@ Centrum voor Wiskunde en Informatica

REPORTRAPPORT

On a class of one-dimensional random walks
0.J. Boxma and V.I. Lotov
Department of Operations Reasearch, Statistics, and System Theory

BS-R9537 1995



Report BS-R9537
ISSN 0924-0659

CWwiI

P.O. Box 94079

1090 GB Amsterdam
The Netherlands

CWI is the National Research Institute for Mathematics
and Computer Science. CWI is part of the Stichting
Mathematisch Centrum (SMC), the Dutch foundation
for promotion of mathematics and computer science
and their applications.

SMC is sponsored by the Netherlands Organization for
Scientific Research (NWO). CWI is a member of
ERCIM, the European Research Consortium for
Informatics and Mathematics.

Copyright © Stichting Mathematisch Centrum
P.O. Box 94079, 1090 GB Amsterdam (NL)
Kruislaan 413, 1098 SJ Amsterdam (NL)
Telephone +31 20 592 9333

Telefax +31 20 592 4199



On a Class of One-dimensional
Random Walks

0O.J. Boxma
CWI
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands;
Tilburg Unwversity, Faculty of Economics
P.O. Box 90153, 5000 LE Tilburg, The Netherlands

V.1. Lotov
Institute of Mathematics, 630090 Novosibirsk, Russia

Abstract

This paper studies a one-dimensional Markov chain {X,,n =0,1,...}

that satisfies the recurrence relation X, = maxz(0, X,—1 + m(lm)) if

Xn—1 =m < a; for X,,—1 > a it satisfies the same relation with nﬁ[”)

replaced by &,. Here {n&m)} and {{,} are independent sequences of
independent, integer-valued random variables. The limiting distribu-
tion of X,, is determined, using Wiener-Hopf factorization. It requires
solving a set of a + 1 linear equations. The asymptotic behaviour
of the limiting distribution is also described. Various applications to
queueing models are discussed.
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1 Introduction

This paper is devoted to a one-dimensional Markov chain {X,,n =0,1,...}
of the following structure.

X, =0, (1)

X — (Xn—l + gn)—i— if)(n—l > a,
"l K+t WX, =m,m=0,...,a.

Here a is a nonnegative integer; (u)* := max(0,u); and {&,}, {n{™},m =
0,...,a are independent sequences of independent integer-valued random
variables, identically distributed within each sequence.

Random walks of the type X,, = (X,,_1 +&,)" have been studied extensively,
in particular because of their natural occurrence in a queueing context (cf.
2], [4]). For example, this recursion is satisfied by the waiting time in the
GI/G/1 queue (&, then represents the difference between the service time
of the (n — 1)th customer and the interarrival time between the (n — 1)th
and nth customers; of course §, is now not integer-valued). Several queueing
models give rise to similar recursions, but with a different distribution for
jumps from the origin, or even from states close to the origin. A classical ex-
ample is the queue length process at service completion epochs in the M/G/1
queue: it satisfies (1) with a = 0 and &, > —1, ¥ > 0.

The purpose of this paper is to present a simple treatment of the class of
random walks given by (1), based on Wiener-Hopf factorization. The gen-
erating function of the steady-state distribution p; := lim, . P{X,, = j}
is obtained; it is a linear combination of a + 1 terms, with weight factors
Do, ---,DPa- The latter probabilities are obtained by solving a set of linear
equations. The results unify several known queueing results; some examples
are gathered in Section 4. These examples include the M/G/1 queue with va-
cations, with set-up times, or with a different distribution for the first service
time in a busy period; the case of an M/G/1 queue with additional negative
customers [1] is also covered. But of course the applicability of the results far
exceeds M/G/1-type queueing models - in particular by also allowing cases
where &, < —1.

The paper is organized as follows. In Section 2 we give an exact analysis of
the steady-state distribution of the random walk (1), using a Wiener-Hopf
approach. Section 3 is devoted to an asymptotic analysis of the steady-state



probabilities. In Section 4 several applications (mainly in the area of queues)
are discussed.

2 The random walk

Consider the random walk specified by (1). The generating functions of the
distributions of &, and n{™ will be denoted by f(z) and g{™)(z), respectively.
We suppose throughout the paper that E&; < 0. We also assume that the
Markov chain is irreducible and aperiodic. Hence the limiting distribution
pr = lim, o P(X, = k), £k =0,1,... exists. The main goal of this section
is to determine this limiting distribution.

