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Abstract

Closed queueing networks have proven to be valuable tools for system performance
analysis. In this paper, we broaden the applications of such networks by incorporating
populations of branching customers: whenever a customer completes service at some node
of the network, it is replaced by N > 0 customers, each routed independently to a next
node, where N has a given, possibly node-dependent branching distribution. Applications
of these branching and queueing networks focus on siable regimes, where the customer
population iteratively dies out in finite expected time; at customer depletions the network
is immediately supplied with a new set of customers according to a given initial-state
distribution. In our first result, we give a necessary and sufficient condition for stability.
An analysis of queue-length distributions seems much more difficult, even under exponential
assumptions. Homogeneous, infinite-server networks and n-server single node networks are
exceptions for which we give exact results, but our main response to the added difficulty
is to give an asymptotic analysis of exponential networks with slowly varying population
sizes. We model the behavior of such networks by that of a sequence of closed queueing
networks differing only in population size, in analogy with the approach of nearly completely
decomposable systems. The theoretical foundations of this approximation technique require
limit laws, which we provide for throughputs and for stationary queue-length distributions.
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1. INTRODUCTION

By generalizing customer behavior in closed queueing networks, this paper extends the
usefulness of such networks as tools for the performance analysis of complex systems. A classical
network structure is considered in which a set of nodes and a stochastic routing matrix are
specified, with each node defined by a service time distribution and a number, possibly infinite,
of identical servers. In the initial state, all servers are idle and the network queue lengths are
sampled from a given joint distribution. Thereafter, the customer population evolves according
to a branching process: whenever service is completed at some node, the departing customer
is replaced by a number N > 0 of new customers. The new customers, if any, are immediately
routed to other nodes of the network according to the given routing matrix, with each new
customer being routed independently of the others. The customer branching determined by
the random variables N is governed by given branching distributions which may vary from

node to node.

The new networks are called branching and queueing networks, or simply BQ networks. In
applications, the branching distributions are such that the network is transient; the population
eventually dies out in finite expected time. When this happens, the network is instantaneously
supplied with a new sample from the initial-state distribution, and the process regenerates. The
iterations, each beginning with a fresh initial state and ending with a depletion of customers,
partition the process into an sequence of cycles. The cycle initializations are i.i.d., so the

sequence is i.i.d., and the count of cycles (customer depletions) is a renewal process.

There are several important applications of BQ networks, in which a served customer trig-
gers a random number of new customers. These include fundamental processes of parallel
computers, communication networks, and manufacturing systems such as those in the semi-
conductor industry. As this paper concentrates on the theory of BQ networks, we will not go

into details; these are discussed at length in a companion paper [8].

Even with exponential service-time distributions, BQ networks will normally lack the prop-
erties that lead to explicit formulas for stationary queue-length distributions, in particular those
having product form. Accordingly, we turn to an approximation scheme, one that exploits the
theory of closed queueing networks to approximate BQ networks with slowly varying popu-
lation sizes. The main results of this paper are obtained from an asymptotic analysis of this
approximation.

To develop the approximation, we first introduce a parameter § which varies the branching

distribution of any given BQ network, B. At a service completion in the parametrized net-

work By, the number of new customers is generated by the branching distribution of B with



probability 6, and is 1 with probability 1 — 8, i.e., the transition is that of a closed queueing
network with probability 1 — . As # is made smaller, the rate at which the population size of
By varies becomes slower. We compute the limit § — 0 of the networks By, which gives us the
desired approximation for networks having slowly varying population sizes. In analogy with
nearly completely decomposable networks, the behavior in the limit § — 0 is modeled by that
of a sequence of closed queueing networks {C,} indexed by population size, where C, is simply
B with a fixed population of £ customers; the branching distributions are all concentrated at 1.
As 6 approaches 0, the trajectories of the process can be partitioned into intervals such that,
during each, the state transitions are governed by a network C; for some £ > 1. The transition
rates from one C; to another are O(9).

As discussed later in the paper, the value § = 0 is a singular perturbation point; the small
0 behavior is as above, but the network By with # set to 0 is in fact simply a single closed
queueing network. We remark also that, in terms only of estimating throughputs, the above
approximation has proven to be quite useful for many networks that do not have slowly varying
population sizes. Experiments supporting this fact are reported in [5].

The next section introduces notation and basic assumptions; it then proves a stability
result that characterizes the BQ networks of interest in the remainder of the paper. Section 3
contains a number of exact results for specialized BQ networks. Sections 4 and 5 deal with
the approximation to networks with slowly varying populations. Section 4 introduces further
notation and presents the basic limit laws. The proofs of the results in Section 4 can be found

in Section 5.

2. PRELIMINARIES
A BQ network B is defined by seven quantities. The first four give its configuration, which

also defines the structure of a conventional closed queueing network.
— k > 1 counts the number of nodes.
— I' = (7i;) is a k x k indecomposable stochastic routing matrix.

- n = (ny,...,nk) is the vector of server numbers, i.e., n; > 1 is the number of parallel

identical servers at node i; n; = co denotes an infinite-server node.

- Fs = (Fi,.. ,Fg?) is a vector of absolutely continuous service-time distributions, each

having a strictly positive, finite first moment.

The next two determine its initial state:



— r is a positive integer denoting the initial population size.

— Fy, the initial spread distribution, is a k-dimensional distribution function concentrated

on the vectors with nonnegative integer components summing to 7.

