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ABSTRACT

Timed pCRL is a process algebra-based formalism for the specification and verification of parallel,
communicating systems with explicit time [5]. In this paper various basic results are derived, such
as theorems for basic forms, the expansion of terms with operators for parallelism, elimination
of parallelism, and commutativity and associativity of the merge and communication merge (the
operators || and |).

The interpretation of the operators, in particular the left merge, is far from trivial, and more in
general, it has to be stated that working with a time-based formalism such as timed pCRL can be
fairly complicated. Therefore we pay a lot of attention to all kinds of proof details that could enhance
the understanding — and thus facilitate the use — of the formalism.

Many basic lemmas are included, and examples are used to illustrate the intuition behind the
various results.
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1 Introduction

The relevance of timing aspects in many modern, parallel communicating systems does not need much
explanation. For instance, the correct behaviour of systems based on digitalised audio and video, such
as multimedia systems, strongly depends on time parameters, but the same also holds for more classical
time-critical systems, such as railway control systems, automatic manufacturing systems, etc.

For this reason, about ten years ago the study of explicit time in formal specification languages
started to become an increasingly important topic of research. Also in the field of process algebra,
where we are primarily interested in ACP (Algebra of Communicating Processes, see for example [3])
and its derivatives, such as abstract yCRL (micro Common Representation Language, see for example
[7]), serious efforts were made.

In [1] the first axiomatisations of real-time process algebra appeared and in [9] and [4] different
versions were proposed. [9] is a state of the art work for real-time process algebra, with many se-
mantic results. In the realm of discrete-time process algebra new developments started via [2]. More
recently [10] appeared. It contains various semantic results for discrete-time process algebras without
abstraction. It may also serve as a good survey of the field.

A common conclusion that could be drawn from all this research is that it is possible to effectively
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axiomatise process algebras with time, but that there are usually several hard matters to be dealt
with. We mention the most important issues:

1. A framework is needed for reasoning with time parameters, including a calculus with condition-
als, (in)equalities and variable binding constructs;

2. Axiomatisation of the left merge operator || turned out to be a complicated matter. All ax-
iomatisations use additional machinery in the form of predicates and operators in order to define

|| properly;

3. Verifications turn out to get complex, even for simple systems. This may partly have been due
to a lack of systematic study and experience, but also to the relative complexity of the axiom
systems;

4. Definition and use of abstraction and bisimulation equivalences appear to be complicated, and
therefore unpractical when applied in a setting with time;

Timed pCRL [5], or uCRL;, is a new formalism for the algebraic specification and verification of
processes with explicit time. Although not all of the above problems have been tackled to satisfaction
yet, we have reasons to believe that timed pCRL has certain definite advantages over the existing
formalisms, and that various important results from our predecessors will carry over to timed yCRL.

In the first place, abstract uCRL provides a variable binding construct, conditionals, and all facilities
for reasoning with processes parameterised with data terms [6]. Therefore, not much additional theory
was needed and time could be incorporated in uCRL as an abstract data type.

In the second place, some concession was made in the axiomatisation of the left merge operator. In
particular, two actions are allowed to happen at the same time and yet after each other: a<2b2 (a<2
stands for action a at time 2) is a terminating process in yCRL¢, whereas in other formalisms it leads
to an a at time 2 followed by a deadlock at time 2.

In the third place, many verifications have been made in abstract uCRL, so that much experience
and techniques are already available. Much of this may easily be generalised to the timed variant. We
are confident this will be the case, because yCRL; was designed in such a way that when the time
parameters are removed from a specification, a correct abstract pCRL specification results. Actually,
the main results in this paper also point in this direction.

For specification and verification practice, many basic results are needed in order to get smoothly
through the usually complex calculations. This paper contains various such results. Besides a large
number of elementary lemmas, we found that all process-closed pCRL; processes (i.e. terms without
process variables) can be proven equal to terms in some basic form (Theorem 2.6), and we derived
an expansion theorem (Theorem 3.11) for calculating with terms that contain parallel operators. We
moreover have a theorem for the elimination of parallel operators from pCRL;-terms (Theorem 4.2),
and associativity and commutativity of || and | (Section 4).

A consequence of the design of the || -operator is the phenomenon of || -leaking: A process p|| 4<0
is not simply equal to 6<0 but it can perform that part of p that is enabled at time 0. It turns out
that in all proofs involving || , and thus ||, this || -leaking has to be studied as a separate case.

At the moment, a different paper with three case studies in uCRL; is in progress [8]. It appears that
reasoning with our basic forms is quite natural, and moreover, that not much additional calculations
are needed once the Expansion Theorem can be applied.

Also the empty process e with the property ez = x € = x is studied. Notations using e could possibly
simplify our basic forms, and therefore the various proofs, considerably. However, addition of € to the
language will probably not be a trivial exercise.