It follows from (1) that

P(X,=0) = Y P(X,,=mPHn™ +m<0)
m=0

£ Y P(Xe = m)P(E +m<0),
m=a+1
P(X,=k) = 3 P(Xo_s=m)Pu™ =k —m)
m=0
- S PXai=—mPEa—k-m), k=12,....

m=a-+1

Introducing, for |z| < 1, P,(2) := 332, 2*P(X,, = k) it follows that

Paz) = 30 P(Xo 1 =m)P(r{ +m < 0) @)
£ Y P(Xe =m)P(E+m<0)
m=a+1

S P = PO = k- m)
k=0 =0

o0 oo

+ 2 3 P(Xo1 =m)P(&, =k —m).

k= m=a-+1



Introduce the following (useful) notation, for any D C {...,—1,0,1,...} and
for an arbitrary function of the form Y3° _ azz*:

oo

(Y adf? =3 ad”

k=—o00 keD

Formula (2) can be rewritten as follows:

Pu(2) = [Paoi(2)f(2)] (3)
+ Z_: P(X,_1 =m) z_: HMP™ =k —m)—P(¢ =k—m)}

a

+ Y P(X, 1 =m){P(H™ +m < 0)-P(& +m < 0)}

o0

+ > P(X, 1 =m)P(& +m<0).
m=0

Now let n — oo. Introducing

P(z) := lim P,(2), lz] <1,

I(z) == [PQ)f)]=, |z >1,
qm(z) = P(n%m) +m<0)—P(& +m<0) (4)

Zm[gm(z) — f(z)][—m,w)’ m=0,1,...,a, |Z| <1,

+
it follows from (3) that, for |z| =1,

P(2) = [P+ 3 Dutm(2) +1(1),

m=0

or, equivalently, for |z| = 1,

PR 1) = 3 pudn(2) +10) ~ 1) 9

This basic identity is the starting point for the remaining analysis. Consider
the standard Wiener-Hopf factorization (cf. [2])

1-f(2) = Ri(2)R (2), (6)
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where

Ri(2) = 1-E(z* (v <o0)), |2/ <1, (7)
R (z) = 1—-E(z*), |2|>1 (8)

Here v, is defined to be the first weak ascending ladder index:
vy = min{n >1:& +...4+&, >0}

similarly v_ is defined to be the first descending ladder index,

v = min{n>1:& +...+ & <0},
and x4y = &+ 4+ &, x- = &G+ + 6.
Both sides of (5) vanish for z = 1, and also R_(1) = go(1) = ... = ¢.(1) = 0.
Introducing, for |z| > 1, R_(z) := R_(z)/(1 — 2) we obtain from (5) for
|z| = 1:
_ ¥ (1) — (=)
PERME) = 3 puln(2) + ©)
where )
o dm\Z
hm(z) = —(1 TR (10)

For arbitrary integer s,t such that s < ¢ denote by S(s,t) the set of all
convergent power series of the form Y% __ by2*, |2| = 1. It is clear that P(z) €
S(0,00), R, (z) € S(0,00), therefore P(2)R,(z) € S(0,00). The same must
be true for the righthand side of (9). The functions R_(z), R_(z) are analytic
for |z| > 1 and continuous up to |z| = 1. Furthermore, R_(2) # 0 for |z| > 1,
R_(z) — 0 as z — co. Hence R_(z) € S(—o0,—1) and R !(2) € S(—00,1).
For the latter statement, observe that (1 — 2)/(zR_(2)) — —1 for z — oc.
Since (I(1) —I(2))/(1 — z) € S(—o0, —1) it now follows that

1(1) — I(2)

Y= R )

€ S(—00,0).

Hence, writing ¢ := ¥(oc0) and applying Liouville’s theorem to (9), it follows
that

P()R.(2) = i_opm[hm@)ﬂ“w) +e <1, (11)
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0,1 1) - i(z) _
me m ( ]+m—0—0,

Remark 2.1 In fact (12) can be derived from (11), and hence (11) and (9)
are equivalent. This equivalence, which is used at the end of this section, is
proven as follows (we first take |z| = 1, and later use analytic continuation).
Using the relations [P(2)](=°~1 = 0 and (11) we get

I(z) = —[P(z)(1— f(2)) — P(2)] >
= —[P(2)Ry(2)R_(2)]7>>]

= = 3 [(n@) B0 Ro) T elR_

2/ >1.  (12)

Since hm(2)R_(z) = qu(z) € S(0,00) (see (4) and (10)), it gives
1) = 3 oo [l IR () T ()~ B 0)
= Z_Opm[hm(z)](_oo’_l]R_ (2) — ¢(R_(2) — R_(0)).

