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Abstract

The paper suggests a new family of of spatial point processes distributions. They are defined by
means of densities with respect to the Poisson point process within a bounded set. These densities
are given in terms of a functional of the shot-noise process with a given influence function built
for the Poisson point process. Stationary extension, properties and examples of such processes are
discussed.
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1. INTRODUCTION

The Poisson point process is the simplest spatial point process which is characterized
by its strong (even ultimate) independence property — points in disjoint regions are
independent. Although the Poison model is very simple and tractable, it can often serve
only as a first approximation when studying natural phenomena represented by points
in the space. In practice, point patterns exhibit interactions between points, which, for
instance, can yield clustered or repulsive behaviour.

Markov point processes were introduced in [25], whereas a similar concept of Gibbs
distributions [21, 27] has been used in statistical physics for a longer time. Such processes



are typically defined by their densities with respect to a Poisson process. The latter serves
as a reference distribution when deriving new models. Typically the density is written in
the form
p(x) = aff"Cy 70,

where x is a finite set of unordered points (called configuration) in a bounded set A C R?
(in fact, in most cases R? can be replaced by a locally compact second countable metric
space E), n(x) is the number of points in x, and ¥ (x) is a numerical functional of x,
which actually determines statistical properties of the point process.

One of the first examples of this kind is the Strauss model [30] which can be obtained
by letting ¥ (x) to be equal to the number of pairs of points that have distance no more
than a given number. This is an example of a so-called pairwise interaction process, since
each configuration of points in this processes interacts only via pairs of points from this
configuration. These models are suitable for inhibition, but probably not so for clustering,
see [11] and [18]. This led to the definition of area-interaction processes in [4], a special
(attractive) case had been considered previously as a model of liquid vapour equilibrium
in chemical physics [33].

In case of area-interaction process, ¥(x) is determined by measures (or areas in the
simplest case) of some sets determined by x, for instance given by the union of unit
balls centred at the points which comprise x. This idea can be generalized by using
other functionals known from convex geometry [1] or by replacing measures of sets with
integrals of some functions depending on x. The latter idea leads to the concept of a
shot-noise-weighted process developed in this paper. Already [4] mentioned models of the
type ¥(x) = [, f(d(x,u))du, where d(x,u) = min; ||z; — u|| and f : [0, 0] +— (—00, 0.

Apart from being interesting in their own right, Markov processes are useful as prior
distributions in image interpretation tasks, such as object recognition, edge detection
and feature extraction [3, 17, 16]. Maximum likelihood solutions tend to suffer from
multiple response and the prior distribution serves to penalize scenes with too many almost
identical objects, disconnected or crossing edges etcetera. Consider for example object
recognition where the task is to determine if there are any objects of a given type in the
scene and to locate them. It is natural to assume that objects interact if their intersection
is non-empty and the more overlap there is, the stronger the interaction, suggesting an
inhibitory shot-noise model. Usually, the posterior distribution also possesses a Markov
property, enabling sampling and optimization by iterative procedures that recursively
update the scene by simple operations such as addition or deletion.

The plan of the paper is as follows. Section 2 provides definition of the shot-noise-
weighted point process in a compact set. Section 3 deals with existence of the correspond-
ing distributions and the spatial Markov property. Section 4 is devoted to examples. Basic
properties are considered in Section 5.

2. SET-UP AND DEFINITIONS

We are concerned with point processes X on a locally compact complete separable metric
space . We will distinguish between finite and locally finite point processes, concen-
trating mostly on the former. A finite point process X is a random element in the space



M/ (E) of finite point configurations. A configuration is a finite set of points denoted by
x ={z,...,2,}, and n = n(x) denotes the number of points in x.

Writing xp for x restricted to B C E, the o-algebra N/ on 91/(E) is the smallest o-
algebra with respect to which the evaluation x — n(xpg) is measurable for every (bounded)
B € B(E), where B(E) is the family of Borel subsets of E. For more details, consult [7].

Definition 2.1. Let k : E x E — R* = [0,00) be a non-negative Borel function (called
the influence function). With each configuration x associate a function & : E — R*,

n(x)

Ex(a) = > kKla,z;).

