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Abstract

System identification for stationary Gaussian processes includes an approximation problem.
Currently the subspace algorithm for this problem enjoys much attention. This algorithm
is based on a transformation of a finite time series to canonical variable form followed
by a truncation. There is no proof that this algorithm is the optimal solution to an
approximation problem with a specific criterion. In this paper it is shown that the optimal
solution to an approximation problem for Gaussian random variables with the divergence
criterion is identical to the main step of the subspace algorithm. An approximation problem
for stationary Gaussian processes with the divergence criterion is formulated.

AMS Subject Classification (1991): 93E12, 62H20, 60G15, 94A17.

Keywords and Phrases: System identification, Gaussian processes, divergence, canonical
variable form, subspace identification algorithm.
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1 Introduction

The motivation for this paper is the approximation problem of system identification. Sys-
tem identification addresses the problem of determining a mathematical model in the form
of a dynamic system or a control system of which the input and output signal are an ap-
proximation of a time series. Of the several subproblems of system identification one is the
actual approximation problem. In this paper attention is restricted to the approximation
of a time series by the output process of a Gaussian system.

For the approximation problem of single-output processes the least-squares criterion and
the likelihood function are often used and the resulting algorithms have been extensively
analyzed and are widely used. For the approximation of multivariable time series there are
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Academy of Sciences and Arts. His cooperation with the second author is supported in part by CWI.



few algorithms of which the subspace algorithm enjoys the most attention. The subspace
algorithm is based on stochastic realization theory and on numerical linear algebra. It was
first proposed by H. Akaike and subsequently developed by many researchers. Yet there is
no proof that the subspace algorithm is the optimal solution to an approximation problem
with a specific criterion.

In this paper a fundamental approach is taken to the problem of approximating a sta-
tionary Gaussian process by the output of a Gaussian system. Both processes are related
to probability measures. The information theoretic concept of divergence of two probabil-
ity measures is used as approximation criterion. Divergence is identical to the Kullback-
Leibler measure from statistics and probability theory. The approximation problem is then
to determine a Gaussian system in a class of systems of at most a prespecified order such
that the divergence between the probability measure associated with the output process
of this system and the probability measure associated with the given process is as small as
possible. This problem was formulated by the second author in [15] and restated in [12].

Two approximation problems are discussed in this paper. The first approximation
problem concerns a pair of finite-dimensional Gaussian random variables. This problem
is motivated by the main approximation step of the subspace algorithm. The optimal
approximation is to perform a transformation to canonical variable form and then trun-
cating the canonical variables to the required order. This result establishes optimality of
the main step of the subspace algorithm. The second approximation problem concerns
the approximation of a stationary Gaussian process. This problem is currently under
investigation. A brief problem formulation is presented in this paper.

A description of the content by section follows. Terminology and notation is stated in
Section 2. In Section 3 the approximation problem for finite-dimensional Gaussian random
variables is formulated and solved. The approximation problem for stationary Gaussian
processes is treated in Section 4.

2 Preliminaries

In this section concepts from analysis and probability are introduced.

General mathematics notation follows. The set of integers is denoted by Z, the set
of positive integers by Z,, and the set of the natural numbers by N. The set of real
numbers is denoted by R and the set of the positive real numbers by R,y = [0,00). The
n-dimensional vector space over R is denoted by R"™ and the set of n x m matrices over
this vector space by R™*™. The transpose of a matrix A € R"*" is denoted by A”. The
matrix A € R™ " is said to be positive definite if A is symmetric and 27 Az > 0 for all
x € R™ and strictly positive definite if A is symmetric and 27 Az > 0 for allz € R", z # 0.

A measurable space, denoted by (2, F), is defined as a set Q and a o-algebra F. A
probability space is defined as a triple (2, F, P) where (2, F') is a measurable space and
P : F — R is a probability measure.

Let I4 : © — R be the indicator function of the event A € F' defined by I4(w) = 1 if
w € A and I4(w) = 0 otherwise. For any random variable z let F* denote the smallest
o-algebra on which the random variable x is measurable.

The sub-o-algebras F} and Fy of F' are said to be conditionally independent given the
sub-c-algebra G of F' if

E[IA1IA2|G] = E[IAl |G]E[IA2 |G]a

for all A; € F; and Ay € Fy. Denote this property by (F1, F3|G) € C1.



