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0. INTRODUCTION
In these notes we shall discuss various numerical aspects for the solution of advection-diffusion-
reaction equations. Problems of this type occur for instance in the description of transport-
chemistry in the atmosphere and we shall consider the equations with this application as
reference.

Let ¢1(z,t),---,cs(x,t) be concentrations of s chemical species, with spatial variable z €
Q C R? (d =2 or 3), and time ¢ > 0. The basic mathematical equations for transport and
reaction can be derived by considering mass balances, see for instance Hirsch (1988). They
are given by the following set of partial differential equations (PDEs)

o i 5
acj(-'ﬂ;t) + k;l a—mk<ak($,t)0j($,t)) =
ii(d( t)i ( t))+f( ( t) ( t) t) 1.9
2 day, (T, axkcj z, i(ei(z,t), ..., ce(x, 1), , , J=12,.,s

with suitable initial and boundary conditions. The quantities a; represent the velocities of
the transport medium, such as water or air. These are either given in a data archive or com-
puted alongside with a meteorological or hydrodynamical code. The diffusion coefficients dy,
are constructed by the modellers and may include also parametrizations of turbulence. The
final term f;(c, x,t), which gives a coupling between the various species, describes the non-
linear chemistry together with emissions (sources) and depositions (sinks). In actual models
these equations are augmented with other suitable sub-grid parametrizations and coordinate
transformations.

The data, such as the velocity field a and reaction constants, are in general not very
accurate. Therefore the accuracy requirements for the numerical solution are also low. On the
other hand, with many models there are very many spatial grid points, for instance 10* for a
domain covering Europe, 10® for global models. The number of species s may range typically
from 10 to 100. So, the problems may be ”very big” and we need

e fast, ”cheap” numerical methods.

Often, one is interested in long term effects, so that the equations have to be integrated over
long time intervals. Therefore, in spite of the low accuracy demands, the numerical solutions
should be ”qualitatively correct”, and we need properties like

e mass conservation,
e positivity,
e small phase errors.

In most air pollution models the transport is advection dominated, and there can be strong,
local sources. Hence we may expect steep spatial gradients in the solution and numerical
schemes are needed with

e good resolution of steep gradients.



All these requirements together are already difficult to fulfil. In the next sections these various
aspects will be addressed.

Further, it should also be noted that the reaction terms are usually very stiff, that is, some
reactions take place on very small time scales compared to the overall time scale, due to large
reaction constants. This implies that such terms have to be solved implicitly, which make
them difficult and time consuming. Moreover, with large reaction constants positivity is often
necessary to maintain stability of the model.

As a very simple example, consider s =
1 and f(w) = —kw? with reaction constant

k > 1. Then solutions of w'(t) = f(w(t)) are
only stable if we start with w(0) > 0.

Therefore, if such a reaction term occurs
for a certain chemical component, the treat-
ment of advection-diffusion should be such
that negative values are avoided.

Numerical problems arising with air pollution models are discussed in more detail in McRea
et al. (1982) and Zlatev (1995). In these notes we shall mainly consider finite difference
approximations for advection and diffusion problems. The concepts will be explained by means
of simple one-dimensional constant coefficient equations without boundary conditions. Some
general formulas for multi-dimensional problems are presented in Section 5 and some ODE
methods that can be used for the nonlinear chemistry are briefly reviewed in the appendices.

The first three sections deal with basic stability-convergence properties. The material in
these sections is fairly standard and is essentially covered by the text-books of Richtmyer &
Morton (1967), Mitchell & Griffiths (1980), Hirsch (1988) and Strikwerda (1989). Spectral
methods and finite elements are not considered in these notes; for this we refer to Canuto et
al. (1988) and Morton (1996), respectively.

The sections 4,5 and 6 are devoted to monotonicity properties. We shall discuss this
only by means of positivity, but this is closely related to more general shape preservation
properties as treated in LeVeque (1992, Section 15). The influence of boundary conditions on
the accuracy is considered in the sections 7 and 8. In the final section 9 time splitting methods
are discussed.



1. SOME SIMPLE SPACE DISCRETIZATIONS AND MODIFIED EQUATIONS
We consider the test equations

ct+acy, =0 forreR, >0, (1.1)

and
¢t = degy forreR,t>0 (1.2)

with given constants a € R, d > 0, given initial value ¢(z,0) and the periodicity condition
c(x +1,t) = c(z,t).

The reason for considering periodicity conditions is mainly for the ease of presentation of the
main concepts. Boundary conditions cause additional theoretical and numerical problems, as
we shall see gradually in later sections. Note that with this periodicity condition we only
have to compute the solution for 0 < z < 1. In this section we shall look at some simple
space discretizations and an attempt will be made to understand the qualitative behaviour of
the discretizations. This will be done (in a heuristic way) by considering so-called modified
equations. First we take a short look at the behaviour of the exact solutions.

Equation (1.1) is an advection (test-)problem. The solution is ¢(z,t) = c¢(z — at,0). Initial
profiles are advected (carried along by the wind) with the velocity a. The lines x — at constant
in the (z,t)-plane are the characteristics of this advection problem.

Equation (1.2) is a diffusion (test-)problem. Insight in the behaviour of solutions can be
obtained by Fourier decompositions. Consider

or(z) = ™ for ke Z,

(¢,7) = /01 o(x)y(x)dz.

The functions ¢ will be called Fourier modes, and (¢, ) is an inner product for the function
space L3[0,1]. The set {¢r}rcz is an orthonormal basis for this space. For any function
1 € Ls[0,1] we have

() = > opdr(z)  with  op = (¢, %),

keZ

1
]2, = /O () Pdz = 3" |og?  (Parseval’s identity).
keZ



Formal proofs of these statements can be found in analysis text books where Fourier series
are discussed, for example Friedman (1970).

Now, consider (1.2) with initial profile ¢(z,0) = ¢ (z) for some k. To find the solution we
make the ” Ansatz” (a motivated guess that will turn out right)

C(:E,t) = 7(t)¢k($)7 7(0) =1
Inserting this into (1.2) leads to an equation for ~y(¢),
Y (O)pr(z) = —4n’k*d () dr(2),
'y(t) — 6747r2k2dt_

So we see that the Fourier modes are damped, the larger the frequency the stronger the
damping. In general, if

c(z,0) = Z o or (),
k

then -
c(z,t) = Zake*“ k dtqbk(x).
k

Because the high frequencies are damped more rapidly than the low ones, the solution will
become smoother. This is of course consistent with the physical interpretation of (1.2) as heat
flow or diffusion caused by Brownian motion of particles.

HA

For the advection-diffusion test problem
¢+ acgy = degg (1.3)
with periodicity condition and ¢(z,0) = ¢r(x) we get, in the same way as above,

C(.’E, t) — e(—27rika—47r2k2d)t¢k(l_) — 6—471'2k2dt br (.’,C . (Lt)
— " ——
damping shift

(superposition of previous cases). So, all Fourier modes are advected with the same velocity
and they are damped according to their frequency.

Remark. If d were negative, then the Fourier modes with high frequency would be strongly
amplified and we would have instability in the Ly-norm (blow up). The sign of the velocity
term a merely decides whether we have a shift to the left or to the right.



Remark. If ¢(z,t) is a concentration then fol c(z,t)dz is the mass in [0,1] at time ¢. This is
a conserved quantity:

% /01 o(z, t)de = /01 ci(z,t)dz = /01 (_acm(x,t) + dcm(x,t))d:c -

= —a(e(1,t) — e(0,)) +d(ea(1,1) — o(0,2)) = 0,

due to the periodicity.

In this section we shall consider some simple space discretizations on a uniform grid z; = ih
with mesh width h = 1/m. Approximations w;(t) =~ ¢(z;,t), ¢ = 1,2,...,m are found by
replacing the spatial derivatives by difference quotients.

Setting w(t) = (wy(t), ..., wnm(t))T, we then get a system of ordinary differential equations
(ODEs)
w'(t) = F(t,w(t)), (1.4)

with a given initial value w(0). Often we shall deal with an F' that is linear in w,

w'(t) = Aw(t) + g(t). (1.5)

Discretizations for the advection operator
Consider the advection equation (1.1) with @ > 0. The formula

1

= (b@ = 1) = 9(@)) = —¢u(e) + O(h) (1.6)

leads to the 1-st order upwind discretization

wi(t) = %(wi_l(t) —wi(®)),  i=1,2,.,m, (1.7)

with wg(t) = wy,(t) by periodicity. This is of the form (1.5) with ¢ = 0 and



The formula

1
o7 (@ = h) = vz + 1)) = —va(a) + O(R’) (1.8)
gives the 2-nd order central discretization
a .
wit) = o (wir(t) —wina(®),  i=1,2,.,m, (1.9)
with wo(t) = wm(t) and wp41(t) = wi(t). Here we have (1.5) with
0 -1 1
1 0 -1
a
A = — -
2h :
1 0 -1
-1 1 0

For smooth profiles the 2-nd order scheme is better. However, consider a = 1 and initial
profile ¢(z,0) = (sin(7rz))!%. Solutions at ¢+ = 1 are given in the Figures 1.1 and 1.2 for
h = 1/50, with dotted lines for the exact solution and solid lines for the numerical solution.
The 1-st order scheme is not accurate, but the result of the 2-nd order scheme is also far from
satisfactory: it gives oscillations, negative values and a significant phase error.

Figure 1.1. First order upwind advection Figure 1.2. Second order central advection
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The qualitative behaviour can be understood by considering the modified equation of the
discretizations. Further expansion in formula (1.6) gives

(e — ) ~ (&) = ~tha(a) + 3 hua(z) + O,

From this it can be seen (proof is given in the next section) that (1.7) gives a first order
approximation for ¢; + ac; = 0, but it gives a second order approximation to the modified
equation

o . a. .
¢t + ac, = §hcm.



This explains the diffusive nature of the first order upwind discretization in Figure 1.1. Al-

though we are seeking a solution to the advection problem, we are actually generating a

solution to an advection-diffusion equation, with a numerical diffusion coefficient %ah.
Likewise, a further expansion in formula (1.8) gives

1 _ L. 4

o7 (V@ —h) —v(e + 1)) = ~va(@) — ch*asal(@) + O(h?),

from which it can be seen that the central discretization (1.9) gives a fourth order approxi-
mation to the modified equation

~ ~ a. o,
C; + acy = _Eh Coxx

(again, arguments for convergence proof follow in the next section). The term é,, gives rise
to dispersion, that is, Fourier modes ¢y (z) are advected with with a velocity that depends on
k. With initial value é(x,0) = ¢ (z) the solution of this modified equation is

) 2
iz, t) = 2™RE=at) = ¢ (z — ayt), ar =a(l — §W2k2h2).

Hence Fourier modes with high frequencies move too slow.

If the initial profile is smooth, the coefficients in front of the high-frequency modes are
very small. If the initial profile has large gradients then some high-frequency modes will be
significant, and then the dispersive effect will cause oscillations with the central discretization,
see Figure 1.2.

Remark. If ¢ € CI(R) with period 1, ¥(z) = 3, ardr(z), then

max [ ()],

< -
k| < (27k)7 0<z<1

as can be seen by considering the inner product of (/) with ¢;. (More refined results of this
type can be found in text books on harmonic analysis.) Thus for smooth functions ¢ the
coefficients oy, are very small for large |k|.

A discretization for the diffusion operator
Consider the diffusion equation (1.2). We have

5 (00— 1) = 20(2) + 9o + 1)) = ta(z) + O(2) (110

This leads to the second order central discretization, for the diffusion equation,

wl() = %(wi_l(t) —2wi(t) Fwin(®), i=1,2.m, (1.11)

with again wy = w,, and w,,+1 = w;. This can be written as an ODE system with

-2 1 1



A further expansion in (1.10) gives

5 (80— 1)~ 20(2) + (a4 7)) = () + 5 nea() + OB,

Therefore, the modified equation that is approximated with order 4 by this central discretiza-

tion reads
d

Ct = dézz + ﬁh2émmmm
The heuristic analysis by this modified equation is not as easy as in the previous examples,
due to the fact that this equation is not well posed : if é(xz,0) = ¢r(z) then é(x,t) = y(t)dp(z)
with
y(t) = e—47r2k2d(1—%7r2h2k2)t7

which gives exponential growth for h?k? > 3/n2. As we shall see below, it is only necessary
to consider |k| < %m since higher frequencies cannot be represented on the grid. This gives
|hk| < % and thus all v(t) are negative. Under this restriction, the qualitative behaviour of
the modified equation corresponds with that of the exact solution. In particular, there is no
advection or dispersion, only damping. Indeed the qualitative behaviour is correct, see the
Figures 1.3, 1.4. In these figures numerical solutions are plotted at time ¢ = 1/1000 and
t = 1/100, respectively, for the diffusion equation with d = 1 and initial profile ¢(z,0) =
sin(rz)'%. The dotted line is the numerical solution with h = 1/10, the dashed line for
h = 1/20 and solid line is the exact solution, also found numerically but with very small &
(the numerical solution with h = 1/40 is already virtually the same). Note that even on the
very coarse grid, with h = 1/10, the qualitative behaviour is correct (for a good quantitative
behaviour we need a smaller h).

Figure 1.3. Second order central diffusion, t=1/1000 Figure 1.4. Second order central diffusion, t=1/100
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To see why we may restrict ourselves to |k| < $m we consider discrete Fourier decomposi-
tions. Let

U = (¢k($1)7¢k($2); 7¢k($m))T € C™ for ke Z7



and consider the inner product on C™
m
(v,w) = th_jwj.
=1

We have

m

(g, up) Z 2mi(l—k)z; _ thy, p= e2mi(l—k)h

j=
If £ =l mod m, then p =1 and (ug,u;) = 1. Otherwise

1—p™m )
(uk,ur) = hp 1 P —0 since o™ = e2m-k) =1

It follows that
{u_k, ¥ 41,y Um_k—1} 1S an orthonormal basis for C™,

up =w; 1if k=1modm.

For the basis we can take k = m/2 if m is even, k = (m — 1)/2 if m is odd.

In conclusion, on our grid we can only represent Fourier modes with frequency |k| < m/2.
To study a space discretization, and its modified equation, we thus may restrict ourselves to
these modes.

Note. In the above example for the diffusion test problem, one could also include higher order
terms in the modified equation, leading to

. . d . d 4.
Ct = dCypy + Ehzcmmmz‘ + — 160 h4cmmmz‘mz‘

This equation is well posed, as can be seen by inserting Fourier modes.

Modified equations to study the behaviour of discretizations were introduced by Warming
& Hyett (1974). We will consider such equations only in a heuristic fashion, with the aim
of understanding the qualitative behaviour. A more general discussion on the subject can be
found in Griffiths & Sanz-Serna (1986).



2. SPACE DISCRETIZATIONS: GENERAL CONSIDERATIONS

Consider a PDE solution ¢(z,t) with t > 0,z € Q of an initial(-boundary) value problem.
Discretization on a grid Q, with 2 > 0 the mesh width (or maximal mesh width) yields an
ODE system, the semi-discrete system,

w'(t) = F(t,w(t)), w(0) given, (2.1)

with w(t) € R™. The term semi-discrete is used to indicate that only space derivatives are
discretized, the time is still continuous.

We want to compare c¢(x,t) (function in z) with w(¢) (vector in R™). For this, let wy(¢)
be a suitable representation of the exact solution on R™. For example, for finite difference
discretizations considered in the previous section the components of wy(t) will be function
values ¢(z;,t) at the various grid points.

The spatial error of the semi-discrete system is

wp(t) — w(t).
In order to estimate this global quantity, we consider a suitable norm || - || on R™ (or C™),
and we define the space truncation error
Jh(t) = w;b(t) - F(ta wh(t))a (22)

which is the residual obtained by substituting the exact PDE solution (or rather its represen-
tation on the grid) in the semi-discrete system. Assuming smoothness of the PDE solutions
one obtains, by Taylor expansion, an estimate of the form

lon(®)]l = O(hT),

where ¢ € N is the order of the space discretization. We want, of course, a bound for the
error ||wy(t) — w(t)]-
The analysis will be presented for linear systems,

F(t,v) = Av + ¢(t). (2.3)

Further we shall use the following notations: for any m X m matrix B let

B
|B] = max 1201
R Tl

stand for the induced matrix norm, and

1 1
eB=I+B+§B2+---+EBk+---

is the exponential function of a matrix, so that the solution of w'(t) = Bw(t), w(0) = v equals
w(t) = e'Pv. Other useful properties on matrices that will be used are listed in the appendix,
see also Horn & Johnson (1985).

We can relate ||wy(t) — w(t)|| with ||op ()] if we make the following stability assumption

|et4]] < Ke® forall ¢>0 (2.4)

10



with some ”moderate” constants K > 0, w € R.

Theorem 2.1. Consider (2.1), (2.3) with assumption (2.4). Then

K

_ < wt _ o wt .
lwn () = w(®)]l < Kelwn(0) = w(O)] + (e — 1) max [lon(#)]]
(Here we use the convention that (e** —1) =t in case w = 0.)
Proof. The spatial error £(t) = wp(t) — w(t) satisfies
'(t) = Ae(t) + op(t), t>0.
By the ”variation of constants formula” we thus find
t
e(t) = ee(0) + / e (s) ds.
0
Hence
le@)Il < el lle( |+/ =4 ds o2 [lon(s)ll-
Using the stability assumption, the bound for the spatial error follows. O

Corollary 2.2. If (2.4) is valid and w(0) = wp(0), ||on(t)|| < Ch? for 0 <t < T, then

lwn(t) —w(®)| < —(e*" =1)Ch? for 0<t<T.

K
w
a

In general, the term stability will be used to indicate that small perturbations give a
small overall effect. This is just what we have in the above: the unperturbed system is
w'(t) = Aw(t) + g(t) with given w(0), and wy can be regarded as solution of the perturbed
system wy, (t) = Awp(t)+ g(t)+ op, with perturbation o} and also a perturbation wy(0) —w(0)
on the initial value.

The term moderate will be used in general to indicate something of order of magnitude 1,
but this must be understood in an operational sense. For example, if we have perturbations
with order of magnitude ~ 1075 and these perturbations are amplified with a factor ~ 103,
then this factor might still be considered as "moderate enough” if one is only interested in 3
digits accuracy.

Example: 1-st order upwind discretization for advection operator

Consider the periodic advection equation ¢; 4+ ¢, = 0 with first order upwind discretization
and let wy,(t) = (¢(x1,1), ..., c(2m,t))T. Then the i-th component of oy,(t) is

onilt) = el 1) — 1 (elwior, 1) — el 1)) =

= —cueit) — 3 (clwint) — el 1)) = 3 heaulit) + O(R2).

11



In the discrete Lo-norm |jv|| = (A 3™, |v:]2)'/? we thus have
1 2
< -h m .
Ion (Ol < 3h gax [exa (o )] + OG)

Note that if we consider the local truncation error &5 with respect to the modified equation
& + €z = 3héyy, then we obtain ||G4(t)|| = O(h2).
To apply Theorem 2.1 we have to verify the stability condition (2.4) for
-1 1
1 -1

1 -1
Consider the discrete Fourier modes uy, = (€21 e2™k2m)T for 0 < k < m. We have for
all components j = 1,2,...,m (also for j = 1 due to periodicity)

1 kg e e
(Aug); = E(ezmkzﬂ‘l — ekazJ) = M™% = A (up);,

A = %(e—zmkh _ 1)_

So, the discrete Fourier modes are the eigenvectors for A with eigenvalues Ay in the left halve
of the complex plane. In Figure 2.1 these are plotted for m = 100.