=1

If X is a finite point process, then éx(a), a € E, is said to be the shot-noise process
generated by X with influence function & [6, 13].

Very often B = R?, and & depends only on the difference between its arguments, so
that x(a,z) = k(a — x). Such influence functions in R? are said to be homogeneous.
For each point e € E define Z.(e) = {a € E: k(a,e) > 0}. If k is homogeneous, then
Zi(e) = Z,+ e, where Z, = {a € E: k(a,0) > 0}, and o is the origin.

We list some obvious properties of influence functions that will be used later on.

Lemma 2.2. The following hold:

1. &x(a) is measurable as a function on M/ (E) x E with respect to the o-algebra
N'(E) © B(E);

2. 0 < éx(a) < n(x)s* where k* = sup, e £(a, b);
3. ngy(a) = fx(a’) + fy(a);
4. if k(b,a) = 0, then fxu{a}(b) = &x(b).

Proof. The first statement can be proved as follows. For each ¢t > 0,

{(x,a) : &(a) < t} = DO{(X, a): n(x)=1,&(a) <t}.

Now the result follows from the fact that each set in the union is a Borel set in the
space R® x R due to the measurability of the influence function and the fact that {x(a) is
measurable as a sum of measurable functions (a, x;).

Other statements can be verified by straighforward computations. O

ExAMPLE 2.3. (COVERAGE FUNCTION) With every point a € E we associate a zone of
influence Z(a) € K(E), the compact subsets of E. The function Z : E +— K is supposed
to be weak measurable [32], so that {a : Z(a) NG # 0} is a Borel set for each open
G C E. Our generic example will be E a compact subset of R? and Z(a) = B(a,r), the



ball with radius r centred at a. Then take (b, a) = 1pez@). Note that Z.(a) = Z(a). A

configuration x = {z1,...,x,} gives rise to the coverage function cx : E — R defined as
cx(a) = Z 1aEZ(zi) s (21)
i=1

that is, cx counts the number of influence zones Z(x;) covering a. Then cx(a) = 0 for all
a € E\ U(x), where

The fourth statement of Lemma 2.2 now becomes &xuga}(b) = &x(b), if b & Z(a). Moreover,
if Z(a)NU(x) =0, then &ue}(b) = &x(b) for all b € U(x).

The simplest random point configuration is defined in the following way. Let u be a
finite measure on E, and let N be a Poisson random variable with mean p(E). Then N
mutually independent (and independent of N) points with distribution

P{a:ieB}=“(—B B e B((E),

wE)
give the random configuration x = {z1,...,zy} which is said to be the Poisson point
process on I with intensity measure u (cf. [7, 8, 29]). Its distribution on 9%/ (E) is denoted
by 7.

~—

We shall restrict attention to processes that are absolutely continuous with respect to
7, and define them by their density (or Radon-Nikodym derivative) with respect to 7.

Definition 2.4. A shot-noise-weighted process with potential function f is a point process
on E with density
p(x) o fr¥)y = [ fEx(@)dv(a) (2.2)

with respect to m,. Here 3,7 > 0 are model parameters, v a finite Borel measure and
f: R~ R a Borel function with f(0) = 0.

The model (2.2) is overparameterised as taking f; = c¢f for some constant c is equiva-
lent to changing v to v¢. If f is absolutely integrable, this ambiguity can be overcome by
requiring that the integral of f is 1. The framework above does allow for multiple points.
If this is undesirable, the reference measure p must be diffuse.

3. EXISTENCE AND MARKOV PROPERTY

The existence of any point process given in terms of the density p with respect to the
Poisson point process is ensured by Ruelle’s stability condition [11, 27]. This condition
requires that the energy F(x) = —log(p(x)/p(0)) has a lower bound that is linear in the
number of points in x, i.e.

E(x) > —Cn(x) (3.1)



for some C' > 0. Then the density (or the corresponding energy) is called stable. In our
case, Ruelle’s condition requires a linear bound on |fg f(éx(a))dv(a)| in terms of n(x).
For this, it suffices to require

If(&x(a))| < Cn(x), a€E, xeN, (3.2)

for some C > 0.

