@ Centrum voor Wiskunde en Informatica

REPORTRAPPORT

Parallel linear system solvers for Runge-Kutta-Nystr"om methods
P.J. van der Houwen and E. Messina
Department of Numerical Mathematics

NM-R9613 October 31, 1996



Report NM-R9613
ISSN 0169-0388

CWwiI

P.O. Box 94079

1090 GB Amsterdam
The Netherlands

CWI is the National Research Institute for Mathematics
and Computer Science. CWI is part of the Stichting
Mathematisch Centrum (SMC), the Dutch foundation
for promotion of mathematics and computer science
and their applications.

SMC is sponsored by the Netherlands Organization for
Scientific Research (NWO). CWI is a member of
ERCIM, the European Research Consortium for
Informatics and Mathematics.

Copyright © Stichting Mathematisch Centrum
P.O. Box 94079, 1090 GB Amsterdam (NL)
Kruislaan 413, 1098 SJ Amsterdam (NL)
Telephone +31 20 592 9333

Telefax +31 20 592 4199



Parallel Linear System Solvers for
Runge-Kutta-NystromMethods

P.J. van der Houwen
CWiI
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

&

E. Messina
Dipartimento di Matematica e Applicazioni "R. Caccioppoli”
University of Napels"Federico I1"
Via Cintia, 1-80126 Napels, Italy

Abstract

Solving the nonlinear systemsarising in implicit Runge-Kutta-Nystrémtype methodsby (modified)

Newton iteration leads to linear systems whose matrix of coefficients is of the formH2JAvhere Ais

the Runge-Kutta-Nystrom matrix and J an approximation to the Jacobian of the righthafuthclide of

the systemof differential equationsFor larger systemsof differential equations,the solution of these
linear systems by a direct linear solver is veogtly, mainly becauseof the LU-decompositionsWe try

to reducethesecostsby solving the linear Newton systemsby an inner iteration process.Each inner

iteration again requires the solution dlirsear system.However,the matrix of coefficientsin thesenew
linear systems are of the form | £1B2J whereB is a nondefectivematrix with positive eigenvaluesso

that by a similarity transformation, we can decouple the systarsubsystemshe dimensionof which

equalsthe dimensionof the systemof differential equations.Since the subsystemscan be solvedin

parallel, the resulting integration method is highly efficient on parallel computer systems. The

performanceof the Parallel Iterative Linear System method for Runge-Kutta-Nystromequations
(PILSRKN method) is illustrated by means of a few examples from the literature.

CR Subject Classification (1991): G.1.7
Keywords and Phrases. numericalanalysis, convergenceof iteration methods, Runge-Kuttamethods,
parallelism.

1. Introduction
Supposethat we integratethe initial-value problem (IVP) for the systemof special second-order
eguations

d2y
1.1)—= =1(y), vy, fORd
115z =fo). Y

by the Runge-Kutta-Nystrom (RKN) method



(1.2)yn = Yn-1* y'na+ PR(OTONF(Yn), ¥y = ¥ng + h@TONF(Yn)

where the stage vect¥, is the solution of the equation
(1.3)R(Yp) =0, R(Y):=Y - R(AONF(Y) - edyn-1 - hcOy'n-1.

This equationwill be referredto as the correctorequation.In the RKN method{(1.2),(1.3)}, A
denotes an s-by-s matriy, ¢, d, e are s-dimensional vectorg,being the vector witlunit entries,h
is the stepsizgt1 - th, 0 denoteghe Kroneckerproduct,andl is the d-by-d identity matrix (in the
following, we shall use the notation | for any identityatrix, however,its orderwill alwaysbe clear
from the context). The s componelitg of the sd-dimensional stage vectos represents numerical
approximationgo the s exactsolution vectorsy(th-1 + cjh), wherec = (¢j) denotesthe abscissa
vector. It is assumedhatthe component®f ¢ aredistinct. Furthermorefor any vectorY = (Yi),
F(Y) contains the derivative valuéﬁ(Yi)). The arrays {Ab, c, d} define the RKN methodin this
paper, we shall confine our considerations to RKN method®tigaatefrom RK methodsthatis,
if the RK methodis defined by the triple {A rk, brk, ¢} thenthe correspondingRKN methodis
defined by{( Ark)2, ArkTbrk, C, brk} (See, e.g. Hairer [3]).

