieltjes transform of the service distribution is rational. In fact we study a more
general class of random walks, which encompasses the evolution of the number
of jobs after service completions. These integer-valued random walks are trun-
cated at zero, and have a different step size distribution at the boundary. We
assume that the step size generating functions are rational. We do not assume
any special structure of the step size, e.g. a difference between two nonnega-
tive variates with known distributions. The random-walk analysis is based on
Wiener-Hopf theory. We specify the results for the above-mentioned queueing
model. Having found its embedded-time queue-length generating function, we
exploit the piecewise Poissonian nature of the process to derive the steady-state
queue-length generating function. Interestingly, this conversion alone produces
an immediate alternative proof of the classical Pollaczek-Khintchine formula for
a conventional M/G/1 queue.

1.1 Related Literature

On the application of the Wiener-Hopf technique (with bivariate transforms)
to various types of problems, see Cohen (1975). Further expositions on the
subject are contained in the books of Asmussen (1987), Borovkov (1976), and
Kleinrock (1975). More bibliography, concerning further aspects of the Wiener-
Hopf technique, is included in Bayer (1995).

The invitation messages in the example at the beginning of this section act
as “negative customers”. Queueing systems with negative customers were re-
cently introduced by Gelenbe (1991), and presently attract much attention. In
contrast with the ordinary customers, negative customers are not served but
a negative customer removes one ordinary customer from the queue. Negative
customers have been given interpretations, for example, as work removal signals
in production networks, or as inhibitor signals in neural networks. In the litera-
ture on negative customers it has so far been assumed that a negative customer
upon its arrival immediately removes an ordinary customer; our assumption of

It may be interpreted as a rudimentary depiction of a load balancing mechanism, but is
given here merely for the sake of illustration.



customer removal at service completion epochs (see the above-described model)
seems rather natural in some of the above-mentioned application areas, as well
as in cases where the server can inspect customers only at service completion
epochs to see whether they still need to be served.

For the M/G/1 queue with negative customers who upon their arrival imme-
diately remove an ordinary customer, the queue-length distribution is analysed
by Harrison and Pitel (1994). Their analysis of the generating function for the
equilibrium queue-length distribution eventually leads to a Fredholm integral
equation of the first kind, that must be solved numerically—which is a notori-
ously difficult problem. Boucherie and Boxma (1995) analyse a closely related
model that is amenable to a detailed exact analysis: an M/G/1 queue with
negative customers, in which a negative customer removes a random amount of
work that does not necessarily correspond to an integer number of customers.
The analysis leads to a Wiener-Hopf equation for the Laplace-Stieltjes trans-
form of the equilibrium distribution of the workload in the queue; it can be
solved.

1.2 Organization of the Paper

We begin with a formal introduction of the class of random walks under investi-
gation, and with stating a result regarding their stationary generating function.
The particular representation of this result suits our M/G/1 queue with nega-
tive customers. Two variants of this queue are formally introduced in Section 3;
simple procedures for computing the embedded-time queue-length generating
functions are given, using the result of Section 2. The conversion to arbitrary
time is given in Section 4. Section 5 is dedicated to the Wiener-Hopf proof of
the random walk result, and to a discussion of alternative assumptions, repre-
sentations, and derivations.

2. DESCRIPTION AND RESULT FOR THE RANDOM WALK

2.1 Description of the Random Walk

We study a random walk {X,} on the nonnegative integers, with the evolution
equation?

Xn-l—l = [Xn+€n]+' (1)

The driving sequence {&,} assumes integer values, which are not necessarily
bounded from below or from above. &, depends on the history {'Xj}j<n only
through the event {X, > 0}. It is convenient to suppose that &, is selected

from one of two independent i.i.d. streams, {fi;terior} and {fzoundaw}, through
the rule o
ézlterlor lf -Xn > 0,
€, =
ézoundary if -Xn = 0.

2[:c]+ and [z]” stand for max(0, z) and min(0, ), respectively.



The random walk is thus specified by the two generating functions
Xn>®:EG$“ﬂ, ls| =1,

X 0) = B(E), o,

A(s) 2 ]E(sﬁn

Ao(s) 2 ]E(sﬁn

which are both assumed to be rational. £™*"'" is assumed to be aperiodic, and
must satisfy the stability condition

E(é?terior) < 0. (2)
Our quantity of interest is the generating function
F(s) 2 B(s%"), |s| < 1.

