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Example t:U . Any E-algebra [16] is an F-algebra for a suitable choice of F (see, 
for instance, [76] ). Here we look at one particular type of algebras, namely triples 
(A, O,i EA .s,i : A -+ A) consisting of a (carrier) set A, a constant OA, and a unary (succes­
sor) function s11 • A concrete example are the natural numbers (.A' ,O,s). Such algebras 
can be represented as algebras of the functor F(X) = I + X, by defining 

If we have two such algebras (A, OA EA. sA:A-+A) and (8, 08 EB. s8 :B-+8) 
and represent them as F-algebras (A, et.A) and (8, ct.8 ), then one readily veri fies that a 
function f: A-+ B is a (I + - )-homomorphism from (A, a.A) to (8, a.8 ) if and only if 
it satisfies the usual definition of homomorphism: 

Similarly, it is easy to prove that a ( I + - )-congruence relation R x 8 between 
(A, a.A) and (8, IXB) is suhstitutive: 

(OA.Os} ER, (a,h} ER-==;:. (sA(a),sa(h)) E R. 

As already mentioned above. an F-algebra A satisfies the induction proof principle if 
it satisfies clauses 3 and 4, which are next shown to be equivalent: If R is a congruence 
on A then n 1 (R) n n2(R) is a subalgebra of A. Assuming 3, this subalgebra is equal to 
A, or equivalently, LIA<;;;; R. This proves 4 . Conversely, if A'<;;;; A is a subalgebra and 
i: A'-+ A is the inclusion homomorphism then the kernel of i is easily shown to be a 
congruence on A', and hence on A. Assuming 4, R, which implies A'. 

We have seen that all fina l systems are simple and hence satisfy the coinduction proof 
principle. Dually, an initial algebra (for which there exists precisely one homomorphism 
into any given algebra) is minimal and hence satisfies the induction principle. 

Example 13.2 (l'Olltinued). The algebra (.A',0,s) of the natural numbers 1s initial and 
hence minimal. Now minimality amounts to the well-known principle of mathematical 
induction: for all P %, 

if: OE P and: for all nE% (nEP -==;;.s(n) E P) then: P=.A', 

since the if-part of the implication is just the assertion that P is a subalgebra of .ff. 

Note that for proofs by induction, formulation 3 is mostly used, whereas proofs by 
coinduction are best given, as we have seen in Section 12, using 2 (which is the dual 
of 4 rather than 3 ). 

Although we have only compared induction and coinduction as proof principles, the 
corresponding definition principles are similarly related. The main observation there 
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is that definitions by induction use the universal property of initiality, as opposed to 
definitions by coinduction, which are based on finality. 

14. G reatest and least fixed points 

Final coalgebras generalize g reatest fixed points, and, dually, initial a lgebras gener­
alize least fixed points, as follows. Let (P, ~) be a complete lattice and let <P: P-+ P 
be a monotone map. It follows from Tarski ·s fixed point theorem (80) that <P has a 
least fixed point x and a greatest fixed point y, which are given by 

x = /\ { p E P I <P( p) ~ p} and )' = V { p E P I p ~ <P( p)}. 

The correspondence between fixed points and (co )algebras is based on the well-known 
observation that any partially ordered set P is a category: the objects of the category are 
the e lements of P, and there is an arrow p --+ q whenever p ~q. Any monotone map on 
P is furthermore a functor on this category (since it maps any pair of related e lements 
p ~ q to <P( p ) ~ <P(q )). Clearly, <P-coalgebras are so-called post-fixed points: e lements 
p in P with p ~ <P( p ). Dually, <P-algebras are pre-fixed points : e lements p in P with 
<P( p) ~ p. Now it is immediate from the above equalities that the greatest fixed point y 
is a final <P-coalgebra and that the least fixed point x is an init ial <P-algebra. IO This is 
exactly what is expressed by the fami liar principles of least-fixed-point induct ion and 
greatest-fixed-point coinduction, which usually are formulated, respectively, as follows: 

VpEP, <P(p)~p:;,x~p, and: VpEP, p~<P(p):;,p~y. 

Note that these are proof principles indeed, s ince for instance the latter implication 
can be read as: in order to prove p ~ y it is s uffic ient to establish that p ~ <f>( p ). An 
example of its use can be found in (57). 

As we have seen, final coalgebras P of a functor F: Set --. S et (and similarly initial 
a lgebras) are not proper fixed points of F but satisfy P ~ F(P) (Theorem 9. 1 ). By 
moving to a d ifferent setting, namely that of set-continuous functors on the category 
of classes, one can show the existence of final coalgebras that are fixed points (cf. 
(2, 81)). 

15. Natural transformations of systems 

Any deterministic system is a special kind of nondeterministic system and, con­
versely, any nondeterministic system can be turned into a detenn inistic one by apply ing 
the powerset construction. Similarly, any binary tree can be turned into a determin­
istic system by 'cutting away' all left branches. Such statements can be formal ized 

10 Note rhat the construcrion of final coalgebras in Theo rem I 0.3 is a direct generalization of the present 
characterization of greatest fixed points. 
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using the fol lowing (categorical) notion. Let F: Sl'f-> Set and G: Sd-> Set be two 
functors. A 11ut11wl tru11.~f(m11atio11 1• from F to G, denoted by v: F -> G, is a family 
{ l'S : F(S) -> G(S) I SE Set} of functions satisfying the following naturality property: 
for any function f: S-> T , the following diagram commutes: 

F(S) 
F<f) 

F(T) 

,, l l " 
G(S) 

G(/) 
G(T). 

Any F-system (S, r:x.s ) can now be viewed as a G-system by composing r:x.s with 
I'S· Moreover, if f:(S,r:x.s)->(T,':t.r) is an F-homomorphism then it is also a G­
homomorphism of the resulting G-systems; and, similarly, any F-bisimulation between 
F-systems is also a G-bisim.ulation of the resulting systems: 

s I r s "' R "' T 

"l l ·' ~1 l~ l " 
F(/l 

F(S) F(T) ........ F(S) F(R) F(T) 
F(n1) F(x, ) 

,, l l " "j l· l " 
G(S) G(T) G(S) G(R) G(T). 

G{fl G{7r1 > Gtx» 

The above is summarized in the following. (Recall from Corollary 5.6 that '°'JF denotes 
the greatest F-bisimulation between two systems.) 