In the following, the Jacobian J 8f(y)/dy of f(y) is assumedo havea negativespectrum(thatis,
the IVP for (1.1) is assumedo be stable).Since we want to apply the RKN methodto problems
where J may have large, negative eigenvalues (such probliinte called stiff IVPs), we shalluse
the Shampine type step point formulas, i.e. we rewrite (1.2) as (cf. [12], see also [5, p.129])

Yn = Yp1t yna+ (bTA'lDl)(Yn - ellyn-1 - hCDy'n—l),
(1.4)

Yn = Ynat hl(dTA'lml)(Yn -elyn-1- hCDy'n—l)-

In actual implementation, these (algebraically equivalent) formulas are much more stable than (1.2
The conventionalway of solving the corrector equation(1.3) is the modified Newton iteration
schemeln the caseof Runge-Kuttamethods,we developedin [8] a parallel linear solver for the
solution ofthe linear systemghat arisein eachmodified Newtoniteration.In the presentpaper,we
investigate how this linear solver should be adapted in the case of RKN methods.

2. Apadld linear solver
Application of modified Newton iteration to the corrector equation (1.3) yields

2.1) (1- ADR2) (Y10 - YD) = -R(Yo(D), j=1,2, ... m,

where J isevaluatedht tn, Y (0 is theinitial iterateto be providedby somepredictorformula. Each
Newton iteratiorrequiresthe solution of an sd-dimensionalinear systemfor the Newton correction
Ynl) - YR(-D. If the linearsystemsin (2.1) aresolvedby a directlinear solver, thenthe bulk of the
computational effort often goes in the LU-decomposition of the matrix1h24. In thecaseof (2.1)



this would mean the LU-decompositionof an sd-by-sd matrix requiring O(s3d3) arithmetic
operations.

In order to achieve a reduction of the computational complexkitiie procesg2.1), we introducean
iterative methodfor solving the linear systemsin (2.1). Following [8], this inner iteration process
reads:

(1 - BOn23) (Y (¥ - YGv-D) = - (1 - ADIN23) Y 1001 + Cli-D),
(2.2) v=1 2, ..,T1,
Cn@D = (1 - ADRI)Y 0D - R(Y (D),

whereY 0.0 = Y,(-1.1) andwhereY (M1 is acceptedasthe solutionY , of the correctorequation
(1.3). Furthermore,B is a nondefective,real matrix with positive eigenvalues,and hence
diagonalizable The iterative method{(2.1),(2.2)} may be consideredas an outer-inneriteration
process where thmodified Newtoniteration representshe outeriteration. Note that C(-1) doesnot
depend omw, so that theapplicationof the inner iteration processrequiresonly one evaluationof the
functionR.

SinceB is assumedo be diagonalizableye may write B = SB S1 with S areal matrix and B a
diagonal matrix whose diagonal entries are the eigenvaluesof B. By performing a similarity
transformationy ,(-v) = (SO1)X:V) (cf. Butcher [1]), the process (2.2) transforms to

2.3) (1- B Oh23)(xV) - X(v-D) = -(1 - STASON20)XGv-D) + (SO Coi-D, v =1, .., 7,

whereX(:0) = (S101)Y 10-1). If for a given j, the transformedinner iteratesX (-V) convergeto a
vector X(.®), then the modified Newton iterate defined by (2.1) can be obtained from
Yr) = (S31)X0:%). The iterations in (2.3) are diagonal-implicit, so thatlthedecompositiorof the
matrix | - B [h2J splits into s LU-decompositionof dimensiond which can all be computedin
parallel. Thus, the LU costsassociatedavith (2.3) area factor s? lessthanthe LU costsassociated
with (2.1), and effectively (on an s-processor system) even a féctor s

As to the total computational effort of the modified Newton process §dddhe outer-inneriteration
proces§(2.1),(2.3)}, we remarkthaton top of the updatesof the Jacobianmatrix J and the LU-
decompositionof the linear systemmatrices,the modified Newton processrequiresm forward-
backward substitutionsof dimensionsd, whereasthe outer-inneriteration processrequires mrs
forward-backwardsubstitutionsof dimensiond. However, in the case of (2.3), the forward-
backward substitutions can be distributed over s processors.

We shall call(2.3) a Parallellterative Linear Systemsolverfor RKN methods(PILSRKN method).
Given the matrix A, it is completely defined by the matricesuid S.