The representation of A(s) and of Ag(s) is of relevance to the derivation and the
representation of the solution. A(s) — 1 has a reduced (i.e., no common zeros
in numerator and denominator) rational representation of the form

Hl'c—1 (s — ai)
As)—1=cllimlbezod gy 3)
Hj:l (s —B;)
where none of the ay,...,a; or the B1,...,8, are on the unit circle, and (see

21)
{o/leil <1} =5 /1851 <1} = —1. (4)

The derivation of F(s) is based on the factorization

oy Hin(s) _
A(S) - ]‘ - O (S 1)Hout(3)’ |S| - 17 (5)
where 0 ( )
A, (s) 2 Miigieaonys — ). <1, 6
(#) gj1851513(s — B3) ol < (6)
and
Ho() & Mol C 200 sy )

B l_[{i/|oz,'|<1}('S - Oéi),
The factorization is chosen such that Hi,(s) is analytic in |s| < 1 and Hoy(s) is

analytic in |s| > 1. We incorporate the description of Ag(s) in a representation
of Ao(s)/A(s) — 1. Such a representation is natural when a relation of the type

éboundary D éinterior 4 Fy

n n n)

where 2 denotes equality in distribution, is known to hold, and &, is indepen-
dent of £7*°"°" and has a known generating function (examples occur in various



M/G/1-type queueing models). Alternative representations are discussed in
Subsection 5.2. Let then

Ao(s) | _
VIO R A 7Ok

|3| =1, (8)

be a reduced rational representation. We may assume that the polynomials

U(s) and V(s) are of the form
l .
U(S) = Zujsj7
j=0

Wﬂ==é%9=ﬂ@—%%

we tacitly assumed that v,, = 1. Clearly, none of the wy,...,w,, can be equal
to 1. We assume, without loss of generality, that wi,...,w, arein |s| < 1 while
Wgtly- -+, Wm are in || > 1, for some 0 < ¢ < m.

2.2 Statement of the Result
Theorem 1 If the poles of Ao(s)/A(s) (namely wq,...,wn) are distinct from
each other and from zero then

_ V() Ha(1) [sM7'W (s ,
F(S) - V(S) TM_H; Hin(s) ( l)U( ) ’ | |§ 17 (9)

where the matriz M and vector J are defined hereafter, 1 is a vector of all ones,
and 8 is a vector of powers of s, starting from the zero’th power.

The proof is deferred to Section 5. The treatment of the case where the hy-
pothesis concerning the wy,...,w,, fails to hold is discussed in Subsection 5.2.

Remark 2.1 (two important special cases)

Case 1: ghommdery 2 gterior The continuous analog of this case has been studied
extensively in the literature, in connection to Lindley’s equation. Here

U(s)=0,V(s)=1, and

F(s)== |s| < 1. (10)

Case 2: gooundery 2 gnterior 11 This case is relevant in M/G/1-type queueing
models, including the first variant of our queue with negative customers,

see Section 3. Here U(s) = V(s) =1 and



+C (s — 1), Is| < 1. (11)

We now define the matrix M and the vector ©. Their dimension is

démax{m,ﬂ—l—l}—l—l. (12)
First,
[1 0 0o ... 0 0 0 e 0
1w W .. Wl WPt oWt Wi
1 w, w2 . WP ettt Wi
M2 |1 W W2 wh | wmtt o mE2 i (13)
0 0o ... 0 1 0 e 0
0 0 0o ... 0 0 1 0
| 0 0 0o ... 0 0 0 e 1

The determinant of M is equal to that of the upper left (m+1) x (m+1) block.
This block is the transpose of a Vandermonde matriz (see e.g. [11, p. 35]), whose
determinant is [To<;<j<m (w; — wi), with wp 2. Hence, M is nonsingular under
the hyphothesis of the theorem.