With r and F7 determining the initial number and locations of customers, the six quantities
above define a closed queueing network which we call a CQ network, for short. The definition

of the more general BQ network requires that one more vector be specified.

— Fy = (FY,...,F¥) is a vector of distribution functions concentrated on the nonnegative
integers, each having a strictly positive first moment. F}V is the branching distribution at
node %, 1 < ¢ < k. Thus, samples from F}V give the number of new customers generated
by departures at node Z; each such customer is routed independently according to the

distribution in row % of I'.

Introduce b = (b4, ..., bg), where b; is the mean of F}'V, and note the assumption above that
b, > 0 for all £, 1 < 4 < k; BQ networks having absorbing nodes (b; = 0) that never generate
new customers can be handled by an easy extension of the analysis in this paper.

Embedded in a BQ network is a multitype Galton-Watson branching process (see e.g. [10])
corresponding to each initial customer, where the type of a customer is the identity of the node
where it is served. If Zg = e;, where e; denotes a unit k-vector with the 1 in the i*® component,
then {Z,,n > 0} denotes such a process for an initial customer at node i. Z, = (Z2,..., 2ZF)
is the n'" generation with ZJ denoting the number of customers of type 7, 1 < j < k. Because
of the applications being modeled, our interest is confined to networks in which the branching
process {Z,} generates, for each of the initial r customers, a total population with finite
expected size; we say that such networks are proper. Proper networks become depleted of
customers in finite expected time, and induce an over-all regenerative process in which the
count of depletions is a renewal process.

An application of the theory of multitype Galton-Watson processes gives a necessary and
sufficient condition for a BQ network to be proper. Almost-sure extinction is a standard,
very similar property of the processes {Z,}, but it has a slightly different characterization.
Nevertheless, it will be useful in proving the theorem below. Let p(-) denote the spectral

radius of a matrix.

Theorem 2.1. A BQ network is proper if and only if p(diag (b)I') < 1.

Proof: First observe that diag (b)I" is the matrix H = (h);; of the associated Galton-Watson
process defined by h;; = E[Zf | Zo = €;]. It follows from Proposition 4.1 and Theorem 10.1 in



[10, p. 46] that the extinction probability is 1 if and only if p(H) < 1. Thus, since a population
extinction has probability 1 in a proper BQ network, we may restrict the proof to BQ networks
with p(H) < 1.

Let f* be the (k-dimensional) probability generating function of Z; given Z, = e;, and
let g° be the probability generating function of the total population given the same initial
condition. For the purpose of this proof it suffices to assume that both are real functions, g
being defined for every z € [0,1], and f* for every z € [0,1]*. Define g : [0,1] — [0,1]* and
f:[0,1]* — [0,1]* as the vector functions whose coordinates are the g* and f¢. Observe that
g is a nondefective generating function by virtue of the almost-sure extinction; therefore its
derivatives can be used for the calculation of moments.

The familiar relation
(2.1) g(z) = 2£(g(2)), z¢€[0,1],

is obtained by observing that the total population is one plus the sum of the populations

headed by the first generation customers. Differentiation of (2.1) yields

(2.2) g'(z) = f(g(2)) + +'(g(2))g'(2), z€0,1),

where f’ is the Jacobian. The matrix I — zf'(g(z)) is nonsingular for every z < 1, since

p(=£'(8(2))) < p(£(8())) < p(F(g(1))) = p(H) <1 .

Hence g'(z) can be extracted from (2.2). This gives

(2.3)  g'(2) = [I- =f'(g(2))] (g(2)) = {f: Z”[f'(g(Z))]"} f(g(2)), z¢€[0,1).

n=0
The expectations are given by the limit of (2.3) as z T 1. If p(H) < 1, the limit is the finite

and positive vector
(I-H)™'1= (Z H”) 1.
n=0

It can be seen that, otherwise, the rightmost expression in (2.3) diverges. "

Remark. The b;’s and the spectral radius of diag(b)I' have an intuitive interpretation in
an associated fluid network model. Let the nodes be k pumping stations interconnected by
pipelines circulating a fluid in the closed network. Suppose there is also a reservoir connected
to all of the stations. Assume that the network is in steady state, so that the flows and reservoir
level are constants. Let w; be the total output flow from station ¢ to the other stations, and

let v;; be the fraction of w; directed to station j. The total flow, say u;, into station 7 from



other stations may differ from w; because of a flow to or from the reservoir. Assume that
w; = (b;/a)u;; that is, the means b; of the branching distributions act in this fluid model as
amplification factors, up to some normalization constant a. Then a = p(diag(b)I'). This

follows from the above formulation through the relation
1.
u= —udiag(b)I',
a

which says that u = (u1,...,ux) is a nonnegative left eigenvector of diag (b)I" with eigenvalue
a. Further, it can be checked directly that if u is normalized (u-1 = 1), then a = u-b. In the
asymptotic analysis of Section 4, we require that v - b < 1, where v is the Perron-Frobenius
eigenvector of I'. This can be viewed as a limiting version of the condition u-b < 1 for a proper
network, since the vector u of flows into the stations approaches v, and its scalar product with

b is kept less than unity. "

Next, consider a BQ network B with a slowly varying population size. To obtain an
approximation for B that is supported by a limit law, i.e., one that is asymptotically exact,
we introduce a family of networks {By,0 < 8 < 1}; By has the same parameters as B except
for the branching distributions, which are given by the vector 6Fy + (1 — 6)F;, where F; is a
k-vector of distributions Fj, each concentrated at 1. For small 6, a proper network By is likely
to dwell over long time intervals in states having the same population size. When the intervals
are long enough, the behavior of By during each such interval can be approximated by the
stationary behavior of a CQ network with the same configuration as B; the population size of

the CQ network is the same as the one that prevails during the interval to which it applies.

