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Abstract
We present solutions of the Quantum Yang-Baxter Equation that satisfy the condition

R #£0= ({a,b} ={c,d}) or (b=o(a) and d=o0(c)),

where o denotes the involution on {1,...,n} given by o(i) =n+ 1 — 1.
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1 Introduction

In this report we construct special solutions of the Quantum Yang-Baxter Equation (QYBE).
The QYBE involves a regular n? x n2-matrix R over the field of complex numbers and can
shortly be written as Ri2R13R23 = R23R13Ri2. In this equation, Ri2 denotes the n3 x n3-
matrix that arises by letting R act on the first and second factor of the tensor product
C" @ C* ® C™. The matrices R13 and Ra3 are defined similarly. Written out in components
the QYBE takes the following form:

(1.1) > RIRERL =) RERYRE.

0,7,k 2,5,k

The QYBE has a complex variety of solutions, it is therefore necessary to impose some
additional restrictions on the structure of the matrix R. In [1] M. Hazewinkel studies R-
matrices that are subject to the condition:

(1.2) Riq # 0= {a,b} = {c,d}.

For instance, the standard R-matrix for the quantum group of type A, satisfies (1.2). The
condition reduces the possible nonzero elements of R from n* to n + 2n(n — 1) = n(2n — 1).
The general solution of the QYBE satisfying this constraint is described in [1]. The method
used to derive these solutions will be fundamental for our approach.

Although the known classical R-matrices of type B!, C!, D', A% do not arise in this way,
they do satisfy a very similar condition. Let o be the involution on {1,...,n} given by
o(i) = n+ 1 — 4, then the R-matrices of type B',C", D', A? have the property

(1.3) R #0= ({a,b} ={¢,d}) or (b=o(a) and d=o(c)).

In order to understand the consequences of this condition in terms of the structure of the
matrix R, we consider the matrix to be built from n X n blocks in such a way that the element
R is considered to be the (b, d)-th element of the (a, c)-th block. In this setting the condition
states that the off diagonal blocks can contain at most two nonzero elements. This reduces



the number of (possible) nonzero elements from n* to n® +2(n® —2n)+n = 3n(n—1) if n is
even and to n2 +2(n®> —2n+1) 4+ n—1=3n(n— 1) + 1 if n is odd. For instance, for n = 3
the matrix R will be of the following form

*
* *
| * ] | * | L * |
_ N ; . . _ -
R= * * *
L B L *_ L * -
[ * ] [ * ] [ % 1
* *
L =~ - - = - *-"

where the symbol * denotes matrix entries that can be non-zero according to condition (1.2)
and the symbol * denotes matrix entries that can be non-zero due to its extension (1.3). Since
the indices o(a) occur frequently, we will for the sake of convenience write a' instead of o(a)
and we call this the complementary index of a or complement of a.

Lemma 1 If there are nonzero terms in the LHS or RHS of (1.1) and R satisfies (1.3) then
the multisets {a,b,c} and {u,v,w} have the following property:

{a,b,c} = {u,v,w} or  ({a,b,c} ={p,q,¢'} and {u,v,w} = {p,r,7'}).

Proof: From [1] we learn that, if R satisfies (1.2), the multisets {a,b, c} and {u, v, w} should
coincide in order to have nonzero terms in LHS or RHS of (1.1). Therefore, we assume that
{a,b,c} # {u,v,w} and we show that the existence of nonzero terms yields the other form
described above. Naturally there are a number of cases to be considered. We discuss only one
of them which illustrates the kind of arguments involved in order to prove the Lemma. We
suppose that a is not an element of {u, v, w} and that there exists a nonzero term Rfjb ic RIkE
on the LHS of (1.1). Since R;—‘J-b # 0 we can distuinguish the following three cases:

li=a,j=bandb#d.
If ¢ # a' then R% # 0 implies k = a and v = ¢ and thus RI®¥ = R%% +#£ 0 yields a
contradiction. Hence, ¢ = ¢’ and k = «' and RI¥ = Rﬁz,' # 0 yields either {b,u'} =
{v,w} and {u,v,w} = {b,u,u'}, or b = v and w = v which implies {u, v, w} = {b,v,v'}.
In both cases we have {a,b,c} = {a,b,a'}.

24=b,j=aandb#ad.
Due to R%E # 0 we have k = @’ and w = v'. Then R%, # 0 implies {b,c} = {u,a’} and
therefore {a,b,c} = {a,a’,u} and {u,v,w} = {u,v,v'}.