For defining J we need the first coefficients Coy+ s of the Laurent rep-
resentation

Houi(s)/s = i{is_i. (14)

Such a representation exists, by Eq. (4). The (; are easily calculated as the
Taylor coefficients 3;J ©)(0) of the function

j/18;1<13 (1 = 3B;)
J é Hout ]_ = . .
(8) = (1/) gijjea)<1y (1 — se4)

R
We can now define ¥ via

(’l)() - ’Ll,())Hin(O), ’L = 0,
(wi - 1)U(wi)Hin(wi)7 1= L...,q,
9; £ (15)
—C7U (w;) Hout(ws), it=q+1,...,m,
£—1+41
—Ct Z ui+j_1ﬁj, z:m—l—l,,f—l—l
7=0



Note that the indexing of J starts from zero, and that the values substituted in
Hi,(s) and H,ui(s) are in the proper domains.

Remark 2.2 As written in Eq. (9), the expression for F(s) is generally not in
a reduced form, because V(s) may have zeros in |s| < 1 while F(s) cannot have
any poles there. The factor [[; (s — w;) must cancel out. To see that every
w;, 1 <1 < g,is also a zero of the term in brackets, observe that FM~19 with
s = w; is equal to the i*® element of MM_lﬁ, namely to ;. o

3. THE QUEUEING MODEL AT EMBEDDED EPOCHS

3.1 The First Variant

Consider a classical M/G/1 queue with an arrival rate A, and with a service
distribution function S(¢) which has mean b, second moment 5), and a ratio-
nal Laplace-Stieltjes transform B(z). Augment the system with the following
feature: In addition to the normal “positive” customers, there is also an inde-
pendent Poissonian stream, of rate v, of “negative” customers; those remove
work from the system, rather than add work to it. In this paper we assume the
following removal mechanism. Upon the n'* service completion, the numbers
w and w;, of positive and negative waiting customers are compared®. When
w; < w}, every negative customer removes one positive customer. Otherwise
(w,, > w}), only the available w; positive customers can be removed. In either
case the system is then cleared of negative customers. A new service commences
immediately, if a positive customer is available. The number @,, of positive cus-
tomers left in the system immediately after the n'® service completion is thus

1+
wn:[w:[—'wn] .

Let @) and a;, denote the numbers of positive and negative customers arriving
during the first service which occurs after the n'® service completion. Con-
sider the evolution of the chain {®,}. When ®,_; > 0, a new service begins
immediately after the (n — 1)*® service completion. Hence

-1
n-1 } if @,_; > 0. (16)

When @,,_; = 0, the (n — 1)th service completion is followed by an idle period.
In the variant considered here, we assume that negative customers arriving
during an idle period leave immediately. The first positive customer who triggers

the next service period is not included in a;', and must be counted separately.
Hence
+ _ +
Wn = a1+ Gy } if @, 1 = 0. (17)
w, =a,

e “4+” and “—” superscripts should not be confused wi e an ~ operators.
3The “4+” and “—” ipts should not b fused with the []* and t



The chain {®,} is thus a random walk of the type described in the previous
section, with

slnterlor — a—l—

n n_a’n_]‘?

and corresponds to the second special case of Remark 2.1. Note that a; —a;, —1
is not bounded either from below or from above. The stability condition (2)
translates into A — v < 1/b. For obtaining the steady-state generating function
of {#,} we need an expression for A(s). Conditioning on the length of the
service period and observing that a; and a, are conditionally independent, we
obtain:

A(s) = 3_1]E<sa’t_a’7>
— 41 /: e—)\t(l—s)e—ut(l—s_l)dS(t)
= s_lB<)\(1—s)—|—y<1 —s_l)). (18)

To summarize, we list the procedure for computing the stationary generating
function of the number of positive customers at service completion epochs.

1. Determine A(s) using Eq. (18).
2. Find the representation (3).
3. Obtain the requested generating function from Eq. (11).
Example 3.1 (M/M/1 queue with negative customers). Assume that

the service is exponential, with rate 1/b = p > A — v. The service transform is
then

B(2) = /(1 + 2). (19)
Hence

o I B _)\32—()\—|—V—|—/L)s—|-l/—|-,u
I oY B Ry RS v R P

This function must have a zero at s = 1, and have the form

(s—1)(s — )
BB

Solving for the constants yields

O:_la 051:[)_1, /81,2:%<1+p_1:':&>7

where

; ﬂé\/(1+p‘1)2—4§-



a; is outside the unit circle. This fact alone is sufficient to imply, by Eq. (4),
that 8; and 3, must be real and 5; < 1 < 3,. Applying Eq. (11), we have

