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On a Zero-drift Nearest-neighbour Random Walk

J.W. Cohen
cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

Abstract

The present study concerns the analysis of the hitting point identity for a nearest-neighbour random walk of
which the one-step transition to the NE, SE, SW and NW are the only transitions with nonzero probabilities.
The one-step transition vector has a symmetrical probability distribution with zero drifts. The state space of
the random walk is the set of lattice points in the first quarter plane, the point at the coordinate axes are all
absorbing states. The distribution of the hitting point with the axes is investigated for the case —1 < p < 0
and for the case p = 0, here p is the correlation of the components of the one-step transition vector. For
—1 < p < 0 the generating function of this distribution is derived. For p = 0 the distribution is calculated
explicitly.

AMS Subject Classification (1991): 60J15, 60K25
Keywords € Phrases: Symmetrical nearest-neighbour random walk, only NE, SE, SW, NW, one-step
transitions, zero drifts, hitting point distribution, boundary value problem.

1. INTRODUCTION
In this study we consider a nearest-neighbour random walk with state space

{0,1,2,...} x {0,1,2,...}.
The interior S and the boundary By U Bgg U By are defined by:
S :={(z,9): (z,y) € {1,2,...} x{1,2,...}}, (1.1)
By :={(z,0) : 2z € {1,2,...}},
Boo == {(0,0)},
Bo1 :={(0,y):y € {1,2,...}},
B := B1g U Byg U By.

The random walk is supposed to be semi-homogeneous, i.e. the distribution of the one-step displace-
ment vector (£,,,m,,) out from a point (z,y) € S at time n, n = 1,2, ..., is supposed to be independent
of (z,y) and of t,,. For the random walk do be studied we take (see figure 1) with —1 < p < 1:

E{pSq"} = %(pq + piq) + 1;p(g +9

=1 =1 =1 1.2
7 , pl=1, lgl =1, (1.2)

with

(6777 ~ (£n7 T’n)7
i.e. the vector (£,m) has the same distribution as (€,,,7,,)-
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FIGURE 1.
From (1.2) it is readily seen that
B{€} = E{n} =0, (13)
E{€’} =E{n’} =1,
E{én} = p,

the first relation in (1.3) shows that the random walk has zero drifts at all points of S.

For the random walk with the one-step transition (£,n) we analyse the hitting point identity, cf.
[2], and derive the generating function of the distribution of the first entrance point of the coordinate
axes when starting of a point (zg,yo) with 29 > 0,y > 0. In Section 2 the kernel of this random
walk is analysed. The hitting point identity is discussed in Section 3, and in the subsequent Section
4 an explicit expression for the generating function of the hitting point distribution is obtained for
—1 < p < 0, by solving a standard boundary value problem. The case p = 0 is analysed in Section
5. The analysis reduces here to the solution of the classical Dirichlet boundary value problem for the
circle. As a consequence the distribution of the hitting point of the boundary when starting at the
point (1.1) has a simple explicit representation.

2. THE KERNEL
In the analysis of random walks the kernel K (p, q) plays a crucial role, cf. [2]. It is defined by

1+ —
K(p,q):= pg—E{p*+1q"} = pg - Tp(P2q2 +1) - Tp(P2 +4q°)
. (2.1)
=~ Plp— q+ib(1 — pg)llg — p +ib(1 - pg)],
here
1
bhom 1P (2.2)
1-p
Note that
—1<p<0<<=0<b< 1l (2.3)
In our analysis we need properties of the zeros of the kernel. It is readily verified that
Kp,q)=0 —{p=1c4q¢=1}
(2.4)

- {p=-1eg=-1}



and for p = *1, the zero ¢ = £1 has multiplicity two.
Further we have

LEMMA 2.1. For |q| =1, ¢ # %1, the kernel K(p,q) has ezactly one zero in |p| < 1; similarly, with p
and q interchanged.

