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Regular Variation
in a Multi-Source Fluid Queue

0O.J. Boxma
CWI
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands,
Tilburg University, Faculty of Economics
P.O. Box 90153, 5000 LE Tilburg, The Netherlands

Abstract

This paper considers a fluid queueing system, fed by N independent sources that alternate between silence
and activity periods. We assume that the distribution of the activity periods of source 1 is a regularly varying
function of index C, whereas all other sources have activity period distributions with an exponential tail. In
addition, we assume that the inflow rate of each of the sources, when active, exceeds the outflow rate of the
buffer. Under these assumptions, we show that the tail of the buffer content distribution is regularly varying
of index C —+ 1. In the special case that C S (—2, —1), which implies long-range dependence of the input
process, the buffer content does not even have a finite first moment.

Based on the obtained results and on a conjecture for the case that the outflow rate of the buffer is not nec-
essarily exceeded by the inflow rates of the sources, we suggest a simple, effective-bandwidth-like, connection

admission rule.

AMS Subject Classification (1991): 60K25, 68M20.
Keywords & Phrases: Fluid queue, regular variation, long-range dependence, buffer content.

1. INTRODUCTION

Recent measurements (see e.g. [15, 16]) have revealed that in high-speed telecommu-
nication networks, like the ATM-based Broadband ISDN, traffic conditions can occur
that exhibit long-range dependence and burstiness over an extremely wide range of
time scales. The modeling and analysis of these phenomena is a difficult and im-
portant enterprise. Several interesting models have recently been proposed. Norros
[14] considers a fluid queue with as input process Fractional Brownian Motion. This
self-similar input process exhibits long-range dependence. Norros analyzes the buffer
content process of this fluid queue. Erramilli et al. [10] try to capture long-range depen-
dence and burstiness of traffic via chaos theory; a non-linear deterministic chaotic map
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prescribes the successive states of an on/off source. The performance analysis of the
resulting non-traditional queueing model still is a very challenging task. In the present
paper, following [3, 4, 5, 13|, we consider a queueing model that is more traditional
and that - as will be demonstrated in the sequel - is accessible to a rather detailed
qualitative and quantitative analysis.

Our model is a fluid queueing system, that is fed by N independent on/off sources.
Each source alternates between activity periods and silence periods; in the former pe-
riods a source feeds work into the buffer at constant rate. This fluid queueing system
has been found to be particularly well matched to the ATM environment. Since the
fundamental publications of Anick et al. [1], Cohen [7] and Kosten [12], it has become
a key model for the performance analysis of high-speed telecommunication networks.
However, in [1, 12] and subsequent publications the activity and silence periods are ex-
ponentially distributed or determined by some Markov process, leading to exponential
behaviour of the tail of the buffer content distribution. We are interested in the case
that the activity period distribution of one of the sources has a non-exponential, fat,
tail (this may, for example, arise in file transfers). More precisely, we consider the case
that the tail of the activity period distribution of the first source is reqularly varying.
A measurable positive function f is called regularly varying of index ( if, for all x > 0,

flxt)/f(t) = 25, t— oo, (1.1)

(cf. [2], p. 18). Ome writes f € R,. When ( = 0, one speaks of a slowly varying
function (to be denoted by {(-) in this paper); this could for instance be a constant, or
a logarithmic function. We shall say that a distribution F'(.) is regularly varying (or
“has a regularly varying tail”) when F(t) := 1— F(t) is a regularly varying function.
The Pareto distribution belongs to this class. Of particular interest to us is the case
that an activity period distribution has a regularly varying tail of index ¢ € (-2, —1).
In that case the first moment of the distribution exists, but the variance is infinite.
This case is known to give rise to long-range dependence (see e.g. [3]).