Let P,Q be two probability measures on a measurable space (2, F). Then P is said to
be absolutely continuous with respect to @, denoted by P <« Q, if P(A) = 0 is implied by
Q(A) =0. If P < Q then it follows from the Radon-Nikodym theorem that there exists
a random variable r : 2 — R, such that

P(A) = EqlrTa] = [ r(@)Ta(w)dQ.
Definition 2.1 Given a measurable space (2, F'). Let

P={P:F — R, | P is a probability measure }.

Define the divergence or the Kullback-Leibler pseudo-distance on P as D : P xP — R

T T
D(P||P) = Eq [Tl In (—1) I<r2>o)] =Ep [ln (—1> I(r2>0):| :
T9 T2
where @Q is a o-finite measure on (Q, F'), such that P, € Q and Py < Q, with

ah - db
aQ’ 't dQ-

In general D(P1||P2) 75 D(P2||P1)

T =

3 Approximation problem of a Gaussian measure on a fi-
nite-dimensional space

3.1 Gaussian random variables and divergence

The Gaussian probability distribution function with parameters m € R™ and Q € R"*",
with @ strictly positive definite, is defined by the probability density function

1 1 _
o) = s e (5 - m Q- m). (1

A random variable z : 2 — R" is said to be a Gaussian random variable with parameters
m € R" and Q € R™*", Q@ = QT and Q positive definite, if for all v € R™

Elexp(iu’ z)] = exp (iuTm - %UTQU) . (2)

The notation z € G(m, Q) will be used in this case. Moreover, (z1,...,2,) € G(m,Q)
denotes that, with z = (z1,...,2,)T, £ € G(m, Q). In this case z1,...,z, are said to be
jointly Gaussian random variables.

A random variable with Gaussian probability distribution function is a Gaussian random
variable. A Gaussian random variable does not necessarily have a Gaussian probability
density function, only so in the case its variance is strictly positive definite.

For the approximation problem of Gaussian random variables formulated below the geo-
metric approach to Gaussian random variables is followed. In this approach one considers
the o-algebra that a random variable generates rather than the random variable itself.
Below only the canonical variable form of the geometric approach is defined.



Definition 3.1 Let y; : Q@ — R* and ys : Q — R*? be jointly Gaussian random variables
with (y1,y2) € G(0,Q). Then (y1,y2) are said to be in canonical variable form if

I L A O
— (k14k2)x(k1+k2) 7 _ k1 x ko
Q ( LT ) €ER , L = ( 0 0 ) €R ,

A = diag(\i,...,Mpy,) € RFIZXF12 0 po e N 12> > ... > Ay, > 0.

One then says that the components of y1 and ya, (y11,---,Y1k,) and (y21,-..,Y2k,), are the
canonical variables and (A1,...,A,,) the canonical correlation coefficients.

Theorem 3.2 [{, 11]. Let y; : @ — R*™ and yo : Q — RF? be jointly Gaussian ran-
dom variables with (y1,y2) € G(0,Q). Then there ezists a basis transformation S =
Block-diag.(S1,S2) such that with respect to the new basis (S1y1, Soy2) € G(0,Q1) has the
canonical variable form.

The transformation to canonical variable form is not unique in general. Uniqueness occurs

only if the canonical correlation coefficients are all different and k19 = k1 = k9. The

remaining invariance of the canonical variable form will not be stated here because of

space limitation. For additional results on canonical variables the reader is referred to

[4, 5]. Note that @ > 0 implies that the canonical correlation coefficients satisfy 1 > A;.
The divergence of two Gaussian measures on R" is stated below.

Proposition 3.3 [12, Appendiz D]. Let G(m1,Q1) and G(msa, Q2) be two Gaussian mea-
sures on R™. Assume that Q1 > 0 and Q9 > 0. The divergence between these measures is
given by the formula

D (G(m1, Q1)||G(m2, Q2))

— -l (Gar) Qs - Q@) + (m - ma) Q5 m — ) (3)
= i[Ai(Qla Q2) —InX(Q1,Q2) — 1] + (my — ma)T Q5" (m1 — my), (4)
=1

where {\i(Q1,Q2),i € 1,...,n} are the generalized eigenvalues of Q1 with respect to Q2,
or the solutions of the polynomial equation in A

det(Q@2A — Q1) = 0. (5)