Acknowledgements. Bas Luttik and Michel Reniers are thanked for their comments and suggestions.
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2  Timed uCRL

The axiom system pCRL; for pico CRL with time is presented. It serves as the basic framework for
our studies. The following step is to incorporate operators for parallelism and introduce yCRL;. We
work in a setting without the silent step 7, and without abstraction or general operators for renaming.
We also define a notion of basic forms and prove that all terms over the signature X(pCRL;) without
process variables are provably equal to basic forms.

2.1 Axioms for pCRL with time

Atomic actions are the building blocks of processes. Therefore, axiom systems in process algebra have
a set of atomic actions A as a parameter. The actions are parameterised with data, and w.l.o.g. we
may assume that all actions have exactly one such parameter. For process variables we use x,v, z, - - -,
and for process terms we use p,q,r,.... Choice or alternative composition is modelled by +, and
sequential composition by -, which is often omitted from expressions. We write - only in the tables of
axioms. Deadlock is modelled by §. We use a, b, ¢, . . . to denote elements from either A or AU{d} (A4s).

Table 1 lists the ‘core’ axioms of abstract pCRL, with A6 replaced by AT6. Axioms A1-A5 and A7
are well known from process algebra, axiom AT6 expresses that a deadlock at time 0 may always be
eliminated from an alternative composition. The ) -operator will be explained below.

Data types in uCRL are algebraically specified in the standard way using sorts, functions and
axioms (see e.g. [11]). For data sorts we use D, E, ..., and for data variables of the respective sorts
we use d, e, .... Two special sorts are assumed in yCRL;: Bool and Time.

Sort Bool contains the constants t (“true”) and f (“false”). Typical boolean variables are b, ¢, «v, 3, . . .
and the use of booleans in process expressions may become clear from the axioms C1 and C2 for the
conditional construct _ < _ > _. For sort Bool we assume connectives -, A, V, — with straightforward
interpretations, and for the construction of proofs we (implicitly) use the proof theory for uCRL [6],
which also provides a rule for structural induction on data terms. For booleans, this implies that we
may use the principle of case distinction in proofs, i.e., if a formula ¢ holds for both b =t and b = f
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Al z+y=y+= SUM1 >, pz=z
A2 z+(y+2)=(x+y)+z SUM3 Y X=> X+Xd
A3 z+z=zx SUM4 >, p,(Xd+Yd) = X+> Y
AL (z+y)z=zz2+y2 SUM5 (Y X)z=>,,(Xdxz)
A5 (zy)z=a(y=2) SUM1l (VdeD Xd=Yd)—= > X=>Y
AT6 z+60=x
A7 0x =20 C1 rdtpy==x
C2 rafoy=y

Table 1: Core axioms of pCRL;

then ¢ holds in general. As a consequence, we have to require that for the data specifications only
minimal models are considered.

Sort Time contains a constant 0 (“zero”), which serves as a minimal element for the total ordering
<. Axioms for <, eq (equality), min (minimum), and if (if-then-else) are listed in Table 2. A function
< is used to abbreviate terms ¢ < u A —eq(t,u) to t < u, and u < ¢ < v abbreviates u < t At < w.
Typical elements of sort Time are t,u,v,..., and unless stated explicitly, such as in axioms with
Y i Time> Time is treated as a normal pCRL data type.

An expression of the form p[dy/d] denotes process p with data term dp substituted for variable
d. We will always try to be clear when we want to distinguish between data variables and data
terms. Process-closed terms are terms without process variables, but possibly with bound and free
data variables.

The at operator adds time parameters to processes: p<t should be interpreted as p at time t. Table
2 contains the axioms for the at operator. In pCRL;, we have by axiom ATA1 that 0 = ), 1yme 0, 5O
6 models the process that will never do a step, terminate or block. Processes <t do model deadlocks
at time t. Therefore we call them time deadlocks.

We see that if a deadlock d<¢ occurs in a process term with § as an alternative, it vanishes:

d + du A¥1 Zt:Time o<t + dcu SU:M3 Zt:Time o<t A¥1 d.

In general, for n > 0 finite sums p; + ... + p, are abbreviated by »_;.; p;, where I = {1,...,n}.
In pCRL, a summation construct of the form ), ,, p is a binder of variable d of data sort D in p. D
may be infinite. We use the convention that ),y p = 6<0.

In axioms SUMz distinction is made between sum operators ), and sum constructs >, ,p. The
X in )" X may be instantiated with functions from some data sort to the sort of processes, such as
Ad:D.p, where variable d in p may not become bound by >°. We also have expressions ) ,.,, «, where
some term p that is substituted for  may not contain free variable d. Data terms are considered
modulo a-conversion, e.g., the terms >, , p(d) and )", 5 p(e) are equal.