For the traditional GI/G/1 queue, Cohen [6] has studied the effect of regularly varying
interarrival or service time distributions on waiting-time and workload distributions.
His main result states: the waiting-time distribution Wgy/6/1(t) in the GI/G /1 queue is
regularly varying of index 1 —v (with v > 1) iff the service time distribution Bg;/q/1(2)
is regularly varying of index —v. More explicitly, for £ — oo and v > 1, with 3 denoting
mean service time, and p traffic load, and with I(-) a slowly varying function [6]:

c 14 c p v—
BGrjan(t) = —=1(B/0)Ut) & Weyent) = 1Tp(ﬂ/f) (). (1.2)
Note Actually in the “if” (“only if”) part of (1.2) the second (first) equality sign should

be replaced by “~” (or one should write [;(¢) and l5(t), respectively); for briefness sake
we use the above notation in (1.2), and in subsequent relations of the same type.
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In [3] we have exploited this result in the following way. We have shown that the buffer
content, at the end of periods in which all sources are silent, has the same distribution
as the waiting time in an M/G/1 queue with mean interarrival time the mean time
that all sources are silent, and with service time distribution the distribution of the net
increment of the buffer content during a period in which at least one source is active.
Using (1.2) it now suffices to show that the latter increment is regularly varying, in
order to conclude that the buffer content distribution is regularly varying. This has
been done in [3] for three cases in which the tail of the activity period distribution of
source 1 is regularly varying: (i) N = 1; (ii) N = 2, source 2 having an exponential
activity period distribution; (iii) N = oo, all sources being identical.

In the present paper we shall considerably extend the second result. We consider N > 2
sources, and we assume that the activity period distributions of sources 2,..., N have
an exponential tail (e.g., the activity period distributions are Erlangian or hyperexpo-
nentially distributed). We also assume, as in [3], that the inflow rate of each of the
sources, when active, exceeds the outflow rate of the buffer. We show that the buffer
content distribution is regularly varying iff the activity period distribution of source 1
is regularly varying. Mathematically the case of at least two regularly varying activity
period distributions is more difficult (we’ll discuss this in a sequel to the present paper),
but it is intuitively clear that a second regularly varying source can only make things
“worse”; so for obtaining qualitative insight into the effect of a heavy-tailed activity
period, and the additional effect of other more smoothly operating sources, it is already
most interesting to study the case of one such badly behaved source.

The paper is organized as follows. The fluid queueing system under consideration is
described in Section 2. Section 3 displays for this model some key results of Cohen [9]
that form the starting-point of our approach. Section 4 considers the case that sources
2,..., N all have a negative exponential activity period distribution, while Section 5
considers the more general case that sources 2,..., N have activity period distributions
with an exponential tail behaviour. In both cases we show that the buffer content dis-
tribution is regularly varying with parameter 1 — v iff the activity period distribution
of source 1 is regularly varying with parameter —v; the smoothly behaving sources
2,...,N do not change the index of regular variation of the buffer content distribu-
tion. In Section 6 we propose a simple rule for deciding whether an additional source
may be admitted to the system. This rule is based upon the results of Sections 4 and
5, and on a conjecture for the case that the outflow rate of the buffer is not necessarily
exceeded by the inflow rates of the sources.

2. THE MODEL

Consider a fluid queueing system with an infinite storage capacity and constant, unit,
output rate. This system receives input from N independent on/off sources. Source j
has mutually independent alternating silence periods S;; and activity periods A;;, j =
1,...,N,1=1,2,.... Source j constantly transmits at rate r; when active, so source
J feeds r;A;; traffic into the buffer during its sth activity period. The silence periods
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Si; have a negative exponential distribution with mean 1/);, and the activity periods
A;; have distribution A;(-) with A;(0+) = 0 and with mean ¢, and Laplace-Stieltjes
Transform (LST) a;(-). We assume that r; > 1, j = 1,..., N. This assumption is
restrictive and can be relaxed (see Section 6, and also Section 5 of [9]); we hope to
discuss this issue in more detail in a future study.

The total traffic load offered to the buffer per unit time is assumed to be less than one:

N
Ti0U4 N
L= 2229 <1, (2.1)
i Lo

This is the ergodicity condition, cf. [9].