3. Convergenceof theiterative linear solver
The speedof convergenceof the method{(2.1),(2.3)} dependson the modified Newton iteration
process (2.1) and the inner iteration prod@s3). In general modified Newton convergegelatively



fast, and usually only a few iterations suffice to sahescorrectorequation(1.2a). The convergence
of the inneriterationprocesy2.3) is highly dependenbn the matricesB and S. This will be the
subject of the following subsections.

3.1. Convergenceregion of theinner iteration process
In orderto analysethe regionof convergencdor the inner iteration process,we considerthe error
recursion

(3.1) YW - Y10 = M(Y6:v-D - v i0), M:=(1-B0h23)L((A - B)ONh2J).

We have convergence if the power$ & the amplification matrix Mendto zeroasv - o, thatis,
if the spectral radiug(M) of M is less tharl. The eigenvalue®f M aregiven by the eigenvalueof
the matrix

(3.2) Z(x) := x (I - xB)'1 (A - B), X 1= IR,

whereA runs through thénegative)eigenvalueof J (we recallthatJ is assumedo havea negative
spectrumof frequenciesA, otherwise,the IVP for (1.1) would be unstable). We shall call

[ :={x: p(Z(x)) < 1, x< 0} theinterval of convergence of the inner iteration process. Thus, we have
convergence if the eigenvalues fliie inl. If I containsthe whole nonpositivereal axis, thenthe
inner iteration process will be calléd-convergent.

We shalll call Z(x) the amplification matrix at the point x and p(Z(x)) the (asymptotic) amglification
factor at x. The maximal amplification factdre. the supremumof p(Z(x)) on the nonpositiveaxis,

will be denoted by. Furthermore, we define thavéraged) amplification factor

(3.3) p := max{ pM(x): x < O}, pW(x) := A /|| AL

Note thatp(V)(x) approximates the asymptotic amplification fagit£(x)) asv - oo.

Since, it seems not feasible to minimfiz&(x)|| over all possible(real, nondefective)matricesB with

posmve eigenvalueswe decidedto follow an alternatlve approach.Obviously, we may write

B = QT Q1 whereQ is a nonsingular real matrix andT is alower trlangularmatrlx with positive
diagonalentries.By performing the similarity transformationY n(:¥) = (QUI)Y V), the process
(2.2) can be transformed to

3.4) (1- T 02 (Y V) - Y 10v-D) =-(1- A Oh2)Y (6D + (QLONCyiD,v=1,2, ...,

where A := Q1AQ andY 0:0) = (Q-101)Y(-1). Theiterationprocess(3.4) will not be usedin an
actualimplementationbut only servesto constructa suitablematrix B. We shall specify special
families of matrix pairs (? ,Q) and performa minimizationprocesdor the asymptoticamplification
factor p within thesefamilies. The derivationof suitablefamilies of matricesB canbe basedon the
observationthat strong damping of the stiff error componentsusually ensuresa fast overall
convergencédfor a detaileddiscussionof this aspectwe referto [6]). Here, stiff error components



are understoodo be componentorrespondingo eigenvectorof J with eigenvalues\ of large
magnitude. This leads us to require the matritoToe such thai(Z(x)) is small at infinity. The next
result is similar to a result derived in [7] and covers this situation:

Theorem 3.1. Let Q be an arbitrary, nonsingularmatrix and let A = Q1AQ have the Crout
decomposition A= LU, whereL andU arerespectivelylower triangularand unit uppertriangular.
Then, the asymptotic amplification factor vanishes at infinity £1TL.

Proof. It follows from the representation for fat

~

QiZ@Q=-T*(A -T)=-T 1L (U -1).

By setting T = L, we achievethat Q1Z()Q = | - U which is strictly uppertriangularso that
p(Q1Z(«)Q) = p(Z(x)) = 0.4

Theorem 3.1 defines a family of PILSRKN methods satisfpi{#(«)) = p(I - B-1A) = 0.