3 j=i andb=ad'
Since Rf,’u]f # 0 there are two possibilities. The first is that £ = ¢ and w = v'. On account
of R, # 0 we conclude u = c yielding {a,b,c} = {a,a’, ¢} and {u,v,w} = {¢,v,v'}. The
second possibility is that {i',k} = {v,w}. The choice i = v, k = w and the fact that
RYE # 0 gives either {v',c} = {u,w} or v = ¢ and w = v'. In the first case we obtain
{u,v,w} = {c,v,v'} and {a,b,c} = {a,a’,c} and in the second case {u,v,w} = {c,v,v'}
and {a,b,c} = {a,a’,c}. The other choice (i = w' and k = v) can be handled similarly.

This Lemma enables us to make a list of all multisets {a,b,c} and {u,v,w} for which
nontrivial equations arise from (1.1). For that we need to distuinguish the cases of even
and odd n. The reason for this is the possible existence of indices that are equal to their
complement. In the case that n is even such indices simply do not exist and therefore we
will from here on assume that n is even. The complete list of resulting equations is given in
Appendix A.



The solution matrix R has to be invertible. It turns out that, for even n, the determinant
of a matrix R satisfying condition (1.3) can be written as

n n
(1.4) det(R) = [ [ Bii [[RERE - RERIDO (-1 [[ Bioyray)
i=1 i<y TESn i=1
i#5!
where (—1)" denotes the sign of the permutation 7. The last term of this determinant is the
essential part arising from the extension (1.3). It turns out to be related to the determinant
of certain parameter matrices that describe solutions.

2 The classical solutions

As explained in the introduction, this study is an extension of [1] where solutions of the
QYBE restricted to (1.2) are presented. We give a short résumé on the construction of those
solutions which we will call classical from here on.

An extremely useful property of R-matrices satisfying (1.2) is that, for any subset J of the
index set I = {1,2,...,n}, the p? x p?-matrix Ry (p = |J|, i.e. the number of elements of the
index set J) which is defined by (RJ)ZJI = Rz, is also a solution of the QYBE satisfying the
additional condition (1.2). This means that, for an arbitrary subset of indices, one can leave
out the corresponding rows and columns and obtain what could naturally be called reduced
solutions. This particular property enables one to construct solutions by pasting together
certain entities of smaller dimensions. There are two special types of entities that play a
prominent role in the construction of solutions. They are called components and blocks. The
basic tool to define them is the partial ordering on the index set I given by

a<b<= R +0.

Two indices a and b are called connected (notation: a ~ b) if a < b or b < a and the
corresponding equivalence classes are called blocks. Similarly, two indices ¢ and b are said to
be strongly connected (notation: a ~ b) if a < b and b < a, the corresponding equivalence
classes are called components.

In general a classical solution R is constructed by partitioning the index set I into blocks
and each block into a number of components. For later use in this report it suffices to consider
solutions consisting of one block. If this block consists of p components, then we have

I:UC’i C1<Ca<...<Cp

where ¢ < j denotes 1 < j A j i i. Corresponding solutions are parametrized by p,6 # 0 and
i 70 (1 <i<j<n)and A\x (1 <k < p) satisfying the quadratic equation A\Z = Agp + 6.
The matrix R is described by

i€Ck<j€C RY=pRI=w;jR;=06x; R;=0

(2.5)

Often one scales such a solution by putting § equal to 1. In that case one can define ¢ = Ay
which implies g = ¢ — ¢! and all Ay are equal to either g or —g .

3 Special solutions: part I

We remark that R-matrices satisfying condition (1.3) in general do not allow reductions.
Hence the choice of an arbitrary subset J of {1,2,...,n} will not lead to a matrix R; that
satisfies the same conditions as R. In particular it will, in general, not be a solution of the
QYBE. This is due to the fact that a number of equations involve summations over all indices,
see e.g. equations 1(c)vii and 1(c)viii in the appendix. Nevertheless, if one chooses a subset
J such that J and J' are disjoint, then the reduced matrix R satisfies condition (1.2) and
will therefore be a classical solution. We call such a subset J a reduction. We will frequently



use reductions in order to derive properties of solutions of the extended case. A reduction J
is called mazimal if J|JJ' = {1,2,...,n}. Two particular cases of maximal reductions are
J =L and J = H where L denotes the set of lower indices {1,2,...,m = n/2} and H the set
of higher indices {m +1,m+2,...,2m = n}.

At first we consider solutions for which there exists a maximal reduction J with the
property that both J and J' consist of one component. By a simple reordering we may
assume that J = L. So, Ry and Ry consist of one component and according to the previous
section, we have

(3.6) i,j € L(H) Ri=RJ=R)\=RI}=XA(n) RI=Ri=0

For the sake of convenience we suppose that the components are large enough, i.e. m > 3.
We investigate the possible connections between the lower and higher indices. It appears that
the solutions can be divided into three categories.