3. THE FLUID QUEUE

Let V; denote the content of the buffer at time ¢. Assume that the buffer is empty at
time zero. We call C,, n = 1,2,..., the length of the nth cumulative activity period
after zero; this is a period in which at least one source is active. Such a period is
followed by a period, with length I,,,;, in which all sources are silent. Denote by B,
the net increment of the buffer content during C,,, and by W,, the buffer content at the
beginning of the nth cumulative activity period. It is easily seen (cf. Figure 1 and [9])
that

Wiy = max|0,W, + B, — I,1], n=12,..., (3.1)
W1 = 0

The assumptions in the previous section about the silence periods imply that I, I, ...

Figure 0.1: The buffer content

are independent and negative exponentially distributed with mean 1/A = 1/[A\; +
...+ Ay]. Furthermore, B, B, ... are independent random variables; and W,,, B,
and I,,; are mutually independent. Hence the sequence W,, n = 1,2,..., has the
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same stochastic behaviour as the sequence of actual waiting times in an M/G/1 queue
with arrival rate A and with service time distribution B(-), the distribution of B,. So
once we have determined B(-), M/G/1 theory tells us the steady-state distribution,
W (-), of the buffer content at the start of cumulative activity periods. In this paper
we shall concentrate on W(-). Knowledge about its behaviour will also enable us to
draw conclusions about the buffer content distribution at arbitrary epochs; cf. Remark
4.2. The above relation to the M/G/1 queue allows us to obtain both qualitative and
quantitative results. Firstly it gives access to Cohen’s result (1.2): it now suffices to
show that B¢(t) € R_, in order to show that W¢(t) € R; ,. But it will even be possible
to derive an explicit expression for the LST of W (t) (see Sections 4 and 5).
Determination of B(-) is a far from trivial problem if N > 1, because the number of
active sources may fluctuate during a cumulative activity period. Cohen solves this
problem in [9], obtaining the LST of the joint distribution of B and C (B and C denote
generic random variables with joint distribution the joint limiting distribution of the
random variables B,, and C,,). With Re w > 0, Re s > 0, and some y > 0, according
to 9],

1
= 3.2
s+ A(1— E[ —w(B+C)—sC) (32)
1004y eut
e du} dt.
/ H{2m /—zoo+y uw+ (1 — aj{wr; +u}) ut

One can obtain the LST Ele “B], if the validity of (3.2) can be extended to the domain
Re w > 0, Re s > —K — Re w for some K > 0 so that s = —w can be put; we shall
return to this below Formula (4.7).

As a by-result of (3.2), Cohen [9] shows that

AE[B] = ﬁ (1+ o) (3.4)

Note that the ergodicity condition L < 1 (cf. (2.1)) implies AE[B] < 1

4. ONE RV SOURCE AND N — 1 EXPONENTIAL SOURCES

In this section we assume that the first source has activity period distribution A (%),
with A(t) € R_,, whereas sources 2, ..., N have a negative exponential activity period
distribution; the silence periods of all sources are negative exponentially distributed.
From [3, 5] we know that W¢(¢) € R;_, in the absence of the second source. Below we
derive the LST of W (t) for the present model; the obtained expression will allow us
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to show that W¢(t) € R;_, even in the presence of sources 2,..., N. Moreover, it will
also lead to the reverse statement that A$(t) € R_, if W¢(t) € Ry_,,.

Theorem 4.1 For the case of N sources with exponential silence periods, and with
exponential activity periods for sources 2, ..., N, and for t — oo, I(t) € Ry, and v > 1,
MM
(]_ — L)(]_ =+ 041/\1)

A(t) = (v = D(ea/)"1(t) & We(t) = M/t =), (41)

with

M = r1—1+2 Lo (4.2)

Proof Starting-point is Formula (3.2). It will be used to obtain E[e™?], and then
[ 2, e “tdW (t). We first evaluate the jth term, X, j = 2,..., N, of the product in
the right-hand side (RHS) of (3.2): for ¢ > 0, Re w > 0, and some y > 0,

X ! / o e d 43
T 2 ooty u + A (1 — aj{wr; + u}) “ (4:3)
1 /i°°+y e (1 + ajwr; + aju) p
- u =
21 —i00+y (u + )\J)(l + O Wrj + Ozju) - )‘j
1 /i°°+y e (1 + ajwrj + aju)
27Ti0[j —i00+y (u — u(j))(u — u(j))
with poles, for j =2,..., N:
) —[1 4 ajwr; + ajN] £ [(1 + qjwr; + ajrj)? — 4a§)\jw7"j]1/2
uy’ = : (4.4)