Taking into account that |A,,(1)] < oo and R (1) = 0, we have rederived

(12):
1) _ (0 i o
R (2) (me[hm< )N IR(2)] o
_ me m ( 00, 1 7(2) + CR(Z)) R:l(z)
- - me m(2)] T+ e

Summation of the equations (11) and (12) gives (9), i.e. (9) and (11) are
equivalent.

Formula (11) now gives the main result of the paper: for |z| <1,

= X B (O + R (13



The numbers py, ..., p, and c are yet unknown. They are determined as fol-
lows. Let the sequences {'y,(cm)} and 7, be defined by the following expansions,
for |z] < 1:

Rll(z)[hm(z)][o’oo) = Z zk'y,(cm), (14)
k=0
Ri'(z) = Y 2'n. (15)
k=0
Then we obtain from (13) the equations:
P = me%(cm) + cr, k=0,1,.... (16)
m=0

The first @ + 1 equations together with the normalizing condition P(1) =1
determine the a + 2 constants py,...,p.,c. Suppose that these equations
can give another solution pj, ..., p., ¢. It means that we can obtain another
function P’'(z) satisfying (11) and also (9) and (5) (here we use the equiva-
lence of (9) and (11)). But this will contradict the uniqueness property of
the steady-state distribution. Therefore the solution of (16) is unique.

3 Asymptotics

In this section we determine the asymptotic behaviour of the steady-state
probabilities p; for £ — oo. Denote R := sup{z > 1: f(z) < oo}. The
asymptotic behavior of the probabilities pg, k — oo is different for the cases
R>1,f(R)>1; R>1,f(R)<1;and R = 1. It depends also on the rela-
tion between the tail probabilities P(&; > z) and P(ngm) >z),m =0,...,a.
All these problems were studied in detail in [3] for the case a = 0. It was
shown there also that for the purpose of asymptotic analysis the case a > 0
can be reduced to the study of a modified random walk with a = 0.

We demonstrate here the calculation of the asymptotics only for the first case
mentioned above. Suppose that there exists a number ( > 1 such that

[f(2)] <oo, 1<z <¢ f(O>1, (17)

and also
gm(z) <00, 1</ <C m = 0,....a (18)
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Then clearly

lgm(2) = [P@™ + m<0) — P& + m<0)
+ 2"[gm(z) = fIT™] < oo

for |z| < (. Since gn(1) = 0, we have |gn(2)(1 — 2)7| < oo for |2]| <
and also |[R-!(z)| < oo for |z| > 1. This means that |h,(z)| < oo in the
ring 1 < |z| < (. Therefore, the function [h,,(z)]>* is analytic for |z| < ¢
and continuous up to the boundary |z| = (. Tt follows from (17) and the
fact that f(1) = 1 with f'(1) = E& < 0 that there exists a number ¢
such that 1 < ¢ < ¢ and f(¢) = 1 (note that f(z) is real for real z, and
that ¢ is unique). We conclude that R,(gq) = 0 since R_(g) # 0. The
function (1 — f(2))RZ'(z) can be analytically continued in the set |z| < (.
This function has no zeros except z = ¢ in the circle |z| < ¢ + § for some
6 > 0 (observe that |f(2)| < f(g) = 1 for each z with 1 < |z| < ¢). This
means that the function R7'(z) has a unique prime pole z = ¢ in the set
2| < g+6. The same is true for the function R, !(2)[hm(2)][>*). Let numbers
Pks Pe (k> 0), by (m =0,...,a)and bbe defined by the expansions (|z| < q)

_ 0 bim S
B @) = =2+ 3 2o,
k=0
b Sl
R'(z) = + 3 2.
9—2 k=0

The functions - -
> 2 pr, >
k=0 k=0
can be continued analytically in the circle |z| < ¢ + § and, therefore,
pe = O(a+8)7"); e = Oa+8)7"), k—oo
So we get

W = g+ O+ 0) ),
o= b+ O((g+6)7h).

Substituting these relations in (16) we get

e = (O Pmbm + cb)gF 7 4+ O((g+6)7), k — oc. (19)
m=0
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Remark 3.1 Note that the coefficient of g7*~! is completely specified. The
number 6 can also be specified. It depends on the radius of a circle containing
no zeros of the function R, (z) except z = g.