Although the BQ networks that have been used to model practical systems have all been
uniformly proper in 6, examples of proper BQ networks can be constructed that do not have
this property. In particular, families of networks {Bg} can be found such that the value of the
spectral radius of the matrix Hg = diag (fb+(1—6)1)I" (cf. Theorem 2.1) alternates in regions
where it exceeds 1 and is less than 1 as # — 0 [8]. We leave as an open problem the analysis
of BQ networks not uniformly proper in 8; in the remainder of the paper, all BQ) networks are
assumed to be uniformly proper in 6. Furthermore, exponential service times at each node are
assumed. The latter assumption simplifies the asymptotic analysis of Sections 4 and 5. But
it has an equally important role in applying the results of these sections, as it allows one to
exploit the computational tools in the existing theory of CQ networks. We return to this point

in Section 4.



3. Exact RESULTS

Explicit formulas are obtainable in interesting special cases, as shown in this section. We
say that a BQ network is uniform in one of the parameters I', n, Fg, Fy if all components of
that parameter are identical. Though interesting in its own right, our first result will be most
useful in the proofs of later theorems, both in this section and in the subsequent sections on
the asymptotic analysis of the networks {Bg,0 < 6 < 1}.

Let {p;,7 > 1} be the steady-state distribution of the process {L(¢),t > 0}, where L(¢)
gives the population size at time ¢; recall that L(0) = » is the initial population size. Let
L; denote the population size just after the 7t service completion, with Ly = r as before.
The stationary distribution of the embedded chain {L;} is denoted by {p;,¢ > 1}, and the
generating functions for the p; and p; are denoted by gr(z) and §z(z), respectively.

The state transitions of the above processes are clearly state-dependent. Moreover, in
general, these processes are not Markovian. However, if the BQ network is uniform in Fy,
then the chain {L;} is Markovian, and the state dependence exists only in the state with
exactly one customer; if no new customers are generated by a departure in this state, then the

transition will be to a new initial state.

Theorem 3.1. If B is uniform in Fy, then

( ) 1-6 27-1
z) =
ar ” 1—%gN(Z)’

where gy ts the generating function and b the mean of the branching distribution Fy common

to all nodes.

Proof: The evolution equation of {L;} is
(31) Lj+1 = LJ -1+ Nj+1 +r- 1{LJ‘—1-I—NJ‘+1:0} )

where N; is the number of new customers generated at the j*® service completion. The gener-
ating function of the two rightmost terms on the right of (3.1), conditioned on L; = £, can be

written separately for £ = 1 and for £ > 1, and then recombined to give
B(N T ML 1N =0} | [ = )
(3.2)
= E(ZNH'l | L; = )+ 1{[21}(27 - 1)P(Nj+1 =0 | L; = £, £>1.

Introducing (3.2) into the generating function for (3.1) conditioned on L; then gives

(3.3) E(Zlitr | L;) = LT E(ZNiv | L) + Liz,=13(z" = 1)P(Njy1 = 0| Lj) .



A comparison of the expectations of the two sides of (3.1) conditioned on L; shows that
1
Y=y P(Njs1 = 0| Lj) = “[E(Ljia | Lj) = Lj+1 = E(Njsa | Lj)],
so that (3.3) can be written
L‘+1 _ L;—1 N‘+1 1 i
B(z%t [ L) = 20 Bz [ L) + (2" = DIE(Lja | Lj) = Lj +1 = E(Njia | Ly)] -

Thus, since the number of customers generated by a departure is state independent (by the

uniformity in Fy),
L. Li—1 1 7
E(z"t [ L) = 27 gn(2) + (2" = )[EB(Lja | Lj) = Lj +1 -] .

Removing the conditioning and taking the limit j — oo then gives

- 1. 1, .
30(z) = “an()an(z) + (= ~1)(1-b).
Solving for §r(z) proves the theorem. (See also [6] for a special, state-dependent case that

leads to a closed-form solution.) n

Under the conditions of the theorem, one obtains that, although the parameter 8 affects
the rate of transitions from one population size to another, it does not affect the stationary
distribution of population size at service completion epochs. Indeed, substituting Ogn(z) +

(1—-0)z and 6b+ (1 — 0) for gn(z) and b in Theorem 3.1 proves

Corollary 3.2. Let B be uniform in Fy. Then the stationary population-size distribution of

By at service completion epochs is independent of 8 and given by Theorem 3.1.

The results for special networks given below rely on the embedded-chain probabilities p;,
whose generating function is calculated in Theorem 3.1. First, the single-node network is a
simple, but useful special case (see [5] for applications); in this case, the population size alone
gives the network state. The proof of the following result is a standard argument, and hence

omitted.

Corollary 3.3. For a BQ network consisting of a single n-server node, let u be the parameter

of the exponential service-time distribution, and define 7; = jp if 1 < j < n, and 7; = ny if

j > n. Then the stationary distribution is
i/

== i>1
Ejzﬁ?j/Tj ’ ’

p; =

where the p; are given by Theorem 3.1.



