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Explicit Runge-Kutta Methods for Parabolic Partial Differential Equations *

J.G. Verwer

cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

Numerical methods for parabolic PDEs have been studied for many years. A great deal of the research focuses on
the stability problem in the time integration of the systems of ODEs which result from the spatial discretization.
These systems often are stiff and highly expensive to solve due to a huge number of components, in particular
for multi-space dimensional problems. The combination of stiffness and problem size has led to an interesting
variety of special purpose time integration methods. In this paper we review such a class of methods, viz.
explicit Runge-Kutta methods possessing extended real stability intervals.

AMS Subject Classification (1991): 65M20, 65M12
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1. INTRODUCTION

In this paper we review a class of special purpose methods for the time integration of parabolic PDEs,
viz. explicit Runge-Kutta (RK) methods possessing extended real stability intervals. Following the
method of lines approach, we assume that the parabolic problem has been converted to a system of
ODEs, in R™ say, by means of space discretization. We write this system as

dU (t)

=S =F@U®), 0<t<T, U(0)="Uo, (1.1)

where U is a given initial vector and boundary conditions are supposed to be contained in (1.1). For
the derivation and stability analysis of the stabilized methods there is no need to specify a particular
class of PDEs or the space discretization. The only restrictions we assume are (i) the eigenvalues of
the Jacobian matrix F'(t,U) = 8F(t,U)/0U lie in a long narrow strip along the negative axis of the
complex plane, and (ii) F'(t,U) is close to normal. These two properties trivially hold if F'(t,U)
is symmetric and non-positive definite, properties frequently encountered when discretizing elliptic
operators. With regard to (i) it should be noted that the methods remain applicable if eigenvalues
exist possessing a positive real part. As usual, these eigenvalues are not taken into account in the
derivation and stability analysis.

Stabilized RK methods can be easily applied to large problem classes with only a low memory
demand. Their advantage, when compared with fully implicit or partly implicit methods, is that they
do not require the solution of large and complicated systems of nonlinear algebraic or transcendental
equations when solving multi-space dimensional problems. Of course, they do possess a finite, real
interval for absolute stability. However, this interval is much larger than for standard explicit RK
methods because the real boundary, denoted by 3(s), is always of the quadratic form

*Paper prepared on the occasion of the symposium One Hundred Years of Runge-Kutta Methods, held at CWI,
December 8, 1995. Submitted for publication to the related special issue of Applied Numerical Mathematics, editor J.C.
Butcher.



B(s) = c(s)s*, (1.2)

where s is the number of stages and ¢(s) is a nearly constant function of s. The quadratic dependence
emanates from the use of first kind Chebyshev polynomials. Because the scaled stability interval
B(s)/s, which takes into account the work per time step, linearly increases with s, it is attractive to
take s as large as possible so as to ameliorate the conditional stability. Of course, this is practical only
up to a point where the CPU costs are still acceptable in comparison with the CPU costs of implicit
or partly implicit methods.

We advocate stabilized methods for multi-space dimensional parabolic PDEs which give rise to
moderate stiffness. Often this will occur for problems whose solutions are of a travelling wave front
type, as these normally require small step sizes. Generally, reaction-diffusion systems

% =V (K Vu) + f(u,z,t), u=u(z,t), zcR, (1.3)
where f is a modestly stiff reaction term and ||K|| <« 1, can be efficiently solved with stabilized
methods. For such problems these methods offer a very attractive alternative for standard explicit
and unconditionally stable implicit ones. In cases where f gives rise to severe stiffness, they also can
prove useful as part of an operator splitting scheme which treats at any of the grid points the reaction
part with a standard stiff ODE solver. Likewise, in combination with operator splitting they can prove
useful for systems of transport-chemistry problems of the advection-diffusion-reaction type

% +V(au) = V(K Vu) + f(u,2,8), w=u(z,t), zeR" (1.4)

Problems of this type play an important role in the modeling of pollution of the atmosphere, ground
water and surface water and are subject of much current research.

2. PRELIMINARIES

Within the explicit RK family the design of stabilized methods is rather special. Customary is to
construct methods with a maximal order of consistency p for a minimal number of stages s. For
stabilized methods the greatest interest lies in a maximal stability interval and a low order. A low
order is more appropriate since for most parabolic PDEs only a modest accuracy is needed. As a rule,
the accuracy of the spatial discretization is also modest to avoid expensive, fine grids. Another reason
favouring lower order methods is that the stability constant ¢(s) of 3(s) decreases for increasing order.
Hence, given a step size 7 and spectral radius o(F'(t,U)), for a higher order method a larger s is
required to meet the absolute stability restriction 7o (F'(¢,U)) < B(s). In this paper we will therefore
restrict ourselves to methods of order of consistency p < 2, denoted by

YE) = Un’
j—1
Y; = Un+7Y ayF,, Fi=F(t,+arY), 1<j<s, (2.1)
=0
U’n+1 = 1/57

where ¢; = ajo + ...+ ajj—1, T = tny1 — t, denotes the stepsize and U, is the approximation to the
exact solution U(t) at time t = t,,.

The stability analysis is carried out for linear systems

dUdE—t) = MU +g(t), 0<t<T, U(0)=Up, 22



where M is a symmetric, constant coefficient matrix with non-positive eigenvalues. From practical
experience we know that with regard to stability, conclusions and results based on this linear test
model largely carry over to the nonlinear problem (1.1), as long as the Jacobian matrix F" satisfies
the assumptions (i)-(ii) made in the introduction. While the standard absolute stability analysis
focuses on the error propagation resulting from a perturbation of the initial value Uy, for stabilized
RK methods with a large number of stages it has appeared to be also necessary to take into account
error propagation over the stages within a single integration step. The involved analysis is called
internal (numerical) stability analysis.

We will thus examine the stability using the perturbed scheme

R

Yo = ns
j—1
Y; = Un+7Y ayFi+7;, F=F(t,+arY), 1<j<s, (2.3)
=0
011-}—1 = 5}5)

where U,, denotes a perturbation of U, and 7; a perturbation introduced at stage j (e.g. round-off).

Let e, = U, — U,, d; = Y; — Y; denote the errors introduced by these perturbations. For the linear
system any explicit RK scheme is then easily seen to possess an error scheme of the general form

J
dj = P{(tM)en+ Y Qi(tM)ix, 1<j<s, (2.4)
k=1

where P;(TM) is a matrix polynomial of degree j and Q;x(7M) one of degree j — k. In particular,

ens1 = Po(TM)en + Y Qui(TM) ;. (2.5)

Jj=1

This error scheme gives a complete description of the linear stability. The polynomial P; is the absolute
stability polynomial. The polynomials Qs; (1 < j < s) are called internal stability polynomials, as they
determine the propagation of the stage perturbations 7;.