In the construction of families of suitable transformation matrices Q, our quideilinge to increase

the lower-trianguladominanceof the matrix A = Q1AQ. In thefollowing subsectionsve discuss
three options. The matrix B and the corresponding vector of amplification facto{g(V)) resulting
from theseoptionswill be explicitly computedfor the RKN correctorgeneratedoy the four-stage
Radau IIA method. Details for RKN correctors generated by other RK methods will be given in [1C

3.2. Diagond transformation matrices

The most3|mplefamlly of transformatlormatrlcess formedby the nonsingular,diagonalmatrices
Q =D leading toA := D-1AD andT := D-1BD. At first sight, it seemghatthe effectivenes®f the
matrix B is increasedyy choosingD suchthatthe upper triangular part of A hasentriesof small
magnitude.However, that neednot to be the case.For example,if we chooseT accordingto

Theorem 3.1, then B = DL:&) where L satisfieb U = D-1AD with U unit uppertriangular.Hence,
we have the relation DLEDUD-1 = A. SinceDUD-1 is againunit uppertriangular,DLD-1 turns out
to be the lower triangular Crout factor Af Thus, B doesnot dependon D, so thatwe may equally
well set D = I. Similarly, if we identify~Twith the lower triangularpart of A , we obtaina matrix B

that does not depend on D.

Calculationsfor a numberof Gauss-Legendrand RadaullA correctorswith Q = | andT defined
according to Theorem 3.1 will be reported in [10]. These calculations show thae: Jhavepositive
diagonalentriesand generatesAg-convergentPILSRKN methods.For the four-stageRadaullA

corrector we found:

[]0.0067 0 0 0 [
_00.0681 0.0836 0 o 0O .-
(3.5)B =001553 02872 04160 0 [ P= (162, 1.07, 0.75, 0.71, ..., 0)3

[10.2009 0.4162 0.2409 0.0217 []



Thus, convergencestarts in the third iteration. However, we should bear in mind that the
amplifications factorg(V) are 'worstcase'values,so thatin many problems,convergencenay start
already in the second or first iteration.

3.3. Transformation to block-triangular form

In [8] wherethe RK casehas beeninvestigatedthe matrix Q was chosensuch that A = QlAQ
becomes a (reaf}-by-o lower block-triangular matrix A= (A k|) of which the diagonal blocks 1%
are either one-by-one or two-by-two matrices. In some sémsas the 'best’ we canachievein the
lower-triangularizatiorof A . At the sametime, this classof transformationmatricesallows us to
minimize the asymptotic amplification factpiby analytical means and to prove-éonvergence.
Following [8], we set~Akk =¢k If k a real eigenvalue of A, and we set

& bk
(3.7) Akk= BCK 2% - a o =-aclad - Zkac+ akd), «#0, ok = Va2 + N2

if &k £ ink is a complex eigenvalue pair of A. Herg,aad ¢, arefree parametersandK denoteghe
set of integers with the property thmt# O whenever ki K. A natural choice for Thow is

n O O O ...
~ ~ 0% 0O
A O O

21 T22 0O ifkOK, Tkk & if kOK,

~ ~ OVk Wk O
31 Az T3z O ...

where y, vk and vk are free parameters witlp and v assumed to be positive.

(3.8)T :=

3.3.1. Ag convergent methods. In this subsectionwe try to constructmatricesT such that the
generated PILSRKN method igy&onvergent. Note that thg-convergenceloesnot dependon Q.
Recalling that we want strong dampingtleé stiff error componentsye may resortto Theorem3.1
and choose Tsuch that it becomes the lower triangular Crout factor oHdwever,we canproceed
slightly more generalby deriving the completeset of matricesT leadingto a vanishingasymptotic
amplification factor p(Z(e)). Within this setwe shall look for the matrix T yielding a minimal
asymptotic amplification factqp.

Theorem 3.2. Let A have its eigenvalues the positive halfplane,let Q satisfyx = Q1AQ where
the diagonal blocks of Aare defined by (3.7) and let be defined by (3.8) with
a0k + VK20 k(28 - &) - 2ykak? Ok

(39)Uk:Vkak1 WK =-& v W= — KO K,
Yi(ak? - 2kak + ak?) Y

whereyy > 0. Then, for all @and g, the following assertions hold for the the PILSRKN method:



(i) p(2()) = 0.
(i)  The eigenvalues of B are positive.
(i) Itis Ag-convergent witlp = max{|1 - k(Y + 1)2(ak + Ek)ak-1|: k O K}

(v) If T is block-diagonal, thep™(x) = O(x(I-V)V) as x — oo,

Proof. If T is of the form (3.8), thenthe value of p(Z(x)) equalsthe maximumof the spectral
radiusp(Z kk(x)) of the diagonal blocks

Zkk = X(l -xT |<|<)'1 (K kk - T kk),

of Z : Where~Zkk is assumedo vanishif the underlyingeigenvalueof A is real (k 0 K). Hence,in
orderto havep(Z(«)) = 0, we choosethe T kk with k O K suchthat the spectralradius of the
corresponding diagonal bIocstZ(x) vanishes at x m.