A solution is also available for an infinite-server BQ network if the initial spread distribution
Fr satisfies a special condition and if the network is homogeneous, i.e., if the network is
uniform in the parameters I', Fg, and Fp, as well as n, so that the nodes of the network
are indistinguishable. Because of the restrictive assumptions, the result below is primarily of
theoretical interest; it illustrates the assumptions needed for product form solutions.

In what follows, 0 and 1 denote the k-vectors of all 0’s and all 1’s, respectively. Z* denotes
the space of k-vectors with integer components, and Z’_T_ denotes its nonnegative orthant. Define
Z’é = Z’i — {0}, the state space of a BQ network. Finally, le_’m ={qc€ Z’_T_ :q-1=m}is the

m'® simplex of Z% . Note that Zli’r is the support of Fr.

Theorem 3.4. Let B be an infinite-server, homogeneous BQ network, and suppose that, on

Zﬁ_’r, FT 15 parallel to the distribution

(q' 1)!ﬁq~1 ) 1
(@- V), 25;/7 18, !

(3.4) (q) = a=(q, .., ) €L,

with the p; given by Theorem 3.1. Then (3.4) ts the stationary distribution of B.

Remark. Note that the first factor on the right of (3.4) depends on q only through the
population size q - 1. Thus, given the population size, {w(q)} has a conditional product form,

and is parallel to the stationary distribution of a CQ-network with the same configuration as

B. .

Proof: For convenience, we take the service rate to be 1. It is readily checked that the

distribution (3.4) is normalized, so it remains to verify that the global balance equations

(3.5) () Y 7(q,q) = > =(d')n(d’,a), q€ 2§
a'#q a'£q
are satisfied. Note that local balance does not hold, and that the network is not reversible.
Let {o,,; m > 0} be the probability mass function of the branching distribution Fy common
to all nodes. Suppose that a transition from state q' to q is possible following a departure

at node j. Then it is possible to write ¢ = q' — e; + a for some a € ZI-CP This contribution
7rj(q’, Q) to 7r(q’, q) is given by

(a-1)!

(3.6) mi(d',a) = (¢ + 1~ )70 LT el

The three factors in (3.6) are the service rate at node j, the probability of generating the

appropriate number of new customers, and the probability of their spread, respectively. Define
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£ = q - 1. The cumulative departure rate on the left of (3.5) is £, so substitution of (3.4) and

(3.6) into (3.5) and slight rearrangement leads to

Pl
kf Hz 1 ql
E": 2’“: Poms1 (£ —m+1)! '
(37) m=0 {an ym | a<q} _7:1 [ m + kl m—I—l[H (qz - al)']( .7 - a‘j —I_ 1)
| ﬂ(q’)'
m. T
(q_a—l_]-) 7—}_ lrplaﬂia q:(QIa"'aqk)EZka
J J ka a { } kT H?:l {h' 53]
w;(q’,q) reinitialization

where a < q is interpreted component-wise. But by a standard property of multinomially

distributed random variables (see, e.g., [12, p. 659]),

(t-m)!  ml _ £
2 (e — @) Toa! [l el

{aczh™ | a<q}

Thus, (3.7) reduces to

£
Pe =1y Pro0+ Y Pem+10m,
m=0
which is the balance equation of the embedded chain {L;} in Theorem 3.1. n

4. AsyMPTOTIC RESULTS

In this section we state the asymptotic results, deferring the proofs to Section 5. We
comment briefly on the ideas and techniques of the proofs, focusing on the over-all argument
leading to the main result, the limit law in Theorem 4.4. We then close this section with a
brief discussion of computational issues.

Our treatment is analogous to eigenvector approximation for nearly completely decompos-
able Markov chains as developed by Courtois [9, p. 20]. A nearly completely decomposable

Markov chain is described by a transition-probability matrix having the form

KI 6012 e GCln

6021 K; e GCln
(4.1) K=K*+e¢C=| | , ,

ECnl Ean e K:l

where K* is a stochastic block-diagonal matrix and € is a small positive parameter. As €
approaches zero, the exit rates out of the groups of states corresponding to the blocks of K*
diminish. The system then tends to dwell in these groups of states, which we call macro-

states. The objective here is the limiting invariant vector of K¢, ¢ — 0. As indicated in
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[9], the calculation of this limit has two ingredients: The first calculates the invariant vectors
of the blocks KJ; these vectors give the limiting invariant probabilities conditioned on the
macro-state. The second ingredient calculates the limiting macro-state stationary probability

distribution.

In our setting, the state space is infinite, and the small parameter is 6, which modifies the
branching distributions in a family {Bg,0 < 6 < 1} of BQ networks. A macro-state is thus
characterized by some fixed total population. The transition matrix of the network By can be
written explicitly in a form similar to (4.1), with 6 playing the role of . However, this is of
little help here, since the analysis available in the literature (see, e.g., Aven et al. [3, p. 163])
relies heavily on the fact that K€ in (4.1) is a finite matrix. In that case one can express the
invariant probability vector in terms of the elements of K¢ and use this expression to obtain
the limiting probability vector as € tends to zero. When K¢ is infinite, as here, we first have
to prove the existence of the limiting invariant vector; we then adopt a probabilistic approach

rather than an algebraic one.