Lemma 2 If there exists a pair of indices (i,5) such that i € L, j € H and j # i' with the
property R;Jl # 0 and R{; # 0, then A = Ag = X and for all similar pairs (k,1) holds

Riy=Ry=X Rg=Ry=0
Proof: The reduction J = {3, j} yields one component which implies
M=Ri=Ri=Ri=Fi=)i=) Ri=HEi=o

By taking an index I from H\{i', j} the reductions {4, j, 1} and {j', 4,1} both yield one compo-
nent and hence the pairs (4,1) and (j',1) have the stated property. Similarly one can cope with
pairs (k, j) and (k,i') for k € L\ {4, j'}. For pairs (k,!) with k € L\ {4,5'} and l € H\{¢, j, k'}
one can use the reduction {i, j, k,1}. Finally, to deal with the pair (5',i') one takes an index
kin L\ {i,j'} and considers the reduction {k,j',i'}. O

Lemma 3 If there exists a pair of indices (i,5) such thati € L, j € H and j # i with the
property R;]Z =u#0 and Rz; =0, then for all stmilar pairs (k,1) holds

Riy=p Ri=0 RiRE=S6

where § is a nonzero compler number which is independent of k and l. Furthermore, the
parameters A1, and Mg satisfy the quadratic equation \* = Ap + 6.

Proof: The proof is similar to the one of the preceding Lemma. The reduction {4, j} yields
one block with two components, so

§=RIR#0 A, =Xip+6  Ng=Xup+6.

By taking an index I from H \ {i', j} the reductions {3, j,!} and {j',4,1} both yield one block
with two components in such a way that i < j ~ [ and j' ~ i < [ hence the pairs (3,I)
and (j',1) have the stated property. Similarly one can cope with pairs (k,j) and (k,i') for
k € L\ {i,j'}. For pairs (k,1) with k € L\ {,5'} and I € H \ {i',j,k'} one can use the
reduction {3, j, k, !} which gives k ~ i < j ~ l. Finally, to deal with the pair (j',4') one takes
a reduction {k, j',i'} for an index k in L\ {3,5'}. O

Lemma 4 If for all pairs of indices (i,j) withi € L, j € H and j # 4’ holds R;’Z = Rf; =0

then the product RZR;: is nonzero and does not depend on i and j.

Proof: Consider similar reductions as in the preceding proofs and make use of the fact

that in classical solutions consisting of several blocks the product Rz; R;z does not depend on

the indices 7 and j explicitly. This product only depends on the blocks the indices belong to. O

The situations described in the Lemmas 2, 3 and 4 exhaust all possibilities and hence give
rise to three types of solutions. For the sake of convenience we will speak of solutions of type
ITT, IT and I respectively. We restrict ourselves to the study of solutions of type I and II.



3.1 Solutions of Type I

One could say that solutions of type I are characterized by the fact that there is no classical
coupling between L and H since all terms R]; and R} are equal to zero for i € L and
j € H\ {i'}. The question is what kind of coupling there can appear between L and H using

terms like Rj-;-ll with ¢ € L and j € H. We will show that all such terms are equal to zero.

Lemma 5 Let R be a type I solution, then for alli € L and 7 € H holds Rj-j-l, = Rg,l =0.
Proof: We take a,c € L and b € H, then equation (2(a)i) yields

i RiCRS = 0= Ry = 0.
The choice a € L and ¢ € H in (1(c)xiv) gives
R RSCRSY. =0 => R =0
This takes care of the terms R“,, the terms R“ can be handled similarly. O

In order to determine the general structure of solutions of type I, we introduce the following
m X m-matrices:

(3.7) L)=(L}) Li=R and [H]=(H) Hi=RYS (i,jeLl).

That these matrices play a significant role in the description of solutions can be illustrated
by writing out the determinant of R subject to the conditions we have imposed so far.

det(R) = Q [ [ R [ (RERE: — RERE) = QAT N7 x

=1 i<j
itj!
ij pJjt 7,] YK ‘L] YK ’L] ]1 ij pJjt z] YK
[[ (rir: - riRE) [ (REREG - RERE) [[ (RERE - RERE) =
i,J€EL i,jEH i€L,jEH
1<j <] i#j’

QXL AR 6™

Q=Y (- HRr(z)ru)' = (-1 HRr(z)ru)'HRr(z DTGy

TESR TESR

where

According to Lemma 5 a term Rf(i)T(i), can only be nonzero if 7 and 7(%) belong to the same
component. Hence, the sum over all permutations can be replaced by a sum over all elements
7 € S, that leave L and H invariant. The restriction of such a 7 to L can be considered to
be an element of S,,. By use of the involution o, one can transform its restriction to H to
become an element of S, given by 7 = o o 7 0 o. This has the following consequence

Q=(> (-1 Herr(z)' (> 7 [T By =
=1

TESm FE€ESm

(Y -1y HL,@) > 07 [ Hiwy) = det((L])det([H]).