Figure 2.1. Eigenvalues 1-st order upwind advection, m=100
T T T
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Further, any vector v € C™ can be written as v = ) ;- ; agpur € C™, and we have

m
[0l = (v,0) = Y @ay(ug, w) = Y ||
k=1

k.l

12



(discrete counterpart of Parseval’s identity). So, consider v'(t) = Av(t), v(0) = Y i, apug-
Then

m
v(t) = Z ey,
k=1

A
@I = D laxe™! > < 3 faxl* = Jlo(0)]I%.
k=1 k=1
For arbitrary v(0) € C™ we thus have
@Il = e o(0)I] < [lv(0)]],

which shows that ||e*4|| < 1. Therefore we can apply Theorem 2.1 and Corollary 2.2 with
K=1w=0.

We note that in a somewhat more abstract setting the above can also be written as follows.
Let U = [u1,us, ..., um| € C™ ™. We have A = UAU ! with A = diag()y, ..., A,). Therefore
etd = UetAU~! and

tA tA -1 2}
le Il < U le™ U1 = max |e[cond(U) =1,
since Re), < 0 with equality for £ = m, and cond(U) = ||U||||U~!|| = 1, due to the fact that
the discrete Fourier modes, which form the columns of U, are orthonormal. (Note that U iself
is not unitary, but for V = v/AU we do have V*V = I.)

So, in conclusion, we have shown that the 1-st order upwind discretization (1.7) converges
for b — 0 with order 1 to the solution of ¢; + ac, = 0. With respect to the modified equation
Ct +acy = %ahém the order of convergence is 2.

Example: central discretizations for advection/diffusion operator

With the second order discretizations (1.9),(1.11) we can proceed similarly. Also for these
instances the discrete Fourier modes are the eigenvectors for the discretized operator A, and
all eigenvalues have nonpositive real part.

For (1.9) with a = 1, we get

Figure 2.2. Eigenvalues 2-nd order central advection, m=100
150 T T T T T T

50
and by some calculations it is seen that
Auyp = Apug with the eigenvalues given by 0

= -50p

1 o ;
)‘k (6 2mikh eZﬂ'zkh)

)

-1001

= —% sin(2nkh),

-150

see Figure 2.2. These are purely imaginary o0 e s 0 %0

since A is skew-symmetric, that is, A7 = —A.

13



The claims on convergence of this central advection discretization that were made in Section 1
can now be proven in the same way as for the 1-st order upwind discretization, by considering
the space truncation error with respect to the advection equation c¢; + ac, = 0 or the modified
equation ¢; + ac; = —%ah%mw. We obtain convergence in the discrete Ly norm with order 2
for the advection equation and order 4 for the modified equation.

In a similar way we can obtain stability and convergence results with the central discretiza-
tion (1.11) for the diffusion equation.

Considering (1.11) with d =1,

Figure 2.3 Eigenvalues 2-nd order central diffusion, m=100
1 T T T T

-2 1 1
i 0.8F
A= % b , odl
. .. 1 s
1 1 -2
0.2
we have again Auy = Apug, but now with real 0 HHHHHAK
eigenvalues 02}
1 -0.4r
)\k: — ﬁ(e—%rzkh —24 ekah) _ el
o8l
2 -4
= ﬁ(cos(%rk‘h) - 1) =7 sin?(7kh), 1 ” = = - : |

see Figure 2.3.

Remark. The above examples might give the impression that stability somehow follows
automatically for consistent discretizations. This is not so. Consider, for instance, ¢; + ¢, = 0
with the "down-stream” discretization w}(t) = +(w;i(t) — wi4+1(t)). This has also a first order
truncation error, but it has no practical significance due to the fact that it is not stable.
The eigenvalues will be in the right half-plane, similar to Figure 2.1 but reflected around the
imaginary axis, and therefore condition (2.4) only holds with w = 2/h. With this w we have

%(etw —1)—> o0 for h—0.

In fact, this discretization is only a reasonable one with respect to the truncation error.
With ¢; 4+ ¢, = 0 the time evolution at a point x; is determined by what happens to the left of
x;. With the above down-stream discretization the evolution of w;(t) is determined by what
happens to the right of x;. So, the semi-discrete system gets its information from the wrong
direction. We note that the instability of this system also follows from the classical paper of
Courant, Friedrichs & Lewy (1928), the first paper where stability of difference schemes was
discussed.
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Remark. We have the following relation,

with € = %h. Thus the 1-st order upwind advection equals the 2-nd order central advection
plus diffusion with numerical diffusion coefficient . (We can also say that 2-nd order central
advection equals 1-st order upwind advection plus an amount of ”anti-diffusion”.)

Note. The stability condition (2.4) was easy to verify in the above examples due to the fact
that we consider problems that are linear with constant coefficients and without boundary
conditions. Moreover, only the Euclidian norm is considered. In such a situation it is only
necessary to look at what happens to individual Fourier modes.

In practice, such a type of Fourier ”analysis” is also frequently used for more general
problems, in a heuristic way, by linearization, freezing of coefficients and by ignoring boundary
conditions. The same holds for time discretizations, see next section. For mathematical results
that are applicable to such more general situations we refer to Richtmyer & Morton (1967)
and, for more recent material, to Thomée (1990), Hairer & Wanner (1991), Dorsselear et al.
(1993) and the lecture notes of Spijker (1996).
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3. TIME DISCRETIZATIONS: MOL AND VON NEUMANN STABILITY
Suppose our PDE, with solution ¢(z,t), has been discretized in space, resulting in the semi-
discrete system (of ODEs)

w'(t) = F(t,w(t))

with w(t) = (w;(t))i~; € R™, m being proportional to the number of grid points in space.
Fully discrete approximations w = ¢(z;,t,) can now be obtained by applying some suitable
ODE method with step size 7 for the time levels ¢,, = n7. In the following we use wy, = (w}*)™,
to denote the vector (grid function) containing the discrete numerical solution.

The approach of considering space and time discretizations separately is called the method
of lines (MOL). This is not a "method” in the numerical sense, it is a way to construct and
analyze certain numerical methods. A typical MOL reasoning goes as follows: if we know
that [|w(t) — wp(t)|| < Ch? for our space discretization and the ODE theory tells us that
|lw(tn) — wy|| < C7P, then we have an error bound for the fully discrete approximations

wy,(tn) — wy|| < CTP + ChY.
[|wn (tn) |

For the error bound in time we need of course to verify consistency and stability of our
numerical ODE method. The stability considerations in the MOL literature are usually based
on the stability functions and stability regions of the ODE methods.

On the other hand, in the traditional PDE literature one usually sees stability considera-
tions based on Fourier decomposition, the so-called von Neumann analysis.

In this section we shall consider these concepts. For the ODE method we consider, as an
example, the #-method

Wpy1 = Wy + 7(1 — O)F(tn, wyn) + TOF (tns1, Wni1) (3.1)

with as special cases the explicit (forward) Euler method (¢ = 0), the trapezoidal rule (6 = 1)
and the implicit (backward) Euler method (§ = 1). The order isp =2 if § = 3, and p =
otherwise. Application of the method to the scalar, complex test equation w'(t) = Aw(t) gives
approximations
1+(1—-0)z

1-60z
This R is the stability function of the method. Near z = 0 we have R(z) = 1+ 2+ O(z?%). The
stability region is the set

Wnt1 = R(TAN)wp, R(z) =

S={z€C:|R(z)| <1}

in the complex plane. An ODE method that has the property that S is contained in the left

half-plane C~ = {z € C : Rez < 0} is called A-stable. The #-method is A-stable for 6 > %
Examples of more general ODE methods, together with some basic properties, are given

in the appendices. Here we review some of these ODE concepts by means of the #-method.

Convergence of ODE methods
Inserting the ODE solution w(t) into (3.1) gives

W(tpi1) = w(ty) +7(1 — Ow'(t,) + 70w (tny1) + Tpn (3.2)
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with truncation error p,. By Taylor expansion around ¢ = ¢, it follows that
1 " 1 2,1 4
Pn = 5(1 —20)Tw"(t,) + 6(1 —30)T*w" (t,) + O(17).

Thus, for w(t) sufficiently smooth, we get ||pn|| = O(7) if 6 # 1, and ||p,|| = O(72) if 6 = L.

For further analysis, assume as before that the problem is linear, F'(t,v) = Av + ¢(t). Let
en = w(tn) — wy, stand for the global discretization error, for n > 0. We want to find an upper
bound for ||&,||. Subtraction of (3.1) from (3.2) leads to the recursion

En+l1 =€n+ (1 —0)TAe, + 07 A1 + Tpp,
for n > 0. It follows that
ent1 = R(1A)en + 6, (n >0), g0 = w(0) — wy, (3.3)

with
R(rA) = (I-07A) I+ (1= 0)T4), &= (I —07A) '7pn.

We see from (3.3) thet the matrix R(7A) determines how an error already present at
timelevel ¢,, is propagated to the next time level. On the other hand, during this time step
also a new error 6, is introduced. This 6,, is the local discretization error. The ODE method
is said to be consistent of order p if ||6,|| = O(7Pt!) whenever the exact solution is sufficiently
smooth. Note that we do have ||6,|| < C7||pn|| provided that

I -ora) ' <cC.

This will hold for some C > 0 if || R(7A)|| is bounded, since (I —07A4)~! = 0R(rA) — (1 - 0).
To find a bound for the global errors we need stability. Assume

|R(TA)"|| < K forn>0,nr <T. (3.4)
Theorem 3.1. The stability assumption (3.4) implies

n—1
lw(tn) = wall < Kllw(to) — woll + K Y 165 for nr < T.
=0
Proof. Elaboration of the error recursion gives
en = R(7A)"0 4+ R(TA)" L6+ -+ R(1A)6n 9 + 61,

from which the results directly follows. O

So, if ||6;]] < C7P*! for all j and wy = w(0), we obtain the global error bound |Jw(t,) — wy|| <
C'tP for nT < T, with C' = KTC, and thus we have convergence of order p.
Now, if we consider a fized matrix A, then

R(tA)=I+7A4+0(%), 710,
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and hence
|R(rA)"| < (1 + 7| A + O™ < Al for nr < T,

provided 7 > 0 is sufficiently small.

However, if A results from spatial discretization of a PDE problem, it will contain neg-
ative powers of the meshwidth A and its dimension will also grow with decreasing h. The
stability assumption (3.4) then must be carefully examined. To do this, we can consider the
homogeneous equation w'(t) = Aw(t) and prove that ||wy,| < Kl|wol|| for arbitrary wg, with
K independent of h.

Note. Theorem 3.1 can be viewed as a time-discrete version of Theorem 2.1. Both results
essentially state that

consistency & stability = convergence.

Within a certain technical framework, the reverse also holds. This ”iff” result is known as the
Laz equivalence theorem, see Richtmyer & Morton (1967).

Example: explicit Euler for the diffusion problem

Consider the diffusion test problem ¢; = ¢, with periodicity condition at z = 0,1. The
standard semi-discrete system is (see Section 1)

1 .

with wyg = wy, and wy,+1 = wi. Application of the explicit Euler method now gives the fully
discrete scheme -
1
Wit = w4+ o (wh ) = 20f ). (3.5)

To study stability, we can proceed as in the previous sections by inserting discrete Fourier
modes. Thus we put w? = (ug); = ™% and we make the ” Ansatz” w;’“ = rwj, that is

wi = r™e?™k%; for n > 0. Insertion in (3.5) yields

Tn+1627rzsz — Tne27rzkazj (1 + ﬁ(e 2mikh 9 + e27rzkh)).

Thus we find the amplification factor for the k-th Fourier mode

T:Tk:]_-l-%(e

, ; 4
—2mikh __ 2 4 e27rzkh) —1— h_z sin2(7rhk).
The von Neumann criterion for stability is
|re] <1 forall k£=1,2,...,m,

which is fulfilled here if

<. (3.6)

DN | =

.
2
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If this holds then the numerical solution will stay bounded, because if we consider an arbitrary
starting vector wg = > agur € C™ then w, = > ag(rr)"ur (superposition of results for
individual Fourier modes), and thus

k k
lwall® =D e < 3 lowl” = lJwol?

in the discrete Lo-norm.

The MOL approach would lead to the equivalent, but conceptually different reasoning:
our semi-discrete system can be written as w'(t) = Aw(t) with A given by (1.11). We know
from Section 2 that

A=UAU', A=diag()\;), cond(U)=1.

Application of the explicit Euler method to this system of ODEs gives w,11 = R(T7A)wp,.
Hence
wy, = R(T7A)"wo,

and thus to be sure that w,, stays bounded we need to know whether this holds for R(7A)".
We have
R(rA)" = UR(TA)"U™Y, R(rA)" = diag(R(t\;)").

It follows that, in the Ls-norm

IR(rAY| = max [R(rA)",

and thus we will have stability provide that
A, €S forall k.

In this example the above eigenvalue criterion is the same as the von Neumann criterion,
since

4
e = R(TAL), M= —77 sin? (mhk).

It is important to note that in the present example the eigenvalue criterion is sound because
the matrix A is normal (orthogonal basis of eigenvectors, namely the discrete Fourier modes).

In general, stability means that perturbations are not amplified too much. For example,
if we would start with a perturbed initial value Wy, we want the difference ||w,, — w,| to be
bounded by C||wy — wyl|, with a moderate constant C' > 0. For linear problem without source
terms this is equivalent to boundedness of the solution itself, since the difference w,, — w,, will
satisfy the same recursion as wy,.

For the #-method with § > 0 we can proceed in a similar way. If § < 1/2 the ratio 7/h?
must be bounded to achieve stability. The precise bound is given in Table 3.1.

Step size restrictions for advection/diffusion

For the other examples considered thus far the matrix A was also normal, due to the fact
that we consider problems with constant coefficients and no boundary conditions. So, with
arbitrary stability function R we have, as for the Euler scheme,

R(TA)" =UR(TA)"U™, R(rA)" = diag(R(t\;)"),
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and thus we have in the L9-norm

[R(ra)"| = max |R(rA)")

So, to verify stability we look at the eigenvalue criterion
A, €S forall k. (3.7)

Direct insertion of the Fourier modes in the scheme would lead to growth factors r, = R(7Ax),
and thus the von Neumann analysis leads to the same result.

Combination of the pictures for the eigenvalues of A given in Section 2 with pictures of
the stability regions of the §-methods (S = {z € C: |z + o] < a} with a = 1/(1 — 26) for
6 < 1/2) directly leads to the following conditions on the step size that have to be satisfied
for stability.

<3 0> 3
upwind advection (1.7) || ar/h <1/(1 — 26) T <00
central advection (1.9) at/h <0 7 < 00
central diffusion (1.11) || d7/h? < 1/(2 — 46) 7 <00

TaABLE 3.1. Von Neumann conditions for stability with #-methods.

For the schemes with @ > % there are no step size restrictions (unconditional stability), due to
the fact that these methods are A-stable.

Although the von Neumann stability analysis can be applied, in strict mathematical sense,
only to a very restricted class of problems (no boundary conditions, constant coefficients), in
practice it often gives a good criterion for much more general problems. In this section we
have only considered the #-methods for time integration. Of course, many more methods are
available, either of the Runge-Kutta type or linear multistep type. Although it is not the
intention to go deeply into the choice of particular ODE methods here, a few comments are
in order.

Explicit ODE methods always have a bounded stability domain. Application to an advec-
tion equation will lead to a stability condition of the form

aTt

<
h_C’

a so-called CFL-restriction (after Courant-Friedrichs-Lewy), where C' depends on the particu-
lar method and space discretization. If the space discretization is central then the eigenvalues
will be on the imaginary axis, and the ODE method should be selected such that a portion of
the imaginary axis is contained in the stability region.

Application of an explicit ODE method to a diffusion equation will give rise to a stability

condition p
-
w=C
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with again C determined by the method and space discretization. Since solutions of diffusion
problems often give rise to rather smooth solutions, this time step restriction makes explicit
methods unattractive for such problems. With implicit methods we can avoid such restrictions.

As a rule, with exceptions, explicit methods are more efficient for advection dominated
problems than implicit methods. For problems with significant diffusion the implicit methods

are in general to be preferred. In the appendices some ODE methods and stability restrictions
are listed.

Remark. If semi-discretization leads to an ODE system w'(t) = Aw(t) + g(t) with A not
normal, then straightforward application of the eigenvalue criterion might still seem to be
possible, but in such a situation this may lead to wrong conclusions.
A notorious example is given by the 1-st order upwind discretization of the initial-boundary
value problem
ct+cp, =0, ¢0,t)=0,

leading to
1 .
w‘lj(t) = E (w]—l(t) - ’U)](t)), J = ]-a 25 -y M,

with h = 1/m and wg(t) = 0 (inflow boundary condition). In vector form we have w'(t) =
Aw(t) with

-1
1 1 -1
A=—
h .
1 -1
This matrix has only one eigenvalue, namely A = —1/h. So, with the explicit Euler method we

have 7A € § iff 7/h < 2. On the other hand, the von Neumann stability condition (ignoring
boundaries) reads 7/h < 1, and this is the correct condition. For example, if 7/h = 3/2 we
get the following plots for the Ly-norm ||R(7A)"|| versus n, for m = 10, 20.

. x 10" Figure 3.1b. Growth factors for m=20
Figure 3.1a. Growth factors for m=10 18 : : : : :
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Clearly, with this Courant number 7/h = 3/2 the scheme is not stable (with moderate
constants). Although we see that ||R(7A)"|| — 0 for n — oo, before this happens | R(7A)"||
can be very large, leading to an unacceptable error propagation.

We shall not pursue this matter here. The message simply is that the eigenvalue criterion
(3.7) should be handled with great care if the matrix is not normal. For a thorough discussion
we refer to Morton (1980), Dorsselear et al. (1993) and the lecture notes of Spijker (1996).

Simultaneous space-time discretizations

The MOL approach, where space and time discretizations are considered separately, is concep-
tually simple and flexible. However, sometimes it is better to consider space and time errors
simultaneously: there may be cancellation of the various error terms.

Example. Consider once more the explicit Euler, 1-st order upwind discretization for the
advection test equation ¢; + ac, = 0, with a > 0, given initial profile and periodicity condition
at z = 0,1,

w

at [ . n .
L g 7(wj_l _ wj), j=1,2,...,m, (3.8)

and with a7/h < 1 for stability. This scheme is also known as the Courant-Isaacson-Rees
scheme. If we insert the exact PDE solution into this difference scheme we get

aTt

B (C(Ij—latn) - C(.’Ej,tn)) + Tp;'ba .7 = 172a ceey T,

C(mj’ tn+1) = C(mj’ tn) +

with a (residual) local truncation error

1 1
p;-l = [(Ct + §Tctt +-- ) +a(cz - ihcmm + - )] (mjatn) =

_ 1 aTt _ 9
= —iah(l ey )cm(xj,tn) + O(h?).
We have

Wh(tn+1) — Wni1 = R(TA)(wh(tn) — wn) + 7pn

where p, = (p7, ..., p%,)7 is the space-time local truncation error. If ||R(7A)|| < 1, which can
be shown in this example easily for the L, Ly and Ly-norms if a7/h < 1, then it follows in a
standard fashion that

1 aT 9
lwn(tn) = wnll < Gtnah(1 = Z5) max ess (e, 1) + O(H?).

If we let 7 — 0 with h fixed, we just reobtain the bound for the spatial error. We see,
however, that the error for the above scheme will actually decrease for 7 > 0, and it will
be less than the error of the semi-discrete system with exact time integration. Apparently
the error of the explicit Euler time stepping counteracts the error of 1-st order upwind space
discretization.

In the above example the discrete scheme still could be viewed within the MOL framework,
only a more refined analysis is needed to obtain the true error behaviour. There are also some
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schemes which cannot be regarded as an ODE method applied to a certain space discretization.
We conclude this section with a short description of two such schemes.

Example. One of the most popular schemes for advection equations is the Laz- Wendroff
scheme. For the model equation ¢; + ac, = 0 this scheme reads

ntl at 1, ar 4

with = wi + ﬁ(w?—l - “’?ﬂ) + 5(7) (w?—l = 2wj + '“’yn+1)- (3.9)

The scheme is stable, in the sense of von Neumann, under under the CFL condition |a7/h| < 1.
This can be shown by inserting Fourier modes and computing the amplification factors. The

local truncation error in space and time, defined as in the previous example, is

aT

n 1
pj = —ahz(l—(h

6 )Z)Cmmm(mj,tn) +O(h3).