We derive from (3.7) that the eigenvaldgof z kk Satisfy the characteristic equation

%(ak-Uk)X - Ck(1-xuK) bix E
(3.10) det o =0
O (ck-vi)X + {kvikX  (2&k-ak-Wi)X - {k(1-xwy) O

It is easily verified that we always have one zero root if
Vi = b Uk - a(28k - a - wi) + o

On substitution of pas defined in (3.7) we obtathe expressiorgivenin (3.9). Furthermorejf wy
is defined as in (3.9), then the second root reads

28k - Uk - Wk
(1 - xu)(1 - xwg)

(3.11) k() =x

which vanishes at infinity. This proves assertion (i).
Since y and vy are positive foryk > 0, the matrix Thas positive eigenvalues, proving assertion (ii).
The rootZk(x) assumes a maximal value at x =WK) /2 = - ax1 which is given by

1 - 2Ok + &k

pK =
ak(yk + 1)2

It is easily verified thapy always satisfies -1 gk < 1, so that assertion (iii) follows.

In order to prove assertlon (iv), we first shidvat integerpowersof Z () greaterthanl vanish.By

observing that Z= QZ Q 1, we have to show that all positive integer powers(m‘)Zgreatenhan 1

vanish. Evidently, if T is block -diagonal then Z(z) is block-diagonal.Hence, Z(oo) is block-

diagonalwith dlagonalblocksZ kk(e0). By virtue of assertion(i), theseblockshavea zero spectral
radius, and:onsequently(z kk(oo))v vanishedor v > 2 (this caneasily be verified by considering



their Schur decompositions). This implies tﬁa\t’t(z:) itself, andhenceZV(oo), vanishedor v > 2. It
can be verified that

(312) 200 =5 (z(@) V' o),

i=1

where for any real r, [r] denotes the first integer greater than or equal to r. A80des O(x1V) as
X — oo, Substitution into (3.3) yields the fourth assertion of the theofem.

From this theorem it follows thatis minimized if allyx equall. However,if y = 1, thenux = wy,

SO that~T, and hence B, is defective. This means that we cannot diagonalize the iteration(@r@gess
into the form (2.3). Therefore, we shall choggeloseto but distinctfrom 1. For example,if all yk
equal 7/8, thenwand vy are well separated apo= max{|1 - ;;g (ak +&k) ak-1|: k 0O K}, whereas

the minimal value is given by = max{|1 - 5 (@K + &) akt|- kO K.

3.3.2. Choice of the free parameters. As already remarkedhe strictly lower triangularblocks of T ,
and the parameterg and g are still free. We shall choose thestgctly lower triangularblocks zero,
so that according to Theorem 3a)(x) vanishes at infinity fov > 2. The free parameteag and ck
canbe usedfor reducingthe magnitudeof p() = max{ || Z(X)|} x < 0} . One option is to minimize
I Z(x) || in the inequality| Z(x)|| < K(Q)J] Z(x) | kK(Q) beingthe conditionnumberof Q. This canbe
achieved by minimizing the values|pZ kk(x)|} The representation

X 0 (ak-k) (1-wix) bi(1-wkx) 0
(1-uX)(1-WiX) O (ak-Uk)VkX + (G-Vi)(1-UkX)  brvix + (28 k-ak-wi) (1-ukx) 0

Zk(x) =
suggests choosing & W, to obtain

a
(3.13) a =Yk W = G, Wk:Wk,

and
0. 6k O
S = P50 o 28K - Ak - Wi _ (& 28 actoi?)x
k

with ¢ still a free parameter. Sinég(x) is afunction with fixed coefficients,the maximumnorm of
Z kk is minimized if

max{ |Bk(x)|: x < 0}

max{ |k(X)]: x < 0}

(3.14) |ck|2

From (3.13) and (3.14) we obtain the method



H?ll O O O H Hykuk OH
(315) T = —0 Tz P o A TKOK T = £k otherwise,
C —
O O T33 o . H H K ka
+
where |ck|2(y"—1)2 Ok.

3.3.3. Construction of Q. For the methodsgeneratedby (3.15), there is still some freedomin

choosing~T and Q. For eachgcthe matrixTA is fixed and defines a familyf transformatiomrmatrices
Q satisfyingthe relation Q;& = AQ. This family canbe generatedy a proceduredescribedin [8].