TESM TESm =1

So, due to the invertibility of the matrix R we conclude that the matrices [L] and [H] need
to be invertible.

Lemma 6 Let R be a solution of type I and let [L] and [H] be defined as given in (3.7), then
[L][H] = 6. where I, denotes the identity matriz of size m.



Proof: In equation (1(c)ix) we take a € L and ¢ € H, this gives
ReSRSRS, =6An = Y Ry RULRE =X Y Ry R =X Y LHE.

p=1 pEH p=1

In equation (2(a)ii) we take a,c € L and b € H:

aa' pa'c pbe aa’ ! c aa’ ! a
Ry RLSRE =0=) RymRLPRE =X ) RpwRLP =Ar» LiHY,.

p=1 pEL p=1

O

It turns out that for any choice of the matrices [L] and [H] satisfying [L][H] = 6Im, one obtains

a solution R of the QYBE. The determinant of such a solution R is equal to /\an2 /\}'}2 5™

Theorem 1 A matriz R, with all entries equal to zero with the exception of the following
R =R¥ =R =Rj=X(\n) i,j€L(H)
Rl=uw; Ri=g;6 icLjcH\{}
R = o R = 3; i,j €L
is a solution of the QYBE if the parameters satisfy the additional restrictions:

® A, Am,xzi; and 6 are non-zero.

°
1 1 1 1 1 1
aq Qo (82 1 2 m
2 2 2 2 2 2
% ay; ... O 1 S . m
m m m m m m
ap Qay ... Qp B B3 e B

Proof: This is just a tedious computation involving the verification of the equations presented
in the appendix. It turns out that all equations give rise to one of the special conditions pre-
sented above. O

To illustrate these type of solutions, we consider the non-classical example of smallest
dimension, i.e. n =4 so L = {1,2} and H = {3,4}. The matrix R described in the theorem
above is:

AL T
0 AL
r13 0
ol o3 0 0
AL 0
AL
a% a% 0 0
24 0
0 63:1_31
0 0 B3 B
Al
0 g
0 0 B2 B
0 8z,
Al 0
L Ar

All the matrix entries in positions that are left blank are equal to zero due to condition (1.3).
The zeros indicate matrix entries that are equal to zero due to the special structure of Type

I



3.2 Solutions of Type II

From Lemma 3 we know that a solution of type II is determined by the parameters Az, Am,
p and 8 which satisfy the equations A\2 = Appu + 8 and A% = Agp + 8. We will first prove
that the elements R}/, behave like classical elements R].

Lemma 7 Let R be a type II solution, then

i _ ) p 2€L
R’”_{ 0 i€eH

Proof: Consider equation (1(c)xi). If we take a,c € L then
Ry (n— Rify) =0 => RBify =

and for a,c € H we have

1

RYSRY.(n— Ag) =0 = R%. =0.

O
Further, as in the case of type I solutions, there appears to be no essential non-classical
coupling between the components L and H.

Lemma 8 Let R be a type II solution, then for all indices i € L and j € H with j # i’ holds

.t .

41!

Proof: We take a € L and b € H in equation (2(b)ix):
0=RY RI(0— A1) => RY =0.

This takes care of the terms Rj-’;,, the terms Rg,l can be handled similarly. O

As in the case of Type I we introduce the matrices [L] and [H]. The regularity argument of
the preceding section is also valid here. It turns out that the structure is completely similar:
[H] = 8§[L] ! is a necessary and sufficient condition for R to satisfy the QYBE.

Lemma 9 Let R be a solution of type II and let [L] and [H] be defined as given in (3.7), then
[L][H] = 6Imm.

Proof: In equation (1(c)ix) we take a € L and ¢ € H, this gives

SAi =iy Ry R, =Y LyHE =6,
pEH p=1
In equation (2(a)ii) we take a € L and b,c € H:

n

aa' pa'c pbe _ o § : aa' pp'p ppc __ 2 : aa’ pp'p _
Rbbl Rcal Rcb =0= Rppl Rbb’ ch =K RPPI Rbb’ =

p=1 peL

,LiL;H;’, — iL;H;’, —0.
p=1 p=1

Theorem 2 A matriz R, with all entries equal to zero with the exception of the following
i _ pii _ pii _ pii _ .
R;=R;;=R;=R;; = Ar(Am) 4,5 € L(H)
ij Jt : ;
Ri=p Ri;=0 1€L,jeH
Rl ==z; Ri=z3;'6 i€eLjeH\{i}
Rl = aj RS =0 4,j€L
is a solution of the QYBE if the parameters satisfy the additional restrictions:



e 1.6 and x;; are non-zero.
o )\ and Ay satisfy the quadratic equation X% = Xp + 6.
o [L][H] = I where [L] = () and [H] = (8}).