For h fixed and 7 — 0 we get the same bound as for the semi-discrete system (1.9) with
central differences (not surprisingly, if we divide (3.9) by 7 and then consider 7 — 0). As
in the previous example, the error becomes smaller for 7 > 0. The Lax-Wendroff scheme
can be interpreted in terms of the characteristics : we know that c(z;,tn41) = c(z; — 7a,t,),
and to find the value for ¢(z; — 7a,t,) one can apply quadratic interpolation using the values
c(zj—1,tn), c(x,ts) and c(zjq1,t,).

Example. A special scheme for the diffusion equation ¢; = dcy; is the DuFord-Frankel scheme,

Wit =t 2do (wf - - e 4w, (3.10)
This is an explicit 2-step scheme. It is unconditionally stable (in the sense of von Neumann),
which is of course very peculiar for an explicit scheme. The stability result is not as straight-
forward as in the other examples since this is a 2-step scheme, but it can be done by writing
the 2-step recursion for w, as a 1-step recursion for (wy,w,_1)?, see Richtmyer & Morton
(1967). In spite of the unconditional stability, the time step cannot be chosen large, due to
the fact that the local truncation error is proportional to (7/h)%cy.
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4. LINEAR SPACE DISCRETIZATIONS AND POSITIVITY
In this section we shall look at more general space discretizations than the first and second
order examples treated thus far, and we consider the requirements for having positive solutions.

Linear advection discretizations

We consider again
¢ +ac, =0 with a>0,

for 0 < z < 1 with periodicity condition and given initial profile ¢(z,0). As we already saw in
Section 1, the 1-st order upwind discretization is too diffusive, whereas the 2-nd order central
discretization gives oscillations (”wiggles”) and negative values. Therefore we consider the
general spatial discretization formula

1 ,
w;(t) = ﬁ Z 'kaj—kk(t), J=12,...,m, (41)
k=—s

with w; 1, = w;. The spatial truncation error is

1 1 1
ci(z,t) — 7 Z'ykc(m + kh,t) = —ac, — 7 Z% (c—l— kheg + 5162h2cm + - ) -
k k z,t

1 1
= ——Z'ch— (a+ Zk’yk)cm — —thz'ykcm —
h k k 2 k

The conditions for order ¢ are

S0k =0, Sk = SR =0, 3 Ko =0
k k

k k

(zt)

This can be satisfied ¢ < r 4+ s. The optimal order schemes, with ¢ = r + s are stable for
s=r,s+1, s=r+2 and unstable otherwise. (The proof of this fundamental result, due to
Iserles & Strang (1983), is outside the scope of these notes. The reader is referred to the book
on order stars of Iserles & Norsett (1991) and the references therein).

Example: 3-th and 4-th order advection discretizations
For s = 2,7 = 1 we obtain the 3-th order upwind biased discretization

w(t) = (g 2(t) + g 1) — gwi(t) — zwia(0))- (4:2)
The modified equation for this discretization, which is approximated with order 4, reads
C;+acy = —%ah:‘émm. The term —¢zyq is a higher order dissipation, giving damping of the
high-frequency Fourier modes, but still giving some oscillations and over and under-shoot. (It
should be noted that the equation ¢; = —cyyz, does not satisfy the maximum principle. For
instance, if ¢(z,0) = 1 — cos(27z) then ¢(0,0) = 0 and ¢;(0,0) = —(27)* < 0.)
Figure 4.1 gives the numerical solution at ¢t = 1 for h = 1/50 and c¢(z,0) = (sin(7z))'%?,
the same as in the Figures 1.1 and 1.2. We see that this 3-th order discretization still gives
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some (rather small) oscillations, but the phase-speed is very good, which is in accordance with
the modified equation.
If a < 0, the 3-th order upwind-biased discretization reads

a/l 1 1
wi(t) = 7 (guwina(®) + 5ui(t) — win () + cwjpa(®)),
which is a reflection of formula (4.2).

For r = s = 2 we get the 4-th order central discretization

N 1 2 2 1
w;(t) = E(_ij_2(t) + gwj—l(t) - gwj+1(t) T j+2(t))- (4.3)
The local truncation error will now only contain dispersion terms, no damping. For nonsmooth
solutions this gives strong oscillations, see Figure 4.2 (with same initial profile and mesh width
as before).

Figure 4.1. Third order upwind-biased advection Figure 4.2. Fourth order central advection
15 T T T T T T T 15 T T T T T
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Remark. If we insert Fourier modes into the 3-th order discretization (4.2), in the same way
as in Section 2, we obtain growth factors e/, k = 1,2,...,m with eigenvalues

a1 g —omikh 11 opin)
)\k——(—ge +e —5—56 )—

= —%% sin*(kh) — %% sin(2rkh) (4 — cos(2mkh)),
see Figure 4.3. Note that, although there is damping, many eigenvalues stay very close to the
imaginary axis.

It can be shown that the explicit Euler method applied to this 3-th order discretization will
be unstable for fixed Courant numbers a7 /h as h — 0, due to the fact that many eigenvalues
are almost purely imaginary. Higher order explicit Runge-Kutta methods are conditionally
stable, see Appendix A.

25



The eigenvalues of the 4-th order central discretization are all on the imaginary axis, see
Figure 4.4, similar to the 2-nd order central discretization, since this discretization is also

skew-symmetric.

Figure 4.4. Eigenvalues 4-th order central advection, m=100
T T

Figure 4.3. Eigenvalues 3-th order upwind-biased advection, m=100
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Positive space discretizations

For advection-diffusion equations we know, by physical interpretation, that
c(z,0) >0 forallz = c¢(z,t)>0 forallzandt>0.

As we have seen, space discretizations may destroy this property. We would like to have a
criterion that tells us when positivity is maintained.
Consider a semi-discrete ODE system in R™
wi(t) = Fi(t,w(t)), i=1,2,..,m. (4.4)
We call this system positive (short for "nonnegativity preserving”) if

wi(0) >0 foralli == w;(¢t) >0 foralliandt?¢>D0.

Lemma 4.1. Suppose that F' is continuously differentiable. Then, system (4.4) is positive iff
for any vector v € R™ and alli=1,2,....m, t > 0,

v; =0, v;>0 forallj#i = F(t,v)>0.
Proof. The above criterion is equivalent with
wi(t) =0, wj(t)>0 forallj#i = wi(t)>0.

This is not enough to prove positivity (a counterexample, provided by Z. Horvath (1994,
private communications), is w(t) = (1—t)? satisfying the scalar equation w'(t) = —3(w(t))?/3).
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It would be enough to have
wi(t) =0, wj(t)>0 forallj#i = w(t)>0,

since then w(t) cannot cross the hyperplanes {w € R™ : w; = 0 for some ¢}. This will
hold for the perturbed system with F(¢t,w) = F(t,w) + eI, € > 0, and if F' is C* then it is
locally Lipschitz and we can apply a standard stability argument for ODEs to show that the
solution of the unperturbed system will be approximated with any precision by a solution of
the perturbed system if we let ¢ — 0. O

Corollary 4.2. A linear system w'(t) = Aw(t) is positive iff
a;; >0 forall j # .
a

For linear PDEs without boundary conditions, one often has an affine invariance property
for the semi-discrete system,

F(t,av + Be) = aF(t,v) foralla,f € R and v € R™,

with e = (1,1,...,1)T € R™. Then, if w(t) is a solution of (4.4) and v(0) = aw(0) + Be,
then v(t) = aw(t) + Pe is also a solution of (4.4). So, in particular, if 0 < w;(0) < 1 and
v;(0) = 1 —w;(0), for all components i, then positivity of v(¢) implies w;(t) < 1. More general,
if we have affine invariance, then positivity implies the mazimum principle

minw;(0) < w;(t) < maxw;(0),
J J
and thus overshoots and undershoots cannot occur.

Positivity for advection discretizations

Returning to our discretizations (4.1) for the advection equation, we see that the requirement
for positivity is
Y >0 for all £ # 0. (4.5)

This is satisfied by the 1-st order upwind discretization, which is very inaccurate and very
diffusive. Unfortunately, it is also ”optimal” under the positive advection discretizations:

for ¢ > 2 we need 3, k?vx = 0, and therefore
(4.5) = ¢ <1.

Furthermore, if ¢ = 1 then the leading term in the truncation error is propor-
tional to 34 k2vx. Since we have 3", k7 = —a, it follows that

(4.5) = Z kv > a,
k

and the minimal error coefficient 3", k2yx = a is achieved by the 1-st order
upwind discretization.

Consequently, if we want positivity and better accuracy than 1-st order upwind we have to
consider nonlinear discretizations.
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Linear diffusion discretizations

In the same way as for the advection equation, we can consider linear discretizations for the
diffusion equation

¢ = degy

with periodicity condition and given initial values. A general formula for the spatial discretiza-
tion is
1 T
k=—s
with w4, = w;. We assume that s = r and y_; = 7, symmetry in space.
For the symmetric discretization the spatial truncation error is

1 1
= des — = Ek:yk (c+ khe, + KPR o + - ) o

1 1 1
= =gz e+ (4= D0 5k e — rh” DK WeCrana —
k k C ok

(zt)

So, the conditions for order ¢ (g is even, due to symmetry) are
Som=0, 3 Fy=2d, Y Ky =0,---, kiy =0,
k k k k
which is possible for g < 2r.
The requirement of positivity, v > 0 for all £ # 0, again leads to an order barrier:
for ¢ > 2 we need 3", k*yr = 0, and therefore
(4.5) =¢q<2.

Furthermore, if ¢ = 2 then the leading term in the truncation error is propor-
tional to Y4 k*vi. Since we have Y, k% = 2d, it follows that

(4.5) = ) k' > 24,
k

The minimal error coefficient ", k%vy; = 2d is achieved by the standard 2-nd
order central discretization with r =1 and v 1 =y =d,v = —2d.

Although this is again somewhat disappointing, the situation is not as bad as for the advection
equation, since for many practical purposes this second order discretization is sufficiently
accurate.

Remark. The restriction in the above to symmetric discretizations for the diffusion equation
is reasonable, since, if w'(t) = Aw(t) is a non-symmetrical semi-discrete system (4.6), then
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w'(t) = 1(A+ AT)w(t) can be shown to be more accurate (no dispersion terms) and at least
as stable.

Remark. Consider the advection-diffusion equation ¢; 4+ ac; = dcg,. If we use 2-nd order cen-
tral discretization for both advection and diffusion, then the resulting system will be positive
if |ah/d| < 2. The number |ah/d| is called the cell Péclet number.

If we discretize this equation in space using first order upwind for the advection and
second order central for the diffusion part, the semi-discrete system is always positive. It
will also satisfy the translation invariance property mentioned in this section, and therefore
we will have ||w(t)||coc < ||w(0)]|co- Using this, it can be shown that the space discretization
will convergence in the max-norm. The claim made in this section that solutions of the
advection-diffusion equation with non-negative initial profile stay non-negative (”by physical
interpretation”) can be proven mathematically this way.

Note. Positivity for the advection equation is related to more general monotonicity and
contractivity properties for nonlinear hyperbolic equations, as discussed in the monograph of
LeVeque (1992). We note that the order barrier ¢ < 1 for positive or monotone advection
schemes is due to Godunov, 1959, see loc. cit.
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5. A NONLINEAR ADVECTION DISCRETIZATION BY FLUX-LIMITING
Positive solutions can of course always be obtained by simply ”cutting off” negative approxi-
mations. However, in this way we are adding mass, and we do not eliminate over/under shoot.
So, the aim is to derive a space discretization for the advection equation that will give positive
solutions, no over/under shoot and better accuracy than the 1-st order upwind scheme.

Mass conservation is guaranteed if we consider discretizations in the fluz form (or conser-
vation form)

1
wi(t) = 2 (fioy (@) = iy (w(0)). (5.1)

Such a form is natural for finite volume schemes where w;(t) approximates the average value

in the cell ; = [z;_1,7; 1],
2 2

1
wi(t) = 7 /Q c(z,t)dx.

Then f;_1,f;, 1 are the fluxes at the cell boundaries. Note that the flux that ”leaves” €); is
2 2

the flux that “enters” €2;,1, and therefore we will always have mass conservation regardless of
the actual choice for the fluxes.

Examples. For the advection test problem ¢; + ac; = 0, with ¢ > 0, some flux forms are
fz'—f—%(w) = awy,

for the 1-st order upwind flux, and

1
Firy(w) = a(wi + wits).

for the 2-nd order central fluxes. This last form can also be written as the 1-st order flux plus
a correction (”anti-diffusion”) f; %(w) = aw; + $a(wiy1 — w;). For the 3-th order upwind
biased formula we have the fluxes

1 5 1
fi+%(w) = a(—ng‘—l + gwi + ng‘ﬂ)-

Writing this as a correction to the 1-st order flux, we get

fiy1(w) = a[wi + (% + égi)(wi-l—l - wz’)]

where
0, = w; — wi—l.
Wi41 — Wy
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In the following we consider the more general form

fiy1(w) = a[wz‘ + ¥(0:) (wir1 — wi)]a (5.2)

with limiter function 1, which is to be chosen such that we have better accuracy than 1-st
order upwind but still positivity. For a smooth profile we have #; = 1, except near extrema.
Therefore we will take 1(#) equal to % + %0 in a region around # = 1, so that the accuracy of
the third order scheme will be maintained away from extrema.

Note that (5.1),(5.2) are affine invariant. Hence, if we achieve positivity we will also avoid
under/over shoot. Further it should be noted that for ¢ < 0 we get, by reflection,

Forg () = afwis + 9= s = wir)],

which is the same formula as (5.2), only seen from the ”backside”.

Choice of limiter function
The discretization (5.1),(5.2), written out in full, gives

a

wi(t) =

[wi—l +p(0i—1)(w; — wi—1) — wi — Y(0;)(wip1 — wz)] =

a

1
= 5 (1= 9000) + (0 ) (wi = wia),
with w; = w;(t). The requirement for positivity, see Lemma 4.1, thus is
1
1—4(0i-1) + Elb(ez') > 0. (5.3)

Here 6;_1 and 6; can assume any value in R, independent of each other. A sufficient condition
on the limiter function is

0<p@d) <1, 0< gqp(e) <y forall € R, (5.4)

where pu is a positive parameter. The function that satisfies this condition and is as close as
possible to % + éﬁ is given by

¥(0) = max(O, min(l, % + %0, /LH)). (5.5)
157 . _
177777777777777777/7/ 7777777777 —”//4
055 e -
O frmm— —_— >
% 1 o 1 2 3 4 5 s
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The role of the parameter p will become clear in the next section where we discuss time
discretizations. For the moment we take yu = 1.

Note. Limiters of the above type (5.2) were introduced for Lax-Wendroff type methods by
Sweby (1984) based on previous work of Osher, van Leer and others. References and a more
general discussion can be found in the monograph of LeVeque(1992). The above limiter (5.5)
with g = 1 was proposed by Koren (1993). Although the choice, as presented here, was
motivated by Lemma 4.1, this lemma does not apply in strict mathematical sense, due to lack
of smoothness. Moreover, in actual implementations one usually adds a small number to the
denominator of #;, to prevent division by 0.

Numerical results for the limited space discretization (5.5) are given in Figure 5.1 and 5.2
for the test equation ¢; + ¢, =0 for ¢ > 0, 0 < z < 1 with periodicity. The plots are for ¢ =1
with h = 1/50 with initial profiles c(z,0) = (sin(7z))!% and the block-function ¢(z,0) = 1
for 0.3 <z < 0.7, 0 otherwise. The exact solution is dotted (---), the non-limited 3-th order
discretization is dashed (- -) and the limited counterpart is indicated with solid lines (—).

Figure 5.1. Third order upwind biased advection with limiting Figure 5.2. Third order upwind biased advection with limiting
15 T T T T T T T T T 15 T

0.51

I I I I I I I I I I I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 “o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

The result for the sin'®’-function show that the limited discretization still has a very
good phase speed, but the amplitude error has increased by the limiting procedure near the
extremum. At the extremum we have 6; < 0 and thus the limiter will switch to f; 11 = aw,
the 1-st order upwind flux. Note that the inaccuracy caused by this remains confined to a
small region near the extremum. The result for the block-function shows that limiting can
also have an overall favourable effect on the accuracy.

Formal statements on the accuracy near an extremum seem difficult to obtain, due the
various switches in the discretization. In the following Table 5.3 the errors are given for a
smooth function ¢(x,0) = sin?(7z) in the Li-norm (||v|; = kY |vi]), the Lo-norm (||v||s =
(RY |v4)?)Y/?) and the Leo-norm (||v||ec = max |v;]), together with the estimated order upon
halving the mesh width A = 1/m. Also included are results for the limiter (5.5) with p = 3.
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h Lq-error Ly-error L.-error
Non-limited 1/10 0.370 10! 0.416 101 0.572 101
2.87 2.89 2.86
1/20 0.508 102 0.562 10~2 0.788 1072
2.98 2.98 2.97
1/40 0.641 1073 0.712 1073 0.100 1072
3.00 3.00 2.99
1/80 0.803 10~* 0.892 10~* 0.126 1073
3.00 3.00 3.00
1/160 | 0.100 10* 0.112 104 0.158 104
Limiter p =1 | 1/10 0.704 1071 0.880 1071 0.154
2.06 2.00 1.64
1/20 0.169 10~! 0.220 10~! 0.492 10~1
2.20 1.92 1.58
1/40 0.368 102 0.583 102 0.165 1071
2.18 1.92 1.57
1/80 0.811 1073 0.253 102 0.554 10~2
2.33 1.97 1.58
1/160 | 0.162 103 0.393 1073 0.185 102
Limiter p =3 | 1/10 0.503 10~! 0.627 10~1 0.114
2.76 2.39 1.84
1/20 0.743 1072 0.120 1071 0.318 107!
2.25 2.15 1.75
1/40 0.156 102 0.269 102 0.947 102
2.27 2.03 1.68
1/80 0.324 103 0.658 103 0.296 102
2.32 2.08 1.66
1/160 0.649 10~* 0.161 1073 0.939 10~3

TABLE 5.3. Errors and estimated orders for ¢(z,0) = sin? (7).
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Formulas for non-constant coefficients and multi-dimensional problems

The advection equation
¢t + (a(z,t)c), =0, (5.6)

with variable velocity a, can be discretized in space as

w(t) = 3 (i (bwl®) — fiyy (10 (2), (5.7)
with the fluxes given by
Fry (bw) = a* (21,8 [wi + (60:) (wis — wi)| + (5:8)

a8 [ () (s — wig)]-

Oi1

where a™ = max(a,0) and ¢~ = min(a,0). We can take % as in (5.5) with g = 1. The
semi-discrete system is then positive for arbitrary velocities a. If 1» = 0 we reobtain the 1-st
order upwind discretization, and ¢ = % gives 2-nd order central (for central schemes the a™,
a~ formulation is unnecessary, of course).

For the diffusion equation

Ct = (d(l‘, t)Cm)z, (59)
with d(z,t) > 0, we consider the 2-nd order central discretization

wi(t) = 2 (A, D@ 1(0) = wilt) — (o, 1, D) —win @) (510)

Also this system is always positive, as can be verified by Corollary 4.2. It has the same form
as (5.7) with diffusion fluxes h~'d(z;, 1,t)(w;(t) — wiy1(t))-

The right-hand sides of (5.7) Wlth (5.8) and of (5.10) can be regarded as finite differ-
ence approximations to (a(z,t)c), and (d(z,t)cs)s, respectively. Superposition of these finite
differences gives space discretizations for the general multi-dimensional advection-diffusion
equation

8 9 d p ]
ac—f— Z <ak (t,z ) Z Bmk( k(t, awkc) (5.11)

Bwk

with = = (21, z9,...,24)T € R, (Here z} denotes the k-th direction.) We can simply plug in
our 1-dimensional discretizations for the individual terms (axc)s, and (dicyg, )z, in the various
directions. It is this possibility of superposition that makes the method of lines approach pop-
ular. Methods with combined space-time discretizations, such as the Lax-Wendroff method,
are much harder to formulate for multi-dimensional problems.