3.2 Problem formulation

In stochastic realization theory there has been defined the analogon of a stochastic system
for random variables. Consider two Gaussian random variables on a finite-dimensional
space y1,¥y2. For the following discussion the reader may think of the analogy with the
subspace identification algorithm. Let then y; represent the future of a process on a finite
horizon at a given time and yy represent the past of the same process on another finite
horizon at the same time. A state for these random variables is then defined to be a
Gaussian random variable z on a finite-dimensional space, say R", such that (y1,y2,x)
are jointly Gaussian variables and

(F¥', F¥2|F*) € CI,



or the sub-o-algebra F'* makes the sub-o-algebras F¥! and F¥? conditionally independent.
An example of such a state z is z = Q12Q45 y2 Where (y1,72) € G(0,Q) with

= Qu Q2
Qfy Q2
There are many such state variables, see [14] for the details. The space in which the state
variable x takes values, R", has minimal dimension iff n = rank(Q12).

Consider a pair of Gaussian random variables (yo1,y02) € G(0, Qo) with yo; : Q@ — RP1,
Yo2 : Q— sz, and

Qp = Qo1 Qo2 .
Qbiz Qo2

As mentioned above, yp1, yg2 may represent the future and the past of a process at a
particular time. Generically rank(Qo12) will be of the order of min(p1,p2). Consequently
the state of these variables has a dimension at least that large. For modeling problems
this dimension is often much too high. Realistic modeling therefore leads to the problem
of approximating the given measure G(0, Q) by another Gaussian measure on the same
space, say G(0,Q), with

Q= ( Q%Fl @12 ) , rank(Qi2) <n, neN (6)
12 @2

such that the distance between both measures is minimal according to some criterion. In
this paper we use as a criterion the divergence between both measures. The approximating
measure G(0,Q) will then admit a state variable of dimension n or less, where n € N can
be used as a design variable. This motivates the following problem.

Problem 3.4 Consider a Gaussian measure G(mg, Qo) on RP with p,p1,p2 € Z4, p1 +
P2 =p, mg € RP,and Q¢ > 0. Fizn € N. Define the model class

Q(p17p27n) = {Q € RP*P | Q = QT >0, rank(ng) < n})
G(TL) = {G(ma Q) on RP | m e Rpa Q € Q(p17p2an)a pP=n +p2}7

where Q € Q(p1,p2,n) has the decomposition

“- ( Qi g;z ) ,  Qu € RPYPL Q9 € RPYVP2, Qg9 € RPPXP2. (7)

The problem is to solve

inf D (G(mo, Qo)||G(m,Q)),
i D(G(mo, Q0)|G(m, Q)

or, equivalently,

inf  [tr(Q Qo) — Indet(Q Qo) + (mo — m)TQ L(mg — m)).
Q€Q(p1,p2;n)

This includes showing existence of a measure which attains the infimum and, if so, estab-
lishing whether an infimum is unique and, if not, to classify all infima.



The problem has been motivated above. The divergence criterion is related to the
likelihood function as is well known. Apparently H. Akaike in [1, 2, 3] first published
about this relation. In this regard, see also [12].

The problem is also motivated by the subspace algorithm for the approximation of
stationary Gaussian processes. The nucleus of the subspace identification algorithm is
an algorithm for the approximation problem of Gaussian random variables. The latter
problem is like Problem 3.4, but the divergence criterion is not used. The subspace
algorithm was proposed by H. Akaike, see [2]. It is based on stochastic realization theory.
The algorithm was later extended and improved by many researchers, see [8, 10, 9, 13].

Approximation problems for Gaussian random variables have been considered already
by C.R. Rao in [11], but apparently not with the decomposition (7) and not with the
divergence criterion. The problem above was first formulated by the second author in
[15], see also [12]. Mr. M. Stohr first performed research on the problem at CWI in 1989
under supervision of the second author of this paper. Problem 3.4 is difficult because it
is an optimization problem over a space which is not convex. The nonconvexity is due to
the rank constraint.

3.3 Optimal approximating measure

Algorithm 3.5 Consider given the Gaussian measure G(mg, Qo) on RP, as in Prob-
lem 3.4, with Qo = QF > 0.