7

Proof: As mentioned in the proof of Theorem 1, this is just a tedious computation involving
the verification of the equations presented in the appendix. O

Again to illustrate these type of solutions, we consider the non-classical example of smallest
dimension, i.e. the matrix R for n = 4:

AL -
0 AL
z13 7
o ol 0 I
AL 0
AL
ol o3 I 0
T24 ©
0 bz is
0 0 Ie5 e
Am
0 A
0 0 B Bi
0 61‘2—41
AE 0
L An |

4 Special solutions: part II

In the previous section we discussed solutions which have a maximal reduction J with the
property that both J and J' consist of one component. In this section we allow J' to be a
block. By means of reordering we may assume that J = L. Hence J' = H = |J H; which
are assumed to be ordered such that H; < Hy < ... < H, where p denotes the number of
components of H. From the knowledge of the classical solutions we conclude

i,j€EL Ri=RI!=R!=R=X RJ=R;=0
(4.8) i,j € H Ri=R}'=Rj=Rj=X; R}/=Rj;=0

i € Hy,j € H,k<l RY=

= p, R =0 RIR: =56
and the parameters Ay satisfy the quadratic equation (Ag)?> = Algp 4+ 8. We will show that
analogous to the previous section there are three types of solutions.

Lemma 10 If there exists a pair of indices (i,5) such thati € L, j € H and j # i’ with the
property 3 -
R;i #0 and Rz; #0,

then A, = A} where s is the indez of the component that contains the indez j, and furthermore

RE=R*=Xy RM=RY¥=0 keLlcH.,k#l
R = pu,Rij =0 RiR}: = ke L,l€H,t>sk#!
R =0 Rk =p RFREF=5 keLleH,t<sk#l

Proof: The results for pairs (k,!) with k¥ € L and | € H, are a direct consequence of the
reasoning given in the proof of Lemma 2. Suppose we have indices k € L and I € H; with
t > s. Take an arbitrary index j € H, with j # k'. The reduction {k,j, 1} yields a two
component solution with k£ ~ j < ! implying the above mentioned result for the indices k and
1. 0O

The solutions that correspond to the situation described in the Lemma above can be
characterized by the following ordering:

(4.9) Hi<Hy<..Hi 1 <L~H;<Hs1<...<Hp_1 < H,.



The interpretation of this ordering is the following. For any reduction J the solution consists
of one block with several components which are ordered by (4.9).

Next we consider solutions for which there does not exist a pair (7,7) as described in
Lemma 10.

Lemma 11 If there exists a pair of indices (i,5) such thati € L, j € H and j # i’ with the
property B ..
) Y-
R} #0 and R =0,
then there exists an index s such that
R =p RE=0 RFERF=6 keLlecH,t>sk#l
R =0,RE=p RERF=6 keLleH,t<sk#l

and the parameter Ap, satisfies A2 = App + 6.

Proof: Suppose that j € H,,, then on account of the reasoning given in the proof of Lemma
3 and the fact that Hs < H; for s < t, the results of the first line obviously hold for k¥ € L and
|l € H; with t > m. Next we consider indices k € L and | € H; with ¢t < m. The reduction
{k, j,1} satisfies k < j and I < j. From the classical solutions we know that this implies that k
and ! are connected, so we have k <1 or I < k. Since we have excluded the existence of a pair
(k,1) with the property k ~ [ this reasoning proves the existence of an index s as described
in the Lemma. O

Solutions that correspond to the situation described in Lemma 11 can be characterized by
the ordering:

(4.10) Hi<Hy<..Hi1<H;<L<H;1<...<Hp_1 < H,.
Finally there are solutions that have no classical coupling between L and H at all. This

is completely analogous to the case described in Lemma 4.

Lemma 12 If for all pairs of indices (i,7) such thati € L, j € H and j # 4’
R} =Rj;=0

then the product RZR;Z is nonzero and does not depend on i and j.

The situations described in the Lemmas 10, 11 and 12 exhaust all possibilities and hence
give rise to three types of solutions which will again be denoted by solutions of type III, IT
and I respectively. Again we restrict ourselves to the study of solutions of type I and II.

4.1 Solutions of type I

The solutions of type I are characterized by the component L with parameter Az, the block
H with components H; < Hy < ... < H, and defining parameters y,$ and A\%. Furthermore,
for all ¢ € L and j € H with ¢ # j' the classical terms R;JI and RZ; are equal to zero and
the product RZR;; does not depend on i and j and defines the parameter §'. By the same
reasoning as given in the proof of Lemma 5 one finds that the coupling terms Rj-’;, with ¢ € L
and j € H are equal to zero. In order to describe the solutions we make use of the matrices
[L] and [H] as defined in (3.7). We write L; to denote H] and call this the I-th component of
L.