Within this family, we havedeterminedhe matrix for which p(1) is minimized. In the caseof the
four-stageRadaullA correctorwe found for ykx = 7/8 the following more or less optimal method
parameters:

0 0.0345 0 0 0 O [ 0.3425 0.0179 -0.2508 -0.1004 ]

(3.16) T =0-0.1583 00450 0 0 O o-0 02617 -0.0636 0.4550 0.2563[]
- O o 0 0.0264 0 []' <[] 0.8898 -0.4657 0.6749 -0.1713 []
O o 0 -0.1214 0.0345[] 0-0.8669 -1.3948 -1.9031 - 1.2469 [

] 0.0002 -0.0236 0.0132 -0.0039
[J 0.0901 0.0948 0.0319 0.0095[]
O 0.1095 0.0347 0.0599 -0.0052 ]
[l 0.0819 -0.0779 0.1919 -0.0145 [

Notice thatthe p(V) valuesfor the PILSRKN method(3.5) are much better.On the other hand, for
(3.16), the accumulated amplification matrix() vanishes ainfinity if v > 2, so thatthe stiff error
components are more or legsnovedfrom the iterationerror within two iterations,whereast takes
four iterations in the case of (3.5).

p =(8.04, 1.30, 1.06, 0.95, ... , 09

3.4. Orthogond transformations

In orderto havefast convergenceight from the beginning,we should have small initial averaged
amplification factorg(V). To achieve this it is naufficientto havea small asymptoticamplification
factorp, but the condition number of the transformation matrix should also be sufficiently small.
The mostideal caseis to look for orthogonaltransformationmatricesQ. One obvious option for
choosinga family of orthogonalmatricesQ arethe perturmutatiormatrices.By meansof a suitable
permutation,we may try to move the entriesof large magnitudein the lower left corner of the
transformedmatrix. However, in the RKN correctorswe havein mind (i.e. the classical Gauss-
Legendreand RadaullA correctors),the matrix A alreadyhasits larger entriesin the lower left
corner. An alternative family of orthogonal transformation matrices consists of rotation matrices:

cos(x) - sin()

if k 0K, =1 ifkOK,
sin(@) cosk) ! Qe I

(3.17) Q=diad Quk), Qu := (



where thegy arefree parametersSuchtransformatiormatricesyield only a minor rearrangemenf

the magnitudesof the matrix entries.Given the matrix A andthe parametersgp,, we apply Theorem
3.1 by computingthe Crout decompositiorLU for the transformedRKN matricesA := QlAQ, to

obtain T =L and B = QL@ Then, by evaluatingthe correspondingnaximal amplificationfactor p

and by minimizing p over the parametersp, we find the matricesQ which areoptimalin the class
(3.17). This procedure was carried out for the 4-stage Radau IlA corrector:

[]0.0447 0 0 0 O [] 0.6896 -0.7242 0 0 O
T 000424 00126 0 0 0 007242 06896 0 o 0O
[0.1735 0.1089 0.0910 0 [ '~ [ O 0 0.9932 0.1164 []
[0.3270 0.2452 0.2607 0.0277 J O o 0 -0.1164 0.9932 [
(3.18)
0067 -0.0062 O 0
0 0

03 0.0109

0

0.0362 0.0506
0 12

0 2498 -0.0016

.0461 0.2467 O.
0.

U
B 0 =(0.79, 0.75, 0.68, 0.65, ..., 0)61
0429 0.3798 N

With respecto its p(V) values,the PILSRKN methoddefinedby (3.18) is superiorto (3.5) and to
(3.16) as well.

4. Stability

In practice, the PILSRKNnethodwill not be applieduntil convergenceso thatthe Newtoniterates
are not exactly computed.As a consequenceye do not get the corrector stability, that is, if A
originates from a Gauss-Legendre method or Radamihodfor first orderVPs, thenwe do not
automatically get an A-stable or L-stable method for the second-order IVP (1.1). In order tahderive
stability matrix we assumethat that eachouter iteration consistsof r inner iterationsand that the
predictor formula is of the type

(4.1) YO0 = (PONY n-g(M),

where P is an s-by-s matrix. If P is such thg©.") has maximal ordeq = s-1, thenit will be called
the extrapolation(EPL) predictor,andif P = ee;T, thenit will be called the last step value (LSV)
predictor. Let us define

(4.2) G(A) :=F(Y +A) - F(Y) - (1037, N :=(I - AOh2J)-LADI).