Theorem 15.1. A nutural trwz.~formaticm v: F--+ G between functors F and G : Set-> 
S11t induces u jimctur, denoted hy v o ( - ) : Sl'fF-> S eta ll'hic/1 nwps (S, r:x.s) to (S, vs o ':t.) 

and an F-homomurp/iism f : (S, as) -> (T, r:x.r) to the G-lwnwmorphism f: (S, 1•s o r:x.s) 
-> ( T, l 'T o r:x.r ). Moreover, this fimctor presi>rves hisimulations: for any s and t, s "'F 

I => S "'G f. 

Example 15.2. A few examples of the use of natural transformations. 
I. The natural transformation { - } : I -> & maps an element s of a set S to { s }. In this 

way, a deterministic system as: S-> S can be transformed into a nondeterministic 
system { - }s o a.s: S-> &(S). 
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2. Let I'S: Bx sA ..... (Bx S)A be defined, for h e B, ,,, E sA, and a E A, by l 's((h, </i) )(a) 
= (h, </i(a )) . This natural transformation changes a Moore machine 'Y.s :S-+ Bx SA 
into a Mealy machine 1•s o xs: S _, (B x S )A. 

3. Fl.'edhack: Consider a Moore machine with identical input and output alphabets: 
rx.s : S --+A x SA. A feedback loop, which uses the produced output for the next 
input can be modelled by a natural transformation 1•s : A x SA_, S, defined for a EA 
and </> E SA, by 1•s( (a, </1)) = <fi(a ). Applying this natural transformation results in a 
deterministic system 1•s o 'Y.s: S _, S. 

4. Rdahl.'!iny: Any function I: A --> B induces a natural transfonnation I' : Ax( - )--> Bx 
(-),defined for a set S by 1•(a,s) = (/(a),s). Let as: S-> (Ax S) and cxr: T _, (8 x 
T) be detenninistic transition systems with labels in A and B, respectively. Then a 
( B x ( - ) )-homomorphism f: (S, 1• o :xs ) _, ( T, 'Y.r) is characterized by 

U l 1.( ) /(u) j"( / s --+ -~ => . s --+ s ), 

which a re transitions in (S, ixs) and ( T, o:r), respectively. 
5. Reslriction: Let 1•:.qi}·((A U B) x ( - )) ->&,·(Bx( - )) be defined, for any set S 

and V ~ (A U B) x S by 1•s(V) = V n(B x S ). Then composing a nondeterministic 
transition system as : S _, &ij·((A u B) x S ) with 1•s amounts to restricting its behavior 
to B-steps only. 

Certain transformations involve a change of state space, such as the powerset con­
struction applied to a nondetenninistic system. Such cases can be dealt with by the 
following generalization of Theorem 15. 1. 

T he<>rem 15.3. Consider Jimctors F, G, and H: Set_, Sc:t. Any natural trans­
formation 

v:H o F->G o H 

inclucc:.v " jimctor H,. : SetF --> Setc de.fined hy 

H(S) 

s 1 "'"' 
« 1 ,_. H(F(S)) 

1 " F (S) 

G(H(S)). 
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This fi111ctor maps w1 F-homo111orphi.m1 f: S-> Tinto a G-humo11101phis111 H(f): H 
(S) -> H( T), and maps F-hisimulatio11s R intu G-hisinwlations H(R). 

The proof of this theorem is again straightfo1ward. 

Example 15.4. Again a few examples. 
L The pmrasi:t co11structio11: Let F(S)=2x £'J'(S)A , G(S)=2xSA, and H(S) =£'J'(S), 

and let the natural transformation i•s: .?/'(2 x &'(S)A) ---4 (2 x 2l'(S )A) be defined, for 
V in &'(2 x .:?i'(S)A ), by 

JI,_. ( sup{y I (y, t/t) E //, for some i/1 E &(S)A }. </>), 

with </>(a)= LJ{t/!(a)i (y,i/J) E //, for some yE2}. Composing a nondeterministic 
automaton (o,r): S-> 2 x &'(S )A with 1•s yields a detenninistic automaton (sup o, LJ 
t) : &(S) -> 2 x P/'(S )A. A state V of this new automaton is a set of states from the 
old automaton, satisfying 

As an interesting consequence of this construction, we show how it gives rise 
to a coinductive definition of a trace operator for nondeterministic systems. Let 
(o, t) : S ---4 2 x r!l1(S )A again be a nondetenninistic automaton and recall the final 
deterministic automaton (£7, (o!f', r!f')) of languages over A from Example 9.5. 
A function T: S -> £7 can now be defined by the following diagram: 

T 

S~!f 
(o,r)l .. / 1(0,.,1,,.) 

/<supo.ur) 

2 X £'J'(S{' 2 x f} (!f)A. 
l , x IA 

where 12 is the identity function on the set 2 and where I: &(S)-> £7 is the by 
finality of£' unique homomorphism mapping a state V of the deterministic automa­
ton (&'(S ), (sup o, Ur)) to the language it accepts. It follows that T =I o { - }s maps 
a state s of the nondeterministic automaton (S, (o, t ) ) to the set of words (traces) it 
accepts: 

T( { I :l. a1 ll'Z an I } s) = a, .. ·all ::iS1 ••• . ,Sil, s ---+ St ---+ . . . ---+ S11+ . 

This opens the way to express safety and liveness properties as universal properties 
(by varying the function o: S-> 2 ). 

2. Let F(S)=(B x S)A, G(S)=B x SA, and H(S)=B x S. The identity is a natural 
transformation I : H o F-> Go H which transfonns any Mea ly machine rxs : S ---4 (Bx 
S)A into a Moore machine 18 x as :(Bx S)->B x (Bx S)A. 
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16. A unique fixed point theorem 

Natural transformations can also be used to characterize functions on final coalgebras 
having a unique fixed poi11t, as is illustrated by the following theorem. 

Theorem 16. 1. 11 let n: P-> F(P) he• u Jinal F-sy.1·tc'111 ancl lc·t f: P -> P he u fu11('tion 
rlwt fucrors throu!/'1 a natural trw1.yfiimwtio11 1•: I -+ F as .fiillml's: 

/I·-· 
P --.---i F(P) , 

(recull thur n is w1 iso111orphis111, hy Tht!orc•m 9. 1 ). Then f ha.1· a 1111iq111.' .fixed point. 