In the remainder, ||'|| denotes the common (appropriately weighted) Euclidean norm in R®™ or the
associated spectral norm. Since M is normal, we have

llentall < (1P (rM)][ llenll +_Z Qs (T M) 1175l (2.6)
= o(P(rM)) lleall + D o(Qui(M)) ]|
Jj=1

s
= max|Py(2)|[lenll + Y max |Qs;(2)| [I75]],
z=TA —y z=TA
i=

where A runs through the spectrum of M. Hence if we satisfy the absolute stability condition
To(M) < B(s) =max[—z: 2 <0,|Ps(z)] <1], (2.7)

where z is now taken continuous, then ||P;(7M)|| < 1. Evidently, o(M) is large for parabolic PDEs,
so we need stability polynomials Ps; with absolute value < 1 for an interval which is as long as possible
on the negative half line.



With regard to consistency we recall that P,(z) approximates e* for z — 0. In particular, P,(z) =
e* 4+ O(zP) for p < 2 implies p-th order consistency of the RK method for the nonlinear problem (1.1).
Hence, for the consistency analysis it suffices to study Ps since we restrict ourselves to p = 2. The
polynomials P;(z) play a similar role for e%* and Y.

3. ABSOLUTE STABILITY POLYNOMIALS

In this section we will review optimal or near-to-optimal stability polynomials P for order p = 1 and
p = 2. In later sections particular RK methods will then be discussed which generate these stability
functions. In the remainder P;(z) is denoted by

Py(z) = co,s+c1,sz+c2,sz2+...—l—cs,szs, (3.1)

where ¢, = ¢1,, =1 for p =1 and, in addition, cp s = % for p = 2. The free coeflicients c; , are used
to maximize the real stability boundary 8(s).

3.1 First order polynomials
For 1st-order methods the optimal polynomial Py, that is, the polynomial which maximizes (3(s), is
known. It is given by the shifted Chebyshev polynomial of the first kind,

Py(z) = Ty (1 + S%) with A(s) = 2s2, (3.2)

a result which goes back to a very early paper by Markoff published in 1892 [22]. As pointed out in
[18], its use for parabolic PDEs has been first discussed around 1960 in [39, 5, 7]. For Ts(z) various
representations exist. Mostly used are

Ts(z) = cos (s arccos(z)), —-1<z<1, (3.3)
or, equivalently,

To(z) =1, Ti(z) ==z, Tj(z)=22T;—1(z) —T;_2(z), 2<j<s. (3.4)
This recursive definition holds for all complex-valued z. It trivially follows from (3.3) that |Ps(2)| <1
for z € [—2s2,0] while on this interval P, alternates s + 1 times between +1 and —1. This latter

property can be used to prove that the shifted Chebyshev polynomial is unique and optimal (see [12],
Theorem 4.2.1). According to [1] (formulas 15.1.1 and 15.4.3), T5(z) can also be written as

T.(z) = -~ (£9:0) (1_93)1-, (3.5)

1=0 (%)Z il 2

where, for a € R, (a); is defined as (a)o = 1 and (a); = a(a +1)...(a+4—1) for ¢ > 1. A simple
calculation then yields

1— '_12 2
cO,s:cl,szla Ci,s = (Z )/s

i—1,s for ¢=2,...,s. 3.6
, (2= 1) ci—1,s for 1 s (3.6)

By way of illustration we list

1
Py(z) = 1+z+§zz, (3.7)



4 4
1424+ —22+ ——2°

Ps(2) = 27° T 297
5 1 1
P - 1 O 92, 1 3, L1 4
4(2) tEt e T 1g® T a0
4 28 16 16
P - 1 ) 3 4 5
5(2) tEt o5 T 312" T 7s125° T 9765625°

and observe that for a given value of s the coefficients c; ; rapidly decrease with increasing ¢, which is
a prerequisite for a large stability interval. For any fixed i, ¢; s tends to the limit value ¢; = 2¢/(24)!
for s — oo. This follows trivially from induction on the limiting recurrence relation for ¢;,

1

=1 i — “7a: a1y Ci—
=5 ¢ z(2z—1)c !

for ¢>1. (3.8)

Consequently, we may deduce the following limiting relation ! for P;(z) (see also [5]),

sll)ngo Py(z) = cos (V-22) = Z ((2;)): , (3.9)

which shows that an RK scheme possessing Ps as stability function stands on its own in the sense that
it cannot be interpreted as the result of a Chebyshev iterative method applied to a standard implicit
ODE integration formula. From (3.9) it also follows that for s sufficiently large,

1
Py(z) = e® — gzZ +0(z*), z—0.

3.2 Second order polynomials

Until now no explicit analytical solution for truly optimal polynomials seems to be known for orders
of consistency p > 2. For p = 2 the author is aware of two approximate polynomials, given in analytic
form, for arbitrary s > 2. These have been derived by Bakker [3] (see also [12]) and Van der Houwen
and Sommeijer (see [14, 18]). The polynomial derived by Van der Houwen and Sommeijer is very close
to the optimal one and defined by

2 z 0 z 0
= _— - - - - > .
Py(z) 5 2_zT3(COS(s)+2 (1 cos(s))), s> 2, (3.10)
with
2 52 9
B(s) = ——5 ~ 8= ~ 08105 (3.11)

(tan(3;))

Numerical computations carried out by Sommeijer have led to the conjecture that, albeit very close,
the polynomial is not the optimal one. The polynomial earlier derived by Bakker [3] is defined by

2 1 1 1 3z 2
Pg(z):§+3?+(§_3?) Ts <1+32_1), ﬂ(s)zg(SZ—l), 822, (312)

and generates approximately 80% of the optimal interval. This is also very good, because by increasing
s with only about 10% the same step size as would be allowed by the optimal polynomial will yield

n a private communication, G. Wanner, Université de Genéve, pointed out that this relation follows more directly
by inserting into (3.2) and (3.3) the approximation arccos (1 — %z‘z) ~ .



stability, due to the quadratic behaviour. Following [13, 26, 37], in the remainder we will proceed
with the Bakker-Chebyshev polynomial for the 2nd-order methods, since this polynomial has been
extensively tested and also seems to perform even somewhat better due to smaller error constants
[18]. For an even degree, 3(s) equals 2 (s? — 1) exactly, while for an odd degree 3(s) is slightly larger.
This follows from the observation that Ps(z) alternates between % + % and 1.0 for z between 0 and
—2 (52 — 1), while for an odd degree the exact boundary is determined by the point z where P,(2)

3
intersects the line -1. This point is slightly smaller than —2 (s? — 1).

