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ABSTRACT
The Boussinesq system arises in Fluid Mechanics when motion is governed by density gradients caused by
temperature or concentration differences. In the former case, and when thermodynamical coefficients are
regarded as temperature dependent, the system consists of the Navier-Stokes equations and the non linear heat
equation coupled through the viscosity, bouyancy and convective terms.

According to the balance between specific heat and thermal conductivity the diffusion term in the heat
equation may lead to a singular or degenerate parabolic equation.

In this paper we prove the existence of solutions of the general problem as well as the uniqueness of solutions
when the spatial dimension is two.

1991 Mathematics Subject Classification: 35K55, 35D05, 35B30, 76R10.

Keywords and Phrases: Free convection, existence and uniqueness of solutions.

Note: Work partially carried out under project MAS 1.3 ”Partial Differential Equations in Porous
Media Research”.

1. THE MODEL

The Boussinesq system of hydrodynamics equations [3], [26], arises from a zero order approximation to
the coupling between the Navier-Stokes equations and the thermodynamic equation [25]. The presence
of density gradients in a fluid allows the conversion of gravitational potential energy into motion
through the action of buoyant forces. Density differences are induced, for instance, by gradients
of temperature arising by non uniform heating of the fluid. In the Boussinesq approximation of a
large class of flow problems, thermodynamical coefficients, such as viscosity, specific heat and thermal
conductivity, can be assumed constant leading to a coupled system with linear second order operators
in the Navier-Stokes and in heat equations (see, e.g., [11], [12], [17], [31]). However, there are some
fluids, such as lubrificants or some plasma flow, for which this is no longer an accurate assumption
(see, e.g., [15], [29]). In this paper we present results on the existence and uniqueness of weak solutions
of this problem. Results on some qualitative properties related with the spatial and time localization
of solutions will be published elsewhere ([14]). We start by considering the system derived in [25]

w + (u- V)u—div (u(6)D(u)) + Vp = F(6),
divu =0, (1.1)
C(®); +u-VC(H) — Ap(d) =0,
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where u is the velocity field of the fluid, € its temperature, p the pressure, u(f) the viscosity of the
fluid, F(#) the buoyancy force, D(u) :=Vu+Vu?,

9 9
C(0) := C(s)ds and ¢(f):= / k(s)ds
00 90

with C(7) and k(7) being the specific heat and the thermal conductivity of the fluid, respectively.

Assuming, as usual, C' > 0 then C is inversible, and so § = C~!(#) for some real argument §. Then
we can define the functions

5(0) = poC™'(B), F(B):=FoC'@), fl):=poC (@)

Substituting these expressions in (1.1) and omitting the bars we get the following formulation of the
Boussinesq system

u; + (u-V)u—div (u(0)D(u)) + Vp = F(6),
divu = 0, (1.2)
0 +u- Vo — Ap(f) = 0.

We briefly comment some interesting features that characterize this model. There are two paradig-
matic situations: the fast and the slow heat diffusion. These cases mathematically correspond to
the singular or degenerate character of the heat equation which may occur according the relative
behavior of C' and k. Indeed, since C' and k are non negative, their primitives C and ¢ are non de-
creasing functions. Suppose that a perturbation of a constant temperature 6, causes a small gradient
of temperature between the boundary (higher temperature) and the interior (lower temperature) in a
neighborhood, and assume that the behavior of C and ¢ near 8y can be approximate as

C(s) ~ci(s—00)+ca(s—00), @(s)~ki(s—0)+ks(s—6p)7,
for s > 6y, where p,q > 0. From (1) we have

—1 1 —1\/ _ 90’(5) _ kl +kZQ(S _90)1171
#C) = ¢()C (€)= G = B

So when s — 6y ( and therefore C(s) — 0 ) we get one of the following behaviors of @' close to zero:
(i) if p,q > 1 then ¢'(0) = k1 /ey,
(ii) if 1 > ¢ > p either ¢ > 1 > p then C(li)mogé’(C(s)) =0,

5)—

(iii) if p > 1 > g either 1 > p > ¢ then lim ¢@'(C(s)) = +o0.
C(s)—0

In the first case both linear parts dominate: this case arises, for instance, when conductivity and
specific heat are taken as constants, leading to the classical heat equation with a linear diffusion term.
In the other two cases the non linear parts dominate and this leads to two different behaviors:

if p < ¢ the specific heat dominates over the conductivity, i.e., when temperature approaches 6y the
fluid stores more heat and this is worstly conduced. It was proved in [6] (see also [14]) that a
front of temperature 8 = 6, arises. This type of phenomenon is known as slow diffusion : heat
spends a positive time to spread over the neighborhood,

if p > q the opposite effect arises: the conductivity dominates over the specific heat. In this case
the phenomenon is called fast diffusion. In [6] (and [14]) was proved that, in fact, 6 = 6, in the
whole domain when the time is large enough

The outline of the paper is the following. In section 2 we state the main assumptions on the data
that will hold through the article and introduce the usual Navier-Stokes functional setting consisting
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of the variational formulation of these equations introduced by Leray [23] under the framework of
functional spaces of free divergence. We also define the notion of weak solution for the heat equation.
In section 3 we prove existence of solutions of (2.6) by introducing an iterative scheme to uncouple
the system and then we use a modification of the proof of existence of solutions for the Navier-Stokes
equations due to J.L. Lions [24] and a regularization technique together with results in [1] to prove
the existence of weak solutions of the heat equation. Finally we pass to the limit in the iterative
scheme to find a solution of the coupled system. In section 4 we present two results on uniqueness of
solutions (in spatial dimension N = 2) corresponding to the fast and slow diffusion cases. Proofs of
both results are based in a duality technique.