For instance, the coverage function cx(a) from Example 2.3 is bounded by cx(a) <
n(x), whence (3.2) is satisfied if

|f()I < Ct, teR, (3.3)

for some C' > 0. Note that in the framework of Example 2.3, f can be represented as a
sequence f(n),>1 so that (3.3) must be checked for positive integers ¢ only. We can ensure
(3.2) in a more general setting by assuming (3.3) together with x* = sup, , x(a,z) < oco.
If k* = oo and f is bounded, i.e. sup, f(¢) < oo, then (3.2) is also valid.

Note that by Lemma 2.2 and Fubini’s theorem, the function p : 9/ — R is measurable.
Summarizing we obtain the following result.

Lemma 3.1. Under condition (3.2), density (2.2) is measurable and integrable for all
values of 3,v > 0.

If f is bounded, then the distribution of the shot-noise-weighted process (Defini-
tion 2.4) is uniformly absolutely continuous with respect to the distribution of a Poisson
process g, with intensity measure fu(-), i.e. its Radon-Nikodym derivative is uniformly
bounded in x. Examples of uniformly absolutely continuous processes include the stan-
dard area-interaction but also 'take it or leave it’ type functions f with binary values. We
come back to this later in Section 4.

To describe interaction behaviour, we need to define when points are "neighbours”.
Asin [4], let a ~ b if and only if

Z(a) N Zu(b) £ 0. (3.4)

A process given by its density p(+) is a Markov point process [25] with respect to ~ if,
for all configurations x,

(a) p(x) > 0 implies p(y) > 0 for all y C x;

(b) if p(x) > 0, then p(xU{u})/p(x) depends only on v and N({u})Nx = {z; € x: u ~ z;}
(the set of all points in x which are neighbours to ).

For generalizations see [2]. We will usually require that the influence zones are bounded.
Otherwise far too many points are becoming neighbours.

Lemma 3.2. The shot-noise-weighted process is Ripley-Kelly Markov with respect to
the relation (3.4).



Proof.  Note that there are no zero-likelihood configurations (or forbidden states in
statistical physics parlance), so the density is hereditary. To check (b), write

p(xU{a}) _
W —ﬂexp{ (log ) {/ f fxu{a}( ))dv(t /f Ex(t))du(t )}} .
Split x in y U z where

y={z; €x: Z.(x;)NZ.(a) =0}
and z = x \ y. By Lemma 2.2, for all ¢t ¢ Z,.(a) we have that &xugay(t) = &x(t). For all
t € Z(a),

Exugar(t) = D k(L y:) +Z (t,z;) + k(t,a) = 0+ &(t) + k(L a).

Similarly, & (t) = &;(t) for t € Z,(a). Hence
pxUda}) _ exp { —(lo k(t,a)) — v
P ey {~(ogm) { [ 6 +sta) - salano ] @9
completing the proof. O

One of the most important results for Markov point processes is the Hammersley—
Clifford theorem [25] stating that p(-) can be factorized in a product of clique interaction

functions:
rx)= I o).

yCx
yis a clique

A clique is any configuration x where all its members are neighbours (Vs,? € x: s ~ t).

Theorem 3.3. The interaction functions of a shot-noise-weighted process are

o) = a, (3.6)
d{a}) = py S EmOn0), (3.7)
$(x) = exp{ (log ) / Z DPWIr(e ())dV(t)} ifn(x)>2. (3.8)

Proof. The proof is based on induction with respect to the number of points. The case
n(x) = 0 is straightforward from the Hammersley-Clifford formula. For n(x) = 1, note

that ¢({a}) = p({a})/6(0).

