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A Heavy-traffic Theorem for the GI/G/1 Queue with

a Pareto-type Service Time Distribution

J.W. Cohen
cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

ABSTRACT
For the GI/G/1-queueing model with traffic load a < 1, service time distribution B(¢) and
interarrival time distribution A(%) holds, whenever for t — co:

1—-B(t) ~ g7/57 +0(e™), ¢>0, 1<v<2, §>0,

Jt'dA() < oo for p>v,
0

that (1 — a)ﬁw converges in distribution for a 7 1. Here w is distributed as the stationary
waiting time distribution. The L.S.-transform of the limiting distribution is derived and an
asymptotic series for its tail probabilities is obtained. The theorem actually proved in the text
concerns a slightly more general asymptotic behaviour of 1 — B(t), ¢ — 00, than mentioned
above.
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1. INTRODUCTION
For the GI/G/1 queue denote by A(t) and B(t) the interarrival — and service time
distribution and by a the traffic load with a < 1.

The distribution B(t) is said to have a Pareto type-tail if: for ¢ — oo,

]-_B() t/ﬂ Z t/ﬂ (eiét)v

i (1.1)
1<v<2, ﬂ::/tdB(t)), c>0, §>0,

0
¢n >0, v, >v,N afinite integer > 1.

w shall denote a stochastic variable with distribution W (t), the stationary distribution
of the actual waiting time of the GI/G/1-model.
Write

Ao 1—a I(v)sin(v — D)7 ]*T ’ (12)

a CTt




here I'(+) is the gamma function and z®, « real, is defined by its principal value, i.e., it
is positive for x positive.
THEOREM. When B(t) has a Pareto-type tail as specified in (1.1) and when

/t“dA(t) < oo fora > v, (1.3)
0

then the stochastic variable (1 — a)ﬁw/ﬂ converges for a 1 1 in distribution, and

1
: —pAw/(B\ _ .
1;% E{e PAV/P} = i Rep > 0; (1.4)
the righthand side of (1.4) is the Laplace-Stieltjes transform of a true probability distri-

bution R, _1(t) with support (0,00); and for t — oo and every finite H € {1,2,...},

H .
L Bt = 2 30y BRI DT o p-tmene-ny (1)

For a special class of Pareto-tailed service time distributions the theorem has been de-
rived for the M/G/1-model in [2]. The distribution R,_;(t) is called the Kovalenko
distribution, cf.[9]. For v = 11 we have , cf. [1],

2
Rip(t)=1- ﬁetErfc(tl/z), t>0, (1.6)

with

oo

Erfc(z) = /efuzdu.

T

The proof of the theorem is given in the next section, it uses an idea of the proof of
Theorem 1, DOETSCH [7], vol. I, p. 467.

The theorem stated above is a heavy traffic result. The classical heavy traffic theorem
for the GI/G/1-model, cf.[3], Section II1.7.2, requires the finiteness of the second moment
of A(t) and that of B(¢). In a forthcoming paper by O.J. Boxma and the present author
generalisations of the theorem above will be discussed.

2. PROOF OF THE THEOREM
We consider first the case with all ¢, = 0, n = 1,... , N. Consequently, it is seen from
(1.1) that we may write for ¢t > 3,

+ F(t), (2.1)
with

/e*"tF(t)dt convergent for Rep > =4, ¢ > 0. (2.2)
B



With
o0

5(p)i= [ e "B, Rep>o0, (2.3)

0—

we have: for Re p > 0,

1- ﬂ(p) _ —pt ﬁ —
3 _O/e (1-BO)G
N _ (2.4)
/ﬁ 1By Y s [y [enp
) B J (t/B)v B ﬁ g’
and
B 00 00
dt dt
1:0/{1_ Tﬁ/ /F“)E
It follows: for Re p > 0,
C1=B0) o [ dt
1= 22 — (o) ﬁ/ T (25)
with
B8 00
e=Pt) (t) dt + {1— e} F(t ) (2.6)
S Ty sy

By using (2.2) it is readily seen that g;(pf3) is a regular function of p for Re p > —94.
For the integral in (2.5) we have by partial integration: for Re p > 0,