Following the derivation in the 1st-order case, the coefficients ¢; , of P; are easily found to be

1—(i—1)2/s? ,
s = s =1, s =1/2, is = 3 1,5 T =3,...,8. 3.13
¢y, e, ca, / ¢, 1(21_1)(1_1/32)c 1,s for s ( )
In particular,

Po(z) = 14o4o24 15 (3.14)
3 - 2 16° '

1 2 1
P - 1 12, %4 .3, 1 4
1(2) R TSI TR

1 7 1 1
P. - 1 12, 3, 1 4 5
5(2) tET 2 T 50" T 160° Tea00”

and the limiting polynomial is given by

i

Z ((625))' . (3.15)

1=0

lim Ps(z) = 2 + %cos (V—62) =

s§—00 3

+

W N
Wi~

Notice that the coefficients are a factor 3*~! larger than in the 1st-order case. For s sufficiently large,

1
P(z) = e* — ﬁz3 +0(z*), z—0,

which shows that the Bakker-Chebyshev polynomial possesses a small error constant.

Remark In 1972, Riha [24] has already proved existence of truly optimal polynomials for arbitrary
orders of consistency p > 1. The polynomials are found in the form of a solution of a certain gen-
eralized Chebyshev differential equation. This solution does not seem to be computable however for
p > 1. In the same period, coefficients of approximate polynomials have been computed numerically,
for various orders and number of stages. Specifically, for p < 4 and s < 5 in [23], for p = 2 and s < 10
in [21] and for p < 4 and s < 10+ p in [10]. These approximate results are useful since they have
resulted in accurate estimates of the optimal 3(s)-values (see [12] for more details),

B(s) = cp(s)s® as s — 00, ca(s)~ 0.814, c3(s) = 0.489, c4(s) ~ 0.341. (3.16)

Apparently, ¢, (s) decreases with the order. Hence for a higher order method a larger number of stages
is required to meet the stability condition. This of course diminishes the advantage of the higher
order. However, the greatest drawback of the approximate polynomials constructed in [23, 21, 10]
is their low degree. A low degree limits practical use, as this prevents to fully exploit the quadratic
behaviour of B(s). Finally it is of interest to mention that [21] and [10] used least square techniques
for the computation of coefficients. These techniques become sensitive for instabilities if the degree is
increased. In [33], for a class of related stabilized three-step RK methods, coefficients of approximate
polynomials were computed (up to a degree 12) using an optimization technique based on linear



programming. Although analytically given polynomials are to be preferred, still interest exists in
computing optimal or near-to-optimal polynomials numerically. 2

3.3 Damping

Of practical importance is to slightly modify Ps so as to introduce a little damping for the higher
harmonics. Adopting the choice made in [13], we will thus replace the 1st-order, shifted Chebyshev
polynomial (3.2) by

Ts(wo + w1 2) _ Ts(wo)

Ps(z) = Ts(wo) ’

(3.17)

when appropriate. The parameter wg > 1 is called the damping parameter and the parameter w;
has been chosen such that for any wy we have P!(0) = 1, implying 1st-order consistency. With the
exception of a small neighbourhood of z = 0, P,(z) now alternates between T~1(wp) and —7 ~!(wy)
for z € [-f(s),0], and the stability boundary 5(s) is now defined by the equality wg + w1z = —1. A
convenient choice for the damping parameter wy is wg = 1+ €/s%, where € is a small positive number.
Then, by using the derivative values T!(1) = s2,7"(1) = %52(32 — 1), a simple calculation yields,

B(s) = w ~ (2 ge)s? (3.18)

A suitable choice for € is 0.05. Since T;! ~ 1 — ¢, this yields about 5% damping with only a very
little decrease of B(s) to ~ 1.93s2. Observe that for z close to zero, where z = wg + w2z > 1, T, is

defined by T,(z) = cosh(s arccosh(z)).

In a similar manner, the 2nd-order Bakker-Chebyshev polynomial is damped,

Py(2) = ay + by Ty(wo + w1 2), w = ;F,',((Z‘;)) 4y =1 — b,Ty(wp), by = % (3.19)
with 3(s) now defined by
_ (ot DT (wo) 209 1y _ 2
,6’(.5) = W ~ 3 (S 1)(1 156) (320)

For this polynomial, e = 2/13 yields ~ 5% damping (as + bs &~ 1 — €¢/3) with a reduction in S(s) of
about 2%.

A positive effect of damping is that the stability region S = [z : Re(z) < 0,|Ps(z)| < 1], contains a
genuine narrow strip along the negative half line. Without damping the boundary of S touches the
negative half line. Figures 1 and 2 illustrate S for s = 5 for, respectively, order p = 1 and p = 2 with
the damping specified above. Figure 2 shows a real boundary slightly larger than 16.0, which is in
contradiction with expression (3.20). This is due to the use of the odd degree 5 as already pointed
out in the discussion of expression (3.12). To the best of our knowledge, the widening of S through
damping has been suggested for the first time by Guillou and Lago [7]. In fact, for the 1st-order case
they have also proposed formula (3.17).

?In a private communication, G. Wanner, Université de Genéve, pointed out that the Remes’ algorithm can be
naturally used for computing coefficients of optimal polynomials. He mentioned results up to a degree 24. Numerical
instability prevents a higher degree. In the second print of [8], which is currently prepared, this use of the Remes’
algorithm will be illustrated. G. Wanner also mentioned an alternative algorithm recently proposed by V.I. Lebedev
[20], which can be used for any degree.
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Figure 1: The stability region S of the 1st-order damped stability polynomial Ps.

Figure 2: The stability region S of the 2nd-order damped stability polynomial Ps.



4. THE DIAGONAL AND FACTORIZED METHOD

Having selected stability polynomials, we are now ready to construct RK methods generating these
polynomials. The explicit RK method which has all coeflicients a;; equal to zero except those on the
first subdiagonal of the lower triangular Butcher matrix (aj;), is called the diagonal method:

Yo = Un;
Y; = Up+71a;;—1F(tn+cj—17,Y21), 1<j<s, (4.1)
Un+1 = Ys-
By defining
ajj-1 = %7 (4.2)
8—7,8

the method generates the stability polynomial (3.1) for which any of the choices discussed can be
made. This method is simple and requires a minimum amount of storage and has therefore been
considered quite extensively [12]. However, the method is of limited practical use as it is severely
internally unstable.

This follows immediately from the internal stability polynomial ()s; which is easily found to be
Qsi(2) = csjs2® 0, j=1,...,s. (4.3)

The rapid growth of |z|*~7 for |z| € [0,3(s)] renders the diagonal method useless for approximately
s > 12. To illustrate this, we substitute the limiting value c,_; = 2°77/(2s — 2j)! for the 1st-order
case and z = —f3(s) = —2s2, which yields

(23)23—2]'

|Qs5(—B(s))| = m (4.4)

Hence, for j small, that is for the early stages, we get growth factors of =~ %, which are to be

multiplied by the machine precision of the computer used. They increase so rapidly with s that in
actual application only a limited number of stages can be used. For example, for s = 12 we have
~ 10° so that with a machine precision of 14 digits at most 5 digits remain. Although the above
upper estimate is a conservative one, the internal accumulation of rounding errors observed in actual
computations [12, 33] is in line with this estimate.