If n(x) = 2, then for a,b € E distinct,

apt) = PUGDY e 0)- £E (0)- FEy ) vt
Wb =G@ettanecon —7 *

Supposing the formula holds for configurations of n(x) = n > 2 points, let x be such
that n(x) = n. Then

b(x U {a}) p(xU{a})

HyCXU{a} d)( )
- Je[FExo00 )~ Ly exun) Sacy (~DWsea(w)] avtr)



Note that “C” means proper subset relationship. Now

> 2 EUMVIRGm) = X X (-DMVIf&®)

yCxU{a} zCy zCyCxU{a}
= Y f&G@) X (—phv
zCxU{a} zCyCxU{a}
= — Y (=npg ()
zCxU{a}

where we have used that the inner sum in the penultimate formula above equals —(—1)*Vteh\z],
by Newton’s binomium. Hence

Feu@®) = 2 2 EDMVIf(G0)) = 30 ()P (&)

yCxU{a} zCy zCxU{a}
and the proof is complete. O

The highest n(x) with ¢(x) # 1 is said to be the order of interaction. In most cases
shot-noise-weighted processes exhibit infinite order of interactions. It is easy to see that
two such processes generated by the functions f and f(¢) + ct for some ¢ € R have the
same order of interactions, so that the linear part of f is not important to determine
interaction order.

It is easy to verify that ¢(x) = 1 whenever x is not a clique. For this, take s,t € x :
s o¢ t and write the integrand in the exponent in (3.8) as

> (YT (@) + f(Eusn(a) = fEus (@) = f(&um(a)])

yCx\{s,t}

Note that for a € Z(s), f(&(a)) = f(§yuiy(a)) and f(&uisi(a)) = f(&yugsey(a)); for
a & Z(s) on the other hand, f(&y(a)) = f(&yugsy(a)) and f(&yugy(a)) = f(&yugsty(a))-
Hence ¢(x) =% = 1.

Direct simulation of the shot-noise-weighted process is difficult due to the dimension
and the normalizing constant « that cannot be evaluated explicitly. On the other hand
however, the conditional intensities (3.5) are “local” and very easy to compute. Therefore,
it is possible to use a general techniques for spatial Markov point processes [2, 22, 23] that
construct a Markov chain whose values are configurations of points and transitions are
simple operations such as adding/deleting a point or replacing a point by another one.
These transition probabilities are given by the likelihood ratio or conditional intensity
(3.5). If this is done carefully, the Markov chain has the shot-noise-weighted process as
its stationary distribution and converges to it from any initial configuration.

4. EXAMPLES AND INTERPRETATIONS

Stationary Poisson process. If v = 1, regardless of the choice of potential function
and influence function, the shot-noise-weighted model is a Poisson process with intensity
measure Gu(-). This is a model of spatial randomness and in particular, the interaction
functions of order higher than 2 are identically 1. The lower order interaction functions

are ¢(0) = a = ' 4({a}) =



Inhomogeneous Poisson process. If f is linear, i.e. f(¢) = ¢t for all ¢t € R and
some ¢ € R, then we get an (inhomogeneous) Poisson process with intensity measure

By~ Op(-), where
V() = /E f(k(a,2))dv(a), z€E.

Again, there are no interactions of orders higher than 1, ¢(0) = exp {fE(l - ﬁfy‘c”'ﬂ(“))du(a)},
but now ¢({a}) = By~<(») may be location dependent.

Area-interaction process. An example that does exhibit interactions between the
members in a configuration is the area—interaction model [4]. This model is obtained by
taking the coverage function introduced in Example 2.3 and potential function f(n) =1
for all strictly positive integers, zero otherwise:

The model yields clustering for v > 1, regularity for v < 1. The special case v > 1,
Z(a) = B(a,r), a ball of fixed radius centred at a and Lebesgue measure for v is the
penetrable sphere model introduced by [33] for liquid-vapour equilibrium. These models
have interactions of arbitrary large order, except in the Poisson case v = 1. For details,
see [4, 12, 26, 33].

Truncated at 1. Another example that can deal with clustering and inhibition, is again
taking the framework of Example 2.3 but now truncating the binary potential function
at 1: f(n) =1,21, n>1. Then

p(X) — aﬂn(x)’}/_y({t:CX(t)ZI}) )

For v > 1 the model tends to have smallish 1-covered regions, hence clustering. For
v < 1 the model tends to have largish 1-covered regions, hence inhibition. As the area-
interaction process, this model has interactions of infinite order.