1. Transform Qq to a canonical variable form, say
Qo = 5QoS™

where

_ Sl 0 DXP ). 1 L DX P — AO D1 XP2
S_<O 52>€R , Qo= T T € RP*P L = 00 ER ,

A = diag(\1, ..., \;) € RF*k

where k € N, Ay,..., k € Ry, 1 > X > ... > X >0,5 € RPVP1 agnd Sy €
RP2XP2

2. If 0 < n <k then set

A = diag(/\l, R ,An) S Rnxn’
A2 = d’L'LLg()\’,H_l, ceey )‘k) c R(k—n)x(k—n)7

_ Al O D1 XP2 x * * I Ll s\ T
L1—(OO)€R , S*=8 Q=8 o1 (8T,
If k < n then set Ay = A in the formula for L.
3. Set m* =mgy € RP.

Theorem 3.6 Consider Problem 3.4. The optimal solution to this problem is the Gaus-
sian measure G(m*, Q*) with (m*, Q*) as defined in Algorithm 3.5. This solution is unique



except when n > 0 and A, = Apt1. In the latter case the set of all solutions is described
as follows. Suppose that

A'I‘l >A7‘1+1:"':)"n:An—f—l:-":)"rz>A1‘2+17

forr1 € N with ri < n — 1 the smallest integer such that either Ap;, > Ar41 or with
r1 =0, and rog € Zy withra > n+1. Let Ty € R(r2=r)X(r2=r1) peo g orthogonal matriz
(ToTd =1 =TJITy). Define

I, 0 0
T = 0 T O ERPlXpl,
0 0 Iy
I, 0 0
T, = [0 Ty 0 € RP2*P2
0 0 Ipymy
T = (épl gp )ERPXP, S* = ST € RP*?,
2

* * I Ll *\T' X
Q*(1 = S S RPXP,
( 0) ( L,{ I ) ( ) ©

The set of optimal variance matrices is then specified by
{Q*(Ty) € RP*®?|Ty € R~ )X(2=m1) yrihogonall. (8)

The infimal value is

k
p— Y In(1-X(4)),
1=n-+1
where {\i(A), i =1,...,k} are the decreasingly ordered eigenvalues of A which are equal
to the canomnical correlation coefficients of Q.

The Algorithm 3.5 has been known for a long time, it is already stated in [11]. Novel is
here only that it is the optimal solution to the approximation problem with the divergence
criterion. The notation * as in Q* is used to indicate the minimum of an infimization
problem.

Proof Because Q € Q(n), @ > 0, hence m* = mg. In the following it is suppposed that
mgy = 0 hence m* = 0. The cases n = 0 and n > 0 are treated successively in the proof.
1. For n =0, Q € Q(p1,p2,n) has the block-diagonal form

_ Qll 0 X
Q_( 0 Q22)€Rp "

Because Q@ > 0, P = Q! exists and is also an element of Q(py,p2,0) and hence is also
block-diagonal. The problem is then equivalent to

inf  [tr(PQo) — Indet(PQp)].
PeQpipuo TG0 7 IndetPQo)]

2. Transform Qg to a canonical variable form as indicated in Step 1 of Algorithm 3.5. De-
fine P = STPS. Because P and S are block-diagonal of compatible sizes, P € Q(p1, p2,0)



is also block-diagonal. Because for square matrices A and B, tr(AB) = tr(BA) and
det(AB) = det(BA), the cost function becomes

tI‘(PQQ) —1In det(PQg),

where

QO = ( LIT II; ) .

Since, by assumption, Qo > 0, we find 1 > A\; > ... > XAy > 0.

3. It follows from the canonical variable form, see Step 1 of Algorithm 3.5 that the
underlying variables y1,ys can be decomposed into components as (y11,y12) and (y21,¥22),
where y11,y12 are independent, ys1,y22 are independent, and (y11,y21) taken together are
independent of (y19,y22) taken together. The approximation problem for y;,ys can then
be decomposed into one for (y11,y21) and one for (y12,¥y22). In this step this decomposition
is formally established. Let

I 0

c RpPxp

o O O
O N O
S O NO
N o O o

where the successive diagonal blocks of T take values in RF*F, R(P1-F)x(p1-k) = phxk
RP2=k)x(2=k) regpectively and the other blocks conformly. Then 7-' = TT. Decompose
P and Qg conform to T as