Of similar simplicity as the diagonal method is

Yv() = Un7
Y; = Yj_1+7a;;—1F(tn+c¢joim, Y1), 1<j<s, (4.5)
Unyr = Y,

This method is called the factorized method, since its stability function reads

s

PS(Z) = H(l + ajj_lz). (46)

=1

Identification with a suitable polynomial possessing real zeroes thus immediately defines the factorized
method. For example, this is possible for the 1st-order polynomial (3.17) which is factorized as

P(2) =] (1+ 3 "’_0(%”) z> . (4.7)

j=1 T wg €08
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However, the factorized method is not recommended for practical use either, since it also suffers from
severe internal instability. This can be overcome by using special orderings of zeroes [6]. But since
the ordering depends on s, we consider this approach too cumbersome. Notice that the 2nd-order
polynomial (3.19) possesses complex conjugated zeroes, which means that the factorized method as
it stands cannot be based on (3.19). For linear problems the factorized approach based on (4.7) has
been proposed also in [7]. The internal stability problem, however, is not mentioned in this paper.

5. THE METHOD OF LEBEDEV

Extensive research to stabilized, explicit methods has also been carried out by Lebedev and co-workers
([19] and references therein). The notation used in [19] differs from our general notation (2.1). Partly
adopting their notation, their main scheme is given by

Yk+% =U, + hk+1’7'F(tk, Uk), tk+% =t + hk+17',
Yk+1 = Yk—l—% + hk+1’TF(t ]_ 5 Yk—{—%)’ tk+1 = tk-}-% + hk+17', (51)

Uk+1 = Yet1 — Yet1(Yeg1 — 2Yk+1 + Uy),
2

where £k = 0,...,N — 1. Hence the full integration step proceeds from (to,Up) to (tn,Un) using N
times two consecutive forward Euler steps with step size hpy17 followed by a correction step. The
step size for the full step equals 7, imposing that 2h; + ...+ 2hxy = 1. The scheme can of course be
written as an s-stage RK method with s = 2N.

The coefficients hr41,ve+1 are again used to determine large real absolute stability boundaries. For
this purpose the stability polynomial

N
P2N H ].+th —’ykhi22], (52)

is identified with a suitable polynomial to define 1st- and 2nd-order methods, in a similar way as
for the factorized method. A difference is that we here have a factorization into quadratic terms
which enables an identification with polynomials possessing complex conjugated zeroes. Like for the
factorized method, an appropriate ordering of zeroes is needed for ensuring internal stability. This
makes the construction of the schemes cumbersome since no best ordering exists for all stages.

The quadratic factorization exploits the fact that zeroes of even degree stability polynomials appear
in pairs, in a certain way. We will illustrate this for the 1st-order method which is based on the first
kind Chebyshev polynomial. According to [19], let us suppose that the factored form of the stability
polynomial P,y can be written as

P, = 1 1+ —— 5.3
() 1}:[1( +1—adk ) 1:[( 1—adkz)(+1—adk'z)’ (53)
where dpy = —dj and k' is determined by k. An elementary calculation then shows that (5.3) can be

written in the form (5.2) if we define

hO

hy = ———
k 1—a2d?’

Y = a*d:. (5.4)



11

Now consider the factorization (4.7) of the damped, first kind Chebyshev polynomial (3.17) with
s = 2N. It immediately follows that this factorization fits in the form (5.3) and with the coefficients

hk: z_(1) ,Ykzicosz(%—_lﬂ‘) k:]. PR N (5'5)
1— 2Ly cos?(B5t 7))’ wo? AN 7 .

the Lebedev method (5.1) possesses (3.17) as stability polynomial. For details on the specific ordering
for k, as required for internal stability, we refer to [19] and the references therein.

The definition of Ay, for the 2nd-order methods is based on a so-called Zolotarev polynomial.
Part of their derivation is done in a numerical way, which means that hg,y; are not known in closed
analytical form. This derivation requires a more lengthy discussion than in the 1lst-order case and
is omitted here. Observe that also the Bakker-Chebyshev polynomial (3.19) can be used to define
hk,vk. The methods have been implemented in a variable step size Fortran code, called DUMKA, the
performance of which has been illustrated for a few test examples [19]. A comprehensive comparison
with Sommeijer’s code RKC discussed in Section 7 seems of interest.

6. THE RKC METHOD

To overcome the internal instability problem, Van der Houwen and Sommeijer [13] have developed
a class of RK methods which is based on the three-term Chebyshev recursion (3.4). They derived
1st- and 2nd-order methods for which all coefficients are given as analytical expressions and which
can be used for any (practical) value of s. These methods are called Runge-Kutta-Chebyshev (RKC)
methods. In this section we discuss their derivation [13] and their internal stability and full convergence
properties [37].

6.1 Derivation

The main idea of [13] is to construct the method in such a way that all polynomials P; belonging to
the intermediate stages (cf. the error scheme (2.4)) are defined by the three-term Chebyshev recursion
in such a way that at the final s-th stage a selected stability polynomial P, results. Thus the Ansatz
is made that all P; (0 < j < s) are of the form

PJ(Z) = aj + b]-Tj(ng + wlz), a; = 1-— bjTj(U)o), (61)
with P; being one of the earlier derived stability polynomials. This means that wg,w; and b, are

defined and that the parameters b; are as yet undetermined for 0 < j < s. Imposing the three-term
recursion (3.4), and using the property P;(0) = 1, it then follows that the P; satisfy

P(z) = 1,
P (Z) = 1+ 2z, (62)
Pi(z) = (1—pj —vj)+pi Pio1(2) + v Pia(2) + i Pi-1(2)2 + ¥z, §=2,...,s,
where
p1 = bywy, )u'jzzbb‘jﬂ7 Vj:;bja p‘jzzbb.jﬁ7 Vi = —aj-1ftj, §=2,...,8. (6.3)
7—1 j—2 7—1

From the relations for P; we now deduce the RKC method for the general nonlinear problem (1.1) by
associating P; with the intermediate RK approximation Y; and the occurrence of z with a function
evaluation. This yields the scheme

}/0 = Una
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le = Y'() +ﬂ1TF(), (64)
Y; = (1—pj —vi)Yo+pYjo1 +v;Yj2 + ijTFj—1 + 7;7F,
Un+1 :1/57 j:27"'535

which is immediately recognized as an s-stage explicit RK method.
The free parameters b; are chosen as follows. In the 1-st order case,
bj =T; '(wo), j=0,...,s. (6.5)
This implies