Let QB(t) denote the k dimensional queue-length process of the BQ network B; the #** com-
ponent, 1 < ¢ < k, gives the number of customers present at node 7 (waiting or being served)
at time ¢. As in the previous section, L?(¢) = Q3(t) - 1 denotes the total-population process,
or equivalently, the macro-state process. We emphasize that, except where noted otherwise,
the results and analysis of this and the next section are restricted to stationary versions of the
gqueue-length and macro-state processes in uniformly proper BQ) networks. Thus, we assume
the necessary and sufficient condition established by Theorem 2.1 for proper networks, and
hence for the existence of a stationary regime. The stationary processes Q®(t) and L?(t) are
defined over —oo < t < co. The chains embedded at service completion epochs are denoted by
QJE and L?, j =0,4+1,42,..; by convention the indexing is chosen so that Q¥ is the queue
length at the first service completion after time 0. The QJE give the queue lengths just after
samples are drawn from the branching distributions at service completion epochs. Although
sampled from continuous-time stationary processes, the discrete sequences {Q;} and {L;} need
not themselves be stationary. In fact, the very need to select an indexing scheme dictates that
the distribution of Qq, for example, must differ from the steady-state distribution of Q; as
j — oo. When dealing with distributions of discrete—time processes, we will be interested

solely in their steady-state.

Throughout the remainder of the paper, C; denotes a CQ network with population size £
and the same configuration as some given BQ network B; the underlying network B will always

be clear in context. The results to follow all describe the asymptotic behavior of BQ networks
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By in the limit of slowly varying population sizes; this limit, # — 0, is a tacit assumption in
all of the convergence results of this and the next section.

The first ingredient of the analysis determines the asymptotics of the state distribution
at service completion epochs, conditioned on population size; this ingredient establishes the

fundamental connection between BQ and CQ networks in the limit § — 0.

Lemma 4.1. For every £ > 1 and q € le_’l,
. Bg _ Bg _ . Cl
jhm P{Q;° =q|L;* =1} — jhm P{Q;* = q}.

The proof (in Section 5) makes use of the fact that the distribution of Qf‘, given any initial
distribution, converges geometrically fast in ¢ to the stationary distribution.

The second ingredient of the analysis determines the probability of being in any macro-
state. We first consider the stationary distribution of the chain {Lfe}. When the network is
uniform in the branching distributions F, this chain is Markovian and the generating function
of the desired distribution is given by Theorem 3.1. In the generalization to networks which are
not necessarily uniform in Fy, the visit ratio vector v appears; v is the normalized invariant
vector of the routing matrix I, i.e., v satisfies vI' = v and v -1 = 1. Recall that gn(z) is the

vector generating function for Fy .

Theorem 4.2. Assume that v -b < 1. Then the stationary distribution of the chain {L?e}
converges element-wise and in expectation to the distribution {p,} generated by
~1-v-b zN =1

r 1-1v.gn(z)

gr(z)

The proof introduces a transition matrix under which the stationary distribution of {L?e}
is invariant. This transition matrix converges to a limit. We then rely on the continuity of
the invariant vector of an infinite stochastic matrix as a function of the matrix elements, a
property that holds when the first moment of the invariant vector is bounded.

It remains to combine the two ingredients in Lemma 4.1 and Theorem 4.2 and to extend
the distributions limited to service completion epochs to those valid at any fixed time. To
this end, we need first a limit theorem for the over-all rate of departures from a BQ network
By, i.e., the intensity of the stationary point process {Tf"}, where Tfe is departure epoch j,
j =0,£1,4£2,.... By our indexing convention, TlBe is the first positive point of the process.

The intensity, denoted by Ag,, represents the over-all throughput of the network.

Theorem 4.3. Ifv-b < 1, then Ag, — g with
< 1
AB= Sy
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where {Pg} is the distribution determined by Theorem 4.2, and where Ac, is the overall through-

put wn the CQ network C;.

The following theorem gives the limiting state distribution. It combines the two ingredients

of the near-complete decomposability analysis.

Theorem 4.4. Ifv-b <1, and if we let £ = £(q) = q - 1, then

P{Q%(t) = q} — iBﬁ%P{Q%) —q},

for everyq € Z’é. (Note that such an element-wise convergence of distributions over a countable

space is equivalent to uniform convergence [2, p. 306]).

In our setting, the inversion formula of the Palm calculus [4, p. 23] expresses the continuous-
time state distribution of a stationary queueing process in terms of the corresponding distri-
bution restricted to the epochs of a given embedded chain. The proof of Theorem 4.4 exploits
this relationship by converting arguments about the continuous-time distribution to arguments
about Palm probabilities.

Note that in Theorem 4.2 we had the macro-state probabilities only at service completion

epochs; by summing the result in Theorem 4.4 over all q, we have them at an arbitrary time.

Corollary 4.5. The limiting probabilities of the process LBe(t) are giwen by
S |
P = )\Bpe)\—, £>1.
Cy

The next section also proves the following result on throughputs.

Corollary 4.6. The throughput at any node i, 1 < i < k, converges to v;\g, where v; is the

itP component of the visit ratio vector v.

The results of this section provide an approximation for the state distributions and through-
puts of BQ networks with slowly varying population sizes. The approximation is computed in
terms of (a) the corresponding, well-known results for a series of product-form CQ networks,
and (b) a single one-dimensional generating function. The throughput of a product-form CQ
network can be computed by the recursive method described in [11, p. 170]. This technique
is well suited for handling a series of networks; when applied to the network with maximum
population size, the results for the remaining networks are obtained as a by-product. The inver-
sion of the one-dimensional generating function required in (b) is a standard, computationally

cheap numerical procedure (see e.g. [1]).
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5. Proors

Let MJ‘?, j = 0,£1,..., denote

ii.d. Bernoulli random variables with parameter § =

P(MJ‘? = 1). It is convenient to suppose that, in generating the trajectories of a network By,

the samples from the branching distribution §Fy + (1 — 6)F; are constructed as follows from

the M J‘? : if service completion j takes place at node ¢, then the number of new customers

replacing the departure is a sample from F}V if MJ‘? =1, and is 1 if MJ‘? = 0. Let on denote the

length of the current run of unsuccessful trials with M¢ = 0, i.e., on = j —sup{i < j|M! = 1},

and note that on is geometrically distributed with parameter 1 — 8. In the steady-state, Lfe

and M J‘? are independent since

J—o0

lim P{L?* = ¢|M! =0} = lim P{L} =1} = lim P{L} =1} .