Proof. Because (P, n) is final there exists a unique homomorphism v~ : (P, 1•p)-+ (P, n ): 

Since 

p 

F(P) 

• ''r p 

1· 
F(P). 

no f o 1•% = 1•p o v% 
= F( v%) o \Ip ( 1• is a natural transfonnation) 

= 7t o v% ( v~ is a homomorphism) 

and n: is an isomorphism, it follows that f o 1•% = 1•%. Thus 1•i( p) is a fixed point of 
f, for any p in P. 

For uniqueness, let P' = { p E PI/( p) = p} and let i: P' ...... P be the inclusion of P' 
into P. The latter is actually a homomorphism i: (P', 1•p• )-> (P, n:) since, for p E P', 

1C 0 i( p) = n:( p) 

= n: 0 f( p) 

= l'p(p) 

=vpo i(p) 

= F(i) o vp•(p) {by naturality of 1• ). 

11 This observation has independently been made by Pavlovic (62]. 
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Because i is also a homomorphism i: (P'. 1°,,, ) ..... (P, 1•p ), by naturality, it fol lows from 
the finality of(P.7t ) that l'io i=i, that is. 1•i (p)= p for all p E P' . All elements in 
(P, 1•p) are bisimilar since (P x P, l'PxP ) is a bisimulation, again by naturality of 1•. 

Therefore, \'~ identities all e lements in P, according to Theorem 9.3. It follows that P' 
is a singleton set. 0 

An example of the above situation is the operation of prefixing a · (-):A"' ..... A"', 
where A''' is a final (A x ( - ) )-system. This operation factors through the natural trans­
fonnation 1•s : S ..... A x S which maps s in S to (a,s). Since the prefix operator is a 
basic example of a 1111ard<•cl function, we see that the above theorem captures a basic 
fonn of guardedness. More general versions of guardedness exist, of course, and more 
general vers ions of Theorem 16. I remain therefore to be formulated as well. 

17. Cofreeness and covarieties of systems 

We saw in Section 15 that a natural transfonnation v:F-+G between functors F 
and G: Set ..... St•t induces a functor that maps an F-system to a corresponding G­
system. Given, conversely, a G-system ( C, 1' ), there exist, under some conditions on 
F , a so-called cuji·ee F-system (Sc. a ) that when viewed as a G-system (Sc. ' 'St· o a ), 
'resembles' ( C, ~') most. This is made precise by Theorem 17. I below. Next we shall 
show how subsystems of such eofree systems give rise to well-behaved classes of 
systems called co 11arieties. 

Theorem* 17.1. Let F and G he .fi111ctor.1· and '': F __. G 11 nuturul tr1111sform11rio11. 
Suppose thut .fi11· w1y set V, the jimctur V x F lws 11 .finul system ( 11'/wr<' V is 
the• constw11 functor that sends uny sc·t tv V). Then thert' exists for any G-sy stem 
(C, }•) an F-sy.vtm1 (Sc , a ) and 11G-ho11w111orphi.1m1::(Sc,1•sc o'X) _. (C,1• ) sarisjjiiny 
the followilifJ uniliersal property: for uny F-syste111 ( U, rx.u ) and uny G-homomorphi.1·111 
f: ( U, ''u o au ) ..... ( C, }' ) there exists 11 1111ic111e F-lwnwmorphism ./': ( U, a.u ) ..... (Sc. 'X) 
such tlwt & o f = f : 
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The F-system (Sc,o:) (and 1:) is called cofi"<'l' 011 the G-system (C', /'}. Note that the 
functor V x F is bounded whenever F is, in which case a ( /I x F)-final system exists 
by Theorem I 0.4. 

Proof. By assumption, CxF has a final system (T,r). Let r=(rr1, rr2), where rr1 : T-+ 
C and rr2: T ---+ F(T). By Theorem 15.1, ( T, 1·r o rr2) is a G-system. Let B = {t E TI I "'G 

rr1 (I)}. Define (Sc, D'.) = [B], the largest F -subsystem of ( T, n2) that is contained in the 
subset 8: 

Sc T 

·l 
F(Sc) 

F(il 
F(T), 

where i is the inclusion F-homomorphism. It is by Theorem 15.1 also a G 

-homomorphism i:(Sc,1•s,.oo:)-+(T,vroni.). By Theorem 2.5, its graph is a G 
-bisimulation. hence c "'a i(c) for any c in Sc. By definition of B also i(c) "-"c rr1 (i(c) ), 

and because composition of bisimulation relations is again a bi.simulation (Theorem 
5.4 ), it follows that c "'a rr1 (i(c) ). Therefore the graph of n 1 o i is a G-bisimulation, 
and so rr1oi:(Sc.1•sc o o:)-+ (C, 1• ) is a G-homomorphism, by Theorem 2.5. That is, 
the outer square below commutes: 

Sc T "' c 

·l ml 
F(Sc) 

F(il 
F(T) 

,, l 
"l 

G(Sc) 
GU) 

G(T) 
G(rr1) 

G(C). 

(Note that the right rectangle generally does not commute.) Define e = n 1 o i. We claim 
that (Sc, a) and e satisfy the universal property of the theorem: Consider any F-system 
( U, au) and G-homomorphism f: ( U, vu o rxu )-+ ( C, ")' ). By finality of T, there exists 
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a unique ( C x F)-homomorphism h: U -+ T: 

,, 
u T 

([.~) j 
C x F(U) C x F(T). 

Commutativity of this diagram implies that n 1 o h = f and h: ( U, 'Xu ) -+ ( T. n 2 ) is an 
F-homomorphism. By T heorem 2.5, its graph is an F-bisimulation and hence, by 
Theorem IS. I, a G-bisirnulation between ( U, vu o -xu ) and ( T. l'T o n2 ). Thus 11 "'G h( u), 
for any 11 E U. Because f is a G-homomorphism, also u "'G f(u ), again by 
Theorem 2.5. Because inverse and composition of bisimulations yield bisimulations 
again (Theorems S.2 and S.4 ), it follows that '1(11) "'G f(u) = n 1 (h(u) ). Thus h( U) r:;;. 8, 
which implies, by Proposition 6.S, that h factorizes through Sc= [BJ : there exists a 
unique F-homomorphism /: ( U. au) -+(Sc. oc) such that 

U --...!L...,, T 
I 
' · :· 

Sc. 