2. FUNCTIONAL SETTING OF THE PROBLEM
We consider the system of equations given in (1.2) holding on a bounded domain €2 and satisfying the
following auxiliary conditions:

u=0 and (6)=o on S,
{ u(z,0) = ll()(l’)(p and %(a;,o) =0(z) in Q,T (2.1)

with Q7 := Q x (0,7) and X7 := 9Q x (0,T), T > 0. Before introducing the functional setting we
shall give some assumptions that will hold through the article:

ASSUMPTIONS ON THE DATA.

H,. Q c RN, N = 2,3, denotes an open, bounded and connected set, with boundary 89 of class C*
and finite (V — 1)-dimensional Haussdorf measure. We suppose that T > 0 is arbitrarily fixed.

H,. We assume

¢ € C([0,00)) NC((0,00)), ©(0) =0, ¢ non decreasing (2.2)
F € Cy, ([0, 00); RY), (2.3)

1€ Ct([0,00)) and satisfies (2.4)
mo < p(s) <my Vs €0,00) (2.5)

for some constants m; > mg > 0.

Hj3. The data satisfy: ug € L2(2), 6y € L*°(Q) and 8y > 0, ¢p € L?(0,T; H(Q))NH(0,T; L*(2))N
L>(Qr)-

H,. If 4/ # 0 and F' # 0 we assume ¢! is Holder continuous of exponent a.

Notice that functions ¢, F and u applies on 6. In the following, we shall show that § € L>°(Qr) and,
therefore, that local and global Lipschitz continuity will be equivalent. Following [24] (see also [21]
and [32]), we introduce the usual Navier-Stokes functional setting by considering functional spaces of
free divergence and the variational formulation of these equations. More precisely, we consider

C°°(Q = {u € C&C(QRY) : divu =0},
L2(Q) := closure of C2°(Q) in the LP(Q; R™) norm,

Whe(Q) == Wy P(Q; RN) N L2(),
Ly(Qr) == L”(O T; L (%)),

and the orthogonal projection

P, : L*(Q; RY) — L2(Q).
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Applying P, to both parts of the Navier-Stokes equation and taking into account that P, Vp = 0 and
that u = P,u due to divu = 0 we get

u; + P,(u-V)u— P,div (u(8)D(u)) = P,F(#) in Qr,
6 +u-VO—ApB) =0 in Qr,
u=0 and @) =¢p on Y,
u(z,0) =ug(z) and 6(x,0) =6by(z) in €,

(2.6)

which is the final formulation of the problem we shall study. We define the usual bilinear and trilinear
forms

o 1 N 9 6Uj aul 81;]- o 0\D v
i,j=1

for all u,v € W}52(Q2) and with § € L>(Qr) and
Ov;j 1,2
b(u,v,w) := Z uim—wj = [ (u-V)v-w, u,veW;(Q),
1 Q

for all w € W}12(Q)
Wh2(Q) for ae. t €
(W22(9) n LY ().

N LY(Q). It is well known that ag is continuous and coercive in W12(Q) x
[0,7] and that b is anti-symmetric and continuous in W12(Q) x W12(Q) x

=)
S~

REMARK 2.1 The main advantage of the formulation of the Navier-Stokes equations in free divergence
spaces is that the component pis eliminated. Thanks to De Rham’s Lemma [28] this unknown can be
determined by means of the following property: if (q,w) =0 forall w € W12(Q) then there exists
p € L?(Q) such that q = —Vp.

We consider the following notion of solution:
DEFINITION OF WEAK SOLUTION. Assume Hj. Then (u,f) is a weak solution of (2.6) if:
(i) we L*(0,T; Wz2(Q)) N L0, T; L7 (), #(6) € ép + L*(0,T; H5 (), 0 € L=(Qr).
(i)

/{(lo()ui- w)dx + ag(u,v) + b(u,u,w) = /QF(Q) -w ae. t€(0,7), @27)

for any test function w € W12(Q) N LY(Q).
(iii) 0, € L2(0,T; H~1(2)) ,

/ (01, 0) / | (7o) —m) - ve =0, (2.8)

for any test function ¢ € L?(0,T; H}(Q2)) and

/ (01, //0 0) = 0, (2.9)

for any test function o € L*(0,T; H3 (2)) N WH1(0,T; L*(Q)) with o (T) =
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3. EXISTENCE OF SOLUTIONS

Existence of solutions of (2.6) is a consequence of results on Navier-Stokes and non linear diffusion
equations. We shall give a proof based on Galerkin’s method although other strategies are also possible
(see, for instance, the formulation in [29] as a variational inequality in the context of stationary
Boussinesqg-Stefan problem).

THEOREM 3.1 Assume Hy-Hy. Then problem (2.6) has, at least, a weak solution with the following
additional reqularity:

ucC([0,T),W, *(Q)) and 6€cC([0,T],H *(Q)).
Moreover, if the auziliary data satisfy

k>0 >m>0 a.e inQ
and

o(ket) > ¢p > p(me M) >0 a.e. in Xr

for some non negative constants k,m, Ao, A1 then there exists a constant X > 0 independent of p such
that

ke >0 >me M >0 ae inQr.

Proof. We start by introducing the following iterative scheme to uncouple the system: for each
n € IN we set

u, + (v - V)u, — div (w(0p—1)D(uy)) = F(l,—1) in Qr,

Gnt +u,_g - Vt‘)n — A(p(@n) =0 in QT: (3 1)
u, =0 and ¢(@,) =¢ép on X, ’
uy(z,0) =up(z) and 6,(z,0) = bp(z) in Q,

with 6g(z,t) = 0p(x) and ug(z,t) = up(x). In (3.1) and in the sequel we suppress the symbol P, that
makes reference to the projection on free divergence spaces.

3.1 Navier-Stokes problem with non constant viscosity
Consider the problem

u, + (u- V)u — div (,u(é)D(u)) =P, F(f) inQr,
u=20 on X, (3.2)
u(z,0) = ug(x) in Q,

where with have changed the notation from u,, 6,—1 to u, é, respectively. This is the usual Navier-
Stokes problem but with viscosity depending upon the spatial and time variables.