Remark 3.2 If condition (18) is violated for some m, the asymptotic behav-
ior of pr will be determined by W,EmO), where mg corresponds to the function

[Grme (z)[]o[o’o;’) having minimal radius of convergence among other functions
[gm (2)]2).

4 Applications

In Section 2 we have derived a formal expression for the steady-state distri-
bution of the random walk (1). In the present section we consider various
special cases for which this formal expression can be evaluated. For example,
we shall take a = 0, and we shall take one or both of the Wiener-Hopf factors
R, (z), R_(z) rational, etc. Several of these applications have an interpreta-
tion in queueing theory.

Case : a=0and P(§ > —-1) =1
Observe that the definition of R_(z) (see (8)) immediately implies that, when
P(&4 > —1)=1and E§ <0,

R (2)=1-1/z, (20)

so that

Ry(2) = %

From (4) and (10) it now follows that

(21)

P{n < 0} + go(2)®) — f(2) — (1 - 1/2)P{&, = —1}] "

0,00)
ho(2)” 1—1/2
_ 9" P >0} 1-/(2) _
B 1—1/z1 +1—1/z_P{§1__1}
= PO = L R - Pl = 1) (22
=0



Since R (0) = lim, ,, —2(1 — f(2))/(1 — 2) = P{&& = —1}, it follows in
particular that 7(()0) = 0 (cf. (14)); and, cf. (15), rp = 1/R.(0). Hence it
follows from (16) that py = c¢ro = ¢/ R (0). The constant ¢ can be determined
from the normalizing condition P(1) = 1. Equation (13) can now be written
in a more explicit form:

P(z) = Ry(1) [ roho(2)>) +1
" Ry(2) [moho(2)0] oy +1]7

(23)

with R, (z) given by (21) and h(2)[% by (22).

Case 2. a =0 and f(z) = B*(A(1 —2))/z

Here B*(A\(1 — z)) is the generating function of the number of Poisson events
(rate A) that take place during a length of time with mean EB, distribution
B(:) and Laplace-Stieltjes Transform (LST) B*(-). This is a special case of
Case 1, which naturally arises in M/G/1-type queues. P(z) represents the
GF (Generating Function) of the equilibrium queue length distribution at
departure epochs of an M/G/1 queue with arrival rate A and service time
distribution B(-). The freedom to still choose go(-) leads to variants of the
M/G/1 queue like the M/G/1 queue with server vacations, with set-up times
and with a different distribution for the first service time in a busy period;
below we discuss several choices for go(-).

Substitution of f(z) = B*(A(1 — z))/z in (23) yields, with p := AEB:

1=p  BO(1-2) - o5, P{” =1}

B O ) R Ry

(24)

It P{ngo) > 0} =1 then the two sums in the numerator and the denominator

of (24) reduce to go(z) and En'®, respectively. We mention some special
cases where this holds.

Case 2(i): go(z) = B*(A(1 — 2))
This is the ordinary M/G/1 queue. Indeed (24) reduces to the well-known
Pollaczek-Khintchine formula:
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Case 2(11): go(z) = B*(A(1 — 2))S*(AM(1 — 2))

Here S*(-) is the LST of a probability distribution of a non-negative random
variable with mean ES, that e.g. represents a set-up time before the first
service in a busy period of the M/G/1 queue. Formula (24) reduces to

1—p)B*(M1—2))1—25*(A\(1-2))
B*(AM1—-2))—=z 1+ AES '

P(z) = (

(26)
The result agrees with Formula (2.49a) on p. 131 of [5].

Case 2(1i1): go(z) = B*(A(1 — 2))[V*(A(1 — 2)) — V*(N)]/[2(1 — V*(N))]
This corresponds to an M/G/1 queue ‘with multiple server vacations’, with
vacation time LST V*(-). Formula (24) reduces to

(1 =p)( = 2)B* (M1 = 2))1 = V*(A(1 - 2))
B*(M1—2))—z AEV(1—2) 7

P(z) = (27)
with EV the mean of the vacation time. Formula (27) exhibits the well-
known decomposition property: P(z) is the product of the GF of the queue
length distribution in the ordinary M/G/1 queue and the GF of the number

of arrivals during the past (or residual) part of a vacation period (cf. [5], p.
112).