[er (%) 4 = ~ga(p) + DL - 1) (o)™, (2.7
I6)
with
s 1—v
niph) = e+ Lo fon (5) e (25)
0

Obviously g2(p3) is also an entire function of p for all p, note that 0 < v —1 < 1.
From, cf. [8], p. 3,

™

INCVI NG REDVES A not an integer, (2.9)

sinT\’

and with

9(pB) = g1(pB) + g2(pB), (2.10)



we have from (2.5), ..., (2.10) for Rep > 0,

1-p

-8 _|
B

From (2.6), (2.8) and (2.10), it is seen that g(pf) is also a regular function of p for

Rep > —4d. From (2.11) it follows that ¢g(0) = 0. Hence since g(p3), Rep > —d is a
regular function we have: for Re p > =94, |p| — 0,

1

(p8) + i (pB)" - (2.11)

(v)sin(v — )&

9(pB) = 1pB + O((pB)*), (2.12)
with ~ a finite constant.
Put
a(—p) = /e"tdA(t), Rep =0, (2.13)

0

so that a(—p) is the characteristic function of the distribution A(¢). From (1.1), (1.3) and
the series expansion of a characteristic function, cf.[10], p. 199, we have: for Re p = 0,
lo| =0,

a(=p) =1+ ap+O(|p]", (2.14)

oo

= /tdA(t) = (3/a.
0
Let i be the idle period, i.e. the difference of a busy cycle and the busy period contained

is this busy cycle. The relation between the distributions of w and i is given by, cf. [4],
p.21, or [3], p.371; for Rep =0,

— pi — — -1
N il (219)
note that
Efi} = (o - AE{n}, (2.16)
with n the number of customers served in a busy cycle.
With
A, = =l (2.17)

I'(v)sin(v — )7’
we have from (2.11): for Re p =0,

1 - B(p)a(—p)
(B—a)p

B [1-al-p)
B—a Bp

(2.18)

+{1=g(pB)}a(—p) — Au(pB)" " a(—p)| -



Put, cf. (1.3),
o :=min(l,u—1) > 0. (2.19)

By using (2.12) and (2.14) it follows from (2.18) since u > v, cf. (1.3), that for Re p = 0,
ol =0,

1-pBpal=p) _ _B [
(B—a)p B-a

—% +1—4,(p8)" " +0(p|) (2.20)

= 1 ﬁ{fly(pﬁ)wl +0(lp[7)}-

Put for Rer > 0, cf. (1.2),

p= [1 - “A;l] B = Ar/a (2.21)
With for Rer <0,a <1,
W) =E{e ™}, xlp) = % (2.22)

we have from (2.15), (2.20) and (2.21): for 0 <1 —a << 1 and Rer =0,

i w(rA/B) = x(—rA/8) [L =t 4170 (1 - a) T

ii. w(rA/pB) and x(—rA/p) are both regular for Re r > 0, continuous for Re r > 0,

i, wA/B) <1, [(-rA/B) <1, Rep>0,
w(0) =1, x(0) = 1.
The conditions (2.23)i formulate for w(rA/g) and x(—rA/fS) a boundary value problem
of a type as discussed in [6]. It is not difficult to verify that the conditions (26)i,...,iv
of [6] are fulfilled for the present boundary value problem with 0 < 1 —a << 1. Hence
from (31) of [6] its solution reads: for 0 <1 —a << 1,
w(rA/B) =efrA/B) - Rer >0, (2.23)
x(—=rA/B) = eH(rA/B) - Rer <0,
with

ico o ;
H(ra/B) ;:% / log [1+n”‘1+nf’0((1—a) o )] ﬁ

This integral is a principal value, singular Cauchy integral, cf.[5], Section 1.1.5 and [6].

The integral is absolutely convergent and it follows readily by contour integration in the
right half plane that

100
1 rdn
lim H(rA = — [ log{l+n""! 2.24
i 108/8) = 5 [ s (224
—100
= —log{l+r""'} for Rer >0,

=0 for Rer <0,



note that the logarithm of the integrand is regular for Re n > 0, continuous for Ren > 0
and zero for n = 0, cf. further [5], Section 1.1.5. Hence from (2.24) and (2.25): for
Rer >0,

1
li A = lim E{e ™%/ = —— 2.2
im w(rA/p) im {e } e (2.25)
lign x(rA/B) = L

atTl

By using Feller’s continuity theorem for L.S. transforms of probability distributions it
follows that Aw/j converges in distribution for a 1 1, with limiting distribution R, _1(t)
given by

o0

1

—rt _
/e dRy_l(t) = W, Rer Z 0. (226)
0

It remains to prove (1.5).