FV(p) and FV (b) are used to denote the sets of free variables in process p and boolean b, respectively.
We do not formalise these concepts further.

In our calculations we work modulo associativity and commutativity of +, and we do not mention
the use of simple properties of =V A, —, <, min, eq and if. So axioms Timex are used implicitly, and
so are C1 and C2.

Throughout this paper the following proof principle will be of great use. The notation z C y stands
for z +y =y (y D x stands for the same).

Lemma 2.1 (Summand Inclusion). If x Cy and y C x then z = y.

Proof. By definition of C 2z +y =y and y + z = 2. Soa::y+a:A:1:v+y:y. a
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Timel (t1§t2At2§t3:t)—>t1§t3:t
Time2 0<t=t

Time3 t1 StZVtZ Stl =t

Time4 (t1 <ta ANty <ty :t) — 11 = 1o

Timed 6(](751,752) = t1 S t2 A t2 S tl
Time6 min(tl, tz) = Zf (t1 S tz, tl, tz)
Time7 Zf (t, tl, tz) = t1

Time8 Zf (f, tl, tz) = tg

ATA1 T = Zt:Time Tt

ATA2 Ot <t <u»d60+ au=awu

ATA3  at-w = at-(Y . rime TU It < U 60 4 0°t)
ATB1  é<tu = dmin(t,u)
ATB2  atu = at <eq(t,u) > domin(t,u)
ATB3 (z+y)t =zt +yt

ATB4  (z-y)it = z<t-y

ATB5 (X ,p Xd)et = 3, pp Xdet

Table 2: Time related axioms of pCRL;, where a € A

Finally, axiom ATA3 implies that successive actions have non-decreasing time parameters. A re-
markable observation is that, in this paper, we never have to apply it.

2.2 Addition of time and operators for parallelism

The axioms of pCRL; are the axioms of pCRL;, combined with the axioms in the tables 3 and 4. The
signature X (uCRL;) is as £(pCRL;), extended with the operators for parallelism and the < operator.

For communication we have a binary function 7y, which is only defined on action labels. In order for a
communication to occur between actions ¢,c’ € A, v(c, ') should be defined, and the data parameters
of the actions should match according to axiom CF. By definition, the function + is commutative and
associative.

Concurrency is basically described by three operators: the merge ||, the left merge || and the
communication merge |. The process p || ¢ symbolises the parallel execution of p and ¢. It ‘starts’
with an action of either p or ¢, or with a communication, or synchronisation, between p and ¢. p|| ¢
is as p || ¢, but the first action that is performed comes from p.

For the axiomatisation of the left merge || the auxiliary before operator is defined; p<q should be
interpreted as the process that behaves like p, provided that p can do a step before or at the moment
to after which ¢ gets definitively disabled. Otherwise p<q becomes a time deadlock at time to. A
small example may facilitate the understanding of the <« operator. We will use various identities from
Appendix A, which is completely devoted to auxiliary lemmas.

Example 2.2. Let a,b,c € A and ty,t3,t3 be closed terms of sort Time. We analyse the following
term:

ati < (bts + cty) S act Kbty + act et

<<5£<<1 Eu:Time (l‘tl U<du S t2 > 60 + Zu:Time (l‘tl ‘u<du S t3 > 60
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S Al
PMEALT S e 0t QU < bV u < tg > 50
A2:2 Y wTime Uty Qu < maz(tz, t3) > 50
ASL Gy aty < maz(ts, ts) > 60 + <ty cmaz (s, t3).
If t1 < max(ta, t3) then using axiom ATB1 we find a<t; + d<ty ATAZ a<t1, otherwise the above process
equals d max (to, t3). O

Process p | ¢ is as p || ¢, but the first action is a communication between p and ¢. Encapsulation op-
erators Oy block atomic actions in H by renaming them to 4. They are used to enforce communication
between processes.

The various operators of X (uCRL;) are listed in order of decreasing binding strength:

¢ . < {<1 [>7||) I_|_)|} Zd:D +.

Brackets are omitted from expressions according to this convention.

ATB6 (z| y)t==xt|y
ATB7 (z|y)t=uat|y
ATB8 (z|y)t =z |yt

ATB9 8H(:r<t) = 6H(1')‘t

<1 rLa =1z

<2 (Y +2) = Y + K2

<3 Y2 = kY

<4 Y X =%, prkXd

<5 LYt =Y rime TKY) U <u<t > 50

Table 3: Time related axioms of uCRL;, where a € A

2.3 Basic forms

We work here in a setting without recursion, in order to establish some important, basic results.