Case 2(iv): go(z) = G*(AM(1 — 2))

Here G*(-) is the LST of a service time distribution; the situation corresponds
to that of an M/G/1 queue with service time LST B*(-) except for the first
service time in a busy period, which has LST G*(-). Formula (24) now im-
mediately yields Formula (2.38) on p. 129 of [5].

Remark 4.1 It follows from the previous section that the behaviour of p; for
k — oo is determined by the smallest (real) zero of B*(A(1 — 2)) — 2z outside
the unit circle.

Case 3: a=0and P(§;, <1)=1
The definition of R, (z) (see (7)) immediately implies that, when P(§; <
1)=1,

R, (2) =1—-dz, (28)

11



so that 1= ()
— f(z

R-(2) = 1—dz
Here d = P(rv; < o), cf. (7). Note that (see below (10)) R (z) # 0 in
|z| > 1; hence 1/d is determined as the unique zero of 1 — f(z) in |2z| > 1 (1/d
cannot be a pole of R (z) in |z| > 1, because the latter function is analytic
in that area). It clearly follows from Section 3 that py ~ d*, k — oo, but we
can be much more specific here. From (4) and (10) it follows that

(29)

ho(e) = DG _ PO <0)+ ()~ 141~ P& = 1)
TR () R (2)
_ o PO _ 1=zt
_ P =1)— EzlzoP(Ul =1) =z (30)
R_(z)

Now let us make the additional assumption that P(ngo) < 1) =1. Hence

1 P —
ho(z) — P(fl - 1%_(5)(771 1)’ (31)

and using the observation (see below (10)) that R~'(z) € S(—o0, 1),
ho(2)0%) = U + V2. (32)

Observing that 7o = 1 and v\”) = U, so that (cf. (16)) po = Upy+c, it follows
from (13) that
14+Vz 1-d1+Vz
P(z) = = ) 33
e S QS (33)
In the last equality we have used the normalizing condition. The constant V'
equals

. PE=1)-Px"=1)
V= zlggo o B ) (34)

Let us consider two special cases.

Case 3(1): f(z) = go(2) = zA*(u(1 — 1/2))
Here A*(u(1 — 2)) is the generating function of the number of Poisson events
(rate p) that take place during a length of time with distribution A(-) and

12



LST A*(-). This leads to the G/M/1 queue with interarrival time distribution
A(-) and service rate p: P(-) is the GF of the queue length distribution as
seen by arriving customers.
The fact that P({; =1) = P(ngo) = 1) implies that ho(z) = 0, so that V = 0.
Hence 14
Pz)= ——. 35

()=t (35)
As observed above, 1/d is the unique zero of 1 — f(2) in |z| > 1. Hence d is
the unique zero of y — A*(u(1 —y)) in |y| < 1 - a fact that is well-known in

G/M/1 theory, cf. [4].

Case 3(i1): f(2) = 2A™(u(1 = 1/2)), go(2) = 2A"(o(1 — 1/2))
This corresponds to a G/M/1 queue in which the service rate is pg at the
beginning of the busy period, until the next arrival. It follows from (34) that

V = d[A*(po) — A* ()] /A" (1)-

Case 4: f(2) = B3 (AM1=2))/2, g0(2) = Bf(AM(1=2)), gm(2) = By (A(1=2))/z,
m=1,...,a

This case corresponds to an M/G /1 queue with service time distribution B,(+)
with LST BZ(-) when the last departing customer leaves more than a cus-
tomers behind, and service time distribution By(-) with LST B;(-) otherwise.
This model seems to us of interest, as it arises rather naturally in a control
setting. P(z) is the GF of the queue length distribution in this M/G/1 queue
immediately after departure epochs. As in the ordinary M/G/1 queue, that
distribution coincides with the queue length distribution at arrival epochs,
and with the steady-state queue length distribution. Also note that, as in
the ordinary M/G/1 queue, P(z) = S*(A(1 — z)), with S*(-) the LST of the
sojourn time distribution, so that we also have the latter distribution once
we have obtained P(z).