QCl{j

Note that both poles u{’ of the integrand in (4.3) are in the left half-plane. This
is obvious for real w. To see it for complex w, apply Rouché’s theorem. Consider
the region G inside the closed contour G that consists of the line from —iR to iR
and a semi-circle to its left with radius R, and then let R — oo. The functions
fi(u) == (v + X)) + ajwr; + aju) and fo(u) := A; (appearing in the second line of
(4.3)) are analytic in G and continuous up to the boundary, while |f;(u)| > |fa(u)| on
G; the statement now follows because f; (u) has two zeros in G.

Subsequently take the contour integral of the integrand in (4.3) along G. The contri-

bution along the semi—circ%e) disapp(e?rs for R — oo, and what remains is the sum of
J J

the residues at the poles 3’ and u"
v. - lHouritau 3@6 @, _ L+ojwr;+aju (J)e Wy _ (4.5)
J @ _ 00, @) _ 0
(ui” —u=")ey (ui” —u=’)ey

),

YJSj)e“+ + Y,(j)e“(—j)t, t>0, Rew > 0;
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here the definition of YJSj) and Y'Y should be self-evident from the above formula.
Substitution in (3.2) gives: for Re w > 0, Re s > 0, and some y > 0,

1
_ 4.6
s+ A(1 — E[e-=(B+0)=s0]) (4.6)
0o N e NGy, 1 ficoty evt
et Ty @D endt 4 y @) gu _/ du dt.
/tzo ]1;[2{ + }27r2' —icoty U+ A1 (1 — ag{wry +u})

The product in the RHS of (4.6) leads to 2V~ different terms, each one contributing
an exponential term with in the exponent a sum of N — 1 factors ug). Now we make
the following observation. The last integral in the RHS of (4.6) is the inverse of a
Laplace transform. The first integral in each of the 2¥~! terms is a Laplace transform,
with (s — (ugf) +...+ uiN)))t as argument of the exponent. Successive application

of the two integral operators, i.e., a Laplace transform of the inverse of a Laplace

transform, yields the integrand with u replaced by s — ug) - ... = uiN) (note that
Re (s—ug)—...—ug)) > 0): for Re w > 0, Re s > 0,
1
(4.7)

s+ A(1 — E[e«(Bt0)=sC]) —
s ...AaAN

s— W+ . +u)+ M0 —a{wri+s— WP+ .+ 4}

Here the sum in the RHS is taken over all 2V~! possibilities, with a; = YJSJ ) respectively
YY) and correspondingly ug) = ug) respectively u.

Multiply both sides of (4.7) by (AEB —1)w, and then take s = —w. Using the principle
of permanence, one can show that it is allowed to continue (4.7) analytically to such
values of s. The LST «;{-} in the RHS of (4.7) is analytic for these values of s and w.
The LHS of (4.7) (after multiplication by w) is analytic at least upto s = —w. In fact,
multiplying (4.7) by (AEB — 1)w and then taking s = —w gives exactly the LST of the
waiting-time distribution W (¢) (cf. (3.1), and use the Pollaczek-Khintchine formula

for the waiting-time LST in the M/G/1 queue). For Re w > 0:

/t:_ e aw() = w—(lAEA—E[El[ﬂ)—fB]) = (4.8)

as ...an

wt @D+ ) =M - afwir - 1) — @2+l

(1 - AE[B)Jw Y

with AE[B] specified in (3.4).