Definition 2.3. A basic form over X(pCRL;) is a process-closed term of the form

o= Yier Zdi:Di " 'Edini:pfni > wTime @it Ts 4 > 60 +
ZJGJ Ze{:E{ Tt Zeﬂj:Eij Zv:Time bj(v < ﬂj > 30
where the a; € A and b; € A;, and the r; are also basic forms. ]

In the sequel, we will often write g, wfor Yy p .Yy x, and dy, for di, ..., dp. By
convention 2301' = x. We take care that no confusion can arise w.r.t. the sorts of the dy. For example,
if we treat 3, ; and ), ; as formal summations we may abbreviate r in the above definition to

Zi r uafu ri o> 00 + vbj"l} < ﬂj > §<0.
ymy )

G.67n;
The above form may already be compact, but for the studies to come we need a more general format
for representing basic forms.
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v(e,d)(d) aeq(d,e) >0
if sorts of d and e are equal,
and v(c, ¢') defined

d otherwise

SUM6 (3 X)[lz=>4p(Xd[ )

SUM7 (X X) |z =3 ;pXd|z) CF c(d)|d(e) =
SUM7  z| (X X)=>,px|Xd)

SUMS 93 (3. X) = Y- g.p O (Xd)

CM1 zlly=z|y+yllz+z|ly CDl dla=4
CM2 a| = (akz)T CD2 ald=9
CM3  az|y=(a<gy)(z | y)

CM4 (x+y)|lz=z] z+y]| = DD 9Om(6) =46
CM5 az|b=(a|b)x

CM6 a|bx=(a|b)x D1 Ou(c(d)) =c(d) ifc¢g H
CM7 ax|by=(a|b)(x]|y) D2 Op(c(d)) =9 ifce H
CMS (x4+y)|lz=z|z+yl|z D3 On(z +y) = 0u(x) + Ou(y)
CM9 z|ly+z)=zly+z|z D4 O (z-y) = O (x)-0u(y)

Table 4: Axioms for parallelism of pCRL;, where a,b € As and ¢,c’ € A

Lemma 2.4 (Representation). Basic form r given in Definition 2.3 can be represented by

Zi73m7uai<u ri <o > 00 + bj"U < ﬂj > 5‘0,

Ji€n v
where the sequence di,...,d, contains all data variables from Uiel{d’i, . ,dini}, and ey,...,e,

- . ] ;
contains all data variables from (J;c ;{e1,. .., €]

yng e

Proof. Consider summand ZE ~a;ur; Qa; > 60 of r, for some ¢ € I.

We may assume that no variable dy or e;, where k =1,...,mand [ = 1,...,n, occurs free in r, so
by axiom SUMI all summations Edk, with d not already in the sequence di, ..., dfni, may be added
in front of this expression. By Lemma A.4 the order of the variables may be changed to dy,...,d,,.
As this holds for all summands of r this lemma is proved. O

Lemma 2.5. Ifp and q are process-closed terms over ¥ (pCRL;) and q is a basic form then there is
another basic form r such that pCRL; Fpqg =r.

Proof. By induction on the structure of p.
1. p = a, where a € A:
aq = aq<t> 60
ATA1
= Y Time (@ At > 0<0)u

> wTime (@ @)u <t > 50
Zu:Time a‘ugd t> 6(07

A1.2,A.2.1
ATB4
_ AT .
2. p=4: dg = . Now proceed as in case 1;

3.p=p +p": (P +p")q £ p' q + p" q. By induction, both p’q and p" q are provably equal to
basic forms. The sum of these basic forms is again a basic form;
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11

4. p=p'p": ('p")q 45 p' (p"" q). By induction, p ¢ is provably equal to some basic form r. Again
by induction, p' r equals some other basic form;

5. p=>4pP: Oapp)a SUAMS > 4.p P . By induction there is a basic form r such that p' ¢ = r.
Now by axiom SUM4 and Lemma A.4 )", ,, may be put in the right place in r;
A1.3,A.1.4 . .
6. p=p <bop”: (p'<b>p”)q = p qgabr00+p" g<a—br0:0. By induction p' g and p” q are
provably equal to some basic forms r and r’, respectively. It suffices to consider both subterms
separately. We only give a proof for the first subterm. The second follows in a similar way.

rabsog AP (iiﬁm,uai‘“ r; day > 60) <b> 50 +
(fﬁmvbfv a8 > 60) abr 00

A31,A16 == __
= Ei73m’uaicu r; 1o A b > (5‘0 —+ Ej,En,vbj(v 4 ﬁ] A b > 6(0’

7. p=p't: ptq ATBd (p' ¢)<t. By induction there is a basic form r such that p’ ¢ = r. The proof
proceeds as follows:

r<
2.4,ATB3,ATB5

am u(az*u ri 1o; > 5‘0)‘t + j,?n,v(bj(v < ﬂj > (5‘0)‘t

D MUt T Qo > 00 + Zj,gn,vbj‘v‘t a8 60

~.