Ts (’LU(]) T]I(wo)

Pj(z) =" +0("), ¢ = T!(wo) Tj(wo)

2
~L (1<j<s—1), e =1 (6.6)
S

In the 2nd-order case the free parameters b; can be chosen such that Y; is of 2nd-order toofor 2 < j <s
[26]. Hence the expansion

Pi(z)=1+ bjwlTJ{(’lU(]) z+ %bjw%T]'-'(wo) 2402, j=1,...,s, (6.7)

must be matched with Pj(z) = 1+ ¢z + (¢j2)?/2 4+ O(z*). An elementary calculation yields

T} (wo)

% = T wa))?

i=2,...,s. (6.8)

Then

_ Ti(wo) Tj'(wo) 521

Pi(2) =%+ 0(2), &3 = g, S Tty 57—

(2<j<s—1), c,=1. (6.9)

For j =1 only 1st-order is possible of course, which yields some freedom. As in [26] we put

bg = ba, by = by, (6.10)
so that
C2 C2
= ~ —. 6.11
4T Tilwe) © 4 (6-11)

The 1st- and 2nd-order RKC methods we recommend are now defined. Note that the original 2nd-
order method from [13] is different from the one chosen here. The main difference is that in [13] all
intermediate approximations Y} are of order one. The current choice is to be preferred, although with
respect to accuracy and convergence no essential difference exists, as we will see later.

6.2 Internal stability
By applying the RKC method to the linear system (2.2), perturbing it in a similar way as we did with
the RK method in Section 2, but now with perturbations #;, we find the error scheme [37]

ens1 = Po(tM) e, + ) Qui(TM)7;, (6.12)

Jj=1
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where

by .
QSJ‘(Z) = FSS_J'(’U)O + wlz), 1=1,...,s, (613)
7

S;(z) being the i-th degree Chebyshev polynomial of the second kind. For any of the choices for b;
made, one can prove that if To(M) < B(s),

o~

1Qus(TM)| < 3=(s =i+ 1) (1 +Ce), j=1,....8, (6.14)
2

where € determines the damping as defined in Section 3.3 and C is a constant of moderate size
independent of M, ,s. Consequently, if To(M) < B(s),

>~ b, , R
lentall < llenll + 5. (5 =7+ 1) 1+ Ceoifl. (6.15)

j=1"7

For both the 1st- and 2nd-order method, with and without damping, examination of the parameters
b; then leads to the error bound

lentill < llenll +C D (s — 5+ DIIFs] < llenll + §s(s +1) C max [|7;]], (6.16)
i=1

where C is again a constant of moderate size independent of M, 7, s.

The following important conclusion can be made. Within one integration step the accumulation
of internal perturbations, such as round-off errors, is independent of the spectrum of M as long as
To(M) < B(s). This obviously is a tremendous improvement over the diagonal and factorized methods.
The estimate says that perturbations grow at most quadratically with the number of stages s. A
numerical experiment in [37] shows that in actual computation this quadratric growth indeed takes
place. For rounding errors this renders no problem at all. For example, if s = 1000, which for a serious
application of course is a hypothetical value, the local perturbation is at most ~ 10% max||7;||. If the
machine precision of the computer is about 14 digits, a common value, this local perturbation still
leaves 8 digits for accuracy which for PDEs is more than enough.

Interestingly, unbounded accumulation of round-off errors for the related three-term Chebyshev
iterative method for elliptic problems does not occur. WozZniakowski [38] has proven that this accu-
mulation is bounded and proportional to the condition number of the matrix under consideration. See
the Appendix for more details on the Chebyshev iterative method, where also a self-contained proof
of its stability for round-off errors is presented.

6.3 Full convergence

The property of internal stability has been shown to be of practical importance in connection with
accumulation of round-off errors. In this section we will show, through results from a convergence
analysis, that internal stability also plays a crucial role for the accuracy of the method. The analysis
reveals that quadratic growth of local perturbations is natural, in the sense that it transfers local stage
truncation errors to the final stage just in the right amount for obtaining the order of convergence
one expects. The convergence analysis deals with the full error, that is, the difference between the
solution of the original PDE problem and the RKC solution. The analysis is akin to the B-convergence
analysis from the stiff ODE field [4] and establishes unconditional convergence under the assumption
that 7a(M) < B(s) [37]. The term unconditional refers to the usual asymptotic assumption that 7
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and a grid size parameter h are allowed to tend to zero simultaneously and independently of each
other. It is emphasized that this is unusual for an explicit method. For the RKC method we can
obtain unconditional convergence since 7o (M) is allowed to become arbitrarily large, stability being
achieved by taking s sufficiently large. This, of course, is possible only if the internal stability of the
method is in order.

Consider a semi-discrete, linear PDE problem of type (2.2),

duh(t)
dt

= Mypun(t) + gn(t) + an(t), 0<t<T, (6.17)

where up(t) denotes the exact PDE solution, restricted to a space grid, and a(t) the local space
truncation error on this grid. Let e, = ux(t,) — Uy, be the global error on this grid and r; (1 < j < s)
the stage truncation errors obtained by substituting uj into the RKC method (6.4). That is,

up(tn +a17) = up(tn) + g17Fy + 71,
un(tn +¢;7) = (1= pj = v5) un(tn) + piun(tn + cj17) + vjun(tn + cj—27) + (6.18)
ﬂjTFj_l +’7]'TFO + 7, _7 =2,...,8,

where F; = Mpup(tn + ¢;7) + gn(tn + ¢;7). Because (6.18) can be seen as a perturbed RKC method,
where the perturbations #; have been replaced by the local errors r;, bounds for the global error can
be obtained by properly estimating r; and using internal stability results.

Following [37], we will illustrate this for the undamped 1-st order scheme (6.4) defined by

. 1 _ 2 .
=2, 1 =2v;=-1 4 =25, %=0, 2<j<s. (6.19)

Let up € C?[0,T]. From (6.18) and the Taylor series expansion of u, %, at the intermediate step
points t, + ¢;_1 7, it follows that

rj = T2p; + Tijon(tn + cj_17), 1< 7 < s, (6.20)
where the remainder terms p; are given by

(cj = cj-1)uf) (1) + 3(ejmz —cj PuP(8), 2<j<s,  (6:21)

N

2
pr= 5wl tn), o=
with ¢, denoting some point € [t,,t,41]. Since ¢; = j2/s%,
cj—ci—1=s82(2j—-1)<2s7!, 1<j<s, (6.22)

so that we easily find

4T (2) 1 .
< — = m <97<s. .
Irill < 55, max Ju @Ol +3, max lea@l), 1<j<s (6.23)

Inserting these bounds into (6.16) and adding up yields the aimed convergence result,

2
leall € C (7 max a2 @)l + max lloa®l), n=1,2,...;07 <T. (6.24)