PRrOOF. For |g| =1, ¢ # +1 put

p = sq, (2.5)
then

K(p,q) =0 <= s = B{ss+1¢M+¢}. (2.6)
Because

Pr{g = £1} = 1,

it follows that the righthand side in (2.5) is a regular function of s for |s| < 1 and that it is continuous
for |s| < 1. By using: for |¢| = 1, ¢ # +£1,

|E{s£+1qn+£}| < 1for |s| =1,

it follows from Rouché’s theorem that the equation for s, c¢f. (2.6), has exactly one zero in |s| < 1;
and so from (2.5) the statement follows. O

We have, cf. (2.1),

—ib ib
p—q+ib(1-pg)=0 =p=-2"""- and q=.erl ;
—ibg+1 ibp+1
ib +ib 27
. p—1 q
— b(1 — =0 == d = .
g —p+ib(1—py) =4 —ibp+1 and p ibg +1
Put
_gq—ib _g+ib
(p) = p+ib (p) = p—ib '
Qip) = ibp+1"’ @P) = —ibp+1°
Hence from (2.1) we have:
K(p1,2(9),9) = 0 and K(p, q1,2(p)) = 0. (2.9)
Note that the reducibility of the kernel K (p, q) leads to a very simple characterisation of its zero-tuples.

Define

S1 ={p:p=mp1(q),—00 < q < o0},
(2.10)

Sz :={p:p=p2(q), —o0 < g < o0}

Because ¢ — p = pi1(q) is a linear fractional transformation it follows that for 0 < b < 1, S;, and
similarly S, is a circle. Actually with p = u + iv we have

1-02)\° 1-02\?
— .2 _ =
S1={(u,v) :u —}—(’U 5 ) 1+( 5 ) }

2 2
_ o 1-02\" 1-b?
So = {(u,v) : u* + (1)-1— % =1+ % }.

(2.11)
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g-plane p-plane
FIGURE 2
Note that for ¢ =1, 2,
(1,0) € S; and (—1,0) € S;. (2.12)

In Figure 2 these circles S; and Sy are traced for 0 < b < 1. The angle between the two circles is
denoted by wn. From (2.11) we have

1—b% dv
2 2(v — — =0 2.13
wt 2o - ) =0, (213)
and so for u = 1, v = 0 we obtain: for 0 < b < 1,
1 2b 1 1
Tom = — Z Zr. 2.14
tan2w7r 1_b2>0,0<2c/.;7r<27r (2.14)
From (2.8) and (2.11) it is seen that
pl(O) = —ib, pz(O) =ib. (2.15)
Denote by

Ty the part of S; with Im p <0,
(2.16)
Ty the part of S with Im p > 0.

From (2.15) and (2.16) it seen that
g — p = p1(q) maps (—1,1) one-to-one onto Ty,
g — p = p1(q) maps (—1,1) one-to-one onto Ty,

and for 0 < b < 1:



S1 and Sy are both traversed counterclockwise for ¢ : —oo — oo. (2.17)

Note further that ¢ — p = p1(¢) maps the halfplane Im g > 0 conformally onto Si", the interior of Si;
similarly ¢ — p = pa(q) maps the halfplane Im ¢ > 0 onto S .
Put

T:=T,UT,, (2.18)

so that T is a simple smooth contour except for its corner points p = 1. Denote by Tt the interior
of T.

For the analysis in the next section we need the conformal map of {z : Imz > 0} onto T* for the
case with 0 < b < 1. Denote this map by

z—=p= f(z), Im z > 0. (2.19)
A result in [1] p. 209 shows that f(z) has the following structure:

A(z —a)* + B(z — B)¥
C(z—a)* +D(z = B)~’
with A)B,C and D complex constants satisfying AD — BC # 0, and «, 3 the points of the z-plane

which correspond to the corner points of T, note that ww is the angle at the corner points of the
contour T.

f(z) = (2.20)

REMARK 2.1. The Figure 22 in [1] p. 209 contains a misleading misprint; in that Figure « should be
replaced by ar. O

To determine A,B,C and D we require that for 0 < b < 1:

f)y=1, f(-1)=1, [f(0)=—ib. (2.21)
The first two conditions in (2.21) lead to

A=C,B=—-Dfora=-1, =1,
o)

(z4+1)¥ —c(z—1)¥
(z+1)¥+ec(z—1)

flz)= with ¢:= % (2.22)

From the third condition in (2.21) we obtain
1+ib
_ v 2.23
e= 1) (223)

We have for 0 < b < 1.

1+ib 1—5%+2ib i arctan —2b
T—ib  1+b2  © = (2:24)

(—1)° = ™ = Haetn T f (2.14).

Hence from (2.23) and (2.24),

—iarctan I 2b _ 1-ib

= —b2 —
€= 1+ib’
and from (2.22) we obtain

(2.25)



(1+ib)(z + 1) — (1 —ib)(z — 1)

&= T s b1 (2.26)
A simple calculation shows that
f(o0) =1ib, (2.27)

and it is seen from (2.19), (2.21) and (2.27) that whenever z with Im z = 0 traverses from —oo — o
then p traverses T counterclockwise.