A.1.2,A.2.1,ATB4

Mt M

ATB2,A.1.4
= iy

a;<u < eq(u,t) > 0<0 + demin(u,t) < ~eq(u,t) > §<0) r; < ;> 0<0 +
bj<v <eq(v,t) > 60 + demin(v,t) <—eq(v,t) > 6<0) < 3 > 6<0

—

izl

gl

A4,A1.3,A.2.3

gl

iy
(a;cur; <eq(u,t)> 60 4+ demin(u,t) 4 —eq(u,t) > §<0) < a; > §<0 +
(bjv <eq(v,t) > 60 + demin(v,t) < —eg(v,t) > §0) < 3; > <0

J,€n v
A.1.5,A.1.6,ATB1

0 1

i,Em,u
(a;cur; <eq(u,t) A a; > 60 + dtcu < —eq(u,t) A a; > 6<0) +
ijgmv(bfv aeq(v,t) A B> 00 + d<tv < —eq(v,t) A B > 6<0)
A.1.12,5UM4 fz 7. u@iUT; < eq(u,t) A a; > 00+
Yid, WOt At Sun—eq(u,t) Aa;> 50+
Yid, Wduu <t A-eq(u,t) Aa;> 50+

D iz wbiv aeq(v,t) ABj e 00+

Dm0t at <vAeq(u,t) ABje 00+

Y w0V av <u A —eq(v,t) A Sy e 6<0.

The second and fifth summand still have to be put in the right form. We show how this is done
for the second. By Lemma A.5.1 it is equal to

fi 7. w2, (0vav <uA =eq(u,v) A a; > 60) <eq(v,t) > 5<0)
AlL6 il 7 w0V v Su A meq(u,v) Aa; A eq(v, t) > 60,

which is a basic form.
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Theorem 2.6 (Basic Forms). If q is a process-closed term over X(pCRL;) then there is a basic form
p such that uCRL; Fp=gq.

Proof. Easy; by induction on the structure of q. The case where ¢ = r s uses Lemma 2.5. O

We introduce a criterion that will be used in inductive proofs.

Definition 2.7. Let r be a process-closed term over ¥(pCRL;) as in Definition 2.3. The depth |r|
of r is defined as 1 if I =), and 1 + maz;cs|r;| otherwise. |

3 A theorem for expanding the merge operator

In this section we derive various results for the application of parallel operators to pCRL; terms.
All results can be used for calculating with basic forms, but also for recursively specified processes,
provided that they are in the prescribed format.
3.1 Preparatory steps
We consider arbitrary pCRL; processes in the following syntactical format:

P > 7, wicu P 4> 60 + 20 T, it A > 50 =P + P

def = =
QF X,z bivQaBi> 80+, & bjrv a B> 50 =Q +Q".

The terms are split in subterms z' and z” in order to make the coming proofs a little more man-
ageable. Let 4 € I,i' € I' where INI' =0, and j € J,j' € J' where J N J' = {). The sets I'*, J* stand
for TUI', JUJ', respectively. The vectors d*,,« and e*,+ stand for d,,,d',,» and €,, €’,/, respectively.

Lemma 3.1. It holds that:
P||Q:PII-LQ+PIII-|_Q+QII-LP+QIII-LP+PI|QI+PI|QII+PII|QI+PII|QII.

Proof. Straightforward. By the axioms CM1, CM4, CM8 and CM9. O

The term a< @ denotes the process that may do an a-step as long as @ is enabled. The following
lemma expresses this more formally.

Lemma 3.2. It holds that:

1. If 3. Time,j*eJ+-Bj= = t then
aQ =Y o 0t 9t VAV gy Bje > 50;
2. If Vy:Time,j*cJ+-Bj= = f then

ak Q) = a<0.

Proof. ak@ = ak(Q' + Q") <2 akQ' + ak@Q". We show how a< @)’ can be expanded.

akQ =ak bfv Qj < ﬂj > 6<0

Jr€n,v
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<4,A1.13 ij,an,va<<bj(” Qj < Bj>aki0
<3,A.2.6 ij,an,va<<bj(” 16> a0
A2t XL J(a<bw 9 B b 640 + a0 < ~f; v 5:0)
= Yo, o((patat <vpd0) 9V ;B> 60+ a0 a= A ; B; > 00)
T (et 9t S5 00) 9V ey B> 00+ a0 30 Ay By 50,

In a similar way a<<Q" can be expanded. It follows that
akQ" = _e_*n*,v((zt at 4t < v 30) AV ey B > 60+ a0 9= A\ B > 50),

so that

SUM4,A.1.7
a<Q' + ag Q" VMR

Yo W(Cpatat v 50) aV gy B > 60 + a0 9\ Bje > 50).
The following step is to distinguish various cases for the conditions in Q). Let jg,j1 € J*.