C is again a moderately sized constant independent of M, T, s. Apparently, the s2-growth of the local

errors within a single step does not harm the convergence, since each local error r; is proportional to
—2

sT4.
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For the undamped 2nd-order scheme (6.4) defined by (6.3), (6.8) and (6.10), the derivation of the
global error bound is more complicated due to the fact that stage one is only 1st-order consistent. To
save space we therefore only give the bound and refer to [37] for its derivation,

T (2 2 (3)
leall < (55 s NP @)l + 7 max [u @)+ max an(®). (6:25)

The 1-st order consistency of stage one introduces the O(7)-term. Hence for s small we actually
have 1st-order convergence. However, in application s is sufficiently large to render this O(7)-term
negligibly small, which means 2nd-order convergence in practice. In this connection it is of interest to
also present a bound for the original 2nd-order scheme from [13], since here all intermediate stages are
only 1st-order consistent. Hence this scheme is expected to possess a larger O(7)-term in the global
error. For the undamped case (wy = 1), defined by (6.4) and

3 1 6 —42s2+1

w=g—p =g m=2v="1 =57, %= 53535 25i<s (6.26)
we found
T (2) 2 (3)
leall < © (G s, W20l + 7 s WOl + max law(ol) (6.27)

The O(7)-term is indeed a factor s larger. Consequently, the original 2nd-order scheme from [13] will
normally be somewhat less accurate, but for s sufficiently large the difference in accuracy will not be
noticeable. Finally we wish to emphasize that these convergence results are also valid in the presence
of damping.

6.4 Related work on RKC methods

In Section 3 we have shown that the limiting RKC method for s — oo differs from a standard, implicit
integration method. This raises the question, why not adopting the iterative approach and applying
existing three-term Chebyshev iteration to an appropriate implicit method. We address this question
in the Appendix. Apparently, for parabolic problems the iterative Chebyshev approach should be used
with care. The technique can be used however to construct explicit integration formulas with similar
stability characteristics as the RKC method. Van der Houwen, Sommeijer and de Vries [15, 16, 17] have
derived predictor-corrector methods with extended stability regions along the negative axis. By using
a multistep formula and adjusting free parameters, it is possible to obtain a higher order of consistency
and even larger real stability boundaries than for the one-step RKC method. This obviously renders
the predictor-corrector methods in theory more promising. However, an actual accuracy-efficiency
comparison with the one-step RKC methods has not been given [15, 16, 17].

The predictor-corrector methods can be interpreted as multistep, s-stage RK methods. Particular
two-step and three-step, s-stage RK methods with extended stability regions along the negative axis
were studied earlier by Verwer [31, 32, 33, 34, 35, 36]. The methods investigated in [31, 32, 33, 35] (see
also [25]) are still of diagonal type for the RK part and suffer from the internal instability phenomenon
discussed in Section 4. The number of stages is therefore limited to 12. The methods from [34, 36] were
constructed along the same lines as the one-step RKC methods from [13] and share their favourable
internal stability properties. As in [13], the order p is restricted to one and two. The corresponding
stability boundaries 3,(s) are notably larger than in the one-step case. The table below compares
these values, for appropriately chosen damping parameters.

order 1-step 2-step | 3-step
1 1.94 s2 3.58 52 | 5.17 s2
2 0.65 (s2 —1) | 1.19 52 | 2.32 s2
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A numerical comparison between the methods from this table has been reported in [26]. Despite the
smallest (-value, this comparison is in favour of the 2nd-order one-step formula owing to its smaller
truncation errors. Of course, in test cases where the step size is really determined by stability, or when
the spatial error would dominate accuracy, the 1st-order three-step formula would come out as the
most efficient one. The report [26] presents also results for linearized schemes, adopting ideas from
[27]. When using linearization the three-step schemes turn out to be superior.

7. NUMERICAL ILLUSTRATION

Sommeijer [28] has developed a Fortran (research) code based on the 2nd-order formulas (6.3), (6.4),
(6.8), (6.10). This code is also called RKC and is provided with a local error estimator and variable
step size control, as is customary for ODEs. It adjusts the number of stages s automatically so as to
satisfy in each integration step the absolute stability condition 7o (F’) < B(s). Hence T is selected
by the local error estimator and is not restricted by stability. RKC thus works as an unconditionally
stable code. Owing to the explicitness, it uses only 6 arrays for storage, consists of only about 200
lines of Fortran and is very easy to use. The user has to provide an upper estimate of o(F"), which
normally renders no problem. The spectral radius estimation can also be carried out automatically
using the power method. This leads to marginal overhead [35]. In this section we will apply RKC to
a diffusion-reaction problem of the type mentioned in the introduction. The numerical performance
of the RKC method has been illustrated before in [26, 27, 29, 30, 37]. More numerical experiments
carried out with the code RKC can be found in [9].

The diffusion-reaction problem stems from combustion theory and has been borrowed from [2, 29].
The (hotspot) problem is a scalar 2D model for a reaction of a mixture of two chemicals, defined by

uy=dAu+ f(u), f(u)= % 1+a- u)es(l_l/"), 0<z,y<l1l, t>0, (7.1)
with the initial condition u(z,y,0) = 1,0 < z,y < 1, and for ¢ > 0 the zero Neumann condition for
2z =0 and y = 0 and the Dirichlet condition u(z,y,t) =1 for z = 1 and y = 1. The parameter values
ared =1,a=1,6 = 20, R = 5. The solution u represents the temperature of the mixture. For small
times u gradually increases in a circular region around the origin. Then ignition occurs, causing u
to suddenly jump from near unity to 1 4+ «, while simultaneously a reaction front is formed which
circularly propagates towards the outer Dirichlet boundaries. When the front reaches the boundary,
a steady state results. In [29] the diffusion coefficient d = 0.1 which yields a steeper front. Here we
select d = 1 [2] to better illustrate the use of RKC. For d = 1 the ignition occurs at ¢t = 0.30, while
the front arrives at the Dirichlet boundaries at t ~ 0.36.

RKC is a natural candidate for the numerical integration. First, the travelling reaction front limits
the step size of any integration scheme, be it implicit or explicit. Second, the problem becomes
locally unstable in the course of time because f'(u) varies between =~ +1000 (for v =2 1.6) and —5500
(for u = 2.0). Consequently, irrespective the integrator used, rather small step sizes are required to
maintain sufficient accuracy in the transient phase, especially during the ignition. Only during the
start phase and in the near approach to steady state the step size can be increased to a level fully
justifying an implicit method. The following experiment serves to illustrates this.