By Theorem IS.I , it is also a G-homomorphism from (U,1•uoau) to (Sc , vsc oo:). 
Since 

t:of= n1 oio ./=n1 oh=f, 

/is the F -homomorphism we have been looking for. Its uniqueness follows from that 
of h and the factorization. D 

(By a standard argument in category theory, it follows that the assignment of (Sc, x) 
to (C,y) actually extends to a functor from St!tc to Setp, which is right adjoint to 
\ ' 0 (- ).) 

Example 17.2. We give a few examples of cofree systems. 
I. A simple instantiation of T heorem 17. I is obtained by taking G = I, the functor 

that is constant I. Then there is only one nan1ral transformation from a functor F 
to I , and lhe functor it induces from s,,t F to Si!t sends each F-system to its carrier. 
(Recall from Section 3 that Set1 ~ St!t.) If F is bounded then it follows from the 
construction above that, for a set C, the final ( C x F)-system Sc is co free on C ( cf. 
[33]). We like to think of the elements of C as 'colours'. In that view, Sc can be 
regarded as a universally C -coloured F-system: i: : Sc-+ C gives the colours of the 
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states in Sc; and for any F-system U and any 'colouring' f: U-+ C there exists a 
unique F-homomorphism ./: U -+Sc which is colour consistent, f: o / = f : 

Vf 
~ 

U ------> Sc ----;;--+ C. 
3/ 

2. For a concrete example of the preceding situation, consider the functor F(S) =SA of 
deterministic systems with input alphabet A. Let C = 2 = {O, I} be the colouring set. 
Since the set !i' of languages over A is a final ( 2 x ( - )11 )-system (oz, t z} : !i'-+ 2 x 
!i'11 (Example 9.5 ), it follows that / !f': !i'-+ Ji'A, with colouring o.!i': !i'-+ 2 is cofree 
on 2. As a consequence, for any system et.s : S-+ S", 

yf .. 
s--- ---•!i' 

a,l 3f l'r 

Each choice for f determines a subset of S of accepting states; for each choice, 
the homomorphism / gives for each state s in S the language /(.~) it accepts. 

3. For a slightly more complicated example, let F(S) = (3 xS) x (3 xS) and G(S) = 3 x 
S (with 3={0,1,2}), and let vs:F(S) -+ G(S) map ((x,s},(x',s'}) to (x,s). We 
picture a transition of a state in an F-system by 

s 

Y"<. 
t u 

The application of the induced functor "o (-) to such a system amounts to cutting 
away all right branches s _.!_. u. Next consider any G-system ( C, .,,. ). This could be, 
for instance, 

(012)"' ~ (120)"' 

2l / 
(201)"'. 

How does the co free system (Sc, ix) look like? It is constructed as a subset of a 
final (C x F)-system (n1, n1): T -+ C x ((3 x S) x (3 x S)), which we describe first. 
Elements I of T and their transitions look like 

to 
y~ 

t1 12 

y lr. x,l "\, 
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where we have not included in the picture the labelling of the states {io.11 •... }. 
which is given by n:1 : T-+ C'. Now Sc~ T consists of those elements 10 in T for 
which all left transitions walk in step with the system ( C, }'); that is, more precisely. 
if 11 ....::....+ 11 is a left transition occurring in the picture of 10 above, then 11:1 (I;) __::._. 

rr1(1J) should be a transition in (C. /' ). 0 

Next we show how any subsystem of a system that is cofree on a set of colours 
determines a well-behaved class of systems. called a covariety, and briefly illustrate 
how this can been seen as a way of system specification. 

Let in the remainder of this section F: SL' I-+ Se1 be a bounded functor, and C a 
set, of colours. Let Sc. with colouring 1:: Sc-+ C, be an F-system that is cofree on C. 
Recall from Examples 17.2 that Sc is obtained as a final ( C x F)-system, which exists 
because C x F is bounded. Consider a subsystem i: S-+ Sc. Let the class Jf"(S) consist 
of all F-systems ( U. rJ.u) with the property that for any colouring function f: U -+ C, 
the (by cofrceness uniquely detem1ined) F-homomorphism j factorizes though S: 

c 

Xf, 
u--1....... Sc 

',,_',, f1 

"s. 

(Note that f and 1; are functions and the other arrows are F-homomorphisms.) Such 
classes are well behaved in the following sense. 

Theorem* 17.3. Th<' class %(S) of F-sys1i:111s defined uhuv<' i.1· dosed umli!r the 
fvrmution of 
1. subsystems; 
2. /101110111orphh' imuyes; 

J. and sums. 

Such a class is called a co11uriety. 

Proof. 
I. Let U be a system in Jf"(S) and j: U' - U a subsystem. Any colouring f': U'-+ C 

can be extended to a colouring f: U -+ C such that f o j = f'. Because 1: of 
oj = f o j = f', the unique extension of f' to an F-homomorphism from U' to 
Sc is / 1 = f oj. Because U is in Jf(S), /factorizes through S, and hence so does 
/'. Thus U' is in ff(S). 

2. Let U be a system in Jf"(S) and CJ: U-+ U' a surjective homomorphism. Any 
colouring/': U'-+ C induces a colouring f = f' o q on U. Because to/' o q = f' o 
q = f, it follows from the cofreeness of Sc that f = f' o q. Because U is in %(S) 
there exists g : U __. S such that i o g = f The kernel K ( q) is included in K (j'\ si nee 
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/ = /' o q. The fact that q is a surjective homomorphism, implies the existence (by 
Theorems 7. 1 and 7.2) of a homomorphism y': U' -+ S such that y' o 'I = y. Since 
f' o q = ./ = i o !I = i o ~!' o q, it follows fro m the su1jectivity of y that / ' = i o y'. Thus 
U' is in % (S). 

3. A family of colourings {.ti} on a fami ly { U;} of systems in %(S) determines a 
colouring L: f;: L:, U;--+ C. Because each of the induced homomorphisms /; fac­
torizes through S, their sum L; ./;: L; U; -+ Sc is readily seen to factorize through 
Sas well. 0 

Example 17.4. An example of such a class definition is obtained by taking F = I , the 
identity functor, and C = 2 = { 0, 1}. The system t : 2''' -+ 2'°, with colouring h : 2"' -+ 2, 
is cofree on the set 2. Consider the following subsystem S of 2"': 

(01)"' ~ (10)"' 

The class % (S) contains all systems ( U, au ) which consist of one and two cycles 
only: 'Y.u oor:u( 11) = 11, for all u in U. 