1. (a) Assume (j,[to/v] = t and fB;,[t1/v] = f. (Note that these assumptions are allowed by
minimality of the model.) We continue our calculations. By SUM4 and Lemma A.5.2 the
above term equals

ie—*n* (2, at at <v>d0) AV gy Bj- > 60 + ac0)

SUM3 =
S (S (S atat <v500) AV, By > 60+
Yo at <t <tg> 0+ a0).

Again we may use SUM3. At a first application the third inner summand (a<0) is cancelled
by the second. At a second application the second inner summand vanishes again. Finally,
Vj*eJ* Bj+ is pushed into the innermost summation using Lemma A.3.3;

(b) Assume fj,[to/v] = t and that there are no j* € J* and v for which ;- = f. Now
a0<— /\j*EJ* Bj= > <0 reduces to §<0, which is cancelled by axiom AT6. Again, Vj*eJ* Bj
is pushed into the innermost summation using Lemma A.3.3;

2. Assume there areno j* € J*, v such that 3;« = t. Consequently, Vj*eJ* Bj» =fand - /\j*eJ* B~
= t. It follows easily that a<<@ = a<0.

a

3.2 Expansion of the left merge

The left merge P || @ denotes the parallel composition of P and @, where the first step originates
from P. This first step may take place as long as () is enabled, i.e., @ can do some b;-step. A time
deadlock occurs exactly at moment that either P or @) gets definitively disabled. Later we will show
that such time deadlocks can often be cancelled.

We see that process P || §<0 is not simply equal to §<0 but that it can perform that part of P that
is enabled at time 0. This must be regarded a consequence of the design of the || -operator, and we
refer to this phenomenon as || -leaking. In general, §<0’s as arguments of the parallel operators are
not desirable, so in practical applications of pCRL; such cases will probably only model pathological
processes. However, in this paper || -leaking imposes extra proof obligations for formulas involving
|| , and thus ||.

Below, we derive these results algebraically.
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Lemma 3.3. It holds that:
00 || Q = 0.

Proof. By Lemma 3.2 the term <@ has to be considered for two cases. We only consider the first
case; the second also has a simple proof.

50 Q (d<Q)0Q
3.2.1 ~
= ( e—*n*w’t&(tQtS U/\\/j*EJ* ﬂj* [>(S<0)<0Q
ATB5,A.1.2,A.22A2.1 ,—
= (ZTn*,v,t6<0 at S VA Vj*EJ* ﬂ]* > 6(0) Q

ATB6,CM2,ATB4

A.1.1,SUM1,A.2.3

Lemma 3.4 (Left Merge). It holds that:

1. If Elv:Time,j*EJ* ﬂj* =t then

PILQ=

i e e 0, u B (Pl || Q) du < vAa; A Vj*GJ* ﬁj* > 0 +
il d’ r,e_*n*,v,ua’i'(U’Q du SvAay A \/j*EJ* ﬂj* > 60 +

™ ™

i T e UV e A B > 50;
2. vav:Time,j* cJ* ﬂj* =f then Q = 60 and
PlQ= fiﬂmai‘O (P;[0/u] || 6<0) < a;[0/u] > 6<0 +§i',? L0060 < [0/u] > 0<0.

Proof. P||Q=(P'+P")||Q=P'||Q+ P"| Q. We consider P’ || Q:

Prle = (g, siubi<ari0)|Q
SUMS6 ii,ﬁm,u(aicu P;aaq;>50) ] Q
A.L14 ii,ﬁ Waicu P Q) aa; > (50 Q)
A.2.7,3.3 ii,ﬁm,u(ai<<Q)(u (P | Q) dqa; > 60 (%)

Now we may use Lemma 3.2.

1. If Elv:Time,j* eJ* ﬂj* =t then

PR =
ii,ﬁm,u(ieTn*,v,tai‘t at<vA Vj*eJ* B+ > 60)u (P || Q) <o > 60
ATB5_,A.3.2
ii,gm,u(iei*n*,v,ta’ict(u <t <vA \/j*EJ* ﬂj* > (5<0) (Pz || Q) da; > 60
A.3.3
S (S (D asteu at < 05 60) 9V oy By 5 50) (P, || Q) <15 50
5.4

i (e, paiu au S vs 60 + 5uw) 9\ gy B > 50) (P || Q) 9 > 6<0
A.1.5,A.1.6

Ziﬁm,u

(e vlaiuau <vAV gz B > 80 + duw a4V gy B > 60)) (P || Q) < > 50

\g!
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SUMS5,A4

iiﬁm,u(ie—*n*,v((ai(u du S vA Vj*EJ* 6J* > 6(0) (PZ || Q) +
(duw 9V g ye Bj= > 00) (P [| Q))) Qi > 60
A.1.3,ATB4,A.2.3

\g!