SettingY 1(:0) := Y,(-1.1), we find by a simple manipulation that

4.3)Yn@D - Yy = Mr(Y 010 - Yp) + RR( - MONG(Y 01D -Yy),  j=1,..,m,

where M is defined in (3.1). For the stability test equation ¥y awe obtain
G(Yn(-1N-Yy) =0, Y= (I - xA)'l(yn_l + hcy'n_l), X 1= A

so that



4.4) YD = (1- 277) (1 - xA) Yeyn.1 + chy'n.1) + ZMPY (M),
Similarly, the step point formulas (1.4) take the form

yn -bTA-LY (M0 =y 4 + hyh.1 - bTA-leyn.1 - bTA-Ichy’ g,
(4.5)
hy'y - dTA-LY (M0 = hy}, ;- dTA-leyn 1 - dTA-1chy'n.g,

to obtain the stability matrix

E | E Hsz(x)P (1-z7(x)) (1-xA) e (1-zm7(x))(1-xA) e H
(4.6)R(x) := =-bTA'1 1 0 E 1-bTA-1e 1-bTA-1c

-dTA'1 0 1 H oT -dTA-le 1-dTA-1¢ H
For the PC pair$LSV, 4-stageRadaullA) and (EPL, 4-stageRadaullA), we found the stablemr-
values as listed in Table 4.1. These figures clearly indicate that the LSV prgditdsia more stable
overall processhanthe EPL predictor,particularlyin the caseof the Crout type and orthogonalQ
type PILSRKN methods (3.5) and (3.18).

Table4.1. Stable mr-values for 4-stage Radau IIA.

Predictor (3.5) (3.16) (3.18)
LSV 4 7 3
EPL 9 8 8

5. Numerical illustration

In this section,we illustrate the convergencdehaviourwhen using the PILSRKN matrices(3.5),

(3.16) and (3.18) for solving the Newton systems(2.1). In our experimentswe use the LSV

predictor,the 4-stageRadaullA corrector,the Shampinestep point formulas (1.4), and constant
stepsizes. In order to avoid round-tdf smallvaluesof h in the iterationschemeandin the output
formulas (1.4), we define the new variables

Zn = hy'n,
Z(v) = (S101) (YY) - eDyn 1 - cOzn.1) = X0V - (S101) (eDyn.1 + c0zn.1),

where S is the diagonalizingmatrix usedin (2.3). Then, the method{(1.4),(2.1),(2.3)} can be
implemented according to



z(O.n) = - (s1d1)(cOzn-1),

forj=1tom
Gn(D) = R(STADONF((SO1)ZG-L) + ey 1 +c0zq.1) - (STASON2)Z(-10
forv =1tor

zG.0) = 7(-L) _ _ . .
solve (I- B 0h2))(z6v) - 2Gv-D) =- (1 - STASON2])Z(V-D) + Gpl-D)

Yn = Yn-1+2zn-1+ (bTA-1SO1)Z(M.N)
Zn = zp-1 + (dTA-1SOI)Z (M),

5.1. Iterdtion strategy

Our first concernis to get insight how the performanceof the iteration processdependson the
numberof inner and outer iterationsr and m. We illustrate this by meansof the nonlinear orbit
equation of Fehlberg (cf. [2]):

(42 - o 0
(5.1)  y'(t)=Jy®), J:=[] 5 L], v :=yO)|L V2 <ts<12m
Uy ¢ 0

with exact solution y(t) = (cos(tz), sin(t2))T. We performedthe iteration strategy test for the
orthogonal Q type PILSRKN method generated by (3.18), because this method yields thtalfest
integrationprocess.The Tables5.1 presentthe minimal number of significant digits sd of the
component®f y atthe end point of the integrationinterval, that is, at the end point, the absolute
errors are writteras 10'Sd (negativesd-valuesare indicatedwith *). Our first conclusionfrom these
tables is that for solving the corrector equation, we nelhsittwo outeriterations(i.e. m = 2). As
soon asve imposethis condition, thereis hardly no differencebetweenthe accuracie®btainedfor
constantvaluesof mr. Becausdor given LU-decomposition®f the diagonalblocks of the matrix
I-T [0h2J, the value of mr may be considerechaseasureof the computationatostsper step,our
second conclusion is that we may perform a constant number of inner iterations.

Table5.1a Fehlberg problem, h = 0.0228. Table5.1b. Fehlberg problem, h = 0.0114.