Returning to the general case again, the following theorem is a kind of converse of 
the previous one. It states that any covariety is determined by a subsystem of a cofree 
system. 

T heorem* 17.5. For any covariety % there! exists a set vf colours C and u subsystem 
S of t/1<' co.fi·ee F-sy.1·te111 Sc, such that % = %(S). 

Proof. Let % be a covariety. By assumption F is bounded, say by a set C. Let Sc 
and e: Sc--+ C be as before. Define a subsystem i: S--+ Sc by 

S = LJ{j{U) I UE% and f:U-+C}. 

(Recall that /( U) is a subsystem of Sc by Theorem 6.3, and that the union of sub­
systems is again a subsystem by Theorem 6.4.) Clearly, % ~ %(S). For the converse, 
first note tha t S E .ff: this follows from the fact that S is the image of a homomorphism 

'I : L Us -+ S, 
sES 

where for each s in S an F-system Us E $ and a colouring Is: Us-+ C have been 
chosen such that s E /,( U, ); and where q is determined by the homomorphisms ls· 
Now let T be any F-system in .Jf"(S), and I E T. The size of the subsystem (t} of T 
is bounded by that of C, because F is bounded by C. Thus, there exists a colouring 
f: T -+ C that is injective on {t}. Because T E .Jf"(S), the induced homomorphism j 
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facto1izcs through S via some homomorphism y: 

c 

/,fi: 
T-L.....Sc 

-,_g',,,, rj 
s. 

Because f = 1:o i o y and f is injective on (1}, also y is injective on (t}. Thus (t} ~ 
f( (t} ). Since the latter is a subsystem of S, which we have shown to be in ff. also 
(t) is in .:%'. Because T is the image of the homomorphism 

L (t) __, T 
tET 

which is determined by the inclusions of the subsystems (t} in T, it follows chat T E %. 
0 

The above characte1izacion of classes of systems is inspired by Birkhoff's variety 
theorem for algebras (see, e.g., [54, Theorem 5.2.16]), which states that a class of 
algebras is closed under the fonnacion of s ubalgebras, quotients, and products, if and 
only if it is equationally definable. There is also another theorem by BirkholT, which 
asserts the soundness and completeness of a logical calculus for equations of varieties. 
It is unclear what a counterpart of the latter should be for systems. See Section 19 for 
references to some recent work in that direction. 

18. Dynamical systems and symbolic dynamics 

The generality of the coalgebraic view on systems is further illustrated by a brief ac­
count of so-called u11e-dimensiu11e1/ discrete rime dynamical .1ystems (X,f), consisting 
of a complete metric space X (with distance function dx) and a continuous function 
f : X --> X. Such systems are coalgebras of the identity functor on the category Met of 
complete metric spaces and continuous functions between them. Thus, we are changing 
the scene for the first time by looking at a category different from Set. One of the 
main themes in the theory of dynamical systems is the systematic study of urhits: if 
x EX then its orbit is the set 

where r + I (x) = f(f"(x) ). ( In our tenninology, the orbit of x is just the subsystem (x) 
of (X, f) generated by the singleton x.) Questions to be addressed are, for instance, 
whether a point x is periodic (x = f"(x ), for some 11~0 ); whether there are many 
such periodic points and how they are distributed over X (e.g., do they fonn a dense 
subset?); and whether orbits (x} and (y} are similar if we know that x and y are 
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b 

Fig. I. The graph of /j,. for 11 > 4. 

close, that is, dx(x, y) is small. Here we shall b1iefly discuss one important technique 
that is used in the world of dynamical systems to answer some of such questions, 
called symholic dynamics (cf. [12]), by giving a coalgebraic account of one particular 
example, taken from [20]. As it turns out, the notion of cofreeness plays a crucial role. 

Let {!/( denote the set of real numbers. The concrete example we shall consider is 
the quadrath· family of systems ({!/(, J;, ), which are parameterized by a real number 11, 
and for which J;, is defined by 

J;,: {!/( -f {!/(, J;,(x) = JIX( I - x). 

More specitkally, we shall assume ;1 to be fixed with 11>4. (The reason for this choice 
is that the maximum 11/ 4 in this case is strictly greater than I.) We shall write f for 
fw Let a and bin{!/( be the points with f(a)= I = f(h) and a<b. 

A quick look at Fig. 1 tells us that the dynamics of f on the intervals ( -oo, 0) 
and (I, + oo) is easily understood: all orbits tend to - oo. The same applies to the 
interval (a,h ), since it is mapped by f to (I, +oo), bringing us back to the previous 
case. Possibly more interesting dynamic behavior may be expected from elements in 
the intervals [0,a] and [h, I]. Now note that f maps each of these intervals bijectively 
to [O, I]. Consequently, [O,a]n/- 1(a,b ) and [b, l]n/- 1(a,h) have uninteresting dy­
namics as well: those points are mapped by f 2 to (I, + oo ), where all orbits go to 
-oo. This leaves us with ([O,a]U(b, l))nf- 1([0,a]U[b, l]), which consists of four 
closed intervals. Continuing in this way, we find a set 

00 

J = n (f )- 1((0,a) U [b, I] ), 
i=O 



68 J.J. M. M. R11t1l.'11/Theon•fiC11l Co11111ut1·r Sl"ie11c<' 149 ( 11}()(1) )-.WI 

which can alternatively be characterized as the largest subsystem of (M,f) that is 
contained in (0, l]. Its dynamics can in a surprisingly simple way be explained using 
symbolic dynamics, which we explain next using our own coalgebraic idiom. 

Let 2 be the set {O, I } with the discrete metric (d2(0, I) = I). As before we shall 
consider the elements of 2 as colours. Consider the functor 

2x - :M,•t-+Mer, x ....... 2xx. 

where the Cartesian product is supplied with distance function 

d((i,x), (i,y)) = d 2(i,j) + 1/ 2 · dx (x, )' ). 

The set of infinite sequences (2"'. {h, 1) ) (where h: 2"'-+ 2 and t: 2"'-+ 2"' are the head 
and tail functions), supplied with distance function 

oo d2(1l;, W;) 
d1 .. ,(1>, w) = L: . , 

1-0 2' 

is a final (2 x - )-system: an elementary proof can be given using the fact that (2"', (h, t )) 
is a final system in Ser of the functor (2 x - ) : Set--+ Set. More abstractly, it also 
follows from general techniques for the solut ion of metric domain eq uations of (7) and 
[75]. Consequently, (2'°,t) is a dynamical system that is cofree on the metric space 2. 
Now define a colouring c: J --+ 2 of J by 

c(x) = { ~ if xE[O,a], 

if xE[b, 1). 