We now restrict ourself to the case v € (1,2), the case of long-range dependence.
Given (4.1) we can write, applying Lemma A.1 (which relates the regularly varying
tail behaviour of a distribution to the behaviour of its LST at the origin):
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a{w} -1+ aqw ~T2 -v)(w)’, w—0. (4.9)

It easily follows from (4.4) that, for w — 0,

W _ YA 5, 410
uy W71+aj)\j+ (W), (4.10)
. 1 s .
J = 1T 4N _ w—" 4 O(w?). (4.11)
(6%} 1+ Otj)\j

Substitute these formulas in (4.8), splitting the sum in the RHS into the term 7' in
which a; = Y9 for all j (hence all u{’ are selected) and the remaining 2¥-! — 1
terms. Observe that, for w — 0, all those 2¥~! — 1 terms contribute O(1), and hence
after multiplication by (1 — AE[B])w they yield O(w). But the term Ty behaves like
1/(Ciw+ Cyw”) for w — 0; the constants Cy and Cy are easily calculated. Taking (3.4)
into account one eventually obtains, for w — 0:

A,
1+Z AT et (4.12)

o )\1
1— AW (t) ~ T(2—
e dW(t) ~ T(2-) o)

t=0— (1-L)1+ 041/\1)

The = part of the theorem now follows by application of Lemma 4.1. The < part is
obtained similarly, again exploiting the relation (4.8) between the LST’s of A;(t) and
W (t). For v > 2 a similar result can be obtained from (4.8), at the expense of more
lengthy calculations. For v € (n,n + 1) the only change this will bring about in the
RHS of (4.12) is the replacement of the first term (“1”) in the LHS of (4.12) by

:z:% B[] (_]?!”)J (4.13)

Note that a less direct way to prove the theorem would have been to apply Lemma
A.1 to E[e™?] (as specified by (4.7) with s = —w) to prove that B°(t) € R_, if
A$(t) € R_,. Subsequently W*(t) € R;_, follows by exploiting the M/G/1-like rela-
tion (3.1) between B,, and W,,;,, and the GI/G/1 result (1.2).

Remark 4.1 Taking as = ... = ay = 0 yields the case of a single source. Formula
(4.12) reduces to a result of [3]:

At
1-— )\10[1(7’1 — 1)

YW w— 0. (4.14)

-/ T et W) ~ T2 - v) & — 1
t=0—

The presence of the exponential sources apparently does not change the fact that
We(t) € R;_,, but the coefficient is increased by a multiplicative factor
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1—)\1041(’)"1—1) 1+ 1 XN: aj)\j’l"j
(1—L)(1+Ozl/\1) ri— 14 1—|—Ozj)\j

j=2

Y o> 1. (4.15)

Remark 4.2 So far for W,,; what about the buffer content V; at some arbitrary time 7
In an ordinary M/G/1 queue these two quantities have the same limiting distribution.
That is not true in the present model, but they are clearly quite closely related. Observe
that the distribution of the sum of the independent random variables W,, and B,, has
a regularly varying tail of index 1 — v iff the same holds for W,, (cf. the last statement
of the appendix). Relating V; to the immediately preceding end or beginning of an
activity period (whichever has come last) makes it clear that the tail of its distribution
is regularly varying of index 1 — v iff the same holds for W,,.

Let us also consider V,,,,, the maximum of the buffer content during a busy period (a
period in which the buffer is never empty). Note that it is the maximum of W,, + B,
over a busy period; since W,, and B,, have the same distributions as the corresponding
quantities in the ordinary M/G/1 queue, the same holds for V;,,4,. Cohen ([8], Formula
(IT1.7.67)) shows that, in the M/G/1 queue,

1 V()

—_dt t>0. 4.16
NGO (4.16)

P{Vmaw > t} =

The monotone density theorem ([2], p. 39) tells us that, for ¢ — oo, We(t) ~ t17VI(t)
= dWe(t)/dt ~ (1 —v)t~"I(t). Hence P{V,p0r > t} € R_, when W¢(t) € R;_,; the
tail of the distribution of V., is regularly varying of the same index as the tail of the
activity period distribution of source 1.