iy, ,u

—~~

= o@u (P ]| Q) qu v AV gy Bjr 00 + dusv 9\ g 5o Bj= > 50)) Qe > 60
SUM4,A.1.5

Zi,am,u(

(_Fn*,vai‘U (Pl Q) <u <vAV ey B« > 00) ;> 50 +
(X, . w0uv Vg g B > 50) 2 > 50)

A.3. 1.6

=

A

ii,ﬁm,u(ze_*n*,vai(u (Pl Q) qu < oA AV gy Bj- > 50+
Ze—*n*’v(scu,c’u dQa; N\ Vj*GJ* ﬂj* > (5(0)
SUM4,A.1.7,A.4

iU (P ]| Q) qu <vA Qi AV gy B > 650+
Zi 3% A € U U(S‘U,‘U dQa; A\ ﬂj* > §<0.

In a similar way, P" || @ can be derived. It follows that

P I.LQ = Zi’,?mr,e_*n*,v,uai’(uQ u S v Ay A Vj*eJ* ﬁj* > 60 +

Zi,7j*7ym,7e—*n*7u7v(5<u<v day N ﬁj* > 0.
We see that both P'|| @ and P"|| @ have J-summands. By axiom SUM1 we may extend the

corresponding vectors d,, and d'p, to d*,,~. Now in the sum P'| Q + P"| @ the é-summands
add up to

Zi*7j*’dﬁm*7e—*n*’u7v5<u<v Qe N ﬁ]* > (5‘0,

which finishes this case;

2. If Yy:Time,j*eg=-Bj= = f then clearly Q = 6<0, and

peo LT 7 wai0u(P; || 60) a ;> 60
A2 T (@0 aeq(u,0) > 5<0) (P, || 60) < > 60
ALLA2S S 7. u(ai0 (P; || 60) < eg(u, 0) > 60) < a; > 60
A16,A51 =

=" >id,, @0 (P;[0/u] [| 6<0) ;[0 /u] > 6<0.

P || <0 follows in a similar way.

We have now studied the first two terms of P || @ according to Lemma 3.1. By symmetry, results
for @Q'|| P and Q" || P follow in a similar way.

The following proposition is not needed for proving further results, but it may provide the reader
with some good intuition about the behaviour of the left merge. We state it without proof.
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Proposition 3.5. Consider Lemma 3.4.1. Whenever there exist terms A, vy:Time such that one of
the conditions

1. Vjee g Bj=lvo/v] =t and u > vo A Ve e e =1, or
22v-A<vAv<vgA Vg Bjr =tandu > vo A Vg ape =f
is satisfied, the third summand (the §-summand) of P || Q is cancelled.

In other words, the above proposition implies that if ) can perform some action at least until (but
not necessarily including) the moment that P gets definitively disabled, the d-summand is cancelled.

We give two examples to further illustrate the behaviour of || . The first example shows that the
conditions in Proposition 3.5 do not have to be satisfied in order to get rid of the d’s.

Example 3.6. Let p be the process that can perform an a-action before or at time 2, and g be
the process that can do a b-action at time 1. (Note that the conditions in Proposition 3.5 are not
satisfied.) For p| ¢ it easily follows that:

ple = (S,auaus<2s60)| 5, bvaeq,1)> 50
34.L,A.5.1 iu,ua‘“ blau<vAu<2Aeq(v,1)> 50+

iu JOuv<au <2Aeq(v,1)> 60

AA33 Y, aublaeg(v,1)>00) au < 1> 50+
Yo (>, duw aeg(v,1)>00) au < 2> 50
ASLASZ s bl au < 1560+ Y, ducl qu < 20 50
As:2 Yogoublau<1pd0+ (3, duau <2>50)1
A-5-SATBL Yoy oubl au <150+ 61,
By axiom SUMS3 a<1b<1 is a summand of p|| ¢, so by Lemma A.2.5 6<1 is cancelled. a

The following example shows a left merge that induces a ‘hard’ deadlock.

Example 3.7. Let

pPE Y aual<u<2v4<u<5os0;

g S bvav < 3b 50,

We have that:

plla
341 ivumuqdugv/\(l§u§2V4SUS5)/\US3D5CO+
iuv&qu(l§u§2v4§u§5)/\v§31>6<0
A85A.2.2 fv’uwuqqugv/\l§u§2/\v§3l>5<0+
YO dvuav<3>00) a1l <u<2vV4<u<560
A2 Y@ qdu <vAL<u<2Av < 3p 60+
P 0 v <3 50)ual <u<2v4a<u<5060
A55A2.2 Y@ uqdu <vAL<u<2Av < 3p 60+

Y du3dal<u<2v4<u<5>50
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A-1.7,5UM4 iv’uwuqqugv/\l§u§2/\v§31>6<0+
Yo 0u3d3al <u<2p60+
Yo 0u3d a4 <u<5>60
A.3.2

= imuwuqdugv/\l§u§2/\v§31>5<0+
(>, 0ual <u<2p00)3+
(>, 0uad <u<5>00)3

A.5.3,ATB1,ATA2 —
5.3,ATB1 2 Zv,ua‘uq4U§”A15“52/\”33>‘S(0+5‘3'

14

The intuition behind this expression is that a should happen between 1 and 2, and then a b before
or at time 3. Since 3 > 2 the deadlock at 3 cannot be cancelled. Actually, 4¢3 models the alternative

that p would ‘wait’ to do an a-step between 4 and 5, while process ¢ can only wait until time 3.