By the universal property of the cofree system (2''',I) there exists a unique h omomor­
phism i-::(J,f) -+{2"',t) with h oi-:=c. This homomorphism c can readily be shown 
to be an isomorphism. 

Thus (fJi,f ) falls apatt into two subsystems: {f!,£ - J,f), where all orbits tend to -oo. 
and (J,f), w hose dynamics is the same as that of (2'v,t). The gain of this symbolic 
interpretation of (J,f) is that the dynamics of (2"', I) is well understood: it is the 
prototypical example of a chaotic system. 

19. Notes a nd related work 

The use of final coalgebras m the sema·ntics of systems (including auto mata and 
infinite data types such as trees ) dates back at least to [6]. Also Peter Aczel modelled 
(transition ) systems as coalgebras, in constructing a model for a theory of nonwell­
founded sets (2]. In a subsequent paper on final coalgebras [4], a categorical definition 
of bisimulation was given. (Later we found that a variation also occurs in [44].) This 
categorical definition and the characterization of (final coalgebras and) coinduction 
in terms thereof, has been the starting point of the present paper. It generalizes and 
extends [71 ], where part of the theory of universal coalgebra is developed for the spe­
cial case of labelled transition systems. T hat paper was preceded by joint work with 



J.J. M. IH. Rut ten/ Thl'on•tirnl Co1111ulfcr Scie11l"l' 249' { 2000) 3- 80 69 

Turi [75, 76] on final coalgebra semantics for concurrent programming languages. The 
present paper is a reworking of [72]. 

We should also mention a number of relatively early papers dealing with special 
cases of coalgebras. In none of these papers, the notions o f bisimulation and finality 
occur. In spite of its intriguing title, (19] has not been the starting point for our work. 
It deals with one particular type of transition system, and it is probably one of the 
first papers to speak about universal coalgebra and its connection to transition systems. 
In most of the following papers, the notion of function is dualized to the notion of 
cofunction: [ 18, 53, 79). In [66 ], a theory of clones of cofunctions is further developed, 
and the connection with bisimulations is discussed. 

The aim of the present paper has been both to give an overview of some of the 
existing insights in coalgebra as well as to present some new material. Below we briefly 
describe per section which results have been taken from the literature. 

Our references for univers al algebra have been [ 16, 54 ]; for category theory [ 13, 50]. 
The reader might want to have a look at [39] for a first introduction to coalgebra and 
coinduction. The definition in Section 2 of F-bisimulatio11 is from [4]. Theorem 2.5 
generalizes [76, Proposition 2.8]. Most observations in Section 4 are standard in cat­
egory theory (cf. [9]). Recently, more has been said about the structure of categories 
of coalgebras in [67). The restriction to set functors that preserve weak pullbacks 
occurs in [ 4]. In [74], it is explained that such functors are well-behaved precisely 
because they are relaters, that is, they can be extended to the category -0f sets and 
relations. Some of the results in Sections 5 and 6 are generalizations of similar ob­
servations in [76] and [71]. on the category of labelled transition systems. The notion 
of bounded functor is taken from [ 42), and is ultimately due to [9]. Sections 7 and 
8 generalize similar results from (7 1 ]. The results on fina I systems in Section 9 are 
from [75]. The results presented in Section 10 are from [9, 10], which build on [4]. 
Their presentation has been influenced by [ 81 , 42]. The example of the extended nat­
ural numbers in Sections 11 and 12 was d!eveloped jointly with Bart Jacobs and Bill 
Rounds. The comparison of induction and coinduction in Section 13 extends the char­
acterization in [76), which was given in tem1s of congruences and bisimulations (see 
also [31 ]). For an e?<tensive discussion of coinduction principles based on greatest 
fixed points of monotone operators, as in Section 14, see [49]. Theorem 15.3 also 
appears in [3 I]. Theorem 16.1 also occurs in [ 62]. That paper contains moreover a 
general (but infinitary) description of guarded functions. The work of Horst Reichel 
and Bart Jacobs on coalgebraic specification [33, 68] and Bart Jacobs' use of cofree­
ness in a coalgebraic semantics for object-oriented programming [35] have been a 
source of inspiration for the writing of Section 17. See also [30, 37] for recent work 
on coalgebraic specification. The covariety theorems of Section 17 answer a ques­
tion raised in [71). For recent progress on Birkhoff-like results and the connections 
between final coalgebras and modal logic see [17, 27,45,58, 69]. In both [31] and 
[83 ], additional results on co freeness can be found. Section 18 gives a coalgebraic 
account of the dynamics of the quadratic family of dynamical systems, which occurs 
in (20]. 
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Without intending to give a complete overview, we mention the following recent 
work on or related to coalgebra: (28], on a calculus of categorical data types based on 
the notion of dialgebra; (81 ]. on a systematic comparison of final coalgebra and initial 
algebra sem.antics for concurrent languages (see also (82, 83] ); (68), on object-oriented 
programming; (32), on a model for the lambda calculus; (48], on a higher-order con­
current language; (34], on behaviour refinement in object-oriented programming; [ 15), 
on a coalgebra semantics for hidden algebra. The following papers are using nonwell­
founded sets as the starting point for semantics: (3, 23, 70) and (49), on processes and 
non-well founded sets; [I I), a recent textbook on non well founded sets and circular­
ity; and (59), where corecursion is further studied in that context. See also (6 1] on 
mechanizing coinduction and corecursion. Other categorical approaches to bisimulation 
include (I), on a domain for bisimulation; (86), on categories of transition systems; 
[2, 63, 64), on mixed induction-coinduction principles on domains in tenns of relational 
properties; (31), on functors on categories of relations; [ 41 ) , on a characterization of 
bisimulation in tenns of open maps and presheaves. In (8, 14, 75), metiic domains for 
bisimulation can be found. 
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Appendix 

This section is intended to give an overview of some basic facts on sets and cate­
gories, and also to mention one or two facts that may be less familiar. (The latter are 
indicated as propositions.) 