But then Lfe and on must also be independent, since

lim P{L?* ={Y/ =y} = lim P
J—oo J—oo
= lim P

j—oo

By _ 6 _ 6 Y
(L, =4Mf =1, M) ,,, = =M =0}

B _ [} _ 1 B _ R T Bg
{L;2, =¢M;_, =1} = jhjgo P{L;*, =1} = jh—glo P{L7* =1t} .

Lemma 4.1 is restricted to the queueing process at departure epochs. However, to prove

the remaining results of Section 4, it

is convenient to have the extension of Lemma 4.1 to the

joint process (Q?e, R?e), j=0,£1,4£2,... where the structure Rfe gives the residual service

times of the customers still being served at departure epoch j. If (Rfe)

i1,ip 18 positive, then it

gives the residual service time of the customer at server 73, 1 < i3 < n;,,of node 7;,1 <%, < k.

Otherwise element (i1,%2) has the value zero, meaning that server i, at node %, is idle. For

the sake of definiteness, assume that

index. The desired extension is: if v

(5.1) lim P{Q}° = q,R}’

J— o0

a customer always chooses the free server with the lowest

-b < 1 then

¢ |L% =2} - lim P{Q$* = £,RS ¢ .},
J—)OO

where convergence is in the total variation norm. Since we are assuming exponential service

times, (5.1) is an easy extension of Lemma 4.1.

Proof of Lemma 4.1. We prove t

J

hat, for any £ > 1 and state q,

J

(5.2) APs(q) = | lim P{Q}* = q|L}* = £} - lim P{Q$* =q}| >0, as 6 — 0.
Jj—oo J—©

First, condition on the run length YjBe and write

(53) P{QF =qlLi=03=) P

y=0

{Q) = alL* = £,V = y} P{Y;* = y| 1" = (3.
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Now apply the geometric law
P{Y;* =y} = (1-0)0",

the independence of L?e and YjBe, and the geometrically fast convergence of {QS‘} to obtain

(5.4) lim P{Q}* = q|L}* = £, Y/* = y} - lim P{QS* = q}| < ap®
J—00 J—oo

J J

for some a and for some 8 < 1. Then

APo(q) < D ap¥(1-0)%0,
y=0
or
0
ABo(q) < — 7
which converges to 0 as desired. .

Proof of Theorem 4.2. Before we begin the proof, we need a technical result that specializes
a theorem of Kuijper [13, Theorem 6.56]. If B and C are matrices with the same number of
rows, then [BC] denotes the matrix which is the concatenation of the columns of B and
C, where those of C are rightmost. Define kerB = {x|Bx = 0} and im B = {y|y =

Bx for some x}.

Lemma 5.1. Let C and E be two square matrices of the same finite dimension. Let B be a
matriz, not necessarily square but with the same number of rows, such that the matriz [EB]
has full rank. Assume that the matriz sE — C 1is invertible for every sufficiently large real s.
Then the elements of

lim sup(sE — C)™'B

are all finite if and only if the following condition holds: The intersection of ker E with

C~}(im E) = {x|Cx € im E} contains the zero vector only.

Returning to the proof of Theorem 4.2, recall that our objective is the limit § — 0 of the
stationary distribution of the chain {L?e}. Let U be defined as the ‘uniformization’ of B in
which the branching distribution is v - F for all nodes; all other parameters of B and U are
the same. Note that U is proper by Theorem 2.1, since its branching distribution has mean
v-b < 1. Let p = (p1,P2,...) denote the stationary distribution in vector format of the
macro-state chain {L? }, and let p(#) be similarly defined for {L;ge}. Theorem 3.1 shows that

the P, are generated by
~1-v-b zn -1

T 1-— %v-gN(z)

gr(z)

bl
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so the theorem will be proved once we show that p(6) — p element-wise and in expectation.
Define the two indecomposable stochastic matrices, A and A(#) having p and p(f) as
their respective stochastic invariant vectors. The matrix A is simply the transition matrix

of the chain {LZJ”} with elements a;y = P{LZJ’! = E|L?_1 =1},5,£ =1,2,.... We define g% =

m

FR(m) — F§;(m — 1) for every integer m and node number w, so by definition of the network

u,
k

i = Z(U}f—iﬂ + 1{i=1,l=r}"6”)vw :

w=1

The second matrix, A(6), is defined by
aig(0) = lim P{LY* = (|12° =i, M! =1}, i£=1,2,....
J—oo

The £* component of the invariant vector of this matrix is lim; e P{L?e = £|MJ‘~9 =1} =
lim;_, o P{L?e = £} = p¢(6) by the independence of L?e and MJ‘? at steady-state. We now
prove a lemma giving conditions for the desired convergence; once we have shown that these

conditions hold, we will have proved the theorem.