_ 11—y 3_/82
F(s) = 5, l(—l)(s -1+ Ss e
which can be written in the form
1—p
F(s) = 1-— 2
(8)=7+( 7)1—3,0 (20)

with L D
_ pt—(k—
S [AE L)
pt+(k—1)
We recognize that the inverse of F(s) is a combination of a geometrical distri-
bution with parameter p and a point mass v at zero:

P{z, =i} =vlg_0; + (1 —7)(1 — p)¢’, i=0,1,... (21)
When v = 0, 7 is zero and P {@,, = ¢} reduces to the familiar M/M/1 expression
(1= p)p’, with p = X/ p. °

Example 3.2 (M/E;/1 queue with negative customers). Assume that
the service is Erlang-k, with mean 1/u such that g > XA — v. The service

B(z) = ( kﬁ z)k. (22)

transform is then

Hence
(k#)ksk_l

[skp + As(1 — ) + v(s — 1)+

An easy calculation shows that the quadratic term between square brackets in

A(s) = (23)

the denominator of Eq. (23) has two real roots, s < 1 < s;. An alternative
way of seeing this is to observe that A(s), being the generating function of a
random variable £2°"4*7Y which takes both positive and negative values, cannot
be analytic throughout the unit disc or throughout its complement. Eq. (3) and
Eq. (4) now imply that

Hi'cz_ll(s —a;) Hi'c:1(3 - a;")

A(s)—1=(1-y3) (s~ 5. )55 — 5.)" ) (24)
with |a; | < 1, |of | > 1. Applying Eq. (11), we have
O e G G e (25)

One can easily verify that £ = 1 yields the results of the previous example. @
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3.2 The Second Variant

In this variant, negative customers arriving during an idle period stay in the
system until the end of the next service completion. The distribution of the
ginterior js ynaltered. But at the boundary we have now

boundary D ginterior
én T = én + 1- ?’7

where 2 has the same distribution as the number of negative arrivals during an
idle period, and is independent of the £7*"'°", Noting that the length of the idle
period is distributed exponentially with parameter A, we obtain

ilaf((j))”:SElG)Z] _1:3ﬁ_1:(3_1)%3—%' )

Theorem 1 is applicable, because Ag(s)/A(s) has only one pole, different from
zero. To apply the theorem we need

1 0 0 0
v v 2 q Y% v
M=11 5m (%) | 7= | chrla(ss)
0 0 1 - C'35
The inverse of M is
1 0 0
— A+v Aty v
M7= -3 3 -3
0 0 1

The computational procedure of the previous subsection remains valid, with
only one modification. Instead of Eq. (11) use Eq. (9), with U(s) and V(s)
taken as the numerator and denominator of the right hand side of Eq. (26),
respectively, and with

> A v v
md = Ha(52) + 07| - s2et).
A+v s)\ + v A+ v + 8
Example 3.3 (the M/M/1 queue with negative customers revisited).
Consider the model of Example 3.1 with the assumption of the second variant.

The new F(s) is obtained by following the modification in the procedure. F(s)
corresponds again to a combination of a geometrical distribution and a point

&y

mass at zero. The parameter of the geometrical distribution is the same p, but
the point mass at zero is different, and given by

,_ktp i+l 2(p7" - 1)
k4 p -1 (/<;—|—1)%—%—1—2p‘1'
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4. THE ARBITRARY-TIME QUEUE-LENGTH DISTRIBUTION

In the previous section it has been shown how one can obtain the generating
function F(s) of the queue-length distribution immediately after service comple-
tion epochs in the M/G/1 queue with negative customers. In the conventional
M/G/1 queue, that distribution coincides with the arbitrary-time queue-length
distribution, but that is not the case when negative customers are allowed to
remove ordinary customers at service completion epochs. Below we relate the
two queue-length distributions for that model. This analysis bears similarity to
the one given in Cohen (1982), Section I11.4.3.

Let II(s) denote the steady-state generating function of the continuous-time
queue-length process #(¢). We exploit the fact that, during a service, the queue-
length process evolves like a birth process with rate A. The number of arrivals
(of ordinary customers) during one service has generating function K(s) =
B(A(1 — s)). It is well known that the generating function of the queue-length
growth at an arbitrary epoch during a service, since its beginning, equals

1— K(s)
Ab(1 —s)’
Distinguish between the three cases that the system is observed during an idle

period, during the first service after an idle period and during a service that
immediately follows another service; then we can write:

ey F(0)/2
F(O)[L/A + b + [1 — F(0)]b
F(0)b 1 — K(s))
TFOIA T+ L —FO)B ° N1 —s)
1= F(0)] F(s)— F(0) 1—K(s)

TFEOI AT+ —FO)B  1—F(0) M(l—s) |s| < 1.