We consider equation (2(a)iii) and take a € L,b € H and ¢ € H;, which yields

(4.11) 0= LyHLRZ=Xy > LiHj +p Y LiHj.
q€EH qE€Ly qe>Lks

In order to rewrite this in a more compact form we look at the matrix [L] as builded from
blocks in the following way:

bf o1z
(4.12) [L] = [.]1 [:]2 [:],,
LE [LE .. (DR



The matrix [L]; is the matrix of size |L;| x |L;| with the entries L{“ where k € L; and | € L;.
Naturally the matrix [H] has a similar block structure for which we will use the same notations.
If we choose a € L; and b € H; in (4.11), then the equation can be rewritten in terms of the
blocks as follows u
(4.13) (LI [H]S + 3o SILEHE =0  i#j
H q>k

The term on the righthandside is the matrix of size |L;| x |L;| with all entries equal to zero.

Next we consider the case i = j. Since it is not allowed to choose b = a' in (4.11) we
consider equation (1(c)ix) and take a € L; and ¢ € Hy. For i < k we have

(4.14) 0= LyH{RZ=Xy > LiHi+py  LiH:
qEH qELy qGL,:
8>

and for 1 = k we obtain

(4.15) SNy =M Y LgHI +p ) LyH!
g€ Ly q€>Lks

From (4.11) and (4.14) we find that

(4.16) LIHL + 5 D ELIHE =0 (i<k)
A g>k

and from (4.11) and (4.15) follows

(4.17) [LIE[H)E + ﬁ > ILsE) =61y

with I; the identity matrix of size |Li|. From these equations we can easily derive the structure

of the blocks of [L] and [H].
Lemma 13 For all 1 < g < p holds

[LI§IH] =6'1; [Ll; =0 [H]!=0 (i#4q).

Proof: We prove the Lemma by downward induction. First we take k = p in (4.17) and
obtain [L|E[H]E = §'I;. Then j = k = p and i < p in (4.13) yields [L];[H]5 = 0 and hence
[L]; = 0. Similarly we can take i = k = p and j < p which gives [H]} = 0. This proves the
statement (13) for ¢ = p. Suppose the statement holds for all ¢ > I, then put k =1—1in
(4.17) which gives [L]; 1 [H]:"} = §',-, and j =k =1—1and i # 1 — 1 in (4.13) yielding
[L]f,l[H]ti = 0. This completes the proof. O

Theorem 3 Given any partitioning of the upper index set H of the form
Hi < Hy<...< Hy,
a matriz R with all entries equal to zero with the exception of the following:
i,jEL Ri=RI=RJ=R]=M\
i,j € Hy Ry =R =RY=R;=)\y
i€Hyj€H,k<l RY=pR]=uijR=2'6
i€LjeH, j#i R} =uwy Rj;=u;§
i, € L = Hj Ry = ()}, Ry = B(D);
1s a solution of the QYBE if the parameters satisfy the additional constraints:
® A\, zj,6,6' and p are non-zero.
o A satisfies the quadratic equation X2 = Xp + 6.
e a(l)p(l) = 6'I;.

10



Proof: The same argument as given in Theorems 1 and 2. O

To illustrate these type of solutions, for n = 4 the matrix R is given below:

AL
0 AL
T13 0
(1) 0 0 0
AL 0
AL
0 a(2) 0 0
o4 0
0 8
13
0 0 8(2) 0
Ak
T34 m
0 0 0 8(1)
0 &
0 24 L
T34
L A

The zeros indicate entries that could have been non-zero according to (1.3). We note that, due
to the fact that the components of H consists of only one element, this solution is classical.
The first non-classical case is already to large to be presented in this report.

4.2 Solutions of type 11

We study solutions that are determined by the ordering (4.10). The corresponding parameters
are u, 8, A, and A% which satisfy A2 = App + & and similarly for all the A}, in particular
each parameter A% equals Az or g — Ar. It turns out that the ordering also holds for the
non-classical terms.

Lemma 14 Let R be a type II solution satisfying the classical ordering (4.10), then
i pot< 4’
R = { 0 i>4
where the ordering is the one given in (4.10).

Proof: We give the proof for i € L, the case i € H can de handled similarly. Let a be an
element of L. If a < a' then we take ¢ € L in equation (1(c)xi) yielding
RYSAL(p — R3%) = 0 => R, = .

For @ > a' we choose an element ¢ in the same component H; as a’ and consider equation
(1(c)xii)

RYRY, (n— Ny) = 0= R%Y, = 0.
O
The further description of solutions turns out to be completely similar to the one given for
type L.
Lemma 15 Let R be a type II solution, then for all indices i € L and 5 € H with j # i holds

R =RY, =0.
Proof: We take a € L and b € H in equation (2(b)ix), in case a < a’ we obtain
0=RY RI(0—AL) = RY =0.
and in case a' < a we find

0= R R (p — M) = REY = 0.