The problem is discretized on a uniform grid with grid size 10~2, using 2nd-order central differences
for the Laplacian and the Neumann boundary conditions. This results in 10* unknowns. The spectral
radius o(F") is estimated as 9.0 10* for all . Hence the required number of stages s and the step size
7 relate as s & [3724/7]. Figure 3 shows the values of s for an integration over the interval [0, 0.5],
using 7 = 10™* as initial step size and tol = 10~ as local error tolerance (see [28] for details). We see
that s becomes quite large in the start phase and in the near approach to steady state. At the onset
of the front when the ignition occurs and during its propagation to the boundary, a notably smaller
T is required resulting in much lower values for s. The total number of integration steps amounts
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Figure 3: The number of stages s as a function of the step index.

to 203, including 10 rejected ones. The total number of derivative evaluations is 2803, yielding an
average s of &~ 14. Taking into account that there is no overhead whatsoever, these numbers clearly
illustrate the effectiveness of the stabilized explicit approach (see also the table below). For example,
any explicit, 2nd-order, 2-stage method allows a maximal step size of ~ 2/9107* to ensure absolute
stability. This would require at least 45000 derivative evaluations over the interval [0, 0.5].

The table shows for tol = 107*(107!)10~7 with 7 = 10~* as initial step size, the maximum
absolute time integration error at ¢ = 0.32, as well as the numbers of integration steps, rejected steps,
f-evaluations and average number of f-evaluations. The low accuracies in comparison with the values
of tol are due to the local instability and the sudden ignition which at time ¢ = 0.32 still dominate
the temporal solution behaviour.

tol error steps | rejected | f-evals | average
10-% ] 6.81072 | 141 7 1790 12.7
1075 | 1.61072 | 278 0 2373 8.5
1076 | 3.21073 | 638 0 3731 5.8
1077 | 5.710™* | 1480 1 6495 4.4

Acknowledgements I gratefully acknowledge Willem Hundsdorfer, Ben Sommeijer and Gerhard
Wanner for their useful comments and remarks on a first version of the paper.
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A. AprPENDIX: CHEBYSHEV ITERATION AND ABSOLUTE STABILITY

The success of the RKC method emanates from the three-term Chebyshev recursion (3.4). The three-
term recursion also plays a key role in the Chebyshev iterative solution method developed for elliptic
problems (see e.g. [1,2]). This raises the question whether straightforward Chebyshev iteration,
applied to a stable and accurate implicit integration method, will lead to an equally efficient explicit
approach. We address this question in this appendix. In this connection it is of interest to emphasize
once more that the limiting RKC method for s — 0o cannot be interpreted as the result of Chebyshev
iteration applied to an implicit method (see Section 3).

For simplicity of presentation we consider the implicit Euler method
AUpy1 =B, A=1-7M, B=U,, (A1)

applied to the linear problem (2.2) with g(t) = 0. Like the RKC method, Chebyshev iteration can
also be applied to nonlinear problems, but analysis is feasible only for the linear model problem. The
implicit Euler method is a natural choice as it of one-step type and unconditionally stable for (2.2).
The conclusions we draw for implicit Euler carry over to other methods, like the trapezoidal rule.

For system (A.1), three-term Chebyshev iteration (also called semi-iterative Chebyshev, second-
order Chebyshev or second-order Richardson iteration) is defined by

Y1 =Yy — 3060 (AYo — B), (A.2)
Vi=aj 1Y+ (1 —a;1)Yj0 = Bj1 (AYj1 — B), j 22,

where Y} is a given initial guess for U,;, and the parameters 3y and «;, 3; for j > 1 are defined by

4 2bT; (b 4 T
ﬁO— b’ Q; = J(~)5 ﬁ]:b J( )~ ) (A3)
a+ T;41(b) — @ Tj41(b)
~ b+a
b= — 0<a<A(4), b>o(A),
—a

with A;(A) denoting the smallest positive eigenvalue A(A) of A and a, b bounds for A(A) as indicated.
Natural choices for Yy, a and b are

Yo=Upn, a=1, b=1+70, o=0c(M). (A.4)
The iteration formula (A.2) shows the close connection with the RKC method. In fact, (A.2) fits in
the RKC format (6.4) with F(¢t,U) = MU, iy = 2/(2+ 7o) and for j > 2,

2T (b T o(b) 4 T;_,(b) _
T;(b)

o (
i = v M

7,(0) o T;(0)
One of the obvious differences is that prior to the integration step, the RKC method fixes the number
of stages whereas for (A.2) any number of iterations can occur, as determined by a stopping criterion.
We will show that this pure iterative approach leads to conflicting requirements regarding consistency
and stability.

Starting from any consistent integration formula, the iterate Y; is consistent either at t =, or
at t = t, + 7Tc;, where ¢; is defined by the parameters of (A.2) and the choice for the initial iterate
Yy. That is, for all j > 0 a positive constant ¢; exist such that
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Y; = U, + 7¢;Un + O(72), 7 — 0. (A.5)
For a given ¢ these constants satisfy
et =co—3Bo(co—1), ¢;=aj1cim1+(1—aj1)cj_2 — Bi—1(cjm1 — 1), j>2. (A.6)

Hence if the initial estimate is already consistent at ¢ = t,41, then ¢; =1 for all j > 0. If ¢g = O,
which is the case for the initial guess Yy = U,, then ¢; converges monotonically to 1, but ¢; < 1
for any finite j. Consequently, the final iterate Y; which is accepted as the new approximation then
should be accepted as a result consistently defined at ¢ = ¢,, + ¢;7, rather than at the forward time
level t = t,4+1 of the implicit Euler method. This suggests to use instead the explicit Euler result
Yy = U, + TMU, as initial guess for which ¢; = 1 for all j. Unfortunately, this choice leads to poor
absolute stability properties as we will show next.

Let Yy = U,+67 MU, with either § = 0 or § = 1. Assuming exact arithmetic (no local perturbations
such as round-off), the iteration error U,41 — Y; satisfies (see [1,2])

T;(Z 1
Unit = Y5 = By(Z)(Uns1 ~Yo), RBi(2) = 2D 72 L (4 a)1-2a), (A7)
T;(b) b—a
and eliminating Yy and U, 41 yields
Y; = (I —mM)" (I -Ri(2))+ Ri(Z) (I + 6TM)) Un,. (A.8)
Hence, to Y} is associated the absolute stability polynomial
1+2R;(2)(6—1-6 2
Pys) = + 2R;(Z) ( zx 5_Tot2 (49
1—=2 TO

where, as before, z = TA(M) and a = 1,b =1+ 70, —70 < z < 0. An elementary calculation reveals
that |P;(z)] < 1 for all j if ¥y = U,. This means that the unconditional absolute stability of the
implicit Euler rule is maintained for any accepted Y;. However, this attractive property is lost for the
explicit Euler initial guess as shown by the following computation. For § =1 and —70 < z < 0,