5. ONE RV SOURCE AND N — 1 SOURCES WITH AN EXPONENTIAL ACTIVITY TAIL
In this section we relax the assumptions of the previous section in one respect: instead of
assuming that the activity periods of sources 2,..., N are exponentially distributed, we
assume that these periods have distributions with an exponential tail. More precisely,
we assume that their LST’s are rational functions:

o) = Nt
e ajp{w}’ ’

... N. (5.1)

Here a;jp{w} (D for denominator) is a polynomial in w of degree n;, and oy {w} (N for
numerator) is a polynomial in w of degree at most n; —1 (for simplicity we assume that
A;(04+) = 0). Since a;j{w} is analytic in Re w > 0, the n; zeros of o,jp{w} all lie in the
left half-plane. Partial fraction expansion shows that A;(t) is a mixture of exponential
distributions, and hence has an exponential tail. It is our goal in this section to prove:

Theorem 5.1 Theorem 4.1 remains valid when the condition that sources 2,..., N
have exponential activity periods is replaced by the condition that the LST’s of the
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activity period distributions of sources 2, ..., N are rational functions.

Proof The proof follows the same steps as those of Theorem 4.1. However, the steps
are somewhat more complex. For expository reasons, we have therefore decided to
present the case of exponential activity period distributions first, in Section 4.

Starting-point again is Formula (3.2). The jth term of the product in its RHS is again
denoted by X,. Consider the denominator d;(u) = u + A\;j(1 — a;{wr; + u}) of its
integrand. It is easily seen that d;(u) has no zeros for Re v > 0, with Re w > 0.
But substitution of (5.1) readily shows that the integrand of X, viz., €**/d;(u), has a
denominator which is a polynomial of degree n; 4 1; so the integrand has exactly n; +1
poles. Hence these must all be located in the left half-plane or on the imaginary axis.

Denote them by ugj ), .. ,u%) +1 (in the notation we suppress their dependence on w)
Similarly to (4.5) we can write X as the sum of the n; + 1 residues at the poles ugj );
nj+1 eug)t

Xj=>

— 1 — /\ja;-{wrj + ug)}.

(5.2)

Substitution in (3.2) yields, as in (4.6), a product of N — 1 terms; but now those
terms have n; + 1 instead of 2 components. Accordingly, the product in the RHS of
(4.6) is replaced by (ns +1)...(ny + 1) terms, each one contributing an exponential
term with in the exponent a sum (over j) of N — 1 factors ug ). We recognize here
(ng +1)---(ny + 1) Laplace transforms of inverses of Laplace transforms, leading to
the following generalization of (4.7): for Re w > 0, Re s > 0,

1
s+ A(l — E[e “(B+0)-s0])

- (5.3)
as ...an

)+ A (1 —a{wr; +5— (ug) .+ uﬁf)})

(V)
kn

s—(ug)+...+u

Here the sum in the RHS is taken over all (ny + 1)...(ny + 1) possibilities, with a;
successively denoting the residue in X; of the pole ug ), k=1,...,n; +1. With this
proviso Formula (4.8) is also extended in a straightforward way: take s = —w in (5.3),
and multiply by (AE[B] — 1)w.

The next step is to let w — 0. As in the proof of Theorem 4.1, we first restrict ourself
to the case v € (1,2), so that (4.9) holds. Observe that d;(0) = 0, and hence W =0
for w = 0. This is a simple zero; ug) #0forw=0,fork=2,...,N. Forw— 0 we
can write, analogously to (4.10) and (4.11):

AT

0 — _ O(w? 5.4
W = w0, (54)

u) = Gri+Ow), k=2,...,n;+1, (5.5)
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with Gy; # 0.

Split the sum in the RHS of (5.3) into the term 7, in which all ugj ) are taken, and the
remaining (ny +1)...(nxy + 1) — 1 terms. For w — 0, all the latter terms contribute
O(1) whereas 7', behaves like 1/(Diw + Dyw”) for w — 0. A rather tedious calculation
finally shows that (4.12) again holds. The proof of the theorem can now be completed
in the same way as the proof of Theorem 4.1.

Remark 5.1 Theorem 5.1 shows that the result of Theorem 4.1 is not changed by
allowing more general activity period distributions (as long as they have an exponential
tail). For v € (n,n+1), n > 2, the higher moments of the activity period distributions
will affect the terms of the development (4.13), but in the term with w”~' only the
factors a;\; play a role.