Formulas (20) and (21) hold again; (4) and (10) yield after some simple
calculations:

L BiA = 2)) = 2B{(A(1 = 2))

1—=z2

ho(2)) = —B;()

a

, (36)

B (A(1 = 2)) — Bi(A(1 — 2))
1—2z

B (2)19°°) = 2™ + m=1,...,a. (37)

I

13



Substitution in (13) gives:

1-2 BX(A1—2)) — zB; (M1 —2))
P(z) = —BI(\) + ==
(Z) B;(/\(l—z))—z[po( a( )+ 1— 2 )
“ BX(A(1 — — B (A(1 —
b 3 BONZD BOA-) .
The a + 2 constants py, . .., p, and c are determined from (16) and the nor-

malizing condition. We find from (36), (37) and (14), cf. (38):

$ iy BRU= - BO0=)

—Z

m _ mBiO(1 = 2) = Bi(\(1 - 2))
232%) BO-)-= "7

fees Q. (40)

Observe that A, (2)0%) = h,,(2)™>), so that +\™ =0 for k=0,...,m—1,
m=20,...,a

Let us now restrict ourselves to the case of exponential service times: B} (s) =
a/(a+s), By (s) = 3/(B+s). Rather lengthy but straightforward calculations

reveal that ) )
=1+= = (5 k=1,2,...; 41

To + Cl{’ Tk (Cl{) ) ) &y ) ( )

(m) a\ — ,3)\ 1 A k—m 1 A

e = A+B—a[5(5) _ﬂ+/\(ﬂ+/\

)kim]ﬂ k:m,---,a/,m:l,...
(42)
For o = +\, the righthand side has to be replaced by the limit for o — G+ A\.

It is now easy to solve (16) and to determine the a + 2 constants.

Case 5: a = 0 and go(2) = zf(z), with f(-) a rational function

We include this case for two reasons: (i) it gives an illustration of the im-
portant case that f(-) is a rational function. Rationality assumptions allow
a much more explicit evaluation of P(z). (ii) This particular case contains a
recently studied M/G/1 model with negative customers [1]. In that model,
negative customers arrive according to a Poisson process and require no ser-
vice. At the end of a service of an ordinary customer, each negative customer
removes exactly one ordinary customer; if there are more negative customers
than ordinary customers after a service completion, then the system becomes

14



empty.
Without loss of generality, under the rationality assumption regarding f(z)
we can write:

I[L(z — o)

1-f(z) = D(1-2) :
I1;(z = 5))
with D a constant. We have taken out the factor (z — 1) as f(1) = 1;

we assume that |a;| # 1 for all ¢, thus excluding the possibility that the
distribution of &; is periodic. The factors R, (z) and R_(z) are given by (cf.

[1]):

(43)

Mo, j<1(z — )

g, <1(z = B5)’

DH|ai\>l(Z — o)
Iig;>1(2 = B;)

Indeed R_(z) is analytic in |z| > 1, and lim,_,, z}f:i”) = —1; the degree of

the product in the denominator exceeds that of the product in the numerator

in (44) by one. As indicated below (10), R,(z) € S(0,00) and R_(z) €

S(—00,0).

According to (4) and (10), with go(2) = 2f(2):

ho(2) = {P(ngm<0)_P(€1<0)+{(2—1)f(Z)}[0’OO)}[O’OO) (46)

R.(2) = (z—1) (44)

. (45)

R (z)

P(ni” <0)~P(6 <0) , [(z=Di(x)]"
R_(0) R_(2)

— P(77§0) < O) — P(gl < 0) (Z — 1) ) +R (Z)(l _ Z)

- R_(0) R_(z) * '
The second equality uses the fact that the (—oo, —1] part of (z — 1) f(2) will
not contribute to the [0, 00) part of ho(z). In the last equality, we replaced
f(z) by 1 — (1 — f(2)), and we used that R,(z) € S(0, c0).
From (46) and (13):

ho(z)10°°) c

R R (47)
X poYz .
= "o R Pl
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P(z) = po




In fact Y is the coefficient of 2! in (2—1)/R_(2) = I1|,1<1(2—8;)/ [ja; <1 (2 —
«;). Y = 1 since the degree of the product in the numerator exceeds the
degree of the product in the denominator by one. Substitution of z = 0

(which amounts to applying (16)) yields X = 0. Substitution of z = 1 yields
po=R:(1)/Y = R, (1). Finally,

z

Pz)=R:(1)|[——+1— 48
in agreement with Formula (11) of [1]; Ry (2) is explicitly given in (45). In
the case of an M/G/1 queue with additional negative customers with Poisson
arrival rate v, f(z) equals B*(A(1 — z) + v(1 — 1/2)) /2. For rational B*(-),
P(z) is now immediately given by (48).

Remark 4.2 The results of Section 3, combined with Formula (45), imply
that the asymptotic behaviour of py for £ — oo is determined by the in
absolute value smallest 3; outside the unit circle.
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