Truncated at k. Take the previous example but truncate at k£ > 1, so that f(n) =
1,<k, n > 1. This allows some more overlap, namely of type up to k, and the density is
given by

p(x) = a9y vtexO<k))

For v > 1, the points more probably appear in m-tuples with m < k.

Pair coverage-interaction. Consider the coverage function from Example 2.3 with
the potential function f(n) = 1,—. Then [ f(éx(a))v(da) is the v—measure of the set
Us(x) of points in E covered by exactly two sets Z(x;), i = 1,...,n(x), and, therefore,

p(x) = afrOy (U0

For v > 1 there tend to be many high order overlaps or no overlaps at all, while, for
v < 1, objects tend to come in pairs.



Odd and even. Take again the coverage function example with one of potential func-
tions:

L fk—1)=1, f(2k) =0, k> 1.
2. f(2k—1)=2k—1, f(2k) =0, k > 1.

In both cases X has interactions of infinite order. If v > 1, then in both cases points tend
to come in clusters with even numbers of points. If v < 1, then the first example leads
to the model with repulsion and largish 1-covered regions, while the second case gives
model with mostly odd-numbered clusters.

Distance influence function. Let us consider an example not related to the coverage

function. Set k(a,z) = p(a,x), i.e. the influence function x(a,z) is equal to the distance
between a and z in EE = R%. Furthermore, take v to be the Lebesgue measure and the
potential function f(¢) = 1;<;. Then

p(x) = a9y 00

where M;(x) = {a € R?: E?:()f) pla, z;) < 1}. If x contains at least two points at distance
greater than 1, then v(M;(x)) = 0, so that v > 1 makes such configurations more
probable. On the contrary, for v < 1 points tend to appear in one cluster which is
contained within a ball of radius 1. For instance, if n(x) = 2, then M;(x) is a ellipse with
foci z; and z».

5. PROPERTIES

First note that the family of shot-noise-weighted point processes is closed under taking
Radon-Nikodym derivatives. This means that the densities of such a process with respect
to another process from this family has the same form (2.2).

If E, x and v are group-invariant (e.g., w.r.t. rotations), then X is distribution-
invariant with respect to the same group.

If two independent point processes X, Xo are absolutely continuous with respect to
m, with densities p; and p, respectively, then the superposition X; U X is also absolutely
continuous with respect to 7, and has density

= ¢ B Z P1(Yo11)P2(Yom1(2)) 5 (5.1)
iy —11,2}

p(y)

where the sum is over all ordered partitions of y. In the case of two independent shot-
noise-weighted processes, (5.1) reads

p(y) _ e—p([E)a2ﬁn(y) Z exp [— log’y/ (f(gyy,—lu)(t)) + f(fycp—l(z)(t))) dV(t)

pry—{1,2}




In general, X; U X5 is not a shot-noise-weighted process. If we assume moreover that f
is a linear function this reduces to the familiar superposition property of Poisson point
processes [8, 29].

Now consider independent thinning. Under this operation each point in a realization
of a point process is retained independent of every other point with probability p. Then

the Janossy densities of the thinned shot-noise-weighted process (cf. [7, p. 122]) are given
by

jflh(xl, .. Z D" Jnam (Tt o Ty Y1y - Ym) (L= 2) (1) - - - di(Ym)
m—O E’nn
— ae®(p m' / N e f oy @dv@ gy Ly .
m=0

Hence, the density of the thinned process with respect to 7, is
p(x) = a(pB)e® [ (51— p) )y eSSy ().

Equivalently, the thinned process is absolutely continuous with respect to the original
process with density

h
pt(();) — MR, [(B(1— p)) )y Sl Exor (D~ Slex(eN}avta)] (5.2)
X

If f is a linear function (Poisson case), then the thinned process is a Poisson with
intensity measure pBy~<()u(-), which is a familiar property of the Poisson point process,
see [29].