Ps Py 0 0O I 0 AO
5 Pf Ps 0 0 ~ 01 00
pP= Y 0 7Q0:
0 0 P Py A0 T 0
0 0 PL P 00 0 I
Then
P 0 P 0 I A 0O
- 0 P, 0 P AT 00
— T 7 10
PQo = T PT 0 P 0 0010 |T
0 P4 0 B 0 0 0 I
Py P Qs 0
— T 3 11 3
! (Pﬂ P4><0 I)T’
where

Py = ( P50 ) € RQkX%’ P = ( 136 128 ) € R(p—Qk)X(P—%)’

. I A 2%k % 2k . Py 0 2k x (p—2k)
Qs—(AI>ER , Pi1= 0 Py €R :

tr(PQo) = tr (( ]I;_I% 1133141 ) ( %3 g )) = tr(P3Q3) + tr(Fy),

SN P3Q3 Py
Indet(PQy) = 1ndet<P1T1Q3 P, )



P3Q3 0
= Indet
( 0 Py— PiQ3(PsQ3)~ Py )

= Indet(P3Q3) + Indet(Py — PL Pyt Pyy).
Note that
Py — PLP;'Py < Py, Indet(Py — PPy 'Py) < Indet(Py).
Hence
i%f[tr(PQo) — Indet(PQy)]
= _inf [tr(P3Q3) — Indet(P3Q3) + tr(Py) — Indet(Py — PL Py Ppy)]

P3,Py, P13

> ilrjlf[tr(P3Q3) — Indet(P3Q3)] + ilralf[tr(Pl;) — Indet(Py)],

while the left-hand side can attain the right-hand side for Pj; = 0. Thus the problem has
been reduced to the two problems

inf tr( P — Indet(P:
Pge(gzk,k,o)[ 1(F5Qs) — Indet(Ps@s)l

inf tr(P) — Indet(Py)].
P4€Q(P11£lk,p2—k,0)[ r(Ps) — Indet(Fy)]

4. The infimization problem for the matrix P3 is shown to have an unique solution if a
solution exists. Define the function

9:Q(k,k,0) = R, g(P3)=tr(P3Q3) — Indet(P3Q3).

The space Q(k, k,0) is convex. It can be shown that on this set the function g is strictly
convex. Thus if the problem

P3€é§£,k,0)[tr(P3Q3) — Indet(P3Q3)] ®)

has a solution then the solution is unique.
5. The infimization problem for the matrix Pj is solved in Step 5 and Step 6. Let

_( 0 I 2% x 2k
T3_<Ik O)ER ,

where the four blocks are in R¥**. The matrix T is invertible with 7-! = T. Then

P; 0 P, 0
-1 _ 5 -1 _ 7
s (8 e (70),
T:Q:T; ' = Qs
tr(P3Q3) — Indet(P3Q3) = tr((TsP3T3 ")Q3) — Indet((T3 P3Ty ') Q3).
Because a solution to (9), if it exists, is unique, it follows that if P3 is a solution then so

is T3 P3T; !, hence Py = T3 P3Ty ' and Ps = P;. Let D; € R*** be a diagonal matrix with
on the diagonal +1 or —1, and

([ Dy O 2k x 2k
D_( 0 Dl)ER ,



Then

R LU

0 D PsDy? ) =DhBD,

DQ3D' = Qs
tI‘(P3Q3) — ll’ldet(PgQ?,) = tl‘((DP?,D)Q;;) — lndet((DP3D)Q3)
Again because of the uniqueness of a solution
DPD = Ps.

Let i,j S Z]c, 1 ;é j, dz' = —dj. Then (Pg)ij = (DPgD)Z'j = —(P3)z'j, hence (P3)ij =0 and
P; is diagonal. Then the problem decomposes, with A; € (0,1) and a; > 0, as

k
tr(P3Qs) — Indet(P3Qs3) =Y tr(Ps(i)Qs(:)) — Indet(P3(i)Q3(3)),
i=1
Qs(i) = ( )f\lz )]\_Z ) € R?%?, Pyi) = ( %i 21- ) c R2%X2.

6. The single variable case of the infimization problem for the matrix Ps is solved next.
Consider the problem, for i € Zy,

inf _ [tr(P3(i)Qs (1)) — I det(Po()Qs ()],

a; €(0,00
with A; € (0,1). The cost function is
h(a;) = tr(P3(i)Q3(i)) — Indet(Ps(i)Q3(i)) = 2¢; — 2In(a;) — In(1 — A}).