LEmMMA 3.1 Assume that HéHL ) < ©. Then there ezists a weak solution of (3.2) in the sense of
< (Qr
(2.7). Moreover, it holds

u e C([0,T], W, %(Q)),

and the norms of u in L*(0,T; W12(Q)), L>(0,T; L2(Q)) and L*(0,T; W, %2%(Q)) are bounded only
in terms of ||[uol| 2 q), Mo and ©.
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REMARK 3.1 The following result is a consequence of Sobolev’s theorem (see, e.g., [14]): the imbed-
ding L™ (Qr) C L*(0,T; H'(2)) N L>(0,T; L*()) is continuous for

1 —e ifN=
r =41 )_{4 e if N=2 foralle >0,

T2/ T 10/3 if N=3. (3.3)

Proof of Lemma 3.1. The proof consists of two steps:

(i) We consider an approximation of (3.2) in a sequence of finite dimensional spaces (V™) C W22(Q)
and prove that the system of ordinary differential equations obtained from (3.2) in each of these spaces
has a unique solution u,,.

(if) Thanks to a priori estimates on (3.2) we pass to the limit m — oo and identify nlgnoo u, as a

solution of (3.2).
We start with (i). The spectral problem

(V,W)W;,z(ﬂ) =AMV, W)2(q), forallwe W22(Q)
has a sequence of solutions {v"} ey C W5?(Q) satisfying

m

(V™ W2y = Am (V™ W) 2 (), forallwe W22(Q),

with A\, > 0, which span W2?2(Q) (see [24], Corollaire 6.1). Then, for each m, functions v?,...,v™
are a base for a m-dimensional space V™. Consider the vector u,, given by

wn(t) = 3 bV, (3.9

and set the problem of finding u,,(t) € V™ such that

Wt + (W - V) — div (u(é)D(um)) —P,F(@) inQr,
u, =0 on X, (35)
(2, 0) = ug(x) in Q,

is satisfied in the following sense

(Wit - W) dX + a5 (Wny W) + b(Wn, Wy W) = / F(f)-w YweV", (3.6)
. Q .
W, (0) = o == D251, ujo - v,

with ujo := / ug - v/, and {u,,0} satisfying
Q

nli_ﬁnoo llamo — U0||Lg(Q) =0. (3.7)

Introducing in (3.6) the expression of u,, given in (3.4) we get, for all w € V™
S0 [ Vw0 o0 [V Tw

+ T (0 [ WBD) V= [ Fl)-w,

and taking w = v¥, k = 1,...m we obtain the following system of ordinary differential equations:
Z <VJ,Vk>L§(Q) h;(t) + Z b(vI v vF)hi (t)hy () — Zaé(vj,vk)(t)hj(t) = f(vM)(1), (3.8)
; “ =

Jj=1 1,j=1
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with f(vF)(t) :== <F(é(t)), vk>L o’ to which we impose the initial condition

hi(0) = /Q upv*. (3.9)

Since we assumed that 6 € L (Qr) and that both p and F are locally Lipschitz continuous functions
we deduce ay(v?,v*)(t) and f(v*)(t) € L>(0,T) for all j,k with 1 < j,k < m. Therefore, we can
express (3.8) in the form

h'(t) = g(t,h(t)) t>0,
{ h(0) = hy,

where g(t,y) is measurable in the first variable and Lipschitz continuous in the second. Hence, we
can ensure the existence and uniqueness of a continuous solution of (3.8) in a maximal interval (0, T;,)
with T}, > 0.

In the second part of the proof we shall show that from the a priori estimates on the approximate
problems we can deduce T}, = T for all m € IN and that the passing to the limit is justified and
defines 1i_r>n u,, as a solution of (3.2). Since u,,(t) € V™ we may take w = u,,(t) in (3.6), obtaining,

m o0
due to the anti-symmetry of b that

1d N

33 [+ gt = [ FOW) w0
for all ¢ € (0,T,,). Using that u(s) > mo > 0, that a;(um,u,,) is a norm in L?(0,T; W,?(2)) and
Holder and Young’s inequalities we get

1d 2

24t /g

Y

4 ~
W (04 mo s 20y < o [FOO)

and, integrating in (0,¢) we obtain

2

L2(07T§W,_1‘2(Q)) + ||um0||L§(Q)> R (310)

mll e 0,722 () + 10mll 20, mw 2 () < € <HF(é)

with ¢ independent of m. Using that F is Lipschitz continuous, that HéHL o) < 0 and (3.7) we
< (QT

deduce {u,,} is bounded in L®(0,7T; L2(2)) N L?(0,T; W12(Q2)) with continuity with respect to 7T'.
So we can take Ty, = T'. On the other hand, if we denote by P, to the orthogonal projection of L2 ()
in V™ from (3.8) we obtain

Uy = —Pp(B(uy,)) — PrA;(t)uy, + PyF,

where A;(t) and B are defined by

ao(Vl,Vg)(t) = /QAg(t)Vl *Va ¥y b(Vl,Vl,VQ) = /QB(Vl) *Va,

which are continuous from W2l2(Q) in W, 12(Q) and from W22(Q) in W, %2(Q), s = N/2, respec-
tively, as a consequence of the continuity properties of ap and b (see, e.g., [24], Lemme 6.5). From
the estimate (3.10) we deduce Ag(t)u,, is bounded in L?(0,T; W, 12(Q)) and that B(u,,) is bounded
in L2(0,T; W, *2(Q)), and since F(d) € L (Qr) C L*(0,T; W, 13(Q)) (remind that we are denoting
P,F by F) we conclude, taking into account that ||Pm||L(W;5'2;W;5'2) < 1 due to the choice of the
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base (see [24], p. 76), that u,,: is also bounded in L*(0,T; W, %2(2)). These bounds allow us to apply
Lion’s Theorem (see [24], Théoreme 5.1) and deduce the existence of a subsequence of u,, such that

u, ~u weakly in L2(0,T;W}2(Q)), (3.11)
u, = u weakly x weakly in L*(0,T;L2(Q)),

u,, -+ u strongly in L?(0,7;L2(Q2)) and a.e. in Qr, and (3.12)
Uy — wp weakly in - L2(0,T; W, %2(Q)). (3.13)