Note that the first quotient in each of the three terms gives the probability of
each of the above-mentioned three events. Rearranging we find:

1) = g (B -+ il LBy

(27)
Thus F(s)is converted into II(s). Denoting the mean steady-state queue length
at an arbitrary time by Ex(¢) = II'(1), and the mean steady-state queue length
immediately after service completions and the consecutive customer killings by

Ez, = F'(1), it follows from (27) that

_ F(0) Ez, A2p(2)
Ex(t) = F(0) £ 3% l)\b(l + F(O)) + 2F(0)] . (28)
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Example 4.1 (exponential service). The arbitrary-time distribution ob-
tained from the B(z) and F(s) of Egs. (19, 20) is

P{x(t) =i} =0(1 —o)o" + (1 — 6)(1 — p)p’, i=0,1,...

where p is the same as before, 0 = A/(A + p), and § = .
r(1=5)(+e+35)
L

Remark 4.1 In a conventional M/G/1 queue, a level crossing argument and
the PASTA principle imply that F(s) = II(s). Substitution in Eq. (27) gives

_ (1 =p)( —s)B(A(1 —s))
P& =—na=9 -5

This is the well-known Pollaczek-Khintchine formula, which thus finds an alter-
native proof. [

5. PROOF OF THE RANDOM WALK RESULT AND DISCUSSION OF ALTERNA-
TIVE DERIVATIONS
5.1 Proof of Theorem 1
Define
A _
Y.S [Xoa+&.] n=0,41,...,

and

G(s) S E(s¥") -1, Is| > 1.

These objects serve as proof mainstays, by enabling the elimination of the [ ]t
operator from the evolution equation (1). This equation indeed becomes

-Xn—l—l + Yn—l—l = -Xn + Sn' (29)

We express the generating functions of the two sides in terms of A(s), Ao(s),

F(s), and G(s). First,
E(sX~tYm0) = F(s) + G(s), s| =1,
simply because s*t¥ = s* + s¥ — 1 holds when zy = 0. Second,
E(sXsé) = B(sXrst X, =0)P(X,=0)

+E(s¢] X, > 0)E(s%*| X, > 0)P(X, > 0)
= Ao(s)F(0) + A(s) [F(s) — F(0)], |s[=1.  (30)

Equating the two expressions yields

F(s)[A(s) — 1] = G(s) — F(0) [Ao(s) — A(s)], |sf =1 (31)
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This single functional equation determines the two unknowns F(s) and G(s).
It can be solved in several ways, depending on the preferred representation
of the data and the solution. We solve for F(s) using the data described in
Subsection 2.1, and discuss other derivations in the next subsection. Putting
the representations (5, 8) in the equation, we obtain

Hale) |FV(6) + (s~ DPOUC)| -

G(s)
s—1

C ™' Houi(s) [ V(s) — F(O)U(s)l , |s| =1; (32)
note that s = 1 is a zero of G(s). The last equation is the basis for applying the
standard Wiener-Hopf arguments. The left and right hand sides are analytical
in the domains |s| < 1 and |s| > 1, respectively. Hence there exists some

entire function v¥(s) with which they coincide in these domains. The right

d

hand side is 0(3 ) as s — 0o. According to Liouville’s theorem, 9(s) must be a

polynomial of a degree not exceeding d— 1. Write this polynomial as s-a, where

d = [ao,...,aq4-1] is the d-vector of coefficients. F(s) can now be extracted from
the left hand side of Eq. (32),
)= o | s = DFOU)|, <1, (39)
VTV | Ha(s) ik =

but the constants @ and F(0) need to be resolved. We validate hereafter that
Ma = F(0)9, (34)
so @ = F(O)M‘lﬁ. Putting s = 1 in the left hand side of Eq. (32) gives
Ho(W(Q1)=1-3=F(0)IM™J.