Lemma 5.2. Assume that A(0) — A element-wise, and that the first moment of the stochastic
invariant vector p(0) is a bounded function of . Then p(6) — P both element-wise and in

expectation.

Proof: Assume by contradiction that there exists a sequence of 6 values for which p(8) does
not converge to p, despite the fact that A(f) — A and the first moment of p(6) is bounded.
By Helly’s extraction principle [7, p. 83], there is a subsequence of this sequence of 8 values for
which p(f) converges to some substochastic vector x. It is easy to verify that x must satisfy
xA = x. Moreover, since the first moment of p(f) is bounded, x must be strictly stochastic.

The fact that x # p then contradicts the uniqueness of the stochastic invariant vector. "

Next, we verify the conditions of the lemma, starting with A(8) — A. Define Wf ® as the index
of the node where service completion j occurred. Note that the er are well defined (a.s.),
since the service-time distributions are absolutely continuous. Conditioning on this index, we
have

k
ai(0) = Y lLim P{LP* = (L7 =i, M{=1,W;° = w}
w=1

— J—©

- lim P{W* = w|L}? =i, M! =1} .
J—00

The first factor of the summand is clearly equal to o}’ ;, ; +1(;,—1 4=} 07, S0 it remains to check

that the second factor converges to v,,. The index Wf" is independent of MJ‘?, so this second
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factor is just lim;_, P{er = w|Lffl = {}. But er is a deterministic function of the state
(Qfﬁl,Rffl) (it is the node index of the smallest positive element of Rfﬁl), so by (5.1), the
second factor indeed converges to the CQ network counterpart lim;_, P{Wf‘ =W} = Uy

It remains to show that the first moment of p(6) is bounded. The total population at
any time consists of primary customers and copies; the former are created in the initial state
or in samples from branching distributions (after successful trials MJ‘? = 1), and the latter
are the replacements created at unsuccessful trials (copies of a primary customer continue to
be generated up to the next successful trial). At most one customer in the set consisting
of a primary customer and its copies, if any, can be counted in any given state. It follows
that the population size observed at a service completion is stochastically no larger than
the total number of primaries generated from an initial state. By the analysis in Section 2
(cf. Theorem 2.1), we have that the j*® component of (I — Hy)™! is the expected size of
the total population (primaries plus copies) created by an initial customer at node j, where
Hy = (1 - 6)I' + 6diag (b)I'. Since the rate of successful trials is §, and since there are at most
7 customers per queue in the initial state, the scalar product (r61) - ((I — Hy) 1) bounds the
first moment of p(6).

The parameter r is just a constant factor, so to show that the scalar product remains
bounded as # — 0, it is enough to verify that the elements of the vector

limsup {07 (1 - I') — [I - diag(b)IT} 1

6—0

are all finite. For this, we apply Lemma 5.1; with the associations s = 7!, E = I — I,
C = [diag(b) — I|I', and B = 1, we need only check that the conditions of the lemma hold.
First, we know that sE — C is invertible for every s > 1, because the BQ network is uniformly
proper. Second, we need to verify that [EB] has full rank. This will follow if we show that
no linear combination of its rows can be zero, so there is no solution x # 0 of the equation

x[EB] = 0. Substituting for E and B and decomposing into blocks, this equation reads

x(I-I') = 0

x-1 = 0.

The solution space of the first block consists of the span of v, the normalized left Perron-

Frobenius vector of I'. But v is a stochastic vector, so it cannot satisfy the second block.
Finally, we must verify the main condition C™!(im E) Nker E = {0}. We see immediately

that ker E is the span of the vector 1. In order to show that 1 is not in C~!(im E), we have

to check that there is no vector y such that C1 = Ey. Suppose by contradiction that there is



18

such a y. Substituting for C and E gives (diag (b) —I)I'l = (I-I')y. Putting this in the form
b — 1 =y — I'y, and multiplying from the left by v, we get v-b — 1 = 0, which contradicts

our assumption that v-b < 1. "

Proof of Theorem 4.3. The intensity of a stationary point process is the reciprocal of the

mean distance between points. Thus, recalling that Tf ® denotes departure epoch j, we have

1

Ag, = lim ————F—
o BT - T

bl

and we are required to prove that

(5.5) Jlim E[T —T7%] > 3 e/ e, -
=1

Conditioning on the population size, we have
. = B B B B
1/)‘39 = 311)123 Z E[Tj ? - Tj—01|LjE1 = K]P(szl = l) )
=1

or, in terms of scalar products,
1/, = €(9) - B(0) ,

where &(0) = (é1(0),é(0),...) with &(0) = lim;_,o E[T}® — T/ |L7?, = {], and where p(6)
is the stationary distribution of the chain {Lfe}. Note that p(6) converges to p = (p1, P2, - )
as shown in Theorem 4.2. Also, the duration Tfe — Tf_“’l is contained in the state (Q?ﬂl , R?fl)

(it is the minimum of the entries of R?fl), so by (5.1),
lim E[T{® — T7% |02, = €] — lim E[T{* - Tt ] =1/)c, -
j—oo j—oo

Finally, é,(0) is bounded uniformly in £ and 6, since it is bounded by max (1/p), the maximum
_z_

of the means of the service-time distributions F3, ..., F%. Then (5.5) follows from the fact that

the product of a convergent stochastic vector and a convergent nonnegative bounded vector is

convergent. L]