The minimum is then easily calculated by differentiation. The minimum is e} = 1, it is
unique, and the infimal value is 2 — In(1 — A?). The solution to the problem of Equation
(9) is then P = I with as infimal value

k
2k — ) In(1— A3).

=1

7. Next the infimization problem for the matrix P, is considered

inf tr(Py) — Indet(P, 0
P4€Q(P1—k,p2—k’0)[ ( 4) ( 4)] ( )
where
[ B 0 o7

Since x —Inz — 1 > 0 it is easy to check (by expressing the criterion in the eigenvalues
of P;) that (10) is larger or equal to p — 2k which is the number of columns of P;. This
lower bound is achieved for Py = I which is hence optimal.

8. The results of the Steps 6 and 7 are then used to compute the solution to the problem
of the theorem for the case n = 0 according to

Pr=1 P=5Tpst=5"Tg"1=(58")"!, @ =P =55".

10



The infimal value is
k k
2k —Y In(1—A)+(p—2k)=p— ) In(1—X).
=1 i=1
9. Next the problem for the case n > 0 is considered. @ € Q(n) has the form

Q = ( Q%} Q12 ) ’ QIZ S RPIXPQ’ rank(Q12) S n.
12 Q22

Because Q > 0, Q! exists. Let Q™! be decomposed in blocks compatible with @Q above.
It follows from Proposition A.1 that rank(Qis) < n iff rank((Q~!)12) < n. Moreover,
this proposition yields a formula for Q™! in terms of the blocks of Q and conversely. The
problem has then been reduced to solving

. 4 I
Q_leér(l;.l,Pz,n)[tr(Q QO)_lndet(Q QO)]

10. Transform )¢ to canonical variable form as in Step 1 of Algorithm 3.5. Define P =
STQ~1S. Because S is block diagonal with nonsingular diagonal blocks, P € Q(p1, p2,n).
The criterion now becomes

inf tr(PQq) — Indet(PQy)]-
PEQ(pl,pz,n)[ (PQo) (PQo)]

Decompose this problem as in Step 3. Below the case is treated in which p; = ps = k and
there are k£ nonzero canonical correlation coefficients.

11. The matrix P is reparametrized such that the approximation problem is reduced to
the case n = 0 that has already been solved in Step 8. Let

Qanc(p1,p2,n)
= {(4,B,C) € RP**P1 x RP2XP2 x RP1¥P2 | A = AT >0, B= BT >0,
rank(C) < n},

f Qapc(p1,p2,n) — Q(p1,p2, 1),
_ (I C A0 I 0\ (A+CBCt CB

P_f(A’B’C)_(O I)(O B)(C’T I)_( BC” B)'
It follows that the map f is well defined and has an inverse

F7UP) = (P11 — P1aPy, Pyy, Pag, PiaPsy}).
The infimization problem can then be decomposed

inf tr(f(A, B,C)Qo) — Indet(f(A4, B,C)Qo)] =
s, C)EQABC(MM’”)[ (f( )Qo) (f( )Qo)]

= ot [ inf o (f(4,B,0)Q0) ~ Indet(f(4, B,C)Qu) (11)

where the sets AB(n) and C(n) are defined conform Q 4pc(p1,p2,n). In the following the
inner infimization is considered first in which C € C(n) is considered fixed.
12. For the inner infimization of (11) the cost function is now transformed. Let

tI‘(f(A,B,C)QO):tI‘<<é C;)(ﬁ g)(c{T g)QO)
B A0 I C+A
= e((55) (el 92Y))

11

tr(PQo)



where
H=I+CT"A+AC+CTC.

Let H'/? be a symmetric square root of H. Because Qo > 0, H'/? is nonsingular. Let
B=H'?BH'?. Then

_ A 0 I C+A
ey~ o{(48) (o %)

A 0 I C + A)H1/?
- o((3 ) (s CYT))

Transform the second matrix in the trace of (12) to canonical variable form,

H—1/2(CT+A) = ULTV, UeRP*P2 VYV eRP*P1 [ ¢ RP1¥P2

LT 1

_ A0\~
tr(PQo) = tr(<0 B>Q0>

The inner infimization problem has then been reduced to

(5 5)a) e ((55) @)

The solution to the latter problem is provided in Step 6 of the proof. The optimal solution
is (A*, B*) = (I,I) and the infimal value is

k1
2k — > In(1
=1

where {Xz,z = 1,...,k1} are the canonical correlation coefficients of Qo and k; € N is
the number of nonzero canonical correlation coefficients. Then A* = I, B* = I, and
B* = H~!. The inner infimization is then solved.