1 * * 04 19 11 1 * * 1.2 22 20 20
2 03 16 20 21 21 2 * 24 41 42 4.2 472
3 16 21 21 3 1.1 41 4.2

4 03 20 21 4 24 4.2

5 1.0 21 5 3.6 4.2

6 16 21 6 4.1 4.2



Table5.1c. Fehlberg problem, h = 0.0057. Table5.1d. Fehlberg problem, h = 0.00285.

5.2. Comparison of PILSRKN methods
In this sectionwe comparethe performanceof the PILSRKN methods(3.5), (3.16) and (3.18).
These comparisons were carried out for the Fehlberg problem (5.1), the Kramarz problem [9]

B D2498 4998 N

(5-2) YO =100 49090 YD y(0)=52§, y'(0)=§§, 0< <100,
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with exact solutiory(t) = (2cos(t),-cos(t)), the Strehmel-Weiner problem [13]

y1"(t) = (ya(t) - y2(t))3 + 6368yi(t) - 6384y(t) + 42cos(10t)

y2"(t) = -(y1(t) - y2(t))3 + 12768y (t) - 12784y(t) + 42cos(10t)
(5.3)

y(0) = %ﬁ@ y'(0) = @E, 0<t< 10,

with exactsolutionys(t) = y2(t) = cos(4t)- % cos(10t),and the Pleiadesproblem PLEI given in
Hairer, Ngrsetend Wanner[4, p.237]. The PLEI problemconsistsof 14 nonlinearorbit equations
on the interval [0,3].

We used one inner iteration (r = 1) and, in order to enable a mutual comparison, we chastre
of outer iterations one less than needed to really solve the corrector equation (1.3).

The resultslisted in the Tables5.2 until 5.5 indicate that the method{(2.1),(3.16)} producesthe
highestaccuraciesf it convergesHowever, it is lessrobustthan the methods{(2.1),(3.5)} and
{(2.1),(3.18)} due to the development of instabilities (see also TableSirige{(2.1),(3.18)} isin
almost all caseslightly) moreaccuratehan{(2.1),(3.5)}, our conclusionis that{(2.1),(3.18)} is
the most attractive one of the three methods constructed in this paper.

Finally, we comparethe efficiency of the methodsof this paperwith the diagonally implicit RKN
methodbasedon the 4-stageRadaullA formula as developedby Nguyenhuu Cong [11]. This
method requires 5 sequential, singly diagonal-impéitagesoer step. Effectively (on 4 processors),
this is comparable with the computational needed immthodswhen appliedwith mr = 5. For the
Kramarz problem, Nguyenhuu Cong[11, Table 6] reportsfor stepsizesh = 0.2 and h = 0.1



accuraciesof 5.4 and 8.1 significant digits. From Table 5.3 it follows that {(2.1),(3.5)} and
{(2.1),(3.18)} produceconsiderablénigheraccuraciegor lesscomputationaleffort (mr = 4, same
stepsizes). Similarly, for the Strehmel-Weiner problem, Nguyen huu Cong [11, Tabépafkfor
stepsized = 0.05 andh = 0.025 accuraciesof 6.4 and 9.0 significant digits, whereasTable 5.4
again shows considerable higher accuracies for less computational effort (mr = 5, larger stepsizes

Table5.2. Fehlberg problem, m =5, r=1. Table5.3. Kramarz problem, m =4, r=1.

h {2.1),(3.5)} {(2.1),(3.16)} {(2.1),(3.18)} h {2.1),(3.5)} {(2.1),(3.16)} {(2.1),(3.18)}
0.0228 0.7 2.5 1.0 0.8 2.5 4.1 2.8
0.0114 3.3 4.2 3.6 0.4 4.9 6.9 5.2
0.0057 6.0 6.3 6.2 0.2 7.3 * 7.6
0.00285 8.3 8.4 8.4 0.1 9.7 * 10.0

h {21,385} {21,316} {(2.1),(3.18)} h {21,385} {2.1),3.16)} {(2.1),(3.18)}
0.5 1.1 2.1 1.4 0.002 0.4 2.0 0.9
0.25 3.4 5.1 3.8 0.001 3.4 4.3 3.7

0.125 6.2 7.4 6.6 0.0005 5.9 6.2 6.0
0.0625 9.1 9.9 9.4 0.00025 8.2 8.3 8.3

0.03125 11.5 115 11.5 0.000125 10.4 16.3 10.3
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