11




This takes care of the terms Rj-’;,, the terms Rz:g,l can be handled similarly. O

We consider equation (2(a)iii) and take a € L; and b € Hj, such that b # a’. It is irrelevant
whether k is equal to I or not. For this particular choice the equation yields:

0= Ry R R
p=1
We take an element ¢ of H,, and distinguish the cases H,, < L and L < H,,. In both cases
the equation above gives

"y LHb+p Y LyHE =0
PELm pELs,s>m

By introducing block structures for the matrices [L] and [H]| as described in the previous
subsection, we can write this result in a more compact form as follows:

(4.18) ([L]in[H]}: + Aim Z[L]’S[H]z> =0 a€L,b€ELka#b

s>m

The question is what the diagonal matrix entries are in the particular case that £k = [. In
order to answer this question we will use equation (1(c)ix) and take a to be an element of
L. Again we have to distinguish between the cases a < a' and a’' < a. We will only give the
details in the first case. Suppose that ¢ € L; and ¢ € H,. We first consider the case that
¢ < a, so Hy < L. Equation (1(c)ix) yields

p s =p® + Ny Y Ly HE +p Y Ly HE

pEH PEHs,s>k
or "
DY TS — [
(4.19) §= | SE[LI[H]E + ) [LL[H]; a€L,Hy <L
® s>k a
Analogously we find for a < c < a’
AI;{ 1 k 1 s
(4.20) §= | SLILL[H]E + ) [LLL[H]; a€L,L<H,<H,
# s>k a
and fora <a' ~c
(4.21) 5= ([L]f[H]é + A# Z[L]i[H]f) a€L,L<H
H o s>1 a
and finally for a < a' < ¢
(4.22) 0= <[L];[H]{“ + ,\Lk Z[L]i[rﬂf) a€ L, L <H < H
H s>k a
Lemma 16 For all1 < g < p holds
[L5[H]; =615 [Ll;=0 [H]!=0 (i#q).

Proof: We prove the Lemma by downward induction on g. First we take I = p in (4.21) and
k=1=m =pin (4.18) and obtain [L|5[H]} = 6I;. Thenl =m = p and k < pin (4.18) yields
[LI5[H]; = 0 and hence [H], = 0. Similarly we can take k = m = p and I < p which gives
[L];, = 0. This proves the statement for ¢ = p. Suppose the statement holds for all ¢ > n, then
putk=I=m=n—11in (4.18) and I = n — 1 in (4.21) which gives [L]::i[H]Z:% =6I-,.
Finally k =m =n—1and [ # n — 1 in (4.18) yields [L]%_;[H]"Z} = 0. This completes the
proof. O
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Theorem 4 Given any partitioning of the upper indez set H of the form
Hy < Hy<...< Hy,

a matriz R with all entries equal to zero with the exception of the following:

i,j€L R§§=R§Z§{=R§§=RZ=/\L
inj € Hi Ry = B = B =R =2y

i€Hy,jeL,j#i,k<m RYJ=p R} =gy R=x;'6

i€L,jEHj#i k>m R}%:u,RZ = wij, Rl} =x;'6
i€Lp,k>m Ri, =p
i€ Ly k<m Rii=p
i,j € Ly = H] R = a(l);, Ry = B();

is a solution of the QYBE if the parameters satisfy the additional constraints:
® x;;,6 and p are non-zero.
o )y and Ay satisfy the quadratic equation X? = Xp + 6.
o a(l)B(l) = 61;.

Proof: The same argument as given in Theorems 1 and 2. O

To illustrate these type of solutions, for n = 4 the matrix R is given below. In this example
H, = {3} and H> = {4} and we have chosen the ordering such that H: < L < Hs.

AL
0 AL
13 0
a(2) 0 0 7
AL 0
AL
0 a(1) 0 0
To4 ©
5
] 13
0 I B(1) 0
Ak
T34 B
0 0 0 B(2)
0 6
0 T4 L
T34

We note that, due to the fact that the components of H consists of only one element, this
solution is classical. The first non-classical case is already to large to be presented in this
report.