REMARK 2.1. In the derivations above we have used the principal value of z¥, i.e. we take in
2@ = ewlloglz[+2mim} o = _100,1,...,
m = 0. Obviously this does not influence the expression for f(z). O
Obviously p = 0 € T*. Define 2z by
f(z0) =0, Im z > 0. (2.28)

Because f(z) maps the halfplane Imz > 0 conformally onto T7 it follows that the equation (2.28) has
a unique solution. From (2.24), (2.26) and (2.28) it follows that

zo+1 “ _ 1—ib _ e—iarctan 13’;,2 _ e_%imd
zZ0 — 1 1+ ib ’
S0
2o+ 1 _Llin
= e 2 = —1
zZ0 — 1
from which we obtain
20 =1 (2.29)
With
f(oo) = lim_£(2), (2.30)
it is readily verified by using (2.26) that
f(o0) =1ib, (2.31)
and a simple calculation shows that: for |z| — oo,
1+ b%)w 1
1)~ £l = 2 0 (). (232

3. THE HITTING POINT IDENTITY
In this section we consider the random walk with the one-step transition vector as defined in Section
1, cf. (1.2), and with the boundary B, cf. (1.1), a set of absorbing states.

It will always be assumed in this section that, cf. (1.3),

—1<p<0. (3.1)
Hence from (2.3) we have

0<b< 1. (3.2)
Let



(%o, 40) € S.

be the starting point of this random walk.
Denote by m(zg,yo) the first entrance time out from (zg,yo) into the boundary B. From Theorem
I1.2.4.4 of [2] p. 81, we have because of (3.1) that

Pr{m(zg,y0) < oo} = 1. (3.3)
E{m(zo,50)} = EEZO for p<0,

= 00 for p>0.

Note that in Theorem I1.2.4.4 of [2] we have to take: £, =&+ 1,3 =7+ 1.
Denote by (kj,ks) the hitting point of B when starting in (zp,yo). From Corollary 11.2.4.1 of [2]
p. 79, it follows that: for every zero-tuple (p,q), |p| <1, |¢| <1, of K(p,q) holds

p"°q"° = ®(p,0) + &0 + (0, ), (3.4)
where
3(p,0) := E{pX' (ki > 0,k = 0)}, |p| < 1. (3.5)

q)(] = E{(k]_ = k2 = O)},
3(0,q) := E{¢X2(k; = 0,ks > 0)}, g < 1;

(here we have supressed in the notations in (3.5) the conditioning event xo = 2o, Yo = ¥o)-
Note that (3.5) implies that

$(0,0) =0, (3.6)
and that (3.3) implies because K(1,1) = 0 that

®(1,0) + o + &(0,1) = 1. (3.7)
Obviously,

®(p,0)/®(1,0) is the generating function of a probability distribution with support

the set {1,2,3,...}, similarly for (0,q)/®(0,1), further ®; > 0. (3.8)

The problem to be studied in this paper is the determination of the functions defined in (3.5). Note
that we have from Theorem I1.2.4.4 of [1], p. 81, cf. (1.3),

E{ki} =20, E{k2} =0, (3.9)

B{(la — 20)°} = E{(lo —w0)} = 2.

To study this problem we first derive an analytic continuation of the relation (3.4) to be satisfied by
®(p,0), ®9 and (0, q).
From (2.8) and (2.16) it is readily seen that

(34) holds for p e T; with g=gq(p) € [-1,1],
(3.10)
(3.4) holds for p € Ty with g =ga(p) € [-1,1].

Hence we have



p"°q}°(p) = B(p,0) + B9 + ®(0,41(p)), p€ Ty,
(3.11)
p*°q5°(p) = ®(p,0) + o + ®(0,92(p)), p€ To.