From (3.11) and (3.13) we deduce u,,(0) = u(0) in W, %2(Q) and, therefore, that u(0) = ug. Thanks
to Remark 3.1 we have that the product of components(u;),, (u;)m is bounded in L™/2(Qr), so there
exists a element v;; in this space such that

(i) m (uj)m = vij,
but, due to (3.12) it must be v;; = w;u;. Then we deduce
(W V)t = (- V)u in L'/2(Qr),
Also, from (3.11) and § € L®Q7 we deduce
div (1(@)D(up)) = div (p(@)D(w)) in L2(0,T; W5 2(@)),

and therefore that wu satisfies(3.2) in the weak sense. Finally, since B(u) €
L0, T; W, 12) (see [32], Lemma 3.1), then

w = F(f) — B(u) — Aju € L*(0,T; W, 1?)
and therefore we obtain u € C([0,7], W, 12(Q)). O

3.2 The nonlinear diffusion equation with prescribed convection
We pass to analyze the second problem that arise from the uncoupling of (3.1). We shall again use
the notation (i,d) instead of (u,—1,6,), so the problem is written as

0t+ﬁ-V0—A<p(0):0 in QT,
¢(0) = ¢p on ¥, (3.14)
0(z,0) = 6p(z) in Q.

LEMMA 3.2 Assume Hi-H3 and that & € L, (Qr), with r given by (3.3). Then problem (3.14) has
a weak solution in the sense of (2.8) and (2.9) such that

6 € C([0,T], H ().
Moreover, if the auziliary data satisfy
k>0 >m>0 a.e inQ
and
o(ket) > pp > p(me ™M) >0 a.e. on Xr

for some non negative constants k,m, Ao, A1 then there exists a constant X\ > 0 independent of p such
that

ke >0 >me M >0 ae inQr. (3.15)
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Proof. We proceed by approximation. First we prove the existence of solutions of a sequence of
problems in which the convection term is regularized, obtaining solutions with the regularity stated in
the above lemma. Then, thanks to the a priori estimates, we shall see that this sequence of solutions
converges to a solution of problem (3.14) with the properties stated in the lemma. Consider the
problem

0t+ﬁm-V0—A<p(0) =0 in QT,
¢(0) = ép on X, (3.16)
6(x,0) = bp(x) in Q,

with @, € LL(Qr) satisfying
l0mllpe(@py $m and @p — @ in Ly (Qr).

It is a consequence of [1], Theorem 1.7, the existence of a weak solution 6, of problem (3.16) with
Om € L®°(Qr) and ¢(0) € ¢p + L2(0,T; H}()) and that satisfies a maximum principle, from where
(3.15) is deduced. Moreover, using ¢(f) — ¢p as a test function we obtain the estimate:

12Ol Lo (0,701 (@r)) T VOO L2(0p) A, (3.17)

s
where ®(s) = / ¢(0)do and A is a constant depending only on the auxiliary data. Therefore, since
0

r > 2 we have uniform estimate for i, in L?(Qr) and therefore, by using (3.17) we can estimate
10mell 20,7, -1 (q)) uniformely in m. Hence we can extract subsequences ¢(fy,) and 6y, such that

0, — 6 weakly * in L*®(Qr),
0(0,,) = weakly in L(0,T; H}(2)),
Ot — 01 weakly in L?(0,T; H *(Q)).

From the compact imbedding L>(Q2) C H1(Q) and Corollary 4 (p. 85) of [30] we have
O — 0 in C([0,T],H *(Q)).

Since ¢ is continuous and non decreasing we have —Ap(-) is a maximum monotone graph in L?(0,T; H (1)),
and therefore, it is strongly weakly closed in such space, from where we deduce ¥ = p(6).
Finally, since u,,, = u in L} (Qr) and r > 2 we get

- VO, ~0-V0 in L2(Qr),

from where we conclude that 6 is a weak solution of problem (3.16) with the additional regularity
stated. O

Continuation of the proof of Theorem 3.1 We again consider the problem (3.1). Thanks to Lemmas
3.1 and 3.2 we have that, for each n € IN there exist functions u,, 6, solutions of (3.1), such that

u,, is bounded in L*°(0,T; L2(Q)) N L*(0, T; W12(Q)), (3.18)
u,,; is bounded in L*(0,T; W, *%(Q2)), (3.19)
6,, is bounded in L*(Qr), and (3.20)
©(6,) is bounded in L®(Qr) N L*(0,T; Hy()), (3.21)

with bounds that only depend on the auxiliary data and on the Lipschitz continuity constants of
and F. We can, then, extract subsequences such that

u, —u weakly in L*(0,T;Wl%(Q)),
u, —u strongly in L?(0,7;L2(Q)) and a.e. in Qr,
u,; —u; weakly in L2(0,T; W, *2())
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and

6, —0 weakly x in L®(Qr),
¢(0n) —v  weakly in L*(0, T Hy(2)),
O —0; weakly in L2(0,T; H1(Q)).
As in the above proof we conclude that 6, — @ in C([0,7], H=(Q)) and that ¢ = ©(8). Assume,
now, that u' # 0 and F’ # 0. In order to pass to the limit on u(6,) and F(6,,) we shall prove that

6, — 6 in LP(Qr) for all p < co. To do that we use a modification of the arguments given in [10], [24]
(see also [13]). Defining the space

H ={0 € L**(0,T; W***(Q)),6, € L*(0,T; H *(Q))},

it is easy to see that 6, is uniformly bounded in #. Then, from the compact imbedding # C L*/*(Qr)
we conclude that there exists a subsequence of #,, such that

6,, — 6 strongly in L>*(Qr) and ae.in Qr.