Remark. Deriving the multi-dimensional discretizations can also be done entirely within the
finite-volume framework, see for instance Hirsch (1988). The difference between a cell-average
value and the value in a cell-center is O(h?), and therefore the order of a discretization may
depend on the interpretation, either as finite differences or as finite volumes. This will happen
only if the order is larger than 2.
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Indeed, by a Taylor expansion (and tedious calculations) it can be seen that (5.7),(5.8),
with¢(0) = %—I—%G, has a third order truncation error as a finite volume scheme and only second
order for the finite difference approximations. However, in 2 dimensions the order becomes
also 2 for the finite volume interpretation. A third order finite difference approximation could
be obtained by applying the discretization (4.2) directly to ac, instead of ¢, but in connection
with limiting the form (5.7),(5.8) seems more appropriate.

Remark. Equation (5.6) is called the conservative form of the advection equation. The
advective form is given by ¢ + a(z,t)é, = 0. More general, for multi-dimensional problems we

have the forms
ct + Z akc

and

Ct‘f‘zak

respectively. Both forms have physical meaning. For a chemical species carried along by some
fluid medium (for example, wind or water) with velocity a, the concentration ¢ will satisfy the
conservative form, reflecting the fact that mass is conserved. On the other hand, the mixing
ratio, defined as concentration divided by the density p (the sum of all concentrations), will
satisfy the advective form. These mixing ratios are constant along the characteristics (Z(t),t)
given by Z'(t) = a(Z(t),t). The two forms are equivalent if the velocity field is divergence free,
that is ) (da/dzk) = 0, which means that the fluid is incompressible and that the density is
constant. Even if this holds, a numerical discretization of the advective form will in general
give rise to a scheme that does not conserve mass.

In air pollution modelling one usually encounters the conservative form, also due to the
fact that chemical reactions are most frequently defined in terms of concentrations. There, the
diffusion terms may have a form which is slightly different from (5.9), namely ¢; = (dp(¢/p)z)z-

&Ck
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6. POSITIVE TIME DISCRETIZATIONS
Consider a linear semi-discrete system w'(t) = Aw(t), where A satisfies

aij >0 fori#j, a; > —a  for all 4, (6.1)

with a > 0. This guarantees positivity of the system, irrespective of the value of a. Of course,
we want to maintain positivity when time discretization is performed. As introduction, we
first consider the explicit (forward) and implicit (backward) Euler time discretizations.
Application of the forward Euler method to the linear system gives wp+1 = wy, + TAwy,
that is,
Wpy1 = (I + TA)wn.

It is easily seen that I+ 7A > 0 (inequality componentwise) provided that 1+ 7a;; > 0 for all
1. This will hold if the step size is restricted such that ar < 1.
The backward Euler method gives wy+1 = wy, + TAwy 11, and this can be written as

Wpt1 = (I — TA)_lwn.

Suppose that
A has no eigenvalues on the positive real axis. (6.2)

Then I — 7A is invertible for all 7 > 0, and so the Backward Euler relation has a unique
solution. In fact, this solution will also be positive. The conditions (6.1),(6.2) imply

(I—7A)"'>0 forall7>0.

The proof of this statement will be given in Lemma 6.3 for a nonlinear case
With these results for the forward and backward Euler method it is also possible to derive
positivity results for certain other simple schemes. For example, the trapezoidal rule

1 1
Wp41 = Wn + §TAwn + ETAUJM—I

can be viewed as a combination of two half steps with the forward and backward Euler
method, respectively, and thus positivity is guaranteed for Tae < 2. We shall return to this
when discussing non-linear systems. For linear systems there exists a nice, complete theory,
the results of which will be presented next.

In the results we shall use rational functions with matrix arguments. If B is a square
matrix and P(2) = po+pi1z+---+psz° is a polynomial, then P(B) = pol + p1B+-- -+ psB?,
where [ is the identity matrix with the same dimension as B. If R(z) = P(z)/Q(z) with
polynomials P and Q, then R(B) = P(B)[Q(B)]~!. For this to be defined we need that Q(B)
is nonsingular. The eigenvalues of Q(B) are given by Q(u) where p is an eigenvalue of B.
Thus R(B) is defined if poles of R do not coincide with eigenvalues of B.

Positivity results of Bolley & Crouzeix

Consider a one-step method of order p and stability function R. Application to the linear
semi-discrete system w'(t) = Aw(t) will give

W1 = R(TA)wy,.
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The rational function R is said to be absolutely monotonic on an interval [—+,0] if R and all
its derivatives are nonnegative on this interval. Let g be the largest + for which this holds.
If there is no v > 0 such that R is absolutely monotonic on [—+,0], we set vz = 0.

We consider in the following the class M, consisting of all matrices satisfying (6.1),(6.2)
with fixed @ > 0. The following theorem is due to Bolley & Crouzeix (1978). We elaborate
the proof somewhat because it gives insight in the occurrence of the derivatives of R.

Theorem 6.1. R(7A) > 0 for all A € M,, iff ar < 7p.
Proof. Let 4 = ar and write TA as M + N with M = —pul and N = ul 4+ 7A. Then

R(rA)=R(M+N)=Y" % RU(M) N7.
j207"

The validity of this series expansion is the difficult (technical) part of the proof, and for this
we refer to Bolley & Crouzeix (1978). Here we simply assume that it holds.
Then, to show sufficiency, note that the above series can be written as

VI .
R(tA) =) T—| RY(—ar) (al + A,
k>0 7

and o + A > 0. Therefore ar < g is a sufficient condition for R(7A) > 0.
To prove necessity, consider the first order upwind discretization for ¢;+ ¢, = 0, ¢(0,¢) = 0,
giving the semi-discrete system w’(t) = Aw(t) with

1
= E(_IJF E) e R™™,

1 -1
where E denotes the shift operator on R™. Taking p = 7/h, we have 7A = —pl + pE and
therefore

1
(m —1)!

This is a lower triangular matrix with elements RU)(—p) for j = 0,1,...,m — 1. Thus we see
that in order to have R(rA) > 0 for arbitrarily large m, it is necessary to have RU)(—pu) > 0
for all j > 0. O

1
R(rA) = R(-p)I + pR'(-p)E + S p*R"(—p) B + -+ + pm RO (—p) B

Of course we would like to have large yg, preferably yg = oo in which case we will have
unconditional positivity. This can only hold for implicit methods, where R is not a polynomial.
We already mentioned that it holds for the backward FEuler method, see also Lemma 6.3. One
might hope to find more accurate methods with this property, but Bolley & Crouzeix (1978)
showed that

YR = X = p<1
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and therefore the backward Euler method is the only well-known method with v = co. (A
proof of this last result is based on a characterisation already given by Bernstein in 1928, see
also Hairer & Wanner (1991. p. 188).)

It is easy to see that, for 0 < 4 <1,

R)=(1+(1-0)2)/1-02) =  ~vp=1/(1—9).

This is relevant to the #-methods, considered in Section 3. As a further result we have

1 1
R(z)=1+z+§z2+---+—'zp =  wr=1
p-

For the calculation of this bound one can use, in a repeated fashion, the fact that if 0 <y <1
and P is a polynomial with P(0) =1, 0 < P'(2) <1 for z € [—,0), then also 0 < P(2) <1
for z € [—v,0). This is relevant to well-known Runge-Kutta methods up to order p = 4. A
table of values of v for Padé approximations can be found in Hairer & Wanner (1991, p.
188), together with further references.

Note. The threshold factors yg also occur in the study of contractivity, |R(7A)|| < 1, in the
max-norm or the sum-norm, see Spijker (1983). As an example we mention that if || ']/, < 1
forallt > 0 and ||A + all|eo < @, then ||R(7A)||c < 1 provided that ra < vg.

As a generalization, we now consider the linear system with source term
w'(t) = Aw(t) + g(t), (6.3)
with A € M, and g(¢) > 0 for all ¢ > 0. Application of a one-step method (say, Runge-Kutta
or Rosenbrock type) will then lead to a recursion
Wny1 = R(TA)w, + Z Q;(TA)Tg(tn + ¢j7), (6.4)
=1
Therefore positivity is ensured if

R(rA) >0 and Q;(7A)>0, j=1,2,..,s.

Example. As an example, we consider the ezplicit trapezoidal rule, which consists of the
implicit trapezoidal rule with Euler predictor,

Wpt1 = Wn+ TF(tna wn)7 (6 5)
Wit =Wy + STF (tn,wn) + AT F (a1, Ont), '
and the implicit midpoint rule with Euler predictor,
Wpy1/2 = Wn+ %TF(tn,wn), (6.6)
Wn+41 = wy, + TF(t'rH—l/Za wn+1/2)'
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Both methods are of order 2 and they have the same stability function R(z) = 1+ z + 122
Application of the explicit trapezoidal rule (6.5) to the inhomogeneous system (6.3) gives

1 1
Wnt1 = R(TA)w, + E(I + 1A)Tg(tn) + iTg(tn+1)a
and thus positivity is ensured for a7 < 1. For (6.6) we get

1
Wy41 = R(TA)wy + 57'2149(7%) + 79(tns1/2)s

and for this method we get the step size restriction ar < 0, that is 7 = 0, if we insist on
positivity with arbitrary g(¢) > 0. Under the mild, extra condition 2g(¢,1/2) — g(tn) > 0 we
will again have positivity for ar < 1.

Note. Bolley and Crouzeix also derived positivity results for linear multi-step methods with
arbitrary nonnegative starting values. The conditions for this are very restrictive. For example,
with the BDF9 method

4 1 2

Wnp+2 = §wn—|—1 - gwn + gF(t'n—l—Z;wn—l—Q)

one never has wy > 0 for arbitrary wg,w; > 0, due to the presence of the factor —% in the
formula. It seems more reasonable to consider this method with a starting procedure, say
wy = wo + 7F(t1,w1). It was shown by M. van Loon (1996, private communications) that the
resulting scheme is then positive for linear systems (6.3) under the restriction 7w < 1/2. Van
Loon did prove this by considering the recursion

2 2 1 4
(I~ gTA)(anJr? — Wnt1) = §(2wn+1 —wn) + g(wn+1 + 27 Awn 1) + ng(thrz),

(I —7A)(2w; —wg) = wo + TAwg + 279(t1).

By induction it can be shown that 2w,.9 > wp41 > 0. Results of this kind for general
multistep methods seem unknown.

Nonlinear positivity
Consider a general, nonlinear ODE system
w'(t) = F(t,w(t)).
The counterpart of condition (6.1) is: there is an a > 0 such that
v+ 7F(t,v) >0 forallt>0,v>0and ar <1. (6.7)

This guarantees of course positivity for the forward Euler method. Further we assumed for
linear systems that A has no eigenvalues on the positive real axis, so that the implicit relations
for backward Euler have a unique solution. As nonlinear counterpart we will now assume

for any v > 0, ¢ > 0, 7 > 0 the equation u = v+ 7F (¢, u)

. . . 6.8
has a unique solution that depends continuosly on 7, v. (6.8)
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This means that the backward Euler method is well defined. It also implies unconditional
positivity.

Lemma 6.3. Conditions (6.7),(6.8) imply positivity for the backward Euler scheme for any
step size 7 > 0.

Proof. For given t,v and with 7 variable, we consider u = v + 7F(t,u) and we call this
solution u(7). We have to show that v > 0 implies u(7) > 0 for all positive 7. By continuity
it is sufficient to show that v > 0 implies u(7) > 0. This is true (even u(r) > 0), for, if we
assume that u(7) > 0 for 7 < 7y but u;(m) = 0, then

0= uz'(T()) =v; + TOFi(tau(TO))'

According to (6.7) we have F;(t,u(r9)) > 0 and thus v; + 0F;(t,u(m9)) > 0, which is a
contradiction. a

Note. A sufficient condition for (6.8) is that F' is continuously differentiable and
(I —7F'(t,v))"'|| < C for any v € RM ¢t > 0,7 >0,

with C some positive constant and F’(¢,v) the Jacobi matrix (0F;(t,v)/8v;). Existence and
uniqueness of the solution then follows from Hadamard’s theorem, and by the implicit function
theorem this solution depends continuously on 7, ¢ and v, see for instance Ortega & Rheinboldt
(1970), p.128 and p.137.

A theory for general Runge-Kutta methods is lacking at present. However, following an
idea of Shu & Osher (1988) for explicit methods, it is easy to derive results for a class of
diagonally implicit methods. We consider methods of the Runge-Kutta type, with internal
vectors Wip, Wap, «.., Wst1,n. L0 compute wy41 from wy,, we set wi, = wy,

i—1
Wip, = Z [pijwjn + 7 F(tn + ¢, wjn)] + 11 F(tn + ciTywin), 1=2,3..,8+1, (6.9)
=1

giving the next appr_oximation Wn41 = Wsy1,,. Here the parameters p;j,g;;, 7 and c; define
the method, with 35} p;; = 1.

Theorem 6.4. If all parameters p;j, ¢;;,7 with 1 < j < 4 < s 4+ 1 are nonnegative, then
method (6.9) will be positive for any F' satisfying (6.7),(6.8) under the step size restriction

. Dij
or < min—~
t) Qg

(convention: p;;/0 = 400 for p;; > 0). For explicit methods, with all 7; = 0, we only have to
assume that F' satisfies (6.7). For implicit methods we also need (6.8).

Proof. The proof follows by induction with respect to 7, from the above results for the explicit
and implicit Euler method. O
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Example. For the explicit trapezoidal rule (6.5) we can write the second stage as

1 1

1
Wnt1 = 5Wn + SWns1 + §TF(tn+1/27 Wy 41)-

Therefore, we have nonlinear positivity for ar < 1, the same condition as for linear systems.
With the midpoint discretization (6.6) we can write the second stage as

1
Wny1 = (1 — 0)wy, — §9TF(tn,wn) + 0Wny1/2 + TF (tny1/2, Oni1/2)
with arbitrary # € R, but we cannot achieve a form (6.9) with all p;;,¢;; > 0. In fact we
already saw for the linear inhomogeneous equations that we cannot have positivity if only

(6.7) and (6.8) are assumed.

Example. The classical 4-th order Runge-Kutta method reads

Wip = Wn, Win = Wp + GTF(t, + cioaT,wi1,)  (1=2,3,4),
4
Wpt+1 = Wip + Z biTF(tn + T, win)a (610)
=1

with ¢; = 0,c9 = ¢c3 = %7C4 =1and b; = by = %,bg = b3 = % The stability function of this
method is

1 1 1
R(z)=1+4z+ 522 + 623 + ﬂz4,

and thus we have for linear homogeneous systems,
w'(t) = Aw(t), A€M, = Dpositivity for ar < 1.
Further the rational functions @Q); in (6.4) are found to be

1

Q) =423 412, @) =g@+z452) @) =50+2), Que)=g.

(Actually, Q2 and Q3 should be taken together since co = c3.) It follows that we have for
linear inhomogeneous equations,

w'(t) = Aw(t) + g(t), A€ M,, ¢g(t)>0 = positivity for ar < 2/3.

This bound is determined by QY.

This Runge-Kutta method cannot be written in the form (6.9) with nonnegative coefficients
Dij, ¢ij, and therefore we get no result for nonlinear positivity. (A proof for the nonexistence
of nonnegative p;;, ¢;; can be obtained, in a roundabout way, from the contractivity results of
Kraaijevanger (1991)).
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Application to a diffusion equation

As an illustration we consider the parabolic initial-boundary value problem

0 for0<$<%,

Ct = Czy  ¢(0,1) = c(1,t) =0, C(w’o):{l forl<z<1
2_ b

with discontinuities at = = % and 1 for ¢ = 0. Space discretization with 2-nd order central

differences gives approximations w;(t) = ¢(z;,t) by

0 f0r1§i<%m,
1 for%mgigm,

wo=g| T e w(@)z{
' 1' -2

with z; = ih and h = 1/(m + 1). Application of backward Euler and the trapezoidal rule
(Crank-Nicolson) with 7 = h = 1/50 gives the following Figure 6.1. Note that a sufficient
condition for positivity of the Crank-Nicolson scheme is 7/h? < 1, which is clearly not satisfied
here.

l
7

Figure 6.1. Discontinuous diffusion solutions with backward Euler (left) and Crank-Nicolson (right).

In practice, problems with positivity are not often encountered with parabolic equations.
The solutions for such problems are in general rather smooth and then accuracy takes care
of negative values. Also in the discontinuous example presented here negative values can be
avoided by starting the Crank-Nicolson scheme with small 7 and then gradually increasing
the time step.

Note. The condition 7/h? < 1 for positivity in the above example is obtained from The-
orem 6.1, which was formulated for arbitrary matrices A € M,. For the above matrix
A = h~2tridiag(1,—2,1) this condition is a bit too strict. It can be shown that the Crank-
Nicolson scheme will be positive provided that 7/h? < 1.5, see Dautray & Lions (1993, p. 50)
and also Kraaijevanger (1992). On the other hand, Bolley & Crouzeix (1993) showed that the
condition of Theorem 6.1 is necessary for matrices of the type A = —ul + etridiag(1,—2,1)
with g > 0 and with € > 0 sufficiently small.
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Application to advection with limiters

For the advection equation ¢; + ac, = 0 with a > 0, the discretization (5.1),(5.2) with limiter
(5.5) leads to a semi-discrete system of the form

wi(t) = ai(w(t)) (wima (1) = wi(®))

with a
0< ai(w) < $(1+ )

see Section 5. Condition (6.7) is satisfied with constant o = (a/h)(1 + p). Therefore, with
the explicit trapezoidal rule (6.5) positivity is known to hold if the Courant number v = a7/h
satisfies

(1+pyv<1.

Taking u large gives a slightly better accuracy, especially near peaks, see Table 5.3 and the
Figures 6.2 (left picture the same as Figure 5.1). This is also to be expected since taking large
1 means that the limiter is less often applied. However, the above theoretical result predicts
that we then need smaller time steps, that is, more computer time. Therefore the choice p =1
seems a good compromise.

Figure 6.2a. Limiter with mu=1 Figure 6.2b. Limiter with mu =3
15 T T T T T T T T T 15

0.51

I I I I I I I I I I I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 “o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

The dependence on p of the maximal allowable Courant number was confirmed in numerical
experiments (Hundsdorfer et al. (1995)). These numerical experiments were further not very
conclusive. For example with the classical Runge-Kutta method positive values were obtained
in 1 space dimension up to p = 1.37, whereas in 2 dimensions this method always gave negative
results. Furthermore, no difference was found between the methods (6.5) and (6.6). So, the
general theory seems to have some relevance for this specific discretization, but it is not able
to give very accurate bounds.
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Remark. Application of the forward Euler method to the flux-limited advection discretization
gives very peculiar results. The scheme does satisfy a maximum principle if (1+ u)v < 1, but
smooth initial profiles are turned into blocks or staircases.

The reason for this is the instability of forward Euler for the underlying 3-th order dis-
cretization, see Figure 4.3 and the preceeding remark. With limiting we get the interesting
nonlinear phenomenon: instability combined with maximum principle. In particular this
shows that for nonlinear systems boundedness is not sufficient for having stability.
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7. BOUNDARY CONDITIONS AND SPATIAL ACCURACY
Consider the advection-diffusion equation

ct+acy =dcg, fort>0,0<z<1 (7.1)

with given initial profile ¢(z,0). If d > 0 we need boundary conditions at z = 0 and =z = 1.
Periodicity conditions do not often occur in practice. It is more common to impose Dirichlet
conditions, where the values at the boundaries are prescribed,

C(Oat) = "0, C(l, t) =M, (7'2)

or, more general, with time dependent boundary values ~(¢) and 7 (¢).