The function ¢ (p), cf. (2.8), has a simple pole at p = i/b, similarly, p = —i/b is the only pole of g2(p).
Consequently

p"°q{°(p) and p™°¢3°(p) are both regular for p € TT UT. (3.12)

For p € Tt UT we have |p| < 1, and ®(p,0) is regular for |p| < 1, continuous for |p| < 1. Further
T is an analytic arc except for its endpoints, moreover q;(p), p # i/b is a regular function of p.
Consequently the first relation of (3.11) implies that ®(0, ¢1(p)) possesses an analytic continuation in
T+, which is continuous in T U T. Hence it follows from (3.11): for p € TT U T,

p*°q7°(p) = @(p,0) + B0 + (0,41 (p)),

p™°q3°(p) = ®(p,0) + @ + @(0, ¢2(p)),

with ®(p,0), ®(0,q1(p)) and ®(0, g2(p)) regular for p € TT, continuous for p € TT U T; actually only
the statements in so for they concern ®(0, g1 (p)) have been proved; however, those for ®(0, g2(p)) can
be proved similary.

(3.13)

4. THE EXPRESSIONS FOR ®(p,0) AND (0, q)
In this section we shall derive the expressions for ®(p,0) and ®(0,q). We start from the relations
(3.13) and assume again 0 < b < 1. Because

ai(p) € [-1,1] for pe Ty,

(4.1)
g (p) € [-1,1] for pe Ts.
it follows from (3.8) that
®(0,q1(p)) is real for p € Ty,
(4.2)
®(0,g2(p)) is real for p € Ts.
Consequently from (3.13)
Im®(p,0) = q¢°(p)lm(p™) for pe T,
(4.3)
= g°(p)Im(p™) for p€Ts.
Put
¢1(p) =¢i"(p)Im(p™) for peTy,
(4.4)
=gy’ (p)Im(p™) for peTy,
so that we have, note |®(p,0)| < 1 for p € T\{-1,1},
i Im@(p’ 0) = ¢1 (p) for pE Ta
(4.5)

ii. ®(p,0) is regular for p € TT and continous for p € TT U T.

The conditions (4.5) formulate a standard Boundary Value Problem for the domain T™, cf. [5]. By
using the conformal map (2.19) we transform this problem into a boundary value problem with domain
a halfplane. Put, cf. (2.19),



Fi(z):=¢1(f(2)) for Imz>0, (4.6)

then (4.5) may be rewritten as:

i. Re{—-i®(F(z),0)} = Fi(z) for Imz=0,
(4.7
ii. ®(f(2)) is regular for Im z > 0, and continuous for Im z > 0.

Obviously Fi(z) is continuous as a function of z with Im z = 0. It is further readily verified that F(z)
satisfies on Im z = 0 a Holder condition, cf. (2.19), (2.26) and [3], p. 13 §6,1°. Further it follows
from (2.32) that

constant

|Fi(z) — Fi(o0)| < for |z| — oo. (4.8)

|z

Because Fi(-) has the properties just mentioned, we can use the result of Section 43 in [3] to formulate
the solution of the boundary value problem stated in (4.7). It results that: for Im z > 0,

Fl()

T t— 2z
—oo

B(f(2),0) = -, (4.9)

here C,, is a real constant and the integral is a principal value integral, i.e.

i 17
—/...dt:: lim—/...dt.
v T—00 TT

It is readily verified that (4.9) satisfies (4.7), as we now show. Obviously ®(f(z),0) as given by (4.9)
is regular for Im z > 0, so that (4.7)ii is satisfied. To prove that (4.7)i is fulfilled note that Fi(z)
satisfies a Holder condition, so it follows by applying the Plemelj-Sokhotski formula, cf. [3], p. 42,
Section 17, that: for —oo < z < o0,

+
.1 Fl( ) _ 1 Fi(t)
zll»n:zll 7'['1 t—Zdt C Fl( )+ 2 t—Zl dt IC (410)
Because Fi(z) is real for z € (—o00,00) and C), is real it follows from (4.9) and (4.10) that (4.9)
satisfies (4.7)i. Hence ®(f(z),0) as given by (4.10) satisfies (4.7). It is readily shown that apart from
the additive constant C, the conditions (4.7) determine ®(f(z),0), Im z > 0, uniquely.
From the continuity of ®(z,0) for Im z > 0 we have

®(f(2),0)= lim ®(f((),0), for Imz=0. (4.11)
(—z

Re(>0

It follows by using the Plemelj-Sokhotski formula, cf. [3] p. 42, that we obtain from (4.9): for Im z = 0,

+oo
w0 o+ ] 28

— 00

dt — C,,. (4.12)

We next derive the expression for ®(0,q). From (2.8) and (2.16) it seen that we have

Ti={q:q=aq(p),-1<p<1}, (413
4.13

To={q:9=q(p),-1<p<1}.
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Put
#2(q) :=pi°(g)Im(¢*) for ¢ €Ty,
(4.14)
= p5°(g)Im(g¥) for g€ Ty,
and
Fy(2) = ¢o(f(2))- (4.15)

The same argumentation as that which has led to the derivation of the expression (4.9) yields: for
Im z >0,

+oo
(0, f(z)):% / fZT(tZ)dt—Cq. (4.16)

—0Q

with C; a real constant.