This fact together with the weak x convergence of 6, to 6 in L>°(Qr) implies that 6,, — 6 in LP(Q)
for all p < co. Then, since u is locally Lipschitz continuous

w(0n) = u(d) strongly in  LIY(Qr), forall ¢ < oo,

and therefore

/ p0) D) ¥~ | D)V

and since F is locally Lipschitz continuous we get
F(0,) » F(@) in LY(QT).

Finally, u, — u in L2(Qr) and 6, — 6§ weakly * in L>(Qr) implies

Opu, - V(— fu - V¢,
Qr Qr

from where the passing to the limit is justified in all the coupling terms of the system. The justification
of the convegence for the remaining terms as well as the additional regularity of solutions is analogous
as in Lemmas 3.1 and 3.2. O

REMARK 3.2 In the case of spatial dimension N = 2 and p = const it is possible to deduce further
regularity of the velocity field. In particular, using Au as test function we get

u € L0, T3 W, () N L*(0, T Wi (),

obtaining then from the Sobolev’s Theorem that u € L>®(Qr). We also point out that the assumption
H, could be removed by using time discretization arguments as in [1].

4. UNIQUENESS OF SOLUTIONS

As it is well known, uniqueness of solutions for Navier-Stokes equations in spatial dimension N = 3
is an open problem. We shall, therefore, restrict ourselves to the study of uniqueness of solutions for
the Boussinesq system in spatial dimension NV = 2. When the diffusion term of the heat equation is
linear, it has been proved that uniqueness hold in the same class of functions ensured by the existence
theorems (see, e.g., [12]). These proofs relies strongly in the fact that natural energy spaces for both
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unknowns are the same (L?) and therefore the interchange of information between momentum and
heat equations is performable. However, when the diffusion of heat is no longer linear, and specially
when it is degenerate, the problem turns to be more involved: natural estimates for the heat equation
are obtained in L' but proving the well posedness of Navier-Stokes equation in this space seems to
be a difficult task. This fact makes difficult to use the L' techniques developed in the last years, and
still in progress, that have been successfully used to prove uniqueness for degenerate scalar equations
as well as for certain systems of equations where comparison principles still hold (see [20], [5], [13],
[8], [27]). In this paper we shall approach the problem from a duality technique, i.e., from the search
of suitable test functions (perturbations of the sign function) that allows to conclude the uniqueness
property. It is worth strengthen here that no comparison principle will hold for the Boussinesq system
and this is probably one of the main sources of complexity for the problem.

In this section we shall consider the case when the second order coupling in the viscosity term of
the Navier-Stokes equations is no longer present. In the case of fast diffusion, this coupling is not
difficult to deal with when suitable assumptions on the regularity of the velocity field are made. In the
slow diffusion case, the most interesting feature of the model is the parabolic degeneracy of the heat
equation, and the difficulties introduced by the coupling in the viscosity term are no longer tractable
without unrealistic assumptions on the regularity of the velocity field. We shall therefore study the
following problem

u; + (u-V)u— Au = F(F) in Qr,
9t+uV9—Aap(0) =0 in QT: (4 1)
u=0 and (@) =¢p on X, ’

u(z,0) =up(z) and 6O(z,0)=0y(z) inQ,
We first present the result on the fast reaction case:

THEOREM 4.1 Let N =2 and u(f) = 1. Assume o~ € C%*(IR). Then, under conditions of Theorem
3.1 there exists a unique weak solution of (4.1).

Proof. Suppose there exist two weak solutions (uy, 61 ), (uz,62) and define (u,0) := (u; — uy,0 :=0; —65)
and F; := F(6;). Then (u, ) satisfies:

w+ (u-Viu+(u-V)us —Au=F; - F, in Qr,
O +u; -V +u-Vly — A(p(01) —p(62)) =0 inQr,
u=0 and (01)—¢(f2)=0 on X,
u(x,0)=0 and 6(x,0)=0 in Q.

Consider smooth test functions w(t),&, with divw = 0 and w(T') = 0. Integrating by parts and
adding the resulting integral identities we get

Lomer) = [ i Vweswls [ w@eTwe

T T

+/ (Fl—FZ)'W-f- 9(§t+u1-V§)— qu02+
T Qr Qr

+/ (0(61) — p(6)) AL, (4.2)

We define the differential operator £ : L2(0,T; W}12(Q2)) — L?(0,T; L2(2)) by
ow ow

u-(Lw:uw):=uz-(u-V)w=u-(—

Ox 'u2’8—y
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where x := (z,y). It is straightforward to check that £ is linear and continuous. Adding and
substracting in (4.2) the term 6hy,, where, for L > 0 we define

_ [ hGot) hGon <L
he(x,8) = { L if h(x,t) > L,

and

0(x,t)

h(x,t) == { 20 D) — o0a,0) if 6(x,t) # 0,
0 if 0(x,t) =0,

and using (4.3) we obtain

/ o(T)E(T) = / w [wi+ (ug - V)W + Lw :uy — £V + Aw] +
Q T

+ 9(5t+u1-V£+f~w+hLA§)+/ (h — hr)OAE (4.4)
QT T
with
F(01(x,1)) — F(2(x,t)) .
£(x, 1) = { 0.1 if 0(x,t) #0,
0 if 0(x,t) = 0.