7 1 1 v—2

1= Ry, (t)}dt = ~{1 - =" : 9.9
[ertu- R = 1= ) = (227)
0

Because 1 < v < 2, the righthand side can be continued analytically out from Rer > 0,
into {r : |argr| < ¥, %W < < 7}. With D the contour defined by: for a ro > 0,

D:={r:r=ree?, ¢==2p}U{r:r=Ret' R>ro}, (2.28)

it is readily shown by starting from the inversion integral for the Laplace transform that

1 . T
1-R,_1(t) = — [ e ———dr, 2.29
v-1(t) 2m'/ T+rv 1 (2.29)
D
with the direction on D such that on r = rge'? it is counterclockwise with respect to the
origin. For r = |rg| < 1 we have

v—2 >

r 1
— =2 (=1)nipnlrmh), 2.30
Tt = DT (2:30)
We now apply a theorem of DOETSCH [7], vol.II, p. 159 to derive an asymptotic series
for 1—R,_1(t), t = oo. It is not difficult to show that this theorem may be applied here.

It uses the relation

1 tA 1 —A—1

— "rtdA = t A#0,1,2,...

27Ti/e r F(—)\) ’ 7é ) Ly 4y ’
D

and it states that: for ¢ — co and every finite H € {1,2,...}.

H —n(r—1
L Rymalt) = S (1 s + O ), (231)

n=1

By using the relation (2.9) the relation (1.5) follows, and the theorem has been proved
for the case ¢, =0, n=1,... ,N.



To complete the proof for ¢, > 0, it suffices to take ¢; > 0, c; = ... =cy = 0, since it
is readily seen that the general case proceeds along the same lines. However, we have to
distinguish the case that v, (> v) is not an integer and that of v, is an integer > 2.

First, we consider the case ¢; > 0, v noninteger. Instead of (2.1) we write: for ¢ > 3,

C C1

+ + F(t), (2.32)
/By (t/B)"
with F(t) again satisfying (2.2). By repeated partial integration it is readily shown,
cf. [7], vol.II, p. 468, and (2.7), that: for Rep > 0,

1 - B(t) =

o0

—pt 1 g__ ¢ —u v1—1
o [ G 5 = —08) + T = ) (o8, (2.33)

with g2(pB) an entire function of p for Re p > —4.
The relation (2.11) is now replaced by: for Re p > 0,

_1-80) _ OO
L==3, =908 * oy —na Y (2.34)
+ [(vy) sinl(l/1 - 1)77(p/6)yl_1’

with g(pB) again a regular function for Re p > —d and which satisfies g(0) = 0 and
(2.12). Proceeding with the analysis above with (2.11) replaced by (2.35) leads again to
(2.20) since v; > v, cf. (1.1). The remaining part of the proof with ¢; > 0 does not differ
from that with ¢; = 0, and so the theorem has been proved for ¢, > 0 and v, not an
integer.

Finally we have to consider the case vy = k > 2, with k an integer. We have, cf.[7],
vol. I, p. 468,

o0

_1\k
cl/e*st L df (pB) + 1 (=) (pB)* " log(pB),
3

w/ByF s~ " (k= 1)!
again with go(pf) a regular function, and (2.35) becomes: for Re p > 0,

- cT v—1 _1\k—1
- pg(p) (v) s(ii@_ D ”1;(;:)_ 7y (P8) " log(pB),  (2:35)

where g(p3) is again an entire function for Re p > —4§, which satisfies g(0) = 0 and (2.12).
The last term is o((pB3)” 1) since k > v. With this it is readily verified that the second
equality sign in (2.20) also applies for the present case, and so the remaining part of the
proof is similar to that with ¢; = 0. Hence the theorem has been proved.

1

= g(pB) +
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