A The complete set of equations

We present the list of equations one obtains when writing out the quantum Yang-Baxter
equation Ri2R13R23 = Ra3Ri13R12 in the special case that the matrix R has property (1.3).
In components the equation takes the following form:

ab pic pjk bc paj ki
Rij RukRuw - E R’L] Rka'u.v
0,4,k 5,k

We will denote the first index set {a, b, c} by I and the second {u, v, w} by J. With the result
of Lemma 1 one can systematically make a list of all the distinct cases in which nonzero terms
on the left- or righthandside occur. We take n to be an even integer. In some equations there
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is an index p present, this is just a formal way of denoting a summation over all indices. So,
for instance equation (1(c)vii) is equal to
n
ReG RLSRG =y Rym REERE
p=1
1. The index sets I and J are equal.
There are four subcases to be considered:
() I=J={a,b,c} witha#b#c#aanda#b',b#c and a # ¢
i. RiZ(RigRe; — RiaRey — RIGRi) =0
ii. Rey(RIGREG — RigRy — RIGRG) =
iii. R;R(Ria — Re5) = RiG(RECRE — Ry Rig
(b) I =J={a,a,b} with b # a,d’
i. Ry Rig Ry =0
ii. RiqRes(Ria — Ra3) =0
iii. Rpq(RasRaa — RogRiq — RapRig) =0
iv. Rf(RegRaq — RagRaf — RGLRig) =0
(¢) I=J={a,a,c} with c # a,d’
i. R RERGY =0
2 RewRE = 0
iii. R%% RS, (RYS — RSY) =0
iv. RS RZG (RiG — R2) =0
v. R RS (RUG — RES) =0

!

! !
vi. Reg Ry, (R, — Rew) =0

CC’ C(l’
vii. RZ% RESRIS = R RPD RPS
viii. Re Rer.Re: = RS, RY?, REY
ix. Re%ReeRC: + RECRSARS, = Ry RPY RSP
x. ReRESRLS + ReSRS Res = Res RUPRYS
xi. R RESRES + RUSRESRS, = R, RUSRS + RS RS Re:
xii. Ref, RiRG: + RGCRIRE . = RiLRECRE. + R RO RE)
xiil. R, ReS R + Re RS RS = Ref, RECRSS + Res RES, Ra
xiv. Ry, REGRE + REGREGRE, = Ry REART. + RIS R REE
xv. Re%RECREY, + RECRIS RS, = R RICRC + RS RICRE,
(d) I=J={a,a,a’}
i. RZR% R, = RY, RV, R2
H. RICRICRIL = R RPP. RCP
ii. RIZRLSREY, = R RVE RS
iv. RIRZSRY = R%2R' RP
v. RIZRIZRLS = RLSRPE RS
vi. RIRYSRLS = RY4 RV’ RPS
vii. R%%RP?,R% = R%% RP” RPS
2. I={a,p,p'}and J ={a,q,¢'} and I # J
There are three subcases to be considered:
(a) I ={a,a',c},J ={b ¥ c} with a #b,b' and c # a,b,a’, ¥
i. Riy (RERSY — RYCRSS) =0

. 1 7 b ! !/
i, R ROSRY = RO RPPRPS

ii.

ca' by! Llcp

1 ' ! ’
aa’ peca peb’ _ paa’ ppp pep
. Ry RECRSh = R RPP RSP
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iv. Rcc’ bb’ ' ' = Rbb’ Rac (R ! —Rc 2 )

V. Rcc’ Rbb’ Rgg = Rbb’ Rca (Rlc)g - RZE)

vi. Rcc, Ry RY = Ry Rcb, (R R )

vii. Rgg (Re% RS — REDRS) = R Rig) (R”” )
viil. Rg (RGSRE — RYSRES) = REE Reyl (Rih — ReS)

(b) I= {a,a, a'} and J = {b,¥’ a} such that a # b,

i. R4 R R",,, = R RV RP“

ii. R*RY RY _R‘m Rb,,, .

iii. R,,b/ (R R, — R:;;,R — R R =0

iv. Ry (R;‘:Raa, — R R — Rzil a5) =0

v. Rbb’( a' :RZ“: —RZ“:Ry ! Rb’ 'R )

vi. R,,b, (R4% RY, —Ra 'R? ,b, — RVGRYY) =

vii. REARE: RyL + Ry RbS R, = RS R R;;,’
viii. RZSRE: RYS + R%,"ReL RY, = RY, RP.P RPS

ix. Ry Rey(Re, — RiY) = Regy Rpa(ReS — Ry

(c) I ={a,ad',b} and J = {b b b'} with a # b,

i. RIRMR, = R R R

ii. RipRL. Ry = Rosi RLFRE

iii. RY (RYY Rbb/ RV R, — RYY, R;;gi) =

iv. RIS (REPRYS — REERY — REPRL) =0

v. R (Rb,b,Rzﬁi — Ry Ry Rab,Rbfbi) =0
vi. R (RESRLY, — R RY — RIMRM) =0

vii. Ry Rie Rie + Ris Ry R = Ron RIE RS
viii. R RELRCE + RES RUERLY = RS, Rb,bR

ix. Rb’bR (Rbb’ —Rgg) Rbb’R (Rb’b Rfﬁb)
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