Notice that since F and ¢!

that

are Lipschitz continuous then f € L (Qr) and there exist a hy > 0 such

h(x,t) > hg ae. (x,t) € Qr. (4.5)
We set the following problem to choose the test functions:

Ly(w,§)i=wi+(u - V)WH+Lw:us — VO +Aw =0 in Qrp,

Lo(w, &) =& +w -VE+T-wH+hAL=0 in Qr, (4.6)
w=0 and £=0 on ¥, ’
w(x,T)=0 and &x,T)=0,(x,T) in Q,
with 0, € L>(0,T; H}(2)) satisfying
O — 0 strongly in  L>(0,T; L*(Q))- (4.7)

We state here the result on existence, uniqueness and regularity of solutions of problem (4.6) and
prove it at the end of this section.

LEMMA 4.1 Problem (4.6) has a unique weak solution with the regularity of test functions of (4.1)
(see (2.7), (2.8), (2.9)). Moreover,

w € HY0,T; L2(Q)) N L>(0,T; WhH2(Q)) N L2(0,T; W22(Q)),
€€ HY(0,T; L*(Q)) N L>(0,T; H (Q)) N L2(0,T; H*(Q))

and there exists a positive constant k independent of L and m such that

[ iagr <o ([ )+ [ 1v8nmr). (48)
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Continuation of the proof of Theorem 4.1. Using these test functions we get from (4.4) that
/ 0(T)0,,(T) = / (h— hy) BAE. (4.9)
Q T

Now we shall pass to the limit first in L and afterwards in m: since hy, converges pointwise to kA and
|0(h — hi)| < 2]p(61) + ¢(82)] < const., we get from the Theorem of Lebesgue that [|(h — hr )0l 12, —
0 as L — oo, and due to the uniform estimate (4.8) we deduce

O(h —hp)AE -0 as L — oo,
Qr

and therefore, from (4.9)
/9 )= 0 as L — oo.

Letting m — oo and using (4.7) we get [|6(T')(|;2(q) = 0, and since T is arbritarily fixed we conclude
01 = 05 ae. in Q. Finally, F(6;) = F(2) a.e. in Q7 and standard arguments for the Navier-Stokes
equations in space dimension two (see [32]) implies u; = up a.e. in Q7.0

Our second result uses a method due to Kalashnikov [18] which consists on making a comparison
between an arbitrary weak solution of (4.1) and the weak solution constructed as the limit of a
sequence of solutions of regularized problems. Our result is strongly based on the technique introduced
by Diaz and Kersner [7] to study a one dimensional scalar equation and, to achieve it, we generalized
a comparison argument introduced in [7] to handle some singular boundary integrals. See also [16]
for some improvements to [7].

THEOREM 4.2 Let N = 2 and p(8) = 1. Suppose that ¢ € C?(IR), ©'(0) =0, ¢'(s) > 0 and ¢"(s) >0
if s > 0. Then, under the conditions of Theorem 3.1 there exist a unique solution of (4.1) in the class
of weak solutions such that V6 € L*(Qr).

Proof. Consider the sequence of problems (4.1). in which we approximate solutions of the degenerate
problem (4.1) by perturbing the initial and boundary data of § in the following way:

©(0pe) = ép + p(ee™ ) on X,
0o =0y + ¢ in Q,

for some A; > 0. Applying Theorem 3.1 we have that for each € > 0 problem (4.1). has, at least, one
solution (., u.) satisfying 6. > ce~*" a.e. in Qr, with A > 0 independent of ¢ and . Following
the same scheme than in subsection 3.2 it is possible to prove that (u.,6:) — (u,8) strongly en
L*(Q7) x L2(Qr) where (f,u) is a weak solution of (4.1). Now let us suppose that there exists
another weak solution (63, uz) of (4.1) and let us define (U, ©,) := (u: — uz,0. — 6>) . Then (U, 0,)

satisfies

U + (u. - V)U. + (UL - V)u, — AU, = (0)— 6) in Qr,

O, +u.-VO. + U, -V, — A(p(b:) — p(62)) = in Qr,

A1t (4.10)
U.=0 and (b)) =ép + plee ™M), ¢(hs) = on X,
U.(z,0)=0 and ©O.(z,0)=¢ in Q.

Taking smooth test functions w(t), &, with divw = 0 and w(7T') = 0, integrating by parts and adding
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the resulting integral identities we get

/ o.Mer) = [ U.
Q

we + (ue - V)W + Lw :uy

O: (& +u. - VE+H £ - w+ hAE) —

Qr
+/QT (
_/ET(W&)_@(02))v5-u+e/95(0)

with £ defined in (4.3),

14

- §V02 + AW] +

(4.11)

- { o0 el o po L { F0D PO i, 4o,
0 it@. =0, 0 it @, =0.
Since F is Lipschitz continuous, ¢ is convex and . > ee~*” there exist positive constants kg and
k(e) == e teMp(ee™T) (4.12)
such that
0<k(e) <h:<ky and |f| <ko. (4.13)

We consider regularizing sequences in C*°(Q7) and C*(0,T;C5°(£2)) for the coefficients of equations

n (4.10):
h™ — h. and 6% — 0 strongly in L?*(Qr),
u” - u. and uf —uy strongly in LZ(Q7),
7 — f. strongly in L2(0, L2(Q)N)

where h! is taken monotone increasing. From (4.13) and the regularity u.,us € L°(Qr) and 62 €

L>(Qr) we deduce (for a new constant ko)
0<k(e) <he <ko and max{|£]. jul],ug],|65]} < ko.

We rewrite (4.11) as

/ 0.(Ter) = | UL
Q Qr

Qr

Swe + (ul - V)w 4+ Lw :uy

+ 0. (ft + u?
Qr

+ O ((us —
Qr

—/ ((6:) — p(B))VE - v +e/ £(0)
Xt Q

and choose the test functions as solutions of
Li(w, &) =wi+ (0l -V)W+ Lw:u) —EVOy + Aw =0
Lo(w, &) =& +ul-VE+I"-w+ hPAE =0
divw =0
w=0 and £&¢=0
w(z,T)=0 and &(z,T)=xs(T)

u. —ul) - V)w+ Lw : (uy —uy)
-VE+L - w+ hIAE) +

ul) - VE+ (1) w+

— EVOD + Aw] +

=&V (02 — 03)] +

(he = hZ) AE) —

(4.14)
in Qr,
in Qr,
in Qr, (4.15)
on X,
in Q,
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with x5 € C5°(2) satisfying dist {~p, sop(xs)} > d and
x5 = signy {p(0(T)) — p(02(T))} weaklyin L'(Q) as & — 0.