Let us study the convergence of the shot-noise-weighted point process as v — 0, co.

Theorem 5.1. Let Pg, be the distribution of the shot-noise-weighted process with den-
sity (2.2) for given influence function and structure function.

1. Assume that f is bounded and let

{ /fgx ))dv(a max/fgx dy()}'

If v — 0 for fixed 3, then Ps . converges in distribution to a uniform process on H,
i.e. a random configuration corresponding to the distribution g, on H.

2. Suppose that 3 — 0 and v — 0 in such a way that y~"~(? — ((a) € (0,0), a € E.
If f is positive and sublinear, i.e. f(t+s) < f(t) + f(s) for all s and t, then Pg_,
converges in distribution to a Poisson process with intensity ((-)u(da) restricted to
the set of configurations

n(x)

{ /f k(a,;)) Z/f axldz/()}.



3. If f is strictly positive except in 0, then as v — oo with # < oo fixed, Pg, converges
to a process that is empty with probability 1.

Proof.
1. Write f* = maxx [ f(éx(a))dv(a). Then

/ I = @)@ g (%) < g, (H) as v — 0.

Hence
=] HEx(@ydv(a) 1, cH

T ] fex(@dvia) gro (%) mau(H)

which is equivalent to the first assertion.

Pp(%) as y—0,

2. By sublinearity,
,yf(Zi Fs(aw))=f (32, wlawi)))dv(a) _, () oq N —0.
if x ¢ HC. Hence

. 2% ¢(2:) 1xeHc
Jic TR ¢(:) dr,(x)

PgH(X) as 7 —0.

3. Note that the density converges pointwise to zero unless the pattern is empty. O

Note that the set HC in Theorem 5.1 contains at least all singletons and also point
configurations which are similar to realizations of hard-core point processes [29].

The intensity and moment measures of shot-noise-weighted process X can be found
using the expression for the density (2.2). Suppose that u is diffuse, i.e. X has no multiple
points. The intensity of X is given by A(dz) = By~ u(dz). This is the probability
to have exactly one point in the neighbourhood of z. Furthermore, the second-order
cumulant factorial moment measure of X is given by

o1y (e ()= (sl = (stae))av(a) 1y Gy ()

Below we assume that E = R? and the influence function is homogeneous with bounded
7. Existence of a stationary extension is an important problem when defining distribu-
tions given in terms of the density with respect to the Poisson process. This means that
the model can be considered as the restriction to a bounded sampling window of a sta-
tionary point process on the whole of R?. By using methods of Preston [22] in the same
way as it has been done in [4] (with evident changes) one can prove that this is true as
soon as (3.2) is satisfied. Note that this result does not exclude the possibility that the
Gibbs state is not unique, i.e. there may be “phase transition” [21, p. 46].

Jensen [14] proved a central limit theorem for Gibbs point processes in view of ap-
plications to the maximum pseudo likelihood estimates. It is possible to show that, if



f is bounded and the influence function k is homogeneous with compact 7., then the
corresponding shot-noise-weighted process satisfies conditions of Theorem 2.2 [14]. In
particular, this yields the central limit theorem for additive functionals like the number
of points. For shot-noise-weighted process the sufficient statistics are n(x) as usual, and

| F(Ex(a) dv(a),

which is the integrated shot-noise [13]. Unfortunately, the latter (for non-linear f which
is only interesting) becomes a non-additive functional of the observation window.

Statistical estimation for shot-noise-weighted processes can be performed using the
usual techniques as for area-interaction point processes. It is possible to estimate § and
~ using three basic methods:

e maximum likelihood techniques using Markov chain Monte Carlo simulations or
stochastic approximation techniques to find out the unknown normalization param-
eter a [9, 19, 20];

e the Takacs-Fiksel estimation method, see [10, 31] and [24, p. 54-55];

e the pseudo likelihood equations [5, 15], which have exactly the same form as the
pseudo likelihood equations for the Strauss model [24, p. 53] and are a special case
of the Takacs-Fiksel method, see [4, 9, 28].

The estimation of f and & is a difficult non-parametric statistical problem.
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