Proof of Theorem 4.4. It is convenient to work with the joint process (Q,R). With the
help of (5.1), we prove that, if v-b < 1, then with £ = q -1 we have
By _ Bg X7 L Cy _ C
(5.5) PLQP (1) = @, R(1) € -} — Awduy PLQS() = 4, R(0) €
£

uniformly in q € Z’é and the measurable sets of residual service-time structures. Theorem 4.4

will follow at once.
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Fix t = 0 without loss of generality. Qur approach begins by expressing the left-hand side
of (5.6) in terms of a Palm probability induced by the over-all process Dp, of departures from
the network Bg. Let the points of Dg, be marked with elements from the space {1 of sample
paths of By. The markings are expressed in terms of time shifts {d,, —00o < 7 < oo} operating
on sample paths w € ; in the construction here, the mark given to a point 7" on the sample
path w is the left-shifted version ¥rw. These are called the universal marks (cf. [4, p. 11]).
The Palm probability P(V) of an event V is defined to be the relative intensity of markings
taken from V. The event ¥, € U designates the set of sample paths whose shifted versions
belong to U.

A basic tool of the Palm calculus is its inversion formula; the version to be used here reads
(cf. [4, formula 4.1.2b])

(5.7) P(U) = A/oo P(r < Ty,9, € U)dr

=0
where A is the intensity and 73 the first positive point of the underlying point process. Adapting
this formula to our setting and then applying it to the left-hand side of (5.6) with ¢ = 0 yields

(recall that, by convention, TlBe is the first positive point of Dg,)
(5:8) PLQP(0) = 4, R%(0) € } = Ag, [~ P{r <T{,5, € {QP(0) = 4, R¥(0) € }}ar
=0

Observe that if the first point T{Be has not occurred till time 7, then the condition ¥, €
{Q”¢(0) = q,R??(0) € -} holds for just those sample paths with

{Q%(0) = ¢, R*(0) - 7~ 1gs(0)501 € }5

here 1;p5,(0)50} is defined as the structure RP9(0) with 1’s replacing the positive entries.
Note that if 7 < TlBe, then the least residual service time exceeds 7, so subtracting 7 from the
positive entries of R? #(0) leaves them nonnegative. Thus, conditioning on the population size,
we can write

P{QP*(0) = q,R?(0) € -}

= A, [0 P{T < T{*,QP2(0) = q,RP*(0) — 7 - ;g 50 (g)50 € |L52(0) = L3dr - P{L5e(0) = £} .
(5.9)
Now Ap, converges to Ag by Theorem 4.3, and P{L?*(0) = £} = P{Lfe = (£} by definition of
Palm probability (more specifically, by the fact that in sample paths qualifying as markings, a
point of the underlying point process occurs at time 0). Then P{LB“’(O) = £} converges to Py
by Theorem 4.2, so (5.6) will be proved if we can verify that the integral in (5.9) converges to

1

5.10
(5.10) o

P{Q%(0) = q,R4(0) € -} .
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To prove this, we again resort to the construction of the Palm probability and observe that
the integral in (5.9) can be expressed as follows in terms of the embedded process:
oo

(5.11) lim P{r < T}%, —T/°,Q}° = q,R* — 7

T=0J—7

B
' 1{Rf“’>0} € |L;" = L}dr .

The integrand is at most lim;_, P{Tf_fl - Tfe > 1}, where Tf_fl - TJ{B“’ is a smallest positive
element of R;ge, and is dominated stochastically by a largest service time, i.e., a service time
sampled from a distribution Fg with smallest rate parameter. Thus, the integrand in (5.11)
is bounded by an integrable function of 7. Then by (5.1) and the dominated convergence

theorem, we conclude that (5.11) converges to its CQ-network counterpart,

(5.12) /_0 lim P{r < Tit, — T5*, Q5 = q, RS  — 7 € }dr .

-1
jrceo it {R7*>0}

The convergence is uniform over the sample space of (Q¢%, R®t), since (5.1) holds in the total
variation sense. To complete the proof, we consider (5.10). In analogy with the BQ-network

case, the inversion formula gives
1
(513)  P{Q™(0) = q,R(0) € -}
Cy
= [T Bir < 7,9, € {Q%(0) = 4, R%(0) € Y}dr ,
=0

and our earlier observations show that the Palm probability on the right-hand side of (5.13)

can be rewritten as in (5.12). .

Proof of Corollary 4.6. In networks with exponential service, a natural way of calculating
throughputs is by aggregating service rates. Theorem 4.4 and Corollary 4.5 show that, given
the population size L?¢(t) = ¢, the conditional queue-length distribution converges to that of
the CQ network C;. The service rate at node ¢ in macro-state £ thus converges to the CQ
network counterpart, v;Ac,. Performing the aggregation, we have that the limiting throughput

at node 7 is ioj (viXe,)pe. By the formulas for Ag (Theorem 4.3) and p, (Corollary 4.5), this
£=1

sum is equal to v; Ag as stated in the corollary.

An alternative proof of this result stays with the theory of stationary marked point processes
applied in the proof of Theorem 4.4. Let D%e be the departure process at node ¢, and let )‘?39
be its intensity. Consider the points of the over-all, superposition process Dg, marked with
the indices {er} of the nodes where departures take place. A restriction of Dg, to the points
with marking 7 gives Dge Elo) )‘IiBe is the marginal intensity lim;_, P{WjBe = i}AB,. The first
factor converges to v; as noted in the proof of Theorem 4.2, and the second converges to Ag

by Theorem 4.3. Thus, )‘fB = v;Ap as before. "
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