It was noted before that both Hi,(s) and V(s) cannot have s = 1 as a zero.
Also, F(0) = P{X, =0} # 0, since the random walk is positive recurrent.
This proves that MY # 0. The required constants are thus given by

Hin(1)V(1) Hin(1)V(1)
M1 M1
It remains to validate Eq. (34). The validation is done by blocks, corresponding
to those appearing in Eq. (15). Equating the left hand side of Eq. (32) to the
polynomial s-a, and putting s = 0 and s = wy,...,w, gives the first two blocks.

A similar use of the right hand side of Eq. (32) with s = wgy1,...,wn gives the
third block.* The fourth block is validated by considering the behavior of the

F(0) = M9,

_)_
? a =

“In partitioning the zeros of V(s), the assignment of those on the unit circle to the second
block rather than to the third was arbitrary. If w; is on the unit circle, it must be a zero of
A(s) (see Eq. (8)), so it must satisfy (w; — 1)Hin(wi) = —C ™1 Hout(w;), by Eq. (5).
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right hand side of Eq. (32) as s — oo. We rewrite it using Eq. (14), and equate
it again to 8- d on |s| > 1:

Hou £ ] o ; max{m,{+1} .
o ;(S)G(S)s - V() = F(0)0™s (Z ujsj) (Z ﬁ—) = > as
Jj=0 =0 4=0

2 fi(s) £ fa(s)

Observe that fi(s) = o(s™"!), 80 @my1,--.,as1 are determined solely by fa(s).
We identify these coefficients as the convolutions appearing at the fourth entry
of Eq. (15). Eq. (34) is established. [ |

5.2 Alternative Assumptions and Derivations

5.2.1 Extension to the case were the hypothesis of theorem 1 is not fulfilled.
The derivation of the previous subsection can be extended to the case where
Wi,...,w, are not distinct from each other or from zero. However, M and g
take a more involved and less regular form. Suppose that w is a zero of the
polynomial V(s), of multiplicity p. We exploit the fact that w is also a zero of
the derivatives V(¥(s), i =1,...,p — 1. If |w| < 1, we put s = w in each of the
corresponding derivatives of the equation

left hand side of Eq. (32) = 5-d.

If w = 0, we also use the derivative of order p. If |w;| > 1, we use the right hand
side of Eq. (32) instead of the left hand side. Thus p linear equations in F(0)
and @ are produced, fully compensating against the loss due to the multiplicity.
Previously, the lines of M were distinct substitutions in the vector of powers 5.
Now, some lines of M may constitute substitutions in its derivatives %5’. The
lines of M are of the following form:

[ 0 ... 0 %wo (j—;!l)!wl (j—;!z)!w2 7(11(512)!(.0‘1_1_9' ]

Every two lines differ either in the value substituted for s, or in the order j
of the derivative. It is readily seen that a square matrix formed according to
this rule is nonsingular (e.g., when w; = w», the determininant of the modified
matrix M is equal to the partial derivative w.r.t. w, of the determinant of the
original matrix given in Eq. (13), at the point w; = w,. The explicit formula for
the Vandermonde determinant shows that this derivative is non-zero.) Hence,
the extended system determines F'(s) uniquely.

5.2.2 Using a direct representation of the boundary generating function. There
always exists a reduced representation

Wout(8)

Yy

Ao(s)—1=(s— l)m,

|S| =1, (35)
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where Woyi(s) is a rational function, analytical in |s| > 1, and 71,...,7, lie in
|s| > 1. Putting the representations (5, 35) instead of (5, 8) in Eq. (31), we
obtain

Ho(s) [F<s) _ F(O)] H( Cn) =
O Hone(s) [ffsif[@—m)—Fm)Wm(s) L =t

The extraction of F(s) from this equation is analogous to its extraction from
Eq. (32). As before, there exists a polynomial which coincides with the two sides
at the appropriate domains. To extract its coefficients and F'(0), we put s = 0 at
the left hand side and s = #1,...,7, at the right hand side. We also analyze the
behavior of the right hand side as s — oo, if the degrees involved require that,
using the Laurent expansions of Hoyui(s)/s and Woui(s). If 91,...,7, are not all
distinct, we revert to differentiation, as discussed in the previous paragraph.

5.2.3 Representation through projections.  Boxma and Lotov [5] give a rep-
resentation of the solution F(s) of Eq. (31) through [0, c0)-projections; the
D-projection of a series ) a;s' is defined to be Y ;cp a;s'.

o
1=—00
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