On the other hand, for the pure advection problem with d = 0 we need only conditions
at the inflow boundary, that is, at t =0ifa >0andat x =1ifa < 0. If d >0 but d = 0
(more precisely, if the Péclet number |a/d| is large), then the Dirichlet condition at the outflow
boundary will give rise to a boundary layer.

Example. Let ¢(0,¢£) = 1 and a > 0. Then the advection
equation c;+ac, = 0 gives the stationary solution ¢(z,t) = 1.
On the other hand, if we consider the advection-diffusion
equation ¢; + ac, = dcy, with ¢(1,1) = 0 we get the station-
ary solution c(z,t) = (e®/? — e2®/4)/(e¥/¢ —1).

A boundary layer of this type will be absent if the von Neumann condition ¢, = 0 is
imposed at the outflow boundary. If @ > 0 we then have

c(0,t) =9, cz(1,t)=0. (7.3)

With this condition rapid changes may still occur in the spatial derivatives of ¢, but c itself
will not show the nearly discontinuous behaviour that arises with Dirichlet conditions.

In practice, finding correct boundary conditions is a difficult task for the modellers, and
much physical insight is needed for systems of equations. Boundary conditions also give rise to
several numerical difficulties, some of which will be shortly addressed in this section. First, our
numerical scheme may ”require” more boundary conditions than the physical model. Secondly,
the von Neumann stability analysis is no longer applicable (even with constant coefficients and
Ly-norm). Thirdly, a more refined error analysis may be needed to predict the correct order
of convergence of the numerical scheme.

The issue of stability is extensively treated in the lecture notes of Spijker (1996), see also
Richtmyer & Morton (1967, Chapter 6). Here we shall confine ourselves to a few remarks on
this subject. By means of some examples the issue of accuracy will be discussed. Further a
brief description will be given of a local grid refinement procedure that can be used to resolve
boundary layers and other sharp gradients.

Note. Another major numerical difficulty with boundary conditions occurs for multi-
dimensional problems when the spatial domain is not aligned with the grid, especially if
this domain has a complicated shape. This is outside the scope of these notes.
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Spatial accuracy

Counsider the linear semi-discrete system
w'(t) = F(t,w(t)) = Aw(t) +g(t),

and let wy(t) be the exact PDE solution restricted to the space grid, and op(t) = wj(¢) —
F(t,wp(t)) the spatial truncation error. We shall use the stability assumption

|| < K for all ¢t € [0,T], (7.4)

with moderate K > 0, independent of the mesh width h. As we saw in Section 2, the estimate
llon(t)|| = O(h?) leads to a bound ||wp(t) — w(t)|| = O(h?) for the spatial error. Sometimes
this can be improved.

Lemma 7.1. Suppose the stability assumption (7.4) holds, w(0) = w,(0) and we have the
decomposition

on(t) = AL(®t) +n(t) with [E@) €@, In(H] < ChT
for 0 <t < T. Then ||wy(t) — w(t)]] < C'hA" for 0 <t < T, with C' depending on C, K and T.
Proof. Let &(t) = wy(t) — w(t). Then £(0) = 0 and
'(t) = Ae(t) + on(t) = A(=(t) +£(1)) +n(t).
Hence £(t) = e(t) + £(t) satisfies
g'(t) = A&(t) + £'() + n(t), £(0) = £(0).
In the same way as in section 2, it follows that

O] < KO+ Kt max [€() + (o).

and since ||e(?)|| < [[E(¢)|| + ||€(2)]|, the estimate for ||e(¢)|| also follows. O

Due to negative powers of h contained in A, the assumption of the lemma does not imply
llon(t)|] = O(R"). So, the above result tells us that we can have convergence of order r while
the truncation error has a lower order. We shall consider two simple examples where this can
occur at the boundaries. Similar phenomena also occur when nonuniform grids are considered.
For (technical) results on this, the interested reader is referred to the paper of Manteuffel &
White (1986).
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Example : outflow with central advection discretization

Consider the advection equation ¢; + ¢, = 0, for 0 < z < 1, with given inflow condition
¢(0,t) = vo(t) and initial profile ¢(z, 0).

—|—.—.—.—.—.—.—O

0 Ty T Tm  Tmtl

Second order central discretization gives

1 .
w;(t) = ﬁ(w]—l(t) - wj+1(t))a J= 1a27 ey M,

with wo(t) = vo(t). Here wy,41(t) represents the value at the virtual point z,,411 = 1+ h. This
value can be found by extrapolation, for example,

W41 (t) = 0w (t) + (1 — O)wp—1(2).

We consider § = 1 (constant extrapolation) and § = 2 (linear extrapolation). This last choice
seems more natural; in fact we then apply the 1-st order upwind discretization at the outflow
point.

For the spatial truncation error o4 (t) = (04,1(t), ., 0h,m(t))T we find o, ;(t) = O(h?) for
j < m, whereas at the outflow point

ohm(t) = %c(t,mm) _ % (8ct, 2am1) — Oct, 2.)) =

1 1
= 35 2 - T~ T et
= 2( 6)c 4Hhc +

(zm t)

So, for the space truncation error we have the bounds
1 s
lonllee = O®), lonllz = O(h*F2), owll = O(RH)

in the Lo, Ly and Ly norms, with s =0if # =1 and s =1 if § = 2.
Numerical experiments, however, show that ||wy, () — w(t)|| = O(h**!) for all three norms.
This is in accordance with Lemma 7.1. We have

0 -1 0
1 0 -1 0
A= | . oon=| 1 | OOt
1 0 -1 0
0 -0 1

with C = —3¢(1,¢) if § = 1, and C = —3cg0(1,t) if 6 = 2. If we ignore the higher order
terms in o, then A§ = oy, gives

'fj—l - £j+1 =0 (.7 = 17 2) -y T with EO = O)’
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01 — 06, = 2CHH.
Hence ¢ = (£1,0,&1,0,..)7 with & = £2071Ch**!, the sign depending on the parity of m,
and thus we find ||¢]] = O(h*T!) in the L1, Ly and L, norms.

For a complete convergence proof we need stability results. In the present example this is
easy in the Ls-norm. Consider the inner product on R™,

(u,v) = hZ(Sjujvj, with 6; =1 for j < m and 6, =1/6,
i=1
and corresponding norm ||v|| = (v,v)'/2. We have, for any v € R™,
L s
(v, Av) = ~50m <O0.

Hence, if u'(t) = Au(t) then
d d ! _
@I = 2 (u(), u(®) = 2(u(t),v'(t)) = 2(u(t), Au(®)) <0,

showing that |lu(t)|| is nonincreasing. Consequently ||e*4|| < 1 for ¢ > 0.
If # = 1 the norm || - || is the Ly-norm. For # = 2 it is equivalent to the Ly-norm,

1 1
lollz > [loll* = lollz = Shvm > iz,

and so in this case (7.4) holds with K = 1/2, in the Ls-norm.

Note. The Ls-convergence result in the above example is basically due to Gustafsson (1975).
Gustafsson’s results are more general (hyperbolic systems with multi-step time integration),
but his derivations are also much more complicated.

Example : von Neumann boundary condition for diffusion

Consider the diffusion test problem ¢; = ¢z with ¢(0,t) = v0(¢) and ¢z(1,¢) = 0. Second order
central differences now give

1 .
wi(t) = 75 (wj-1(t) = 2w(0) + wia (1), §=1,2,.,m,

with wo(t) = 7o(t). The von Neumann condition at z = 1 can be discretized as b~ (wmy1(t) —
W (t)) = 0 or as (2h) Y (Wmy1(t) — wm_1(t)) = 0. Thus we set, with parameter § = 0 or 1,

W1 (t) = Owm(t) + (1 — O)wp—1(2).

For a smooth solution it can be assumed that both the differential equation and the von
Neumann condition are valid at z,, = 1. This implies that c;(1,t) = czze(1,8) = -+ = 0.
Inserting the exact solution in the difference scheme, we find a 2-nd order truncation error,
except at x,, where

1
Onim(t) = F0ea(1,8) + O(h?).
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So, if # = 0 we have an O(h?) truncation error. If # = 1 we have an inconsistency at

Tm = 1, but still we can prove first order convergence: ignoring the O(h?) terms we have
Al = oy, if

. 1
gj_l - 25] + £j+1 =0 (.7 = 1723 - — 1560 = 0)7 Sm—l - £m = m0h2a
with C' = £0cz4(1,t), giving & = —j(2 — 8)71Ch? for 1 < j < m. Hence ||| = O(h) in the
L1, Ly and L, norms.

Stability in the Ls-norm can be proven here just as in the previous example. In the present
example we have ||et4||oo < 1, due to diagonal dominance in the rows, see for example the
lecture notes of Spijker (1996).

Remark. The choice w11 = wpy_1 in this example presents itself in a natural way if we
counsider, instead of ¢(z,t) for 0 < z <1, the function &(z,t) for 0 < z < 2, defined by

c(z,t) = c(z,t) for 0 <z <1,

é(z,t) =c(1 —z,t) forl <z <2

For ¢ we then have ¢ = ¢,,(0 < z < 2), &0,t) = &2,t) = v(t), and the von Neumann
condition at x = 1 is automatically fulfilled due to symmetry around the point x = 1. Dis-
cretizing this extended problem with central differences will give the same symmetry in the
semi-discrete system, so that @, ;(t) = Wy ;(1)

Local grid refinements

As we saw, boundary conditions may give rise to boundary layers. To maintain accuracy in
such a situation a refinements of the grid near that boundary will be needed to be able to
represent the solution on the grid.

Strong spatial gradients may also be caused by local source terms, non-smooth initial
profiles or nonlinear reaction terms. In case the location of these gradients is not known in
advance, a local refinement of the grid should adapt itself to the solution. A relatively simple
procedure of this kind has been derived by Trompert & Verwer (1991). Basically their method
works as follows: for a time step ¢, — t,41 one first performs a time step on a coarse grid.
In those regions were one is not satisfied with the solution (for instance if an estimate for
|Czz (2, tnt1)| is too large) the grid is is refined by bisection, and there the step ¢, — t,41 is
redone. For this step on a part of the grid, starting values may already be present, otherwise
they are found by interpolation, and likewise for boundary values. For a detailed description
of this process we refer to the paper of Trompert & Verwer (1991). References on related
approaches can also be found in that paper.

As an illustration, we consider the so-called Molenkamp-Crowley test, which consists of
the 2D advection equation
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¢t + (ac)y + (bc)y =0

/
o = =N AN
with ¢ > 0 and 0 < z,y < 1 and with given velocities / i i PR
N Y
R e
1 1 ;o vy
a(.’L‘,y) = _27T(y - 5)7 b(‘r) y) = 271—(‘,1’- - 5)' [ 1ot T/
7!
Lo
S
With this velocity field any initial profile is rotated around \ i N // y
the center of the domain. At time £ = 1 one rotation will be l N
completed. Dirichlet conditions are prescribed at the inflow nd

boundaries. The initial profile is a cylinder with height 1,
radius 0.1 and center (3,3

,5)-

Figure 7.1 gives the2 nflmerical results after one rotation on a uniform grid with A = 1/80
and with locally refined grids using A = 1/10,1/20,1/40,1/80. Spatial discretization is done
as in Section 5 (limiter with y = 1). At the boundaries quadratic extrapolation is used to find
missing values outside the domain. In the interior, at the mesh interfaces, linear extrapolation
is used. Time integration is done with the classical 4-th order Runge-Kutta method with
sufficiently small time steps, so that the temporal errors are not visible. The solution on the
locally refined grid has the same quality as the solution on the overall fine grid.
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Figure 7.1. Rotating cylinder in Molenkamp test.

Application of local grid refinements to a smog prediction model is discussed in the thesis of
van Loon (1996). The model is used at RIVM to give a smog forecast for several days, using
meteo data from a whether prediction model. The domain covers a large part of Europe,

whereas the region of interest is the Netherlands. The domain is taken so large to avoid
influence of boundary conditions, which are not well known. Local grid refinements are used
to improve accuracy in the region of interest, without introducing too many grid points.
Figure 7.2 gives a numerical prediction (5 day period, ending at 24-7-1989, 14:00 MET)
for the ozone concentrations over Europe in ug m™3. The coarse grid solution, with 52 x 55
cells, is given in the left picture. For the picture on the right 4 levels of refinement were used
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in the central region, giving higher ozone concentrations over the Netherlands and southern
England. The locally refined solution corresponds better with actual observations of that date,

see van Loon (1996).

L

< 50 <100 <120 >120

Figure 7.2. Computed Oj distribution. Coarse grid (left) and with 4 levels refinement (right).
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8. BOUNDARY CONDITIONS AND TEMPORAL ACCURACY

Surprisingly, boundary conditions may also have a negative impact on the temporal accuracy.
For standard one-step methods, of the Runge-Kutta type, this phenomenon will usually only
manifest itself for high accuracies. As an illustration we consider

ctte,=c for0<z<1, 0<t<1/2, (8.1)

with solution c(z,t) = sin?(n(z —t))/(1 — tsin?(n(x — t))). We assume that c(z,0) is given,
together with either the inflow Dirichlet condition

¢(0,t) = sin®(7t)/(1 — tsin®(nt)), (8.2)

or the periodicity condition
c(z,t) = c(z £ 1,¢). (8.3)

For a numerical experiment, we consider space discretization for ¢, with 4-th order central
differences, see Section 4. With the Dirichlet conditions (8.2) we use 3-th order differences (4
point stencil) at points near the boundaries. In view of the results of the previous section, we
then still expect a 4-th order spatial error. Time discretization is done with the classical 4-th
order Runge-Kutta method. We consider 7, h — 0 with fixed Courant number 7/h = 2.

Bound. cond. h Loy-error L -error
Dirichlet (8.2) | h=1/40 | 0.1807 1073 0.2964 10—3
3.80 3.57
h=1/80 0.1294 10~* 0.2496 104
3.90 3.75
h=1/160 | 0.8643 10°¢ 0.1855 10~°
3.96 3.91
h=1/320 | 0.5568 10~ 0.1238 10~°
3.98 3.96
h=1/640 | 0.3530 1078 0.7947 10~8
Periodic (8.3) | h =1/ 40 0.1686 1073 0.2138 1073
3.98 3.98
h=1/80| 0.1069 10~* 0.1355 104
3.99 3.99
h=1/160 | 0.6709 105 0.8507 10~°
4.00 4.00
h=1/320 | 0.4197 10~7 0.5323 10~7
4.00 4.00
h=1/640 | 0.2623 108 0.3328 108

TABLE 8.1. Spatial errors with Dirichlet and periodicity conditions.
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Numerical results are given in Table 8.1 for the spatial errors at time ¢ = 1/2 in Ly and
Lo norms, together with the estimated orders, showing 4-th order convergence for both cases
(8.2) and (8.3). Table 8.2 gives the errors if we use the Runge-Kutta method. Now, with
Dirichlet conditions there is a clear order reduction, we get approximately order 2.5 in the
Ly-norm and order 2 in the Ly,-norm.

Bound. cond. T=2h Ly-error L-error
Dirichlet (8.2) | 7 =1/ 20 0.7586 1073 0.1263 102
3.48 2.96
T=1/40 | 0.6781 10~* 0.1626 1073
2.8 1.83
T=1/80 || 0.9466 1075 0.4572 1074
2.52 1.98
r=1/160 | 0.1655 10°° 0.1160 104
2.48 1.99
T=1/320 | 0.2969 10°¢ 0.2920 10~°
Periodic (8.3) | 7 =1/ 20 0.7514 1073 0.1149 1072
3.76 3.72
T=1/40 | 0.5550 10~* 0.8715 10~4
3.90 3.88
r=1/80 0.3727 105 0.5927 10~°
3.95 3.95
T =1/160 | 0.2409 10~ 0.3845 1076
3.98 3.97
T=1/320 | 0.1530 10~7 0.2446 107

TABLE 8.2. Errors for RK4, 7 = 2h, with Dirichlet and periodicity conditions.

It should be noted that the results of Table 8.1 were also found numerically with the
4-th order Runge-Kutta method, but there a very small time step was chosen, and it was
experimentally verified that temporal errors were negligible.

In this section we want to explain the result of Table 8.2. This will be done in a general
framework, also including implicit methods. The following notation will be used: for a given
norm ||- || on R™ and v depending on 7, h, we write v = O(7*hP) if |[v|| < CT*R# with C > 0
independent of T and h. So, in particular ||v| = O(7®) means that no negative powers of h
are hidden in the bound.
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Local error analysis

Cousider a linear semi-discrete system in R™,
(1) = Aw(t) + g(t), w(0) = wp, (8.4)

with a smooth solution so that w(¥)(t) = O(1) for all derivatives arising in the analysis. If the
underlying PDE problem has non-homogeneous boundary conditions, these boundary data
are incorporated in g(t), together with genuine source terms. We assume for the moment that
w(t) = wp(t), that is, spatial errors are neglected. Application of a one-step method, say
Runge-Kutta type, will lead to a recursion

Wp4+1 = R(TA)wn + i Qj(TA)Tg(tn + CjT)a (85)
j=1

with stability function R and rational functions @); determined by the method, see also Sec-
tion 6. If we insert the exact solution into (8.4), we get a local error 6,,

w(tnt1) = R(TA)w(ty,) + i Qi(TA)Tg(tn + ¢;T) + On. (8.6)
j=1

Note that this 6, is the error which is made in one single step, that is, if we have w,, = w(t,)
then 6, = w(tpt1) — Wpt1-

Using g(t) = w'(t) — Aw(t) we can express 6, as a Taylor series in terms of the exact
solution w and its derivatives,

1
O = k%:o HHk(TA)TkU)(k) (tn) (8.7)

with rational functions

Hy(z)=1-R(z) + zZS:Qj(z), Hi(z) =1+ i(zc;“ — kc?il)Qj(z) for k > 1.

The Taylor expansion can, of course, be truncated at any level 7% with a remainder term pro-
k+1 (k+1)

portional to 777, involving derivatives w;
points in [t,, ty11]-

We assume in the following that the integers p and ¢ are such that

of the components 7 = 1,...,m at intermediate

Hy(z) =Hi(z) =---=Hyg(z) =0 (8.8)
and
the method has order p. (8.9)

The first condition means that the method is exact if w(t) is a polynomial of degree ¢ or less.
In the second condition the order refers to the standard concept for ODEs, and so this means
that 6, = O(rP™!) provided that A = O(1), the non-stiff case. Note that for semi-discrete
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PDEs we will have A ~ A~ with k¥ = 1 for advection and k = 2 for diffusion, and thus the
non-stiff estimate is not applicable. We do have ¢ < p and

Hi(z) =0O(PT17%), 2 50 forq+1<k<p. (8.10)

(This can be seen by considering the scalar equation with A = X\, |A\| = 1, w(t) = 5t* and

k!
n=0.)
In general, we can formulate assumptions such that Hy(7A) = O(1), but this only gives
the estimate &, = O(79!). For local error bounds applicable to semi-discrete PDEs property
(8.10) does not necesseraly lead to higher order estimates.

Example. For the classical Runge-Kutta method, see Section 6, we have p =4, ¢ = 1 and
1
Hy(2) = Ez?’.

Therefore, the leading error term in (8.7) is given by

* 1 3.2,
oy = %(TA) 75w (tn).
For stability with this explicit method we have to impose a step size restriction such that
TA = O(1), which leads to the local error bound & = O(72).
If we know, in addition, that Aw"(t) = O(1) then we get the bound & = o= (7A)273(Aw" (t,)) =
O(7%). Likewise, if A?w"(t) = O(1), then & = O(r?), and so on. However, whether
AFw"(t) = O(1) is true or not will depend on the boundary conditions.