13. For the outer infimization in (11) an expression is needed of the value of the criterion
of Step 12 in terms of the matrix C' over which one has to infimize. This value may be
deduced from {5\,,2 =1,...,k1}, the canonical values of Qo, or, equivalently, the singular
values of H—/2(CT + A). From the matrix inversion lemma follows that

(C+ NI +CTA+AC+CTC]TH(CT +A) =
= (CH+AN[I-A)+ T+ M) (C+MN]HCT +A)
= I—[I+(C+A)I—A)CT +A)7?
Let CT = (I — A2)~1/2C, A = (I — A>)~'/2A. Denote the singular values of the matrix C
by {\(C), i € Zi}. Thus the singular values of H~/2(CT 4 A) satisfy
MNHTCET+A) = 1-[1+X(CT+A)!
1= XH2CT+A) = 1+ CT+A)] L

0o = (_I L), A=vav’, B=UTBU,

__inf
(A,B)eAB(n)

In the following consider the decreasingly ordered singular values of C and A, {Ai (C), i€
Zi} and {\(A), i € Zi}. Tt follows from [7, Th. 3.3.16] and from A = (C+A) (-C)
that

Aitj—1(A) < N(CT + A) + \;(=CT),
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for all 4,5 € Z;, with i+ 5 < k+ 1. Because rank(C) = rank(C) < n, Ap41(CT) = 0, hence
Aisn(A) < X(CT + R),
fori=1,...,k —n. Note that

A2 = AI-A)TA =T+ A
L+ XA = 1-23(4).

Then, fori=1,...,k —n,

1= A2 H2OT +0) =1+ XCT + A L <1+ X2 A) L
Note also that fori=1,...,n

1= X(H V2T +A) <1
14. The outer infimization of (11) is then

k1
inf |2k =S In(1 = X2(HY2(CT + A
oot ; n(1 — A( "+ M),

where C' € C(n) is such that C € RP1*P? and rank(C) < n. Because the logarithm is an
increasing function the problem is equivalent to

k1
sup [[[1 — N (H2CT +A))).
CeC(n);—1

An upper bound for the cost function now follows from Step 13 of the proof,

k1 k1 k1
[Mo-x@EPe"+m < I n+X@Q1 " = ] 1- @),
=1 i=n-+1 1=n+1

and the right-hand side does not depend on C € C(n). Next it is shown that the upper
bound can be attained for

* _Al 0

where A; is defined in Step 2 of Algorithm 3.5. Note that there may be more than one
matrix C* which attains the right-hand side in case A\, = A,+1. The equivalence class of
optimal C* matrices can be shown to correspond to the set of solutions described in the
statement of the theorem. Then

A2
H:(IOA1 g) (C*+A)H1((C*)T+A)=<g &)

METHE) ) = { g;(A), Z:Hlnk
k k
[Ie-X@E2eH™+a) = [ 1-x@)
=1 i=n-+1
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15. With the result of Steps 12 and 14 the optimal solution is then calculated as

T+A2(I-A)"t 0 —A(I-AYH7L 0
* _ * * *\ 0 I 0 O
P - f(A,B,C)— —Al(I—A%)_l 0 (I—A%)_l 0 )
0 0 0 I
I 0 A; O
ol _ 0 I 0o o (I L
(P)_AIOIO_LT{I’
0 0 0 I

Q* — S(P*)flsTl

The minimum value of the criterion is

k k
(p—2k)+2k— > In(1—A(A)=p— > In(1—2A(A)).
1=n+1 1=n+1

O

4 Divergence approximation of a stationary Gaussian pro-
cess

Consider a discrete-time stochastic process y : € x T — RP on T = Z. Consider two
probability measures for this process, Py and P,. With respect to Py ¥y is stationary,
Gaussian, has zero mean value function, and covariance function Wy : T — RP*P_ while
with respect to P; y is stationary, Gaussian, has also zero mean value function, and
covariance function W : T — RP*P,