6. A CONNECTION ADMISSION CONTROL RULE

The goal of this section is to formulate a simple rule for deciding whether an additional
source may be admitted to the system. We base this rule on the insight that has been
developed in [3] and the present paper, concerning conditions under which relatively
large buffers are required in broadband communication networks: the buffer content
distribution has a regularly varying tail if each source, when active, transmits at a
rate that exceeds the output rate of the buffer (r; > 1), while at least one source has
a regularly varying activity period distribution. We first pose the question, whether
regular variation can occur even if not all these conditions are satisfied.

(i) For N = 1 the conditions cannot be relaxed. The buffer is permanently empty when
r1 < 1, and if r; > 1 then the buffer content distribution has a regularly varying tail
iff the activity period distribution has a regularly varying tail (cf. [3] and Remark 4.1).

(ii) f N > 2 and r; > 1 while A§(¢) € R_, (the other activity period distributions
having exponential tails), then W¢(¢) € R, _, even if not all ry,...,ry are larger than
one. This can be seen as follows. Using the bounding approach in Section 2 of Choud-
hury and Whitt [5], one obtains a lower bound for the complementary buffer content
distribution by choosing 7 = ... = ry = 0. But that choice corresponds to the
model with only source 1 (see also Remark 4.1), for which it has been established that
We(t) € Ri—y.

Note Assuming monotonicity of W¢(t) in 7y, ..., 7y (which we have not proven), one
can increase T, ...,y So that they are all larger than one, and thus obtain an upper
bound for W¢(t). According to Theorem 5.1, this upper bound is also regularly varying
of index 1 — v; hence it is of the same index as the lower bound.

Remark 6.1 So far we have not yet discussed the situation in which more than
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one source has a regularly varying activity period distribution. For N = 2, with
Aty € R, and 7; > 1, i = 1,2, it will be proven in a forthcoming paper that
We(t) € R _min(uy ). In relation to this it is interesting to consider the following limit-
ing case. Take r; — oo and a; — Osuch that 0 < 3; :=r;a; < oo fori=1,..., N. This
corresponds to having instantaneous input. In the limit the fluid queue becomes an
ordinary M/G/1 queue with service time distribution Y~ | 3 B;(t), with A := ¥, A,
and B;(t) := lim A;(t/r;), the limit being taken in the way indicated above. For this
M/G/1 queue one can directly apply Cohen’s result (1.2) to conclude the following. If

Bi(t) € R_,, for i € U, a subset of (1,...,N), then W¢(t) € Ri_min;cyv-

(iii) The most interesting case is N > 2 and r; < 1. Several things may happen.
(iii-a) At least one of the sources 2, ..., N has a regularly varying activity period dis-
tribution. If source 2, say, has A3(t) € R ,, but r9 > 1, then the same bounding
technique of [5] shows that the complementary buffer content distribution is bounded
from below by a regularly varying function of index 1 — vy (take r; = 0 for j # 2). We
refrain for the moment from discussing the case in which also 75 < 1; we return to it
in Conjecture 6.1 below.

(iii-b) All sources 2, ..., N have activity period distributions with an exponential tail
(this is the case of Section 5, except that we now assume that r < 1, and make no
assumptions about rs,...,ry). Without source 1 (so with r; = 0), the buffer con-

tent distribution has an exponential tail. Now take 0 < r; < 1, and consider the
probability px(X) = P(W) > X) of the buffer content exceeding some large value
X at the beginning of the k-th cumulative activity period. Assume that this epoch
occurs during a busy period of the fluid queue that has included one or more activity
periods of source 1; otherwise it is as if source 1 is absent, and then p;(X) will cer-
tainly be exponentially small in X. Since for activity periods A;; of source 1 one has
P{A; +...4+ An1 > 2} = nP{A;; > z} (because of the regular variation), it is most
likely that only one long activity period of source 1 is responsible for W}, exceeding the
large value X. But even if such a long activity period of source 1 occurs, it does not
necessarily lead to an increment of the buffer content (measured between the beginning
and the end of that activity period), because r; < 1. Since we are considering a long
activity period, say Ai;, the law of large numbers tells us that the buffer increment
during Ay; equals approximately Ayi[r; — 14300, aA;r;/(1+ oy A;)] (cf. the factor in
(4.12)!). This leads us to the conjecture that if 7 —14+ 3Ly ;A7 /(1+a;4;) > (<) 0
then AY(t) € R_, does (does not) imply W¢(t) € R, ,. So while the presence of expo-
nential sources in the case r; > 1 only influences the coefficient of the regularly varying
function W¢(t) (see the factor in (4.12)), in the case r; < 1 these exponential sources
may make the difference between W¢(¢) being regularly varying or not.