Example. Condider the familiar example, arising from 1-st order upwind advection with
inflow Dirichlet condition,

= Rme’
1 -1
and consider a vector v = (v;) € R™ with v; = ¢(z;), z; = jh, for some fixed, smooth function
1, for instance ¥ = cy. Then

1 77/}2:(-'51)

0 2 (T
sz_%qp(o) |+ 1/’(:2) Foen

0 VYo (Tm)

and therefore Av = O(1) in Ly and L, norms iff ¢(0) = 0. Otherwise we will have || Av||y ~
R~/ and ||Av||eo ~ B~
In case that 1(0) = 0, we have

1 Yo (T1)
0 rx
Al = _%1/%(0) : + ' (xZ) to
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and thus we see that for having A%?v = O(1) in Ly and L, norms we need (0) = 1,(0) = 0.
Likewise for higher powers of A.
On the other hand, for

e R™™,
1. -1
and 7 a smooth periodic function we get simply
Bv = (Yo(25)) + O(h), B0 = (ua(z;)) + O(h),

Higher order discretizations of advection and diffusion, with Dirichlet or von Neumann
boundary conditions, or with periodicity conditions, can be considered in a similar way.

In view of the above, the result of Table 8.2 for the periodic case (8.3) does not come as a
surprise. With periodicity conditions we get local errors of O(7P*!) and thus global errors of
O(rP).

Also the fact that with Dirichlet conditions a lower order of convergence was observed is
no longer surprising. Note however that the results for the Dirichlet case (8.2) are still not well
explained. Since (8.2) gives an inhomogeneous Dirichlet condition, the above suggests that
we will have ||6,]/cc = O(72) and [|6,]]2 = O(7%9) for the local errors. In Table 8.2, however,

the accumulated global errors are given.

Global error analysis

Consider a recursion
Ent1 =Sen+6, (n=0,1,..,N), gg =0,

with stability assumption ||S™|| < K for all n = 0,1, ..., N. Here 6, and &, will stand for the
local and global errors, respectively.

Lemma 8.1. Suppose that
=T = S)n + 1

with [|&,|| < CT7, ||nnll < C771 and ||€ng1 — &nll < 771 for all n. Then there is a C' > 0,
depending on C, K and T = N, such that ||e,|| < C'r" for all 0 <n < N.

Proof. We have
ent1 =Sen+ (I — S)en + Mn, €0 =0.

Introducing &, = e, — &,, we get
én—l—l = Sén + M — (§n+1 - gn); é0 = 50-

This gives in the standard way &, = O(7"), and thus also €, = O(7"), with constants deter-
mined by C, K and T'. O
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We note that the decomposition of the local error &, as used in this lemma, can also be
shown to be necessary for having ¢, = O(7") in case the ¢, are constant, see Hundsdorfer
(1992).

The above lemma will be applied with &, = w(t,) — w,. By subtracting (8.5) from (8.6),
we see that these global errors satisfy

ent1 = R(TA)ey, + 6p, €9 =0, (8.11)

with local errors 6,, given by (8.6).
To understand the behaviour of the errors it sufficient to consider the leading error term
in é,. The contribution of the other terms to the global error is found in a similar way. So,

we consider here 1
= (¢+ l)qu+1(TA)Tq+1w(q+1) (tn)- (8.12)
q .

Define, for o > 0,
¢a(2) = (1 = R(2)) " Hys1(2) 27"

Theorem 8.2. Consider the recursion (8.11),(8.12). Assume ||R(7A4)"|| < K for all n, and
lea(r A = 0Q1), A% T)(t) =0(1) forj=1,2, (8.13)
uniformly in ¢ € [0,T]. Then &, = O(7971%) for nT < T.

Proof. This is a consequence of Lemma 8.1. Take 7, = 0 and

bn = ﬁ7q+l+a¢a(7&4) (Aaw(q+1)(tn))'
a
To study the assumptions of the theorem, consider the discrete Ly-norm. Let S be the
stability region of the method, and let D C S. We assume that A is diagonalizable, A =

VAV 1 with cond(V) = K = O(1) and A = diag()\y, ..., Am) such that

TA; EDCS. (8.14)
Then we have stability, |R(7A)"|| < K for all n. If we assume in addition that
|pa(z)| < C forall z €D, (8.15)

then [[ga(rA)|| = O(1).

To apply this result we have to chose some suitable region
D C §. We want the point 0 to be on its boundary, so that
the result can be applied for a step size interval (0, 7o]. For
this we need boundedness of ¢,(z) near z = 0. This holds
for « < p—q—1, due to (8.10). Further we can take D
arbitrary in S, except for points z # 0 on the boundary of
S where R(z) = 1.

Example. For the classical Runge-Kutta method we have

1 22701

al\Z) = ——5 )
#al2) A48 1+ 12+ 122+ 528
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which is bounded near 0 if & < 2. The order 2.5 result in the Lo-norm follows if we can show
that A%*w”(t) = O(1) for o up to 1/2. Although this is probably true, it seems difficult to
proof. An alternative is to take o = 1, write the local error as

Op = (I - R(TA)) ©1(TA) 755 (TO'5Aw"(tn)),

and then use the fact that for 7/h constant we will have ||7%5 Aw" (t,)||2 = O(1). The order
2 convergence in the max-norm in Table 8.2 indicates that ||¢o(7A4)|lcc = O(1).

Example. The implicit midpoint rule,
1 1
Wny1 = Wy + TF (tny1/2, 5 Wn + iwn+1), (8.16)

gives the form (8.5) with s = 1,¢; = £ and

1432 1

- 1.0 1_-

R(z)

We have p =2, ¢ =1 and Hs(z) = —%z/(l - %z) The local error

1 1
b, = —g(I — 57‘14)_17'14 2" (t,) + O(7%)
will give rise to local order reduction unless Aw”(t) = O(1). For example, for the parabolic
initial-boundary value problem ¢; = ¢,, + f(¢) with time-dependent Dirichlet conditions one
can observe ||6,]a = O(7225) and ||6,]|cc = O(72), see Verwer (1986). However, by noting
that

bn = —5 (1= RGA)) 720" (t0) + 0(%),

we see that the global error will show nicely an O(72) behaviour if we have stability, even in
case Aw"(t) # O(1).

Example. For the trapezoidal rule,

1 1
Wp+4+1 = Wy —+ 57'F(tfn, U)n) + ETF(t'n-f—l)w'n-f—l)) (817)
we get s =2, ¢; =0, cg =1 and
1+ 1z 1
R(z) = 2”7 z) = 2) = —2_.
@=i1h  QE=@E@=1’g

Here we have p = ¢ = 2, so no order reduction will take place.

The total space-time error

For simplicity, the spatial errors were neglected in this section. These errors can be simply
included in the analysis. If we insert wy(t), the restriction of the PDE solution to the spatial
grid Q, into (8.5), we obtain

Wh(tnt1) = R(TA)wi(tn) + > Qi(TA)Tg(tn + ¢;7) + pu,
j=1
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with p,, the local error in space and time. Using w) = Awy, + g + 03 to eliminate the terms
g(tn + ¢;7), we get

1 S
pn=3 LH(r AT () + Y Qi(rA)ron(tn + ¢ir).
k>g+1 " j=1

bn, Tn

J

The contribution of 7, to the global error can be studied in the same way as for 6,.
Suppose

on(t) = AE(t) +n(t) with &(2),€'(t),n(t) = O(R?),

see Lemma 7.1. Then .

Yo=Y TAQ;(TA)E(tn) + O(TH?)
7=1
assuming boundedness of the rational expressions Q;(7A) and TAQ;(7A). Since 377, 2Q;(2) =
—(1 — R(z)), we get
Yn = _(I - R(TA))g(tn) + O(Thﬁ)'

Application of Lemma 8.1 with » = 1 shows that the local errors v, will give an O(h?)
contribution to the global errors wy(t,) — wp,.-

Notes. The first analysis on order reduction is due to Crouzeix (1975, thesis) for implicit
Runge-Kutta methods applied to parabolic problems, see also Brenner, Crouzeix & Thomée
(1982). For the presentation of the results on the local error in this section the latter paper
was closely followed. More recently, it was shown by Lubich & Ostermann (1995) that for
parabolic problems and strongly A-stable methods, the classical order of convergence p will
still be valid in the interior of the spatial domain.

The occurrence of order reduction for explicit methods and hyperbolic equations was first
discussed in Sanz-Serna et al. (1987). In that paper also some examples are given where
this temporal order reduction is avoided by a transformation of the problem. For example,
a problem with inhomogeneous, time dependent Dirichlet conditions can be transformed to a
problem with homogeneous conditions, and this will increase the temporal accuracy.

As we saw, there is no order reduction for the trapezoidal rule. In fact, order reduction
never occurs for linear multistep methods, due to the fact that in such methods no lower order
intermediate vectors are used. This is no longer true if such methods are used in a usual
predictor-corrector fashion.
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9. TIME SPLITTING METHODS
If we consider advection, diffusion combined with chemistry,

o i 9 i 9 b
aC‘F kz::l a—xk(ak(ﬁ) = kX::l 8—“(dka—xk0) + f(C,l’,t),

for a vector c(z,t) = (c1, (z,t)ca, (z,1)..., cs(x, )T containing concentration values of s chem-
ical species, one might want to apply different time stepping methods to the different parts of
the equations. For example, the chemistry can be very stiff, which calls for an implicit ODE
method. On the other hand, if the advection is discretized in space with a flux-limiter, then
explicit methods seem much more suitable for that part of the equation. Moreover, use of an
implicit method to the full equation will lead to a huge algebraic system, with coupling over
the species as well as over the space.

In this section we shall discuss some methods were the equation is splitted into several
parts, which are all solved independently on the time intervals [t,,t,+1]. Such methods are
usually called (time) splitting methods or fractional step methods. In case the splitting is such
that different physical processes are separated, the term ”operator splitting” is also used. If
a multi-dimensional problem is splitted into 1-dimensional sub-problems, this is often called
”dimensional splitting”.

First order splitting

Consider an ODE system, linear for simplicity,
w/(t) = Auw(t),

with A = A; + A,, arising for example from a linear PDE with homogeneous boundary
conditions or periodicity conditions. We have

w(tny1) = e w(ty,). (9.1)
If we are only able, or willing, to solve the ”sub-problems” w'(t) = Ajw(t) and w'(t) = Asw(t),
then (9.1) can be approximated by

TAg e'rAl w

Wpy1 =€ s (9.2)

which is the simplest splitting method. In actual computations the terms e™4* will, of course,
be approximated by some suitable ODE method.

Replacing (9.1) by (9.2) will introduce an error, the so-called splitting error for this par-
ticular splitting. Inserting the exact solution into (9.2) gives w(tni1) = e™2e™ M1 w(ty,) + Tpn
with local truncation error p,. Note that 7p,, is the error introduced per step. We have

1
e = (I+T(A1 + Az) + §T2(A1 + Ay)? +"'),

1
eTA2oTAL (I—I-T(A1—I—A2)+57'2(14%-{—2142141‘*‘14%)‘*'"')-
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Hence the local truncation error equals

L (e - e V() = SrlAr, Aslu(ta) + O(r), (9.3)
with [Aq, Ag] = A1 Ay — Ay Ay the commutator of A; and Ay. We see that (9.2) will be a 1-st
order process, unless A; and Ay commute. Note that we assume here tacitly that terms like
A1 Asw(t) are O(1), which seems reasonable only if there are no boundary conditions or the
PDE solution satisfies certain compatibility conditions, see Section 8.

For general nonlinear ODE systems

w'(t) = Fi(t,w(t) + Fa(t, w(t),

we can apply (9.2) if the terms e*4* are interpreted as solution operators. Written out, we
solve subsequently

Lw*(t) = Fi(t,w*(t)) for t, <t<tpy with w*(tp) = wy,
Lw*(t) = Fy(t,w*(t)) for t, <t<tpy1 with w™(t,) = w*(tat1),

giving wy11 = w**(t,+1) as the next approximation. If w, = w(t,) we now get the local
truncation error

tn, w(ts)) + O(Tz)a

similar to (9.3). This formula can be derived by Taylor expansions of w**(¢,+1) and w*(¢,41)
around t = t,.

Note. The structure of the global error of (9.2) becomes transparent by using the Baker-
Campbell-Hausdorff formula,

e'rAg 67'A1 — e’TA

with
A= A oo, A1) + or (A, g, Ar] + (A1, [41, 4] + (9.4)

+if3[,42, (A1, [Ar, As]]] + O(Y).

This formula can be derived by power series developments of e”41e742 and e™ and comparing
the terms with the same powers of 7. The calculation of the terms in A quickly become
cumbersome if done in a straightforward fashion, but it can also be done in a recursive way,
see Sanz-Serna & Calvo (1994) and the references given there. Using Lie formalism, a similar
formula can also be obtained for nonlinear autonomous equations.

From formula (9.4) we can reobtain the truncation error (9.3), but we can also apply it
in a global fashion, using (e™42e741)" = e'»4. Hence, when applied with constant step size
7, the splitting process (9.1) will solve the modified equation w'(t) = Aw(t), rather than the

original problem.

61



Strang splittings and higher order

In (9.2) one starts in all steps with A;. Interchanging the order of A; and A, after each step
will lead to more symmetry and better accuracy. Carrying out two half steps with reversed
sequence gives the following splitting, due to Strang (1968),

1 1 1 1 1 1
Wpy = (ezTAZGZTAl) (62TA162TA2)U}n — ezTAgeTAlezTAgwn' (95)

By a series expansion and some tedious calculations it follows that the local truncation error
is given by

iTQ <[A2, [A2, A1]] — 2[Ay, [AbAz]])“’(tn) +0(r"). (9.6)

This can also be found by repeated application of formula (9.4). Due to symmetry, the
truncation error will only contain even order terms.

If we work with constant step sizes, then (9.5) will require almost the same amount of
computational work as (9.2), since for constant 7 we can write the total process (9.5) as

1

1
Wy, = 62TA26TA1 e'rAg . 6TA162TA2U)

0-

In general, with variable step sizes it will be more expensive, of course.
Generalization to nonlinear systems is straightforward, we get

Lw*(t) = Fy(t,w*(t)) for tn <t<typrjn with w*(ty) = wy,

@
Lw*™(t) = Fi(t,w*™(t)) for t, <t<tpp1 with w™(tn) = w*(tnt1)2),
Lw™(t) = Fy(t,w™*(t)) for t,i15 <t <tnyr with w™*(tyi1/2) = w* (tny1),

giving wy4+1 = w**(t,41) as the approximation on the new time level. The local truncation
error now contains many terms. If we assume that the equation is autonomous, then Taylor
expansion leads to the following expression for this truncation error, see LeVeque (1982),
1 5110 (0F 1 90 /0F, 1 0 /0F;
- - (2 _ - 7 (22 i Gadelty 1 1 N
GT[48w<8w 2) ! 2811)(811) 1) 2+48w(8w 2) 2
10 <8F1 10 (E)Fg

%F1)F2 + %(%FZ)FI 39w %Fl)Fl ](w(tn)) +0(r").

2 ow
An other 2-nd order splitting, also due to Strang (1963), is given by

1
Wntl = 5 (eTA1 eTAz 4 T A2 eTAl)wn. (9.7)
The truncation error for this splitting is given by

— (A (41, 4]l + [, [, Ad] (i) + O(). (9.8)

The splitting (9.7) is, however, more expensive than (9.2) and will also require more computer
memory.
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With regards to stability of the splittings, assume that we have ||e!4*|| < 1 for £ > 0 and
k =1,2. Then it follows trivially that we have ||wy+1|| < ||wy|| in the splitting processes (9.2),
(9.5) and (9.7). Likewise we get ||wpy1|| < € |jwy]| if ||et4*|| < e** with w = wi + ws. More
general stability results, under the assumption that ||e!4*|| < K for ¢t > 0, seem unknown.
The above splitting methods fit in the more general form

Wnt1 = Z o; (H eTﬁijAle”"jAz)wn (9.9)

=1 j=1

with a1 + +++ 4+ as = 1. If we assume again that ||e!4*|| < 1 for ¢ > 0,k = 1,2 and if all
coefficients «;, B;5,7:; > 0 we obtain as above the stability estimate ||w,t1]] < ||wn|]. One
could try to find suitable parameter choices that give higher order processes, but it was shown
by Sheng (1989) that for having order p > 2 some of the coefficients must be negative.
Examples. Let S; = 3742674105742 he the 2-nd order Strang splitting operator. By using
Richardson extrapolation, one obtains the 4-th order splitting

4 1
Wn+1 = (g(S%’r)z — gST)’LUn,
with a negative weight —1/3. Another 4-th order splitting, derived by Yoshida (1990) and

Suzuki (1990) reads
Wpt1 = Sor 5(1720)7 Sor wn,

with 6 = (2 — +/2)~! ~ 1.35. Here we have 1 — 20 < 0, so that a step with negative time has
to be taken.

For partial differential equations with boundary conditions such splittings with negative
time steps seem of limited value. We note, however that they are frequently used for time
reversible problems, which arise for instance with certain mechanical problems, see Sanz-Serna

& Calvo (1994).

Multi component splittings and examples

If A= A1 + Ay + As then the first order splitting (9.2) can be generalized to

Wpi1 = e'rA3 6TA2 e'rAl W

Likewise, the Strang splitting (9.5) leads to the 2-nd order formula

1 1 1 1
Wyl = eETAgeETAgeTAleETAQGETA;;wn.
C . . 1 1
Note that this is just a repeated application of (9.5): first approximate e”™ by e37TA3eT(A1+A2) 37 A3
and then approximate e”(41742) in the same fashion.
Application to more components and nonlinear systems carries over in the same way.

Remark. Repeated application of (9.7) leads to rather complicated formulas. For linear
equations, with A = A; + Ay + As, the formula

Wn+1 = = W,

; (eTAle’TAz e'rAg + 6TA3€TA2 e'rAl)
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gives also a 2-nd order truncation error. Probably (not verified!) this generalization remains
of 2-nd order for nonlinear equations (this has to be verified separately since this is not a
repeated application of a 2-nd order splitting). Many more variants are possible, of course.

We proceed with a brief description of some concrete examples for splittings, and their
advantages. Obviously, for combined problems with more than two components, the advan-
tages can also be combined. The disadvantage of splitting is, of course, the introduction of a
splitting error on top of the errors that will be made when solving the sub-problems.

Example (”operator splitting”). For the advection-reaction equation

d
ct + Z(akc)zk = f(c,z,t) € R®,
k=1

splitting of the advection and reaction terms has obvious computational advantages. We can
then use an explicit method for the advective terms and an implicit method for the reaction.
Further, in the advection sub-step there will be only coupling in space, whereas in the reaction
sub-step we will have only coupling between the chemical species at the same place, and so
there much parallelism.

The truncation error of the 1-st order splitting is

L[S lefe) + a7 — fe0)] + 00
k

k

There will be no splitting error if the velocity field is divergence-free, Y, (dax/0xr) = 0, and
the reaction term does not depend explicitly on the space variable, (0f/0zr) =0 (k =1, ...,d).
If this does not hold, we can use Strang splitting to obtain 2-nd order accuracy.

Example (”dimension splitting”). Solving the 2D advection equation
¢t + (ac)y + (be)y =0

with finite differences in space and explicit time stepping, will lead to a CFL condition for
stability of the type

T T
— —|b] < C
Al’|a|+Ay| |— 05

with Cy determined by the method. If we split the equation into an z-part and a y-part, while
using the same discretizations, we get a stability restriction
T T

<
g1t 3 ) <o

max(
which allows larger time steps. Moreover, this splitting also allows the use of tailored 1-D
schemes of the Lax-Wendroff type, for which good multi-dimensional extensions are difficult
to derive.
The leading term in the truncation error of the 1-st order splitting now becomes

1

57 ((000)s — (ac))y) = 57 (~(aybe)e + (abec)y ),
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and this will vanish if ay, = b, = 0. If it does not, one should use Strang splitting.