On sets: Composition of functions f: S-+ T and g : T-+ U is written as yo f: S-+ U. 
We write 0 for the empty set, and I ={*} for the one element set. The identity func­
tion on a set S is denoted by Is: S-+ S. The sets of natural numbers and integers are 
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denoted by 

.. A'={0, 1,2, ... }, fl'={0,1, - 1.2,-2, .. . }. 

The set of functions between sets S and T is denoted by 

ST={f:S-+T}. 

Let A be any set. The following notation wil 1 be used for sets of streams (or sequences, 
or lists) over A: 
I. A*: the set of all finite streams of elements of A; 1: denotes the empty stream. 
2. A+: the set of all nonempty finite streams. 
3. A"': the set of all infinite streams. 
4. A00 = A* UAw: the set of all finite and infinite streams. 
5. Af =A+ U Aw: the set of all nonempty finite and infinite streams. 

Let S be any set and R an equivalence relation on S. Let the quotient set S/R 
be defined by S/ R = {(s]R lsES}, with [s]R={s' ! (s,s')ER}. Let c.R :S-+S/ R be the 
surjective mappi ng sending each element s to its equivalence class [s]R. It is called the 
quotient mup of R. 

The diayonal (or equality) Lis of a set S is given by 

Lis= {(s,s} ES x S Is ES}. 

Let f: S-+ T be any mapping. The kernel K(f) and the uraph G(f) off are defined 
as follows: 

K(f) = { (s,s') I /(s) = f(s')}, 

G(f) = { (s.f(.~)} lsE S}. 

For subsets V ~ S and W <; T, let 

f( V) ={/(s) lsE V}. 

f- 1(W) = {s I f(s) E W}. 

The set f(S) is called the ima51e off. More generally, for functions f: S-+ T and 
!I : S-+ U, the image of f and g is defined by 

(f. g}(S) = { (f(s), y(s)} Is ES}. 

Also the following notation will be used: for f : S -+ T, R ~ S x S and Q ~ T x T, 

f(R) = { (f(s).f(s')} I (s,s') ER}, 

/-
1(Q) = { (s, s') I (f(s),f(s')) E Q}. 



72 J.J.M.M. R1tll1'11/Tlworetirnl Co111p1111•r Sch•nc<' 24<J (20110) 3~11 

Let S, T an<l U be sets, R ~ S x T a relation between S and T, and Q ~ T x U a relation 
between T an<l U. The i11cer.1·e R- 1 of R is defined by 

R- 1 = {(t,s) I (s,t) E R}, 

and the co111positio11 R o Q of R an<l Q is defined by 

R oQ={(s,u)l3t E T. (s, t)ER and (1.11)EQ}. 

Note the difference in order between function composition and relation composition. 
On wteyorh's: Some familiarity with the fol lowing notions will be helpful ( but is 

not strictly necessary for understanding the rest of the paper): category; functor: epi: 
mono: limit and colirnit ( in particular, pull back, coequalizer, initial object, final object); 
opposite category; product of categories. 

011 the rnreyory of sets: The category of sets and functions between them is denoted 
by Si!t. It is complete and cocornplete, i.e., all limits and colimits exist. A function is 
mono if and only if it is injective, and it is epi if and only if it is surjective. 

Proposition A. I . L (•/ F : Si!t--+ Set he w1 urhirrary .fimctor. If f: S - > T is 1110110 uncl 
S is 11011-l!mpty, then F(f): F(S)--+ F( T) is 1110110 us 1rell. 

Proof. Let So e s and define g : T--+ s by 

g(f) = { s 
So 

ifthere is (a unique) sES with t =f(s), 

otherwise. 

Clearly, y o f = I s and hence by functoriality of F, F(g) o F(f) = F( I s ) = I F<Sl- Thus 
F(f) is injective, that is, mono. D 

Below the functors that are used in this paper are described. First the basic functors 
are listed, which next are used to define a number of composed fu11ctors: 
I. The identity functor: I : S(•t -+ Set sends sets and functions to themselves. 
2. The constant functor A, where A is any set, maps any set to the set A, and any 

function to the identity function IA on A. 
3. Coproduct ( or sum ): 

+ : Set x Set --+ Set 

It maps two sets to their disjoint union; a pair of functions f: S--+ S' and y: T-+ T' 
is mapped to f + y : (S + T)-+ (S' + T' ), sending s in S to f(s) and t E T to y(f ). 
The coproduct of an indexed family of sets {S;}; is denoted by 

4. Product: 

x : Set x Set --+ Set 



J J \( ~I lfolll'll In,..,,,,"'"' ( .. 111r111..r \ , .. n1. -'"V I ~111111 j 3 ·'"' 

It ma~ a pair of ;.et" S a nd T to thc1r C:artc,,i.m product S x T; a p.11r of functtons 
f : S -+ S' <llld 11: T • T' 1s m.1ppcd to I x 1/. (S x T) __, ( S' x T' ). sending {s. 1) 10 

(t (s).1/(1)). 

5. F1111ctw11 ·'f't1l'c: 

-. : Sd"" x St•f -. S1·1 

It maps a pair of seti-. Sand T to the set S - T of a ll functions from S to T. A pair 
of functions f : S' ..... S and ~I : T - T' 1s m:1ppcd to ( f - y): (S - T) ..... ( S' ..... T' ), 
which sends 4' E S - T to y o <P o f E S' ~ T '. Thii. functor will mos1ly be used 
with a fixed choice. a set A say. for the lt:fl argument. Then ii is denoted :is 
follows: 

( - )~ :Scl - St'I. 

6. Poll't'r.1·1•1: 

di': Sc•/ - Set 

II maps a set S to the set of all its subsets #CS) = {I' I l ' <,;;; S}. A function j : S -+ T 
is mapped to ,,U): l'(S J .... J'( T ). which is detine<l. for any I' <;:;; S . by 4'(/ )( V) 
= f( V ). We shall also encounter the f111it<' p<merset: ~ (S ) = {I' I l ' ~ S and I' is 
finite} . 

7. Co11trar•uri111rt f)(lll'<'rsct: 

# : Sc•t"" -+ St•t 

acts on sets <ls di' docs: .jl(S) = J'(S ). A function f: S _, T is mapped to #( f ) : J> 
( T) -+ .Pc S ). which is defined. for any V ~ T. by ?et)( I ' ) = f - 1 ( V). Because 

(by representing a subset by its characteristic function ). the contravariant powersct 
functor could equivalently be described as F(S) = 2s. ( Note that the definition on 
functions would indet.'<l be the same.) The contravariant powerset functor will in 
particular be considered in composition with itself: 

J#o#: St'f -. St't. 