Next we shall determine the constants ®,, C, and Cj.

Because (p,q) = (—ib,0) is a zero-tuple of K(p,q), cf. (2.28), and p = —ib € T, it follows from
(3.11) since ®(0,0) = 0, cf. (3.6), that

B + ®(—ib,0) = 0. (4.17)
From (2.21) it is seen that we have to calculate ®(f(0),0). From (4.12) we obtain

s

400
B(—ib, 0) = B((0),0) = ~ / FlT(t)dt _c, (4.18)

because for (p,q) = (—ib,0) we have from (4.6),
Fi(0)=0.
Hence from (4.17) and (4.18),

+oo
1 [ F(t
@0—0p+—/ﬁdt=0, (4.19)
T t
1 TRt
@0—0,1+—/ 2()dt:o;
T t

the second relation in (4.19) follows from the first one by using the symmetry. To obtain a third
relation for @y, C, and C, we use (3.7). Because the point p =1 € T corresponds to the point z = 1,
cf. (2.21), and F1(1) = 0, cf. (4.6), we obtain from (3.7) and (4.12) by using again the symmetry

1 TR 1 TRt
1) g4 1 2(t)

®-C,—C,+ — dt =1. 4.20
0 P vt T t—1 T t—1 ( )
From (4.19) and (4.20) we obtain
1 TR0 + B
=1+~ | 2204 4.21
o=-1+1 / et (4.21)

— 00
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c,,_<1>0+1 / Flt(t)dt,
1 Byt

Cq:¢>0+—/£dt.
T t

REMARK 4.1. From (2.28) and (2.29) we have f(i) = 0, and so from (3.6) and (4.9),

1 [ F(t
- L,)dt—cp=o,
s t—1
or
VTR . i TR
—C, 4 - W+ L 1Y gt = 0. 4.22
p+7r/t2+1 +7r t2+1 ( )

Because C,, is real and Fi(t), t € (—oo, 00) is real it follows that

+oo + o0
1 [ Fi(t) 1 [ tF(t)
- dt=0, C,=— dt
7r/t2+1 T 7l'/t2+1 ’
e 1 Femyt 42
- 1) 41— g, qu—/ 2() .
T t24+1 T 241

The last two relations in (4.23) follow from the first two by symmetry. Further from (4.21) and (4.23)

+ oo 4+ o0
-1 Fi(¢) 1 / Fy(t)

by = — ——dt == —————dt. 4.24

T | e+ T ) t{#2+1) (424)

O

REMARK 4.2. Note that for g = yp we have from the symmetry

®(0,p) = ®(p,0), Fi(z) = Fy(2). (4.25)

O

From the relations derived above the expressions for ®(f;(z),0) and ®(0, f2(z)), Im z > 0, are readily
obtained, and hence also those for ®(p,0) and ®(0, q) for all zg > 0,y > 0, note that f1(z) and fa(z2),
Im z > 0, both have a unique inverse.

5. THE CASE p=0, zg =yp =1
In this section we consider the case

p=0, (5.1)
so that (2.2) implies
b=1. (5.2)
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From (2.11) it is then seen that the circles §; and Sy coincide and
S1 =8 = {(u,v) :u® +* =1}. (5.3)
Further, cf. (2.8) and (2.16),

_g—i _g+ti
. . (5.4)
a) =12 wp) =
! 1+ig” ** 1—ip
T = {p:p:ei¢,7r§ ¢S 27T}7
. (5.5)
T,={p:p=¢?%,0< ¢ <}
Because g2(p) and g, (p) are both real for p € S;, we obtain from (3.11),
i Re{-i®(p,0)} = ¢¥°(p)Im(p™) for pe€ Ty,
(5.6)

=¢5°(p)Im(p®) for p € Ty;

ii. ®(p,0) is regular for |p| < 1, continuous for |p| < 1.
The relations (5.6) again formulate a standard Boundary Value Problem, actually it is the Dirichlet
problem for the unit circle, cf. [3], Section 41, p. 107.