Notice the similarity between problems (4.15) and (4.6). We again state the result on existence,
uniqueness and regularity of (4.15) and prove it at the end of this section (together with Lemma 4.1).

LEMMA 4.2 Problem (4.15) has a unique solution with the reqularity of test functions of (4.1) (see
(2.7), (2.8), (2.9)). Moreover,

w € HY0,T;L%(Q)NL>®0,T;Wr*(Q)) N L*(0,T; W2*(Q)) N L= (Qr),
§ € L>®(0,T;Hy(Q)NL*0,T; H*(Q2)) N L>®(Qr),

with estimates in the norms of these spaces that are independent of n. Finally, there exists a C > 0
independent of € and n such that

max { Wl = () » IEll =) | < C- (4.16)

Continuation of the proof of Theorem 4.2. Using these test functions we get from (4.14) that
[ = = [ &0~ [ (06)-po)ve-v+

*/, U [((u: —ul) - V)w + Lw : (uy —u3) + (62 — 63) VE] +

+ [ O:((ue—ul) - VE+ (£ —1f7) - w + (he — hI) Af).
Qr

Letting n — oo and taking into account the uniform (in n) estimates for the test functions we get
|- = [ €0~ [ pteever, (17)
Q Q Er

The following lemma (that will be proved at the end of this section) will allow us to control the
boundary integral when € — 0.

LEmMMA 4.3 Let Ac, B., g- € L>(Qr) with
k(e) < A,
where k(g) is given by (4.12). Consider the problem

¢t+A5Aw+BE'vw+g€:0 Z.nQT;

=0 on Xpr,
Vip-v=0 on XnT,
(T, z) = xs(x) in Q,

with 6 > 0. Then, there exist a 6(¢) > 0 and a positive constant ¢, independent of €, such that if
d < d(e) then

Bl @) 19l @n)
k(e)

Vip-v> a.e. in  Xpr.
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Continuation of the proof of Theorem 4.2. Applying Lemma 4.3 with A. := h., B, := u. and
ge = f. - w, and using (4.13) and the regularity u. € L>°(0,T; L°(f2)) together with (4.16) we obtain

Vf-I/Z—% a.e. in X,

— A1t
and by (4.12) we get %

< ¢ée for some ¢ > 0. Then from (4.17) we deduce

—/ plee MOVE v <cce =0 as e —0.
Xr
We also have that (4.16) implies

c / £(0) = 0,
Q
and therefore, letting ,§ — 0 in (4.17) we get

16 = lin [ (U.(1)- V@) + 0(D)(1) 0,
Q e—=0 Jo

and the assertion follows. O

Proof of Lemmas 4.1 and 4.2. The proofs of existence and uniqueness of solutions for problems (4.6)
and (4.15) are identical. The only difference between both problems is estimate (4.8). We shall
therefore prove existence and uniqueness of solutions of (4.15) and comment whether (4.8) necessarily
holds or not.

1. A priori estimates. Multiplying first equation of (4.15) by w; and using Hoélder and Young’s
inequalities we get

||Wt||Lg(QT) <a ||VW||L§(QT) + ||f||Lo<>(QT) ||vag||L2(QT) ) (4.18)

with ¢; depending only on [[u}||;= g, and [[uf{|;« g, - Defining v: = we Pt with 3 > 0 large
enough (and only depending on ||u3||;g,,) and multiplying now first equation of (4.15) by Av we
obtain

g ||VW||Loo(o,T;Lg(Q)) + ||AW||L3(QT) <t ||f||Loo(QT) ||V9§L||L2(QT) . (4.19)

Adding (4.18) to (4.19), using the continuous imbedding L*°(0,7; L2(Q2)) C L2(Qr) and fixing 8 :=
max {1,2(c; + c2)} we get

Wellz2 0y + 1920 722 ) + AW 22 () < O €]l o) (4.20)

with C(T) := (1 +€°T) ||V05|| 2, Notice that C(T") does not depend on n or & because the regular-
ity uz,u. € L®°(Qr) and V6, € L?(Qr) implies uniform estimates for 31l L (@) 20d (VO3 || 120
Moreover, C(T) — 0 as T — 0. Due to the space dimension N = 2 and to the Sobolev’s theorem we
have

9012 (gmy < CT) €]l 1y - (4.21)

Now we proceed to get a priori estimates for {. We use the notation hy := infg, hZ. Notice that
in the case of problem (4.6) (with the obvious changes in notation) hg > 0 (see (4.5)) meanwhile for
problem (4.15) it only holds hg > k() (see (4.13)). These facts together with estimate (4.23) below
allow us to ensure that estimate (4.8) holds for problem (4.6) but, in general, it does not hold for
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problem (4.15). Multiplying the second equation of (4.15) by e MT=YA¢, with A > 0 large enough
and proceeding as for the estimates of w we find

V€l 071200y < CT) (x5l + 15 180 @) W12 () (4.22)
and
ho 188l < CT) (Ixslliaqy + 5™ I N e ) 9122 ) ) - (4.23)

Finally, by the Alexandrov’s Maximum Principle (see [19]) we get

1€l Lo (@) < €Wl Lo (@) » (4.24)

with ¢ independent of € and n (notice that this estimate can be obtained also as a consequence of the
Sobolev’s Theorem due to the space dimension N = 2, (4.22) and (4.23)).
2. Existence of solutions. Define