Example (”dimension splitting”). Consider the diffusion equation

et = (dez )z + (ecy)y,

with 2-nd order central differences to discretize the diffusion operators and implicit time
stepping. Here splitting of the z-part and y-part makes the implicit relations much easier to
solve. For example, setting e = 0 in the first sub-step, leads to a number of uncoupled 1D
tri-diagonal systems.

With 1-st order splitting the leading term in the truncation error now reads

1
57 ((deey)ay)s = (e(dea)ay)y).
which is zero in case dy = e; = 0.

Solving the fractional steps

To solve the sub-steps, one may select a method such as Euler or Trapezoidal Rule. If these
are applied with the same stepsize 7 that is used for the splitting itself, a specific splitting
method arises. Numerous examples can be found in Mitchell & Griffiths (1980), Marchuk
(1990). For instance, first order splitting combined with backward Euler gives the first order

method ( )
Wy =Wy + TF (s, wy ),

., (9.10)
Wn+1 = Wpyq + TFz(tn, wn+1).

If Fy and F5 contain discretized space derivatives in £ and y direction, respectively, this method

is called the LOD method (locally one dimensional). An other familiar method of this type is

the second order ADI method (alternating direction implicit)

w:+1/2 = w, + %TFl(tn, wy) + %TFQ(tn,w:+1/2), 011)
9.11
Wpyr = Whyy sy + TF(tn, Wnst) + %rFQ(tn,w;‘LHﬂ).

This can be viewed as a Strang splitting with alternative use of forward and backward Euler,
in a symmetrical fashion to obtain second order.

In general, it seems better to solve the fractional steps with a method that is suited for
that particular sub-step, possibly with a sub-time step 7 < 7. Here one may chose, for
example, an implicit or explicit Runge-Kutta method, depending whether the sub-problem
w'(t) = Fj(t,w(t)) is stiff or non-stiff, with an appropriate 7.

Boundary corrections

The major difficulties with splitting methods occur for problems were the boundary conditions
are important. If we consider a PDE problem with boundary conditions, then these are
physical conditions for the whole process and boundary conditions for the sub-steps (which
may have little physical meaning) are missing.
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Therefore one may have to reconstruct boundary conditions for the specific splitting under
consideration. For example, consider a linear semi-discrete problem w'(t) = Aw(t)+ g(t), were
g(t) contains the given boundary conditions. Suppose that

Av+g(t) = (Alv + 9 (t)) + (A2U + gZ(t))a

with gx(¢) containing the boundary conditions relevant to A;. The exact solution satisfies
T
w(tny1) = e w(t,) + / T4 (t, + s)ds.
0
If we consider 1-st order splitting, with inhomogeneous terms g1, §a, then

T T

Wpy1 = eT 2T ALy, + A2 / e(T_S)Algl (tn + s)ds + / e(T_s)A2§2(tn + s)ds.
0 0

Even with commuting matrices, A; Ay = A3 A; we will get a splitting error if we take gp = gg.

An exact formula for this case is obtained by choosing

(1—5)A1

Gitn +8) = e 75421 (tn +5), Go(tn+5) =ce go(tn + 5).

Note that this correction for g; requires a backward time integration with Ay, and this may not
be feasible with an implicit ODE method, due to the fact that the implicit algebraic relations
need no longer be well defined with negative step size. One might replace e *42 by some
explicit polynomial approximation P(—sAs), but the effect of this on stability and accuracy
is unclear.

As a rule of thumb, it can be said that the treatment of the boundaries should coincide
as much as possible with the scheme in the interior of the domain. Examples for specific
splitting methods can be found in Mitchell & Griffiths (1980, Chapter 2). A general analysis
of boundary conditions for splitting methods is, at present still lacking. Therefore we conclude
this subject with an example.

Example. Consider the model advection-reaction equation, already used in Section 8,
e+ ey = 2, 0<z<1, 0<t<1/2

with given initial value at ¢ = 0 and Dirichlet condition at z = 0, derived from the exact
solution

sin(m(z — t))?
1 —tsin(w(z — t))2’
As before, spatial discretization is performed with 4-th order central differences in the interior
and 3-rd order one-sided approximations at the boundaries. The advection step is solved with
the classical Runge-Kutta method at Courant number 7/h = 2, and the ”reaction” ¢; = c¢?
is solved exactly. Since the nonlinear term is nonstiff, splitting is not really necessary in this
example, but for comparison it is instructive to consider the same example as in Section 8.

We consider :

c(t,z) =

() simple splitting (with reaction followed by advection) where in the advection step the given
boundary values are used;
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(74) Strang splitting where after each time step the order of the fractional steps is reversed,
also with the given boundary conditions;
(7i7) the same splitting as in () but with corrected boundary conditions

c(t,0)
1= (tng1 — t)c(t,0)

c*(t,0) = for t € [tn, tny1)-

The errors in the Ls-norm, together with the estimated orders of convergence, are given in
the following table.

H Simple splitting ‘ Strang splitting ‘ Corrected boundary

T=1/20 0.26 10~ ¢ 0.14 10~¢ 0.88 1073
0.94 1.58 3.27

T=1/40 0.14 10! 0.48 102 0.91 10*
0.96 1.54 2.80

T=1/80 0.72 1072 0.17 1072 0.13 107*
0.98 1.52 2.57

T =1/160 0.36 102 0.58 1073 0.22 1075

TABLE 9.1. Relative Lg-errors for (4.1) at ¢ = 1/2 with 7 = 2h.

Note that the simple splitting with boundary corrections is more accurate than its Strang
type counterpart. With this correction we reobtain an accuracy comparable to that of Table
8.2.

The convergence rate of the scheme with boundary corrections is less than 4, but this is
due to order reduction of the Runge-Kutta method, it is not caused by the splitting procedure.
A similar order reduction can be observed with Strang splitting: in the absence of boundary
conditions it has (at least) order 2, but in the above table an order 1.5 behaviour can be
observed.
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APPENDICES ON ODE METHODS

For the solution of initial value problems for systems of ODEs there are many sophisticated
and efficient computer codes, usually based on Runge-Kutta methods or linear multi-step
methods. Here we give some examples of such methods, together with a few properties. As a
rule of thumb: for problems on sufficiently large time intervals where the step sizes need not
be changed too drastically, linear multi-step methods seem more efficient, whereas if we either
have short integration intervals (for instance, in a splitting method) or if the step sizes need
frequent and big adjustments, then the Runge-Kutta methods seem to be preferable. Good
general references on ODE methods are provided by the books of Hairer, Ngrsett & Wanner
(1987), Hairer & Wanner (1991) and Lambert (1991).

For convenience we only consider methods with fixed stepsizes, but it should be emphasized
that in many applications variable stepsizes are crucial to obtain an efficient code. The exact
solution of the ODE problem

w'(t) = F(t,w(t)), w(0) = wp

will be approximated in the points ¢, = n7, n = 0,1,2,---, with 7 > 0 being the step size.
The numerical approximations are wy, = w(t,).

APPENDIX A : RUNGE-KUTTA METHODS

When solving the differential equation w'(t) = F(t,w(t)) with a Runge-Kutta method, one
obtains a new approximation w,41 by first computing intermediate approximations wy; =
w(ty, + ¢7), 1 = 1,2,...,s, where the integer s is called the number of stages used in the
method. The general form of a Runge-Kutta method is

S
Wptl = Wn + T Z b,LF(tn + ¢, wm) (Ala)
=1
S
Wy =wn+TZaijF(tn+CjT,wnj), 1=1,...,s, (A.1b)
j=1
with n = 0,1,2,---. Here a;; and b; are coefficients defining the particular method and
G = ijl a;;. The method is explicit if a;; = 0 for j > 4, since then the internal vectors
Wnl, Wna, ..., Wns can be computed one after another from an explicit relation. A Runge-

Kutta method can be represented in a compact way by the array

C1 a1 -+ Qis
c| A
T =
b Cs | @s1 ~° Qss
‘ by --- by

The method is said to have order p if w(t;) — w; = O(7P+!) whenever w(0) = wg and F is
sufficiently smooth. This means that the local discretization error, that is, the error introduced
in one step of the time-integration method, is of O(7P*!). The global discretization-error
w(tn) — wy, is formed by n such local errors and will be of O(7P) if wy = w(0), the function
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F is sufficiently smooth and ¢, < T. Thus a method of order p is convergent of order p when
applied to a fized, smooth ODE problem.

The order of a Runge-Kutta method is, of course, determined by its coefficients a;;, b;, c;.
By making Taylor developments of w(¢;) and w; in powers of 7, and requiring that these
developments are identical up to O(7P) one obtains the order conditions for the coefficients.
The conditions for p = 1,2,3,4 are summarized in the following table, with C' = diag(c¢;) and
e=(1,1,...,1)T.

order p | order conditions

1 le=1

2 ble=1/2

3 b'e? =1/3 b'Ac=1/6

4 bT'ed =1/4 b'CAc=1/8
bl Ac? =1/12 blA%c=1/24

The derivation of higher order methods is quite complicated and involve many order conditions.
A systematic approach consists of the use of Butcher trees, see Butcher (1987) or Hairer et al.
(1987).

The stage order q is the minimal order over all internal stages, that is, ¢ is such that
w(e;T) — we; = O(19tY) for i = 1,...,5 whenever w(0) = wy and F is sufficiently smooth.
Although we are not interested in accuracy of the intermediate vectors, this stage order has
some relevance for the accuracy of the approximations w, for semi-discrete systems arising
from PDEs with boundary conditions. For any reasonable method it holds that ¢ < p, and
for many methods ¢ is substantially smaller than p.

Example A.1. The most simple explicit method is the forward Euler method. Two well-
known second order explicit Runge-Kutta methods are given by the arrays

0 0
1] 1 1/2 | 1/2
| 1/2 1/2 0 1

A typical example of an explicit method with a higher order is the following method with
p = 8§ = 4

0
1/2 | 1/2
12| 0 1/2

110 o0 1
|1/6 1/3 1/3 1/6
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In fact, this method used to be called the method of Runge-Kutta. We shall refer to it as the
classical 4-th order method. Any explicit Runge-Kutta method has stage order ¢ = 1, since
the second stage is the forward Euler method with step size Tag; (the first stage is trivial,
Wp1 = Wy)-

Example A.2. Some simple implicit methods are :

(i) the backward Euler method (p =¢=1)

1)1

7 ie. Wpt1 = Wy + TF(tn41, Wnt1),

(ii) the implicit midpoint rule (p = 2,9 = 1)

1/211/2 1 1 1
L’% ie. Wpt1 = wp, + 7F(t, + 37T g Wn + iwn+1),

(iii) the trapezoidal rule (p = ¢ = 2)

0 ‘ 0 0 1 1

1/2 1/2 1/2 1.e. Wn+1 = Wp, + §F(tn,wn)+ §F(tn+1,wn+1)
11/2 1/2

Generalizations of the above methods are the collocation methods, see Hairer et al. (1987),
which have high order and good stability properties, but a full matrix A.

With implicit methods the internal vectors have to be solved from a system of algebraic
equations, usually by a Newton type iteration. If A is a full matrix the dimension of this
system is ms, where m is the dimension of the differential equation. A compromise is found
in the diagonally implicit methods where A is lower triangular so that we can first solve wiy,
then wsy,, and so on.

Example A.3. Two classes of diagonally implicit methods, with a parameter 8 > 0, are

010
0 0
N - 2000 0 h=3-0-4
| 12 1/2 o b 0

Both methods have order p = 3 if § = % + %\/5, and p = 2 for other 6 values. The first
method has stage order ¢ = 1 since the first stage consists of a backward Euler step, whereas
the second method has ¢ = 2 (its first nontrivial stage is a trapezoidal rule step).

Implicit methods are more expensive per step than explicit ones. Yet, implicit methods
are often used, for instance for parabolic problems and stiff chemistry problems, because of
their superior stability properties.
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The stability function

The stability properties of ODE methods are, to a large extend, determined by the behaviour
of the methods on the scalar, complex test equation

w'(t) = dw(t).
Let z = 7. Application of a Runge-Kutta to the test equation gives
W1 = R(2)wp,

with a rational function R, the so-called stability function. For the general Runge-Kutta
method (A.1) this function can be found to be

R(z) =14 2b"(I —zA) e (A.2)

where e = (1,1,...,1)T. By considering (I — 2A)~! in terms of determinants it follows that
for explicit methods R(z) is a polynomial of degree < s. For implicit methods it is a rational
function with degree of both denominator and numerator < s.

If the Runge-Kutta method has order p , then

R(z) = e* + O(2PT), 2z —0.

This can be seen by considering he scalar test equation with wy = w(0) and |\| = 1, since we
then know that w(t;) — w1 = O(7P*!) but also w(t;) — w; = €™ — R(7).

The stability region of the method is defined as the set
S={z€ C:|R(z)| <1}.

If S encloses the whole left-half plane C~, then the method is said to be A-stable. Explicit
methods cannot be A-stable.

The exact solution of the test equation satisfies w(t,41) = e™ w(t,), so the solution does
not grow in modulus if ReA < 0. For an A-stable method, the numerical approximations have
the same property no matter how large the step size is chosen. According to the maximum
modulus principle, A-stability is equivalent to saying that R has no polesin C™~ and |R(it)| < 1
for all real ¢.

The stability function of an explicit method with p = s (possible for s < 4) equals

R(z) = 1+z+122—|—---—|—lzs.
2 s!
For s = 1,2,4, respectively, this gives the stability functions of the forward Euler method,
the second order methods of Example A.1 and the classical 4-th order Runge-Kutta method.
Pictures of the stability regions for the above stability functions with s = 1,2, 3,4 are given in
Figure A.1. Pictures for some higher order methods can be found in Hairer & Wanner (1991)
The trapezoidal rule has the stability function

l4de

= =,
1—52

R(2)
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which is the same as for the implicit midpoint rule. The stability region for this R is precisely
the left-half plane. Note that |R(oco)] = 1 so there is no damping at infinity. The stability
function of the backward Euler method is

and this method is A-stable with |R(oco)| = 0.

The two diagonally implicit methods of Example A.3 have the same stability function
14 (1—20)z+ (5 — 20 + 62)2°
N (1-02)2 ’

R(z)

and the methods are A-stable iff § > %. Thus for the two 6 values leading to order 3 only
0= % + %\/3 gives A-stability.

RK1 RK2
3 3
2 2
1 1
0 0
-1 -1
-2 -2
-2 0 2 -2 0 2
RK3 RK4
3 3
2 2
1 1
0 0
-1 -1
-2 -2
-2 0 2 -2 0 2

FIGURE A.1. STABILITY REGIONS FOR EXPLICIT RK METHODS.
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CFL restrictions

Stability restrictions for the advection equation ¢; + ¢; = 0 are called CFL restrictions (after
Courant, Friedrichs and Lewy). The relevant eigenvalues in a von Neumann analysis for the
standard advection discretizations of order 1,2,3 and 4 are

Ao = V(e_i"5 - 1), (A.3a)

Aa2 = %(e_id’ - ei¢), (A.3b)

Ao = %(—e_2i¢ + 67 — 3 — 2¢7), (A.3¢)
Aag = % (—6_2i¢ + 8¢ — 8¢t + e2i¢), (A.3d)

with ¢ € [0,27] and v = 7/Az the Courant number. The CFL restriction on v is such that
these eigenvalues are in the stability region. These restrictions are given in the following table
for the standard explicit Runge-Kutta methods up to order 4.

| RK1 | RK2 | RK3 | RK4

Aap || 1 1 | 1.25 | 1.39
Xag | 0 0 | 1.73 | 2.82
Mag || 0 | 0.87 | 1.62 | 1.74
Maa | O 0 | 1.26 | 2.05

TABLE A.2. Stability restrictions on v = 7/Az for advection.

Stability restrictions for diffusion equation ¢; = c;; are obtained in a similar way. The
relevant eigenvalues for the standard diffusion discretizations of order 2 and 4 are

A = u(e_id’ -2+ eid’), (A.4a)

_ % (—e 72 +16e7% — 30 + 16¢™ — €2), (A.4b)

where now p = 7/(Axz)2. The corresponding stability restrictions are given in the next table.
Since a restriction on 7/(Ax)? leads to a very small time step, diffusion equations are usually
solved with implicit methods (or very special explicit methods with large interval [—3,0] € S,
see van der Houwen & Sommeijer (1980)).

Ada

| RK1 | RK2 | RK3 | RK4

Aaz || 0.5 | 0.5 | 0.62 | 0.69
Agq | 0.37 | 0.37 | 0.47 | 0.52

TABLE A.3. Stability restrictions on y = 7/(Az)? for diffusion.

Remark. All sorts of combinations are possible, of course. For ¢; + ac, = dcy, with second
order central differences we get eigenvalues 2u(cos ¢ — 1) + ivsin¢ with y = dr/(Az)? and
v = a7 /Az. The forward Euler method can be shown to be stable under the condition

1/252,u§1.
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APPENDIX B : LINEAR MULTISTEP METHODS

To solve an ODE w'(t) = F(t,w(t)) it is, on the one hand, quite natural to consider one-
step methods where for the computation of wy1 = w(t,1) only the previous approximation
wy, is needed; after all, also the exact value w(t,+1) is completely determined by w(¢,). On
the other hand, it seems wasteful not to use any past information, since available values
Wnp, Wn—1,--. could be used with little cost to obtain already a reasonable approximation
Wn+1, by extrapolation for example.

In this section we consider the important class of linear multistep methods

k k
Zajwn+j = TZ/BjF(tn+j;wn—|—j) (Bl)
]:0 j:O
forn =0,1,..., yielding w, 1 = w(ty1x) from already computed wp4g—1,...,w,. We shall

refer to (B.1) as a linear k-step method. The method is explicit if fy = 0 and implicit
otherwise. Formula (B.1) can be scaled, since multiplication of all coefficients «a;, 3; with a
same factor will leave the computational scheme unchanged. Usually, scaling is used to set
ap=1or Byg+ B+ -+ Br = 1. We shall assume in the following that oz > 0.

A linear k-step method needs k starting values wy, w1, ..., wg_1 to perform the first step in
(B.1). Only the initial value wg = w(0) is given. The other starting values can be computed
with a Runge-Kutta method. An other possibility is to use a linear 1-step method to compute
w1, then a linear 2-step method for wy, and so on, until all necessary starting values for (B.1)
have been found.

If we insert the exact solution in (B.1) the residual equals

Lnik(y) = Z ajw(tnij) — T Z ﬂ] (tntj)-

The linear multistep method is said to have order p if £, x(y) = O(7P*!) for all sufficiently
smooth y. By a Taylor series expansion around ¢ = t,, it follows that

Loir(y) = Cow(t,) + 7C1w'(t,) + 7'20211)”(tn) + .-
with

k k k
1 . .
Cy= E Qj, C; = —'( E Oéjjz —1 E ,Bjil_l) for > 1.
. 100 .
7=0 7=0 7=0

Thus the method has order p if the order conditions

k k
Y a; =0, Y oajjt =iy BTt for i=1,2,...,p (B.2)
j=0 j=0

Jj=0

are satisfied.
We give a few examples of well-known multistep methods. More examples can be found
in Hairer et al. (1987) and Lambert (1991).

Example B.1. The 2-step method

Wpy2 — Wp = QTF(tn—H; wn—|—1)
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is called the ezplicit midpoint rule. Its order is 2 and the method is often used for special
classes of problems arising from hyperbolic PDEs. We shall see that it has rather poor stability
properties for more general problems.