Combining this conjecture with the proven results, we go one step further and state
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the following

Conjecture 6.1 Let U be the subset of (1,...,N) for which the activity period distri-
butions are regularly varying (of index —uv; for source 7). Consider the subset U; C U
of indices ¢ for which holds:

QAT
iy —22 > 1. (6.1)
i 1 +Oéj)\j

Then Wc(t) € Rl—miﬂieUlVi'

This conjecture indicates in what direction we believe that the condition r; > 1 in the
present paper can be relaxed.

Connection admission control

The conjecture gives rise to a simple connection admission control rule. To decide
whether an additional source N + 1 may be admitted to the system, check whether
its addition gives rise to a regularly varying buffer content distribution; if it does, the
source is not admitted.

More specifically, one distinguishes between the cases in which the activity period dis-
tribution of source N + 1 is regularly varying or not. If it is, one checks whether (6.1)
holds for ¢ = N + 1. If it is not, one checks for all i € U whether (6.1) holds, with
j = N + 1 included in the summation. This will indicate whether addition of source
N + 1 gives rise to a regularly varying buffer content distribution.

Of course the above connection admission control rule is a bit simplistic. For instance,
a source ¢ with a regularly varying activity period distribution and r; > 1 would never
be admitted. In such a case, some form of traffic shaping should be applied first.

Remark 6.2 The concept of effective bandwidth has proved to be very valuable for
connection admission control. Gibbens and Hunt [11] and Cohen [9] have derived
expressions for the effective bandwidth in fluid queues; but those expressions are not
valid for the case of regularly varying activity period distributions. For the latter case,
(6.1) might be a useful alternative. As remarked by Gibbens and Hunt [11], p. 22,
the factor a;A;r;/(1 + a;2;) is the mean bandwidth of source j, a lower bound on the
effective bandwidth.
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Appendix - Regular variation

Regular variation is an important concept in probability theory and various other
fields. The main reference text is the book [2], to which we refer for proofs and
detailed discussions of the results gathered below. See (1.1) for the definition of regular
variation. A slowly varying function (see below (1.1)) is denoted by I(-).

The next lemma plays a key role in the paper. It links the behaviour of the tail of a
probability distribution F'(¢) on [0, c0) to the behaviour of its LST ¢(s) for s — 0. It
is part of Theorem 8.1.6 on p. 333/334 of [2], originally due to Bingham and Doney.
Assume that the first n moments py, ..., p, of F(-) are finite. Define

n+1 “ (_S)]
$u(s) = (=1)""b(s) = D_n i I (6.2)
j=0 '
Lemma A.1 Let v =n + 1 with 0 < ¢ < 1. The following are equivalent:
on(s) ~ $"I1(1/s), s — 0, (6.3)
Fi) ~ D i s e (6.4)

I'1-v)

In Theorem 8.1.6 of [2] the somewhat more complicated cases 1 = 0,1 are also dis-
cussed.

In the paper we also use the following two results, that follow quickly from Lemma A.1
(but can also be obtained by more direct probabilistic and analytic arguments).

(i) F(t)eR., = /t ~ F(z)dz € Riy, (6.5)

and in fact (cf. [2], p. 28, as part of the Karamata theorem):

0!

—_ -1, t . 6.6
ftoo FC(I) dl‘ -V ’ — 00 ( )

This follows from Lemma A.1 by observing that [y F°(z)dz has LST [1 — ¢(s)]/s-

(ii) The sum of two independent nonnegative random variables with regularly varying
distributions of index v; respectively v, is again regularly varying, of index max(vy, v5).