K = {h € L*(Qr+) : ||h||L°°(QT*) < R}

with R and T* < T to be fixed and the operator Q : K — L*(Qr+) by

A

Q&) :=¢,
with ¢ solution of

LZ(Wyg) =0 in QT*:
€=0 on Y-, (4.25)
€(0) = xs(T™) in Q.

and w solution of

Li(%,6)=0 inQr-,
P on S (4.26)
w(0) = U(T) inQ,

Since £ € L°°(Qr-) we can justify the a priori estimates (4.18), (4.19), (4.20) and (4.21) for solutions
of problem (4.26) (that does exist, see e.g., [22], Theorems 4.1 and 5.2), obtaining the regularity
stated in Lemma 4.2 for w. Due to this regularity we can justify the a priori estimates (4.22), (4.23)
and (4.24) for solutions of (4.25) (that again are proved to exist by applying the results in [22]) and
therefore also the regularity stated in Lemma 4.2 for £&. We shall deduce the existence of a fixed point
of @ (that will be a solution of (4.15) with the regularity inherenced from solutions of problems (4.25)
and (4.26)) by applying a version of the fixed point theorem given in [2]. For this purpose we must
show that K is convex and weakly compact in L?(Q7~), which is a straightforward consequence of
the definition of K, that Q(K) C K and that @ is weakly-weakly sequentially continuous in L?(Qr-).
Let us first prove that Q(K) C K: given £ € K (independent of ¢ and n) we have by (4.21) that the
solution of (4.26) satisfies

Wl < o(T* |AH , 4.27
19200 < CTE] Lo (4.27)

and for this W we get, by (4.24), that the solution of (4.25) verifies
¢ = . <c||W||rw , 4.28
[0@],. .., = Melniar) < l¥lisien) (4.28)
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and then, since C'(t) — 0 when ¢ — 0, it suffices to choose T™ small enough to get ¢C(T*) < 1 and
then from (4.27) and (4.28) and the definition of K

‘|Q(§)HL°°(QT*) < B
Notice that these estimates are independent of ¢ and n.

To show the continuity we take a sequence fj € K with §] — ¢ in L2(Qr-) and prove that
Q(€) — Q(¢) in L2(Qq-). Since fj is bounded in L*®(Qr~) it follows from (4.20) and (4.21) that
the sequence of solutions W; of (4.26) associated to W; is bounded in L°(Qr+) N L*(0,T*; W22 (2))
and therefore there exists a subsequence and a W in such space with w; — W weakly * in L (Qr-),
strongly in L%(0,7*;W1?(Q)) and a.e. in Qp-. Linearity of the problem and smoothness of the
coefficients allows us to identify W as the weak solution of (4.26) associated to £&. On the other
hand, since W; is bounded in L°(Qr~) N L*(0,T*; W212(Q)) it follows from (4.24) and (4.23) that
the sequence of solutions éj of (4.25) associated to w; (that, by definition, is Q(é])) is bounded in
L*(Qr-)NL2(0,T*; H} () and therefore converges weakly in L?(Qr+) to an element ¢ of K. Again
the linearity allows us to identify the limit as the solution of problem (4.25) associated to w. Hence,
the continuity of () is established. Notice that all a priori estimates are continuous with respect to
time so we can take 7" = T'. Finally, uniqueness of solutions is a consequence of the linearity of
problem (4.15) and the regularity of solutions.O
Proof of Lemma 4.3. Since 912 is regular, {2 has the property of the exterior sphere, i.e., for all zo € 02
there exists a Ry > 0 and a z; € RV \Q such that

B(Cﬂl,Rl) ﬂﬁ = {370},

where B(z1,R;) := {x € R" : [t — 21| < Ry} . Consider § > 0 small enough such that, by defining
Ry := 0 + Ry, it holds B(z1, R2) N 9N # 0. Since dist(09, sop(xs)) > § we have x5 = 0in w :=

QN B(z1, R»). We shall use the notation ko(€) := [|9ll (g, K1(€) = (NR—_ll + 1) IBll (g, and
k2(g) == [[¥ll oo (@ - We define

L)) =t + AcAY+ B -V and w(x,t) = ¢(x,t) + o(r),

where (z,t) € w x (0,t), r := |z — xo| and 0 € C?*([Ry, Rz]) will be chosen such that the maximum of
w in @ x [0,T] is attained in {zo} x [0,7], and such that ¢”(r) > 0 and o'(r) < 0. Assuming these
properties we get, due to (4.3), that w satisfies

L(w)=—g+ A:Ac+B Vo > k(e)o"(r) + ki1(e)a’(r) — ko(e).
kq(c)
Choosing o(r) := ],:?—81“ + C’gefﬁr, with Cs an arbitrary constant, we obtain

k(e)a"(r) + k1(e)o'(r) — ko(e) =0, o¢"(r) >0 and

ko(e) m@p

it Cy>k(e )kz(g)e *© "2 then o'(r) <0. (4.29)
i

Taking Cs with this restriction we have £(w) > 0 in @ x [0,7] and therefore, by the Maximum
Principle we deduce w attains its maximum on the parabolic boundary of w x [0,7]. In this boundary
the values of w may be estimated as follows:

w(z,t) =o(r) <o(Ry) on (I'p Ndw) x [0,T],

w(z,t) =Y(z,t) + o(r) < ka(e) + 0(R2) on (0B(z1, R:) Now) x [0,T],
w(zo,t) = o(Ry) on [0,77],

w(z,T) =o(r) + xs(z) < o(Ry) in w,
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where we have used that ys = 0 in w. It is a straightforward computation to see that we can choose
C> (by making 0 small enough) such that (4.29) and o(R;) = k2(€) + o(R2) hold. As a consequence
we obtain Vw(zo,t) - ¥ > 0 and by the definition of w and taking § suitably we obtain

kl(E)k2(€) .
Vi(zo,t) - v > —CW in[0,T7].
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