Put
F(p) =q(p)llmp] for peT,
= qa(p)[Im p] for pe€ Ty,
i.e. we consider from now on the case with
2o =yo = 1. (5.8)
The solution of the boundary value problem reads, cf. [3], p. 108, with C a real constant:

for [p| < 1,

1 z+p dz
6.0 =5 [ FOZLE -0 (59)
z€S

for [p| =1,

1 z+p dz
®(p,0) =iF — F —=C
0.0 =iFw) + 5= [ FOZLE c,
zeS
the direction of integration along S is counterclockwise.
Note that (5.8) implies symmetry, so that

®(p,0) = 2(0,p), |p| <1. (5.10)
Because ®(0,0) = 0 we obtain from (5.9),

27
1 de 1 .
c :%/f(z)jz:%/F(e‘d’)idqb. (5.11)
z€ES 0
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Because F(z) is real for |z| = 1 and C is real it follows that

C=0. (5.12)
Hence
1 dz
— F(z)— =0. .
o (2) p; 0 (5.13)
zES

A direct proof of (5.13) is as follows. From (5.4) we have

( i¢) el +1 11— iel¢ cos ¢
e = — =1 — P R —
n 11ie?  '1+ie® 1—sing’
- ig
—il + e _ cos.qﬁ 7 (5.14)
1 —iel? 1+ sing¢

el? — i 1 +iel? cos ¢
—1i

el?) = - = - - .
a2(e") 1—ie'® 1—ie'? 1+sin¢

¢ (ei(¢>+7r)) _

Hence from (5.7),

sin ¢ cos ¢
1—sing’
sin ¢ cos ¢
1+sing’
sin ¢ cos ¢
1+sing’

F(el?) = T < ¢ < 2m,

F(el(#tm) = 0<op<m, (5.15)

F(el?) = 0<op<m.
So
27 1 T 1 27
2 az _ 1 igyiga L igy: 1 6y q4
/ F(z) / F(e'?)ide o / F(e'?)ide¢ + oy / F(e'?)id¢g
z€S $=0 #=0 =
2 f sin¢cos¢id _ l 7 sin ¢ cos ¢ i / — sin ¢ cos ¢

JR— — d _
27 1+ sing T 1+sing ¢+7r 1+ cos¢
=0 $=0 $=0

0
T i T
d dz =0
1+=x T /l—l—m . ’
1

and so (5.12) is again obtained.
From (5.9), (5.12) and (5.13) it follows that

dz

[N

dg =

<

3 |-

N |-
O\H

1

2,0 = [ FG

Ip| <1,

& (5.16)
Ip| = 1.

z—
z€S

p7
:W@+%/F@
z€S

z—p’
It remains to determine ®y. From (3.7) we have

2 dz

by =1-29(1,0)=1—- — F(z)— 5.17

: w0=1-= [ Fe) = (517
z€S
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since F(1) =0, cf. (5.7). We have

ki

2 dz 2 : iel?

= | F == [ F(é¥)=

T / (Z)z—l 7r/ (e )e1¢—1
z€S 0

2 [singcosg, ;4 2¢i¢ 2/ cos ¢ ..

— 10— dp=— [ ———— d

7r/ 1+sin¢1e e?io — 1 ¢ ™ 1+Sin¢(cos¢+1sm¢) ¢
0 0

2 T : iel?
dg + = [ F(e'?)— d¢ =
¢+7r/ (e )e1¢—1 ¢
0

™

=%/(1—sin¢)d¢:2—%.

0

Hence

4
™

2
$(1,0) =1— = ~0,3634.
o

From (5.16) we have: for |p| < 1,
=, [ Fo Xy
ZES n=0

and hence since |F'(z)| is bounded we obtain from (3.5) for n =1,2,...,

27

1 1d¢ id¢
— — - - — 1¢ ig
Pr{kl _n,kz—()}— T /F Z"+1 - /F em¢ /F( )e‘"¢
z€S d)_7r
i Sln¢COS¢ —ing _1\n,—ing
T / 1+ sing¢ fe (1) Id¢-
¢=0
Hence
Pr{k; =n, ko =0}=0 for n odd.
Forn =2,4,6,....
i T sin2
Pr{k;=n, ko =0} =— [ ————¢'"%d
r{ky =, ko } 7r/1+sin¢>e ¢
$=0
1 sin 2¢
= / ms1nn¢d(]§
»=0

To calculate this integral put: for m =1,2,...