Example B.2. Adams methods are characterized by
ap =1, ap_1 = —1, a;j =0 (0<j<k—-2)

and with 3; chosen such that the order is optimal.
Explicit Adams methods, also called Adams-Bashforth methods, have order k. The method
with & =1 is simply the forward Euler method. The 2 and 3-step methods read

3 1
Wnp+2 — Wnpt1 = §TFn+1 - EFn,
23 16 5
Wn43 — Wni2 = ETF'rH—Q - ETFn—H + ETFn

where F}; stands for F(t;,w;) .
The implicit Adams methods are also known as Adams-Moulton methods. The order is
k + 1. The method with k£ = 1 is the trapezoidal rule, and for k = 2,3 we get

5 8 1
Wn+2 = Wnt1 = 75T Fn2 + 57 g1 — 5 7Fn,
9 19 5 1
Wn+3 — Wn+2 = ﬂTF'n+3 + ﬂTFn+2 - ﬂTFn—f—l + ﬂTFn-

The Adams methods are usually applied in a predictor-corrector fashion, that is, first we
compute a predictor W, from the explicit k-step method and this value is inserted in the
right hand side of the implicit k-step method. The method thus obtained is explicit and has
order k£ + 1, but it is no longer a genuine linear k-step method. It falls in the wider class
of so-called multistep Runge-Kutta methods, with the prediction w, playing the role of an
internal vector. For k£ = 1 this procedure gives the 2-stage Runge-Kutta method of Example
4.1.

Example B.3. Backward differentiation formulas, usually called BDFs or BDF methods,
have
Br=1, Bj=0 (0<j<k-1)

and the o; are chosen such that the order is optimal, namely order k. The 1-step BDF method
is the Backward Euler method. For &k = 2,3 the BDF methods read

1
iwn—l—Z - 2wn—|—1 + iwn = TFn—I—Za

11 3 1
—Wpy3 — 3Wpy2 + ZWpy1 + sw, = TFy 3.
6 2 3
Due to their favourable stability properties the BDF methods are well suited to solve parabolic
problems with smooth solutions. The BDF methods were introduced by Curtiss and Hirschfelder

in 1952 and their popularity can be attributed to a large extent to Gear (1971)
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Stability properties

When studying solutions of linear recursions of the type Z?:o VW4 = 0 it is convenient

to consider the characteristic polynomial 7({) = Z?:o veC®. Let (1,Ca,...,(x be the zeros of
this polynomial, with multiple zeros repeated. The general solution of the linear recursion can
then be written as

wp, = c1n” (] + can”? (3 + -+ epn”* (L

with constants ¢; determined by the starting values, and with »; = 0 if (; is a simple zero and
vi=0,v41 =1,...,v54 =1if (; = --- = (44 is a root of multiplicity I + 1. The characteristic
polynomial is said to satisfy the root condition if

|Gi| <1 foralli,and || <1 if ¢ is not simple.

It is easily seen from the formula for the general solution that this condition is equivalent with
boundedness of the sequence {w,} for arbitrary starting values.
Now, consider a linear multistep method (B.1) applied to the test equation

w'(t) = dw(t)

and let z = 7). Then we obtain the recursion

k

D (@ = 2B wny; (B.3)

=0

with characteristic polynomial 7,(¢) = ;?:0(04]- — 2f3;)¢?. Defining
k . k '
p(¢) = a;¢?, a(¢) = B¢

we have m(¢) = p(¢) — 20(¢).
The stability region S C C of the method is defined as the set consisting off all z such that

{wy} is bounded for any choice of starting values wo, ..., wi—1. We have
z€S <& m, satisfies the root condition

The method is called zero-stable if 0 € S. This is equivalent to saying that p(¢) satisfies the
root condition. It is clear that methods which fail to be zero-stable are not suited as numerical
methods for solving differential equations since such a method will not even integrate the trivial
equation w'(t) = 0 properly. Zero-stability reduces the attainable order of linear multistep
methods to p = k for explicit methods and p = 2|(k + 2)/2] for the implicit ones (the 1-st
Dahlgquist barrier, see Hairer et al. (1987)). For example, consider the class of explicit methods

1 1
Wpta — (14 ap)wpt1 + apw, = 57’(3 —ag)Fny1 — 57’(1 + ag)Fy.-

If ag = 0 this gives the explicit Adams method with p = 2. Taking oy = —5 we obtain a
method of order 3, but this method is not zero-stable. Nice numerical illustrations for the
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unstable behaviour of this 3-th order method can be found for instance in Hairer et al. (1987)
and Lambert (1991).

For the computation of the stability region of a linear multistep method, observe that on
the boundary dS one of the roots of the characteristic polynomial must have modulus 1. Since
7(¢) = 0 iff z = p(¢)/o((), it follows that any point on S is of the form

p(e®)/o(e?®) with 0<6 < 2r.
Example B.4. For the explicit midpoint rule we find that
. . . S .
p(e?)/o(e?) = (e* —1)/26% = i(ew — e~ = isin(h).

By considering the characteristic polynomial 7,(¢) = ¢? — 22¢ — 1 and the roots

C1,2:z:t\/1—|—22,

it easily follows that the stability region merely consists of the line segment on the imaginary
axis
S={z€ C:Rez=0,|z| <1}.

The form of this stability region is a bit unusual since no r exists such that the disc
D, ={z € C:|z+r| <r} is contained in the stability region. Pictures of the stability regions
of several Adams and BDF methods can be found in Gear (1971) and Hairer & Wanner (1991),
and for these methods D, € S for r sufficiently small.

To define stability concepts stronger than zero-stability it is useful to include the point
z = oo in our considerations. We shall say that co € S if o({) satisfies the root condition.
Observe that the roots of 7, tend to the roots of the polynomial o for z — oo (this is easily
seen by dividing 7,(¢) by z).

A linear multistep method is called A-stable if its stability domain contains {z € C : Rez <
0 or 2z = oo}. Incontrast to the Runge-Kutta methods, there are not many linear multistep
methods that are A-stable (the order of such methods is at most 2 , the 2-nd Dahlquist barrier,
see Hairer & Wanner (1991)). Therefore we look at less demanding properties, allowing high
order, which are still useful for semi-discrete PDEs.

A linear multistep method is said to be A(«)-stable if its stability domain contains the
infinite wedge {z € C: 2z =0,00 or |arg(—z)| < a}.

Example B.5. The BDF methods are A(a)-stable for k¥ < 6 with angle o depending on k :

k|1 2 3 4 5 6 1
o [90° 90° 88° 73° 51° 18° -

For k£ > 7 the methods are no longer zero-stable. Since the angle o for the 6-step method is
rather small, the BDF methods are in general only used with k& < 5.

The Adams methods of example B.2 all have bounded stability domains and thus these
methods are not A(a)-stable. The stability domains for the Adams-Bashforth (AB) methods
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with ¥ = 2,3 are given in the top pictures of Figure B.1. These are rather small. The
Adams-Moulton (AM) methods are implicit but still have a bounded stability regions. For
this reason the Adams methods are usually implemented in a predictor-corrector fashion,
where the explicit formula is inserted into the right hand side of the implicit formula. The
stability regions of these methods with k¥ = 2,3 are given in the bottom pictures of Figure
B.1, with fat lines for the predictor-corrector methods (ABM) and thin lines for the implicit
ones. Pictures for higher order Adams methods and other multi-step methods can be found
in Hairer & Wanner (1991).

AB2 AB3
2 : : 2 ‘
1 C SRS 1 C -
; /_\ . /7
: \) : A

-2 -2
-3 -3
-4 -2 0 2 -4 -2 0 2

AM2 and ABM2 AM3 and ABM3
2 2
1 1
0 0
-1 -1
-2 -2
-3 -3
-4 -2 0 2 -4 -2 0 2

FIGURE B.1. STABILITY REGIONS FOR ADAMS METHODS.
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Remark. It is often convenient for the analysis to write recursion (B.3) in a one-step form.
First, observe that (B.3) is equivalent to

k
o — zf3;
Wntk = — E ————Wn4j.
=0 ok — 20k

We can formulate this as a one-step recursion in a higher dimensional space by introducing

Wy = (Wpak—1,--- ,wn)T.
Then (B.3) can be written as
Wai1 = R(2)Wy (B.4)
where
ri(z) ra(z) - ri(z)
1 0 ap i — 2Bk
R(z) = ) } , ri(z) = ———. B.5
) Lo (2) = -2 (®5)
1 0

This matrix is called the companion metrix of the muti-step method. From the equivalence
of these recursions it is clear that z € S iff the matrix R(z) is power bounded.

For linear m-dimensional systems w'(t) = Lw(t) we obtain in the same way W, 1 =
R(Z)W,, with Z = 7L and

ri(Z) r(Z) --- m(Z)

CFL restrictions

Below stability restrictions are given for the advection and diffusion discretizations that were
considered in the previous section for Runge-Kutta methods. The multi-step methods consid-
ered are the 2 and 3-step Adams-Bashforth (AB) schemes and the Adams-Moulton schemes
using Adams-Bashforth as predictor (ABM). The layout of the tables is the same as in the
previous section.

| AB2 | ABM2 | AB3 | ABM3

Aa1 || 0.5 0.98 0.27 0.79
Aa2 0 1.20 0.72 1.17
Aa3 || 0.58 1.02 0.39 0.80
Aajs 0 0.87 0.52 0.85

TABLE B.2. Stability restrictions on v = 7/Ax for advection.

| AB2 | ABM2 | AB3 | ABM3

Ad2 || 0.25 0.6 0.13 0.48
Ada || 0.18 0.44 0.10 0.36

TABLE B.3. Stability restrictions on p = 7/(Az)? for diffusion.
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APPENDIX C : SOME LINEAR ALGEBRA AND STABILITY RESULTS

A good reference for linear algebra is the book of Horn & Johnson (1985). More advanced
results can be found in Horn & Johnson (1991). Here some properties are listed that were
used in the Sections 2 and 3. Also some additional stability results for ODE methods are
presented, applicable to non-normal matrices.

Linear algebra concepts

Consider the vector spaces R™ and C™ and let A = 1/m. Some vector norms used in these
notes are the discrete Ly-norms, with p = 1,2 or oo,

follz = (B3 ;1)
j=1

1/2 s
L L

for v = (v1,va,...,vm)T. The Ly-norm is generated by the inner product (u,v)s = b3, v
Given a vector norm, the induced matrix norm for m x m matrices B is defined as

B
1B = max L2¥I
w0 |[|v]|

We have ||AB|| < |A]|||B|| for any two A and B in R™*™ or C™*™.

Further, if B = (bj;) then B* = (by;) denotes the Hermitian adjoint. If B is real this is
the same as the transposed B?. The set of eigenvalues of B, denoted by o(B), is called the
spectrum of B. The spectral radius of B, max{|A| : A € o(B)}, is denoted by p(B), and we
always have p(B) < ||B||. Some examples of induced matrix norms are

— * — . — .
IBll2 = \/p(B*B),  ||Blh = lg;ca;jgllbgkla 1Blloo lgz_%mglbgkl-

As for vectors, we also have for matrices the Holder inequality ||Blls < v/||B]|1||/B]|oc- This
follows from
IBl3 = p(B*B) < [1B*[lsol| Blloo = [|Bl[1[| Blloo-

A vector norm is called monotone if ||u|| = ||v|| for any two vectors whose components have
equal modulus, |u;| = |v;| for all . This is equivalent with the property

|A]| = max | )| for any diagonal matrix A = diag(A1, Ag, ..., Am).
j

The above Ly-norms are monotone. If we consider arbitrary inner products (u,v) = u*Gv
with G = H*H and H nonsingular, that is G positive definite, then the corresponding norm
||lv]| = v/(v,v) is only monotone if G is diagonal.

The matrix B is unitary if B*B = I, that is B~! = B*. This implies that || Bv||s = |jv]|s =
|B~1v||2 for any vector v, and in particular

IBl2=1,  condy(B) =Bz B~"||2 = 1.
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The matrix B is said to be normal if BB* = B*B. A normal matrix has a complete set of
orthogonal eigenvectors, and it can be decomposed as

B=UAU"!

with unitary U and diagonal A = diag(A1, A2, ..., Am). Note that the columns of U are the
eigenvectors of B, that is, Buj = A\ju; if U = [ug, ug, ..., Um].

Examples of normal matrices are the unitary (orthogonal) matrices B*B = I, the Her-
mitian (symmetric) matrices B* = B, and the skew-Hermitian (skew-symmetric) matrices
B* = —B. The eigenvalues of a unitary matrix are all on the unit circle, the eigenvalues of an
Hermitian matrix are all real and those of a skew-Hermitian matrix are all purely complex.

If P(z) = po + p1z + -+ + ps2® is a polynomial and A an m X m matrix, we define

P(A) = pol + p1A+ -+ +psA°.

The eigenvalues of P(A) are P()), with A eigenvalue of A. For a rational function R(z) =
P(2)/Q(z) we define R(A) = P(A)[Q(A)] !, provided R is analytic on the spectrum of A.
The exponential function of a matrix is defined by the series

1 1
eA=I+A+§A2+---+HA’“+---.

If A=UAU! with A = diag(}\;) and ¢ is a rational or exponential function, we have

(p(A) = U@(A)U_la @(A) = dia’g((ﬁ()‘l)a 30()\2)a S (P()‘m))

In case A is normal it thus holds that

(A2 = max (4]

A useful concept for stability results with non-normal matrices is the logarithmic norm,
defined as

. I+ TA|| -1
Al=lim— —.
/1“[ ] ’7}l0 T

We have
plA] <w iff ||t < e forallt >0,

see for instance Dekker & Verwer (1984) and the lecture notes of Spijker (1996). For the
L,-norms, the logarithmic norm of a real matrix A is given by

p2[A] = max{\ : X eigenvalue of %(A + AT,

,ul[A] = max(ajj + Z |a,-j|), /LOO[A] = mgx(aii + Z |a,-j|).
! i#] i
In particular, we have ps[A] < 0 iff (v, Av)s < 0 for all v € R™. If the diagonal elements of A
are negative, we have po[A] < 0 whenever A is row-wise diagonally dominant, and p1[A] < 0
when A is column-wise diagonally dominant.
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An example for advection-diffusion

Consider a linear ODE w'(t) = Aw(¢) with initial value w(0) = wp, and a one-step method
with stability function R and corresponding stability region S = {z € C : |R(z)| < 1}. Then
wy, = R(TA)™wp, and thus the propagation of errors is governed by ||R(7A)"||. Suppose all
eigenvalues of 7A are in §. Then, if A is normal we know that ||R(7A)||2 < 1. If A is close to
normal, in the sense that A = VAV ™! with condy(V) moderate, we still have

|IR(TA)"||2 < conds(V) for all n > 0. (C.1)

Unfortunately, many matrices are far from normal.
For example, consider the real m x m tridiagonal matrix

B v

a By

) - . = tridiag(aa ﬂa’}/)7

a B v
a B

with ary > 0. Let D = diag(1,$,---,6™ 1) with § = \/a/v. Then

D™YAD = tridiag(y/a7, 8, o).

Thus D~ 'AD is symmetric, and therefore D"'AD = UAU ! with unitary U. We can also
write

A=VAV™! with V = DU.
It follows that

condsy(V) = [V o[V l2 = | D]l2[| D7 [l2 = max(6™", 1/67D).

Incidentally, the eigenvalues of A are given by A\; = 8 + 2,/a7y cos(jn/(m + 1)).
As an application, consider

with h = 1/(m + 1). This arises from space discretization of ¢; + ¢; = ¢y, with Dirichlet
boundary conditions, if we apply second order central differences on the gridpoints z; = jh,

j=1,2,...,m. Setting
5= 1+ h/(2¢)
V1-=h/(2e)’

A=VAV™' with condy(V) =61~ e/ for b |o0.

we find that
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So, for small ¢ the condition number becomes very large. For instance, if ¢ = 1072 then
e/(2¢) &~ 510%', and thus (C.1) becomes useless from a practical point of view.
Note that we do have, for all € > 0,

(v, Av)y <0 for any vector v € R™,

since A is the sum of a skew-symmetric matrix and a negative definite symmetric matrix. We
also have ||A+ aI|| < « in the L1,Ly and Lo, norms, provided that h is sufficiently small and
a > 0 is chosen sufficiently large,

h < 2¢ < ah?.

This property can be easily verified for the L; and L, norms, and according to the Holder
inequality it then also holds for the Ly-norm.

Some general stability results

Here we briefly review some stability results applicable to non-normal matrices. First, we
counsider inner product norms. Let ||u|| = y/(u,u) with (-,-) an inner product on R™, and let
D(r)={¢ € C:|¢ +r| <r}. Then the following holds,

|A+all|<a, D(r)eS = |R(TA)|| <1 for Ta <. (C.2)
In the limit o to oo, this leads to
plA] <0, C°CcS = |R(TA)|| <1 forall 7>0. (C.3)

These results are based on a theorem of J. von Neumann from 1941, which states that
le(B)|] < max{|¢(z)| : z € C,|z|] < 1} if |B]| < 1 and ¢ is analytic on the unit disc.
Indeed, this is the same von Neumann as in the ”von Neumann analysis”, but this analysis
refers to Fourier decompositions, whereas in the above results non-normal matrices are al-
lowed. A very elegant proof of (C.3) can be found in Hairer & Wanner (1991). In that book a
similar stability result is also given for multi-step methods, where R is the companion matrix.

The above results (C.2) and (C.3) are not valid for norms that are not generated by an
inner product, such as the Li;-norm and Ly,-norm. Consider an arbitrary norm ||u|| on R™.
Then the following holds,

|4+ oIl < e,

< <r .
R is absolutely monotonic on [—r, 0] } = [REA)[ <1 for ra<r (C.4)

In the limit o to co we now get

n[A] <0,

< . .
R is absolutely monotonic on [—o0, 0] } = R4 <1 forall 7>0 (C.5)

These results are due to Spijker (1983), and they are related to results of Bolley & Crouzeix
(1978) on positivity. Property (C.5) seems very nice, but unfortunately it is essentially only
applicable to R(z) = (1 — z)~! and R(z) = €*, that is, for backward Euler and the exact
solution.
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Condition (C.4) leads in general to very strict conditions on the time steps. Weaker stabil-
ity results for arbitrary norms, under the condition D(r) C S, can be found in Kraaijevanger,
Lenferink & Spijker (1987). More recently, very interesting stability results have been obtained
based on resolvent conditions for A and the so-called e-pseudospectra. For results of this type
we refer to Dorsselear et al. (1993) and the lecture notes of Spijker (1996).

In all results mentioned thus far it is necessary to have 7A € S for all eigenvalues A. On
the one hand, this seems logical. On the other hand, no numerical method will have trouble
with solving w'(t) = w(t) if the integration interval is not too long, whereas 7A = 7 will be
outside the stability regions.

In fact, we can have stability for finite intervals if the 7 are at most O(7) away from
the stability region. This is a consequence of the following result, also known as the Kreiss
perturbation lemma.

Lemma C.1. Let B, B € R™*™ and assume that ||B — B|| < ~7, ||B"|| < C for all n > 0.
Then
|B™| < Ce?T for n>0,n7 < T. (C.6)
Proof. Along with the given norm || - ||, consider also the norm
lo][* = sup || B"v].
n>0
Using the power boundedness of B and the fact that B = T , it directly follows that the two

norms are equivalent,
llv|| < ||lv|I* < C||v|| for any w.

Further we see that | Bv||* < ||v||* for all v, that is, | B|]|* < 1, and due to the norm equivalence
we have |B — B||* < yC7. Hence || B||* < 1+ vC7 < €’°", and therefore

HBn”* < e'yCT.
The bound (C.6) is now obtained by using once more the norm equivalence.

Example. Consider R(z) = (1 — 02)"1(1+4 (1 —0)z). Suppose we know that |[R(7A)"|| < C
for alln > 0 and ||(I — #7A4)~!|| < 1. Let A be such that

1A - A] < 8.
Then we get
(1= 074)" = (I r(A = A)(I — 9rA)7") " (1 - 07 A) ",
I = 0r) 7 < T
and
R(rA) — R(TA) = (I — 07A) '7(A— A)(I — 97A) 1,
~ /67'
IR(r4) - R(TA)| < 17— 057 < 207

if 2081 < 1. Hence
|R(TA)"|| < Ce?PCt i 2087 < 1.
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