The divergence rate between Py and P; is defined by the formula

DT(P()le) = lim

n—oco 2n + 1

D(P0|[fn,—|—n]||P1|[7n,—|—n])7

if the limit exists, where Py|(_p ], Pi|[—n,+n] denote the restrictions of Py and Py respec-
tively to a stochastic process on the time index set {—n,...,—1,0,1,...,n}. Suppose that
the process y with respect to Py and P; admits spectral densities Wo,Wl : C — CP*P
respectively. The divergence rate between the measures induced by the processes exists
and is given by the formula

D (Bo||P1)
I det W () I P L
= E/_W In <7th W(l)(eik)> +tr (Wl(e MW () — Wi (e ,\)]) Y

For details on this see [12, Appendix EJ.
Consider a Gaussian system on T = Z and on the probability space (2, F') represented
by the recursion

z(t+1) = Az(t)+ Bo(t),
y(t) = Cxz(t) + Do(t),

where v : @ x T — R™ is a Gaussian white noise process with, for ¢t € T, v(t) € G(0,V),
V=VT>0,2:QxT — R"is astochastic process called the state process, y : QxT — RP
is a stochastic process called the output process, and A € R™*", C € RP*™, M € R™"*™,
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N € RP*™, Assume that the eigenvalues of A are strictly inside the unit circle, which
property is denoted by sp(A) C C~. Then z and y are stationary Gaussian processes.

Call A,C, M, N,V the parameters of the Gaussian system and denote the parameter set
by

o _ [ (A.CM,N,V) € R™ x R x R x RPm x Rmxn|
"l V=VvT>0, sp(d) cC~ |

Call n € N the order of the Gaussian system.
Denote the set of measures on the output process of a stationary Gaussian system of
order less than or equal to n € N by

PGS’(n) = {P(a)a NS (—)ﬂ}

With an observed time series one may relate a probability measure Py such that with
respect to this measure there exists a stationary Gaussian process. This is usually done
by taking as the mean value function zero and as covariance function an estimate of the
covariance function computed from the data. Not discussed here is the procedure by which
one goes from a covariance estimate on a finite horizon to a covariance estimate on the
infinite horizon.

Problem 4.1 Consider a discrete-time Gaussian stochastic process y : Q@ X T — RP on
T = Z and a probability space (Q, F). Consider a probability measure Py on (Q, F) such
that with respect to Py y is a stationary Gaussian process with zero mean value function,
covariance function Wy : T — RP*P, and spectral density Wy : C — CPXP. The problem is
to solve, for fized n € N,

o DARIPW). (13)
In principle the infimization of Problem 4.1 can be performed numerically as is done in
the maximum likelihood method. The interest of the problem is primarily to show that it
can partly be solved analytically and to relate the solution to the subspace algorithm. The
approach to Problem 4.1 based on Theorem 3.6 and a limit argument is not correct for
several reasons including the fact that the state should also make the past and the future
of the state process conditional independent. The authors are currently investigating this
problem.

5 Conclusions

Model reduction based on truncation after transformation in a suitable basis is a widely
used technique. However, in several cases there is little theoretical foundation for this
approximation technique. In [6] model approximation for finite-dimensional linear systems
in the Hankel norm was studied in detail. It was shown that truncation in a particular
canonical form yields an optimal approximation in the Hankel norm. This paper is a first
attempt to perform a similar technique for Gaussian processes. It is shown that optimal
approximation using the divergence criterion amounts to truncation in a particular form.
The extension of this problem to Gaussian processes is currently being investigated.
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A Technical results

In this appendix a technical result is stated that is used in the main body of the paper.

Proposition A.1 Let

A A
A= c R(n1+n2)X(n1+n2)
( Agy A
with A1 € Ranl’ Ag € Rn1Xn2’ Ag € Rn2xn1, Agy € R™*™2_ Assume that AH, Azg,
and A are nonsingular.

a Then the matrices A1 — A12A2_21A21 and Agg — A21A1_11A12 are nonsingular.

b A1 — [A11 — A9 A5y Ag] ™t — AT Ara[Agy — Ag1 AT At
— Ayt Ag1[A1g — A9 Ay Agy ]|t [Agg — Agy At Agg]™? )
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