One easily verifies that a function I: S - T is mapped by this composition to 

Next a few examples are given of functors that are obtained by combining one o r more 
of the bas ic functors mentioned above: 
I. F1 (S) = I + S. 
2. F2(S ) = Ax S, 
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3. F_,(S) = I + (Ax S), 
4. F~(S) =SxS, 

5. F_~(S) = .tl'(A x S), 
6. F6(S) = (BxS)'1, 

7. F1(S)= I + ((Ax S) x (Ax S)). 
The definition of how these functors act on functions, follows from the definitions of 
the basic functors above. For instance, the functor F6 sends a function f: S-+ T to the 
function (Bx f )14, which maps a function </i in (8 x S)'1 to the function cF in (Bx T)'\ 
defined by 1/i(a) = (h,f(.~ )), where c/i(a) = (h,s). 

Next a few limit and colimit constructions in Set are described explicitly. A pull­
huck of functions f: S--+ T and !I: U -+ T is a triple (P, k: P-+ S, I: P-+ U) with 
f o k = y a I such that for any set X and functions i: X -+ S and j: X -+ U with f o i = y 
o j there exists a unique (so-called mediating) function h: X-+ P with k oh= i and 
I o h = j. In Se!, a pull back of functions f: S -+ T and y: U-+ T always exists: 
the set 

P= {(s,u)ESx U\f(s)=f/(11)}, 

with projections 1?1 : P-+ S and 1?2 : P -+ U , is a pullback off and y. 
If (P,k, /) is a pullback of two functions f and y that are mono then k and I are 

mono. 
We shall also need the following notion: a ll'eak pullback is defined in the same 

way as a pullback, but without the requirement that the mediating function be unique. 
Weak and strong are the same if all functions involved are mono: 

Proposition A.2. A ll'eak pullbuck co11sis1i11!f of mono's is an (ordinary) pullhack. 

A cueq1iali=<·r of two functions f: S -+ T and ~/: S--+ T is a pair ( U, c: T-+ U) 
with c: o /=co fl such that for any function h: T -+ V with ho f = h o y there exists 
a unique function i: U-+ V such that i o <:= h. Also coequalizers always exist in Set: 
the quotient of T with respect to the sma llest equivalence relation on T that contains 
the set 

{(f(s),y(s)) lsE S} 

is a coequalizer of f and g. For a set S and an equivalence relation R on S, the 
quotient map llR: S-+ S/R can be readily seen to be the coequalizer of the projections 
from R to S: 

fR 
R __ _, S ---+S/R. 

7!1 
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The following diagrams show how in Set, the diagonal of a set S, and the kemel and 
the graph of a function f: S--> T can be obtained as pullbacks: 

Lis 
1!1 s K(f) "' s G(/) "' s 

"' l l '· "l 11 "l ll 
s S, s T, T T. 

i.. f lr 

The composition of two relations can be described by means of pullback and image 
as follows. Consider two relations R and Q 

R Q 
y~y~ 

s T U. 

with projections r; and q;. If we first take a pullback 

x 
Y' ~ 

R Q 
y~y~ 

S T U, 

then it is easy to see that the composition of R and Q is the image of r 1 ox1 and 
q1 ox2: 

The union of a collection of relations {R1 ~ S x T}; can be obtained by means of 
coproduct and image: consider 

where k and I are the componentwise projections. Then 

The intersect ion of a collection { Vk }k of subsets of a set S can be constructed by 
means of a generalized pullback, which is so to speak a pullback of a whole family 
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of arrows at the same time, as follows: 

nk Vi Vi 

1 l" 
vk' ;,., 

S, 

where { ik : Vk -> S}k are the inclusion mappings. Note that all functions are mono. 

Proposition A.3. Let F : Set-> Set he u .fi111cror thut prescr!l'es weuk pullhucks, i.e., 

trnn.~'f(1r111s ll'eak pullhucks into ll'eak pullhacks. Then F pre.1·erves i11tersfffio11.1'. 

Proof. Because F preserves weak pullbacks, the diagram above is transfonned by F 
into a weak pullback diagram: 

F(nk Vk) F(Vk) 

l l ""' 
F( Vk' ) 

F(ie l 
F(S). 

Because all functions in the original diagram are mono, and because F preserves 
mono's (Proposition A. I ), all. functions in the second diagram are mono as well. By 
Proposition A.2, the diagram is again a pullback in Set. Thus F(nk Vk) is (isomorphic 
to) nk F( Vi ). 0 

As we shall see in Sections 4 and 5, the requirement that functors preserve weak 
pullbacks is needed at va1ious places in the theory. Therefore it is wo11hwhile to 
examine which functors have this property. First an easy proposition. 

Proposition A.4. ff' a functor F: Set-> Set preservl!.I' pullhucks tlll!n it ulso preserves 

weak pullhacks. 

Many (combinations of the) functors mentioned above preserve pullbacks and hence 
weak pullbacks. To mention a few relevant examples: constant functors, identity, A x 
(-), A+ (-), (-)A (where A is an arbitrary set). The proofs are easy. For instance, 
it is straightforward to prove that A x R, where R is the pullback of two functions 
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f: S-+ U and y: T-+ U, is the pullback of the functions A x f: A x S-+ A x U and 

A xy:A x T-+A x U. 

An exception is the (covariant) powerset funcior: conside r I= {O} and 2 = {O. I}, 

and let f: 2-+ I be the unique constant function. Then 

R = { (0, 0), (0, I ), ( I, 0), ( I, I)} 

is a pullbaclk off with itself, but £'J(R) is not a pullback of £'J/ with itself. It is, 

however, a weak pullback. More generally, it is not difficult to prove that fl' preserves 

weak pull backs ( cf. (81] ). 
There is one functor in our list above that does not even preserve weak pullbacks. It 

is the contravarianl powerset functor composed with itself(# offe). Take, for instance, 

S={s1,s2,s3 }, T={t1,l2,t3}, U={111,112}, f:S-+U defined by {s1>-+ui,s2>-+111, 

s3 >-+ u2} and g : T-+ U defined by { 11 >-+ 111• 12 >-+ 112 , 13 ........ u2 }. Then the image of the 

pullback off and y is not a pullback and not even a weak pullback. 
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