1 Ti(1+2) 2—2
P; <1 - < T < . A.10
| ](z)l — < P T](1+ %) — 22 ( )

The condition for absolute stability for Y; can now be seen to be T;(1 + f—g) > 70, which follows by
substitution of the most critical value z = —7¢. From computations and results found at page 181 of
[1], we then can conclude that Y; is absolutely stable if

>3 j*=~3il(2r0)V1+10, (A.11)
supposing 7o > 1. Violation of this inequality can result in error growth in the time stepping process.
Comparing (A.11) with 1 + [(70/2)%5], which equals the number of stages guaranteeing absolute

stability of the undamped, 1st-order RKC method, convincingly shows that with regard to absolute
stability the pure iterative approach will generally be much less efficient.
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B. APPENDIX: NUMERICAL STABILITY OF THE CHEBYSHEV ITERATIVE SOLUTION METHOD
We present a round-off error analysis for the three-term Chebyshev iterative solution method for
symmetric, positive definite linear systems

AU = B. (B.1)
An analysis of the type presented here has been given before in [4]. Our derivations are along the

lines of the internal stability analysis of the Runge-Kutta-Chebyshev method for parabolic equations
found in [3]. These are akin to those in [4], but shorter and self-contained.

For system (B.1), three-term Chebyshev iteration is defined by [1,2]
Y1 = Yo — 360 (AYy — B), (B.2)
Y=o 1Yjo1+ (1 —oy1)Yj—2 — 1 (AYjm1 — B), j2>2,

where Y} is a given initial guess for U and the parameters 3y and o, 3; for j > 1 are defined by

4 27 (b 4 Ty(b
50 — b, a] — ](~)’ ,6] — b J( ?' , (B3)
a + Tj+1(b) —a Tj+1(b)
- :+_“ 0<a<M(4), b>a(4),
—a

with A;(A4) denoting the smallest eigenvalue A(A) of A, o(A4) the spectral radius, and a,b bounds for
A(A) as indicated. The function T; denotes the first kind Chebyshev polynomial.

To study the stability for round-off errors, we introduce the perturbed method

Vi =Y — 360 (AYg — B) + 1, (B.4)
Vi = aj1 Y1+ (1 - aj1)Yjoa — Bj—1 (AYjo1 = B) + 715, j>2,

where Y} is the perturbed Y and r; a perturbation representing the round-off. Let
ej=Y;—U, j>O0. (B.5)

Since U satisfies (A.2), these errors are defined by the perturbed inhomogeneous recursion
e] = ey — %,80 Aeg + 71, (B.6)
ej =aj_1€j_1 + (1 —oj_1)ej_o — Bj—1 Aej_1 +1j, j>2.

Elaborating this recursion shows that the error e; can be written as

J
e; = RJ(Z) eg + Zij ry, J >0, (B7)
k=1

where the matrices Z and R;(Z) are defined by
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1 o Ti(2)
Z = —[(b+a)l —24], RAZy_IKQ’ (B.8)

and Q;x(1 < k < j) are matrices determining the propagation of the perturbations ;. The homoge-
neous part of (B.7) is well-known [1,2]. The following lemma specifies the inhomogeneous part.

Lemma 1 The errors e; (j > 0) satisfy
J Tk
zm+z?j4mm (B.9)
k=1 J
where Tj = Tj(g) and S;_ is the second kind Chebyshev polynomial of degree j — k.
Proof. Substitute (B.7) into (B.6) and put ey = 0 for convenience. It follows that @1; = I and

J j—1 j—2
> Qikrk = (o1 = Bim1A) > Qicwkrk +(1— 1) Y Qiakri+14, §>2. (B.10)

k=1 k=1 k=1

Equating coefficients of ry, in the order k = 7,...,1, shows that
Qj;=1I, j=1,
Qjj—1 = aj_1 —Bj—1A, =2, (B.11)
Qik = (aj—1 = Bj-14) Qj—1r + (1 — aj—1)Qj—2k, k=7—2,...,1, j=3,

while, for a given iteration index j, the matrices @y exist for all k,[ satisfying 1 < k <[ < j. Next
we substitute the expressions for a;_1, 8;—1. This gives

=Ty i1 .
ij—l =2b J~ I— ],. A, J > 2, (B12)
T; b—a T;
T T .
Qjk =222 ZQj -1k + ( Qj2k, k=j—2,...,1, j>3
T] TJ

Q]] =1, 72> 1:
T;_
Qi1 =2"227, j>2 (B.13)
J
T]‘_l §

2 Qiok, k=3—2,...,1, j>3,
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which is equivalent to
Qi =TI, j>1,
Qij—1=2T51 2, j>2, (B.14)
Qir=27Q; 11 —Qj ok, k=j—2,...,1, j>3,

where Q]k = T Qjk. In the third line of this formula we recover the three-term Chebyshev recursion
with j as index. Since Q exist for 1 < k < [ < j, this recursion starts from Qg = Tk I and
Qk+1k = 2Tk Z. Due to the factor 2 present in the second starting value, instead of the first kind the
second kind Chebyshev polynomial is involved. It thus follows that Q]k =T Si—k(Z), so that

Qijr = & i—k(Z). O (B.15)

]

The following theorem reveals the stability of three-term Chebyshev iteration for round-off errors.
It shows that accumulation of these errors is truly bounded in j and at most proportional to the
condition number of the matrix A, here estimated by b/a.

Theorem 1 Let ||.|| denote the (appropriately weighted) Euclidean vector norm or the spectral matriz
norm. Let r be an upper bound for ||r;||, j > 1. The errors e; then can be bounded by

b
llegll < I1B;(Z)ll leoll +C —r, (B.16)

where C is a constant of moderate size independent of A,a,b and j.

Proof. Since all eigenvalues of Z lie in [-1,1], ||Sj—x(Z)|| < j — k + 1. Hence we must bound

> 7

k=1

(G —k+1). (B.17)

J

Kﬁz“:]l

From computations found at p. 181 of [1], it follows that

14 7% Vb — vb—va _
w0 T \f+f

(B.18)

Do _ i LT i
T]' 1+’f]2] -

, (B.19)

since k < j and 5 < 1. Thus, (B.17) is bounded by

J J
2Y (G—k+)p =271 )kt (B.20)
k=1 k=1
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Now consider the function f(z) = zn®. For increasing z, starting in z = 0, f first monotonically in-
creases and then monotonically decreases towards zero. Using d(n*)/dz = n® lnn, a simple calculation
then gives

j o0
o2n~! Z knk < 47)_1/ zn® dz = 4n~ 1In" 2. (B.21)
0

Finally, we use

A .
lnn—ln1+\/m— 21/a/b+ O(\/a/b)?, (B.22)

tacitly assuming that b > a. Consequently,

In"%p= i 2 (1 + O(%)) ) (B.23)

which completes the proof. O
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