1 T sin2¢ .
Jm = - / mstmgﬁdqﬁ.

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

By writing the integral in (5.22) as the sum of the integrals over [0, 17] and [3, ] it is readily seen

by substituting in the second one ¢ = 7 — w that
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2 } sin 2¢ 4 ” sin ¢(1 — sin 45)
Jm = T / 1+sing sin 2mgd¢ = ™ / cos ¢ namede
Ol gﬂ (5.23)
_ / sin ¢ — sm 2mapde + 4 / cos ¢ sin 2mede.
T cos ¢ &
0
We have

™ ™

% /cos¢sin 2meded = % /[sin(2m —1)¢ + sin(2m + 1)¢|de

[N
[N

0 0 (5.24)
1 cos(2m —1)¢ cos(2m +1)¢ 27 1 1 1
BT AT R S ey R | Nt by e g
Hence from (5.23) and (5.24),
im
2
I = _é/sin2mq§d(ZS
T cos ¢
., (5.25)
cos(2m —1)¢  cos(2m + 1)¢ 2 1 1
— dé+ = .
/{ cos ¢ cos ¢ } ¢+7r{2m 1+2m+1}
By using the formulas (2.53)6 and (2.53)7 from [6] we have for m = 1,2,...,
(2k—1)p37 2 1 1
Jm - _Z m+1 kL =
Z -1 0 7r{2m—1+2m+1}
ym= 1 ksm2k¢ 3 el T 2
= -1 Rl
Z (=D)mlg) =
(5.26)
ym ” sin 2kgz5 g w272
3o (2
0 U
k=1
8 1 2, 1 1
=(-1)m 2= —)kl 14 =2 )
(=1) { ﬂ-;( ) 2k—1}+7r{2m—1+2m+1}
Hence form (5.20), (5.21) and (5.26) we obtain forn =1,2,.. .,
Pr{k1 =2n — ]., k2 = 0} = 07 (527)

n

_ 4 (—1)k1 2 1 1
— — — (1)1 __E Z E—
Pr{la =2n, ke =0} = (=1)"2{1 T = 2k‘—1}+7r{2n—1+2n+1

).

Since ®¢ = Pr{k; = ky = 0} is given by (5.18) and because of the symmetry
Pl‘{kl =n, k2 = 0} = PI‘{kl = 0, kg = TL},

it is seen that (5.18) and (5.27) describe the distribution of the hitting point completely for the case
p = 0 with starting point (zg,y0) = (1,1).
Next we shall calculate Pr{k; > n, ko = 0}. A simple calculation shows that: for |p| < 1,
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Zj p"Pr{k; >n,ky =0} = %[@(1,0) — 3(p,0)]
(5.28)
1 dz
-; [ Fore
z€S
so that
Pr{k; >n, ky =0} = % / fﬁzi zfil. (5.29)
z€S

From (5.29) we obtain, (cf. the derivation of (5.25) from (5.17)): for m =1,2,..., withn =2m — 1

™

Pr{k; > n, k2=0}=1/
T
0

cos(2m — 1), 1 / in2mg —sn@m—Déqs (530
2w ‘ ‘

cos ¢ cos ¢

By using again the relations in [6] p. 175, we obtain: for m = 1,2,...,

Pr{ki > 2m — 1,ky = 0} = (—1)™[1 — 4i(_1)k_1]+1 2 (5.31)
r m — =0}= = z ‘
! 2 T 2%k—1" " m2m—1
note that Pr{k; = 2m — 1,ks =0} =0, cf. (5.27).
REMARK 5.1. It is wellknown that
4 o= (—1)F1
1—— —— =0.
T Z 2k —1
k=1
So it follows from (5.18), (5.27) and (5.31), for n = 1,2,...,
Pr{k k 18 S ) 1
=2n— 1,k =0 = 5.32
r{ky = 2n 2=0}= - Z 2k 7r{2n—1 1l (5.32)

k=n+1

k 1 2 1

“ 2k—1 7r2n—17

=1|u>
Mg

Pr{k; > 2n — 1,ky, =0} =

4
Pr{k; =k, =0} = —1 + — ~ 0.2374.
™

Hence the analysis of the present section shows that:

For the nearest-neighbour random walk with one-step transition probabilities to the four diagonal
points all equal to 1/4. (see fig. 1 with p = 0) the distribution of the hitting point ki with the horizontal
azis when starting at (zo,yo) = (1,1) is given by (5.32).
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