3.3 Expansion of the communication merge

a

We continue with the communications between P and (). Communication between any two actions
of P and @) may take place as long as both actions are enabled. In general, time deadlocks will occur,

most of which can be eliminated right away.

Lemma 3.8 (Communication Merge). It holds that:

PIQ= Y, a. zu(@lb)u(Pill Qlu/v]) aai A Bjlufv]> 50 +
Sy @i | b)) u Q lu/v] <ai A Bjlu/v] > 60 +
ii,j’,ﬁm,e_’nz,u(ai [bj)uP; aa; A Bji[u/v] > 50+
fir,jg?m, i [ b )w < A Bjyfufv]> 00 +
> deuw Qo A Bjx > 6<0.

Do e

Proof. We give the full expansion of P’ |Q":

,€e n*uv

P'|Q = (Ei,ﬁm Wit Py <la1[>60)|zjen bjvQ; 48> 60
SuM7 iiﬁm, (a;u P; <1azl>50|2]e vb w Q; < B> 6<0)
SUM;’AA ii,j,ﬁm F (a;u P; qa; > 6<0 | bjw QJ‘ < ﬁj > 0<0)
A1.15,A.1.16 =
= Ei,j,am JEn U,V
((a,*u Pz | bj"l) QJ) < ﬁj > (a,‘u Pz | 5‘0))
aa; > ((0<0|bjvQ;) 28> (60]6<0))
A.2.{8,9,10} =
= Ei,],gm €n,U,V
((a;u Py | bjv Qj) < B> 60) <a; > (60 < B > 6<0)
ALLALS SJ 7 o (@ U P [ bjv Q) Qi A B > 60
ATB{1.8,7} i i (a; P; || b; Qj)ucw <oy A B > 50
CM7,ATB4 =
= D nuw (@i | b)) uv (P[] Q) Qo A B> 60
ATB2,A.1.3 =
= Z €, ,U

(T P11 @) < cqlu, )b demin(u,0) (P || Q) @i A By > 540
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A2.3,A.1.8 =
= ZZ,], m,en,u,v(
(@i |bj)u (P || Q;) < eq(u,v) Aci A Bj> 60+
demin(u,v) < —egq(u,v) A a; A B > 6<0)

Zl,.], m,en,u U(
(ai | bj)uw (P || Qf) <eg(u,v) Aag A B> 50+
du <eq(u,v) Aa; A B> 60+
demin(u,v) < —~egq(u,v) A a; A B > 6<0)

Zi,jﬁm ,En,u,v(

(@i |bj)u (P || Q5) < eq(u,v) Aai ABj> 50+
duw <a; A B > 6<0)

ii,jfm,an(

;v(z'u(ai | b])‘U(Pz || Q]) <y A /6] > 6(0) 4 eq(u,'l}) > 6‘0 +
Zu,vé(ucv Qay A ﬂj > (5‘0)

Do @i 107w (P || Qjlu/v]) < A Bjlu/v] > 60 +

Zi,jﬁm,én,u,vfs‘u‘“ da; A Bj > 0.

A.1.17,ATB1,A.1.9

SUM4,A..1.6

A.5.1,ATB1,SUM4

The processes P'|Q", P"|Q' and P"|Q" are expanded in a similar way. The four terms with |
each lead to different d-summands. Some elementary calculations show that these add up to

Dot o T e

which finishes this proof. a

UV Qs A B > 540,

In the following example we show that the term with the time deadlocks is essential.

Example 3.9. Consider the process a<l|b2. Straightforward application of the axioms of uCRL;
leads to:

ATB8,ATB7 ATB2

a<l | b2 (a|b)<12 ocl.

We can also use the above lemma for communication, and then we need
(1) al AS1 Yo, 0w <eq(u, 1) > 5<0;

(i) b2 2" S bew @ eq(v,2) > 50.

Application of Lemma 3.8 yields:

iii,3.8

a<l|b2 = 2ula|b)u aeq(u,1) A eq(u,2)> 50+
> u0uv <eq(u,1) A eg(v,2) > 50
A-2.2,A.83 2,00+, (>, dvuaeq(v,2)>60) <eq(u,l)> 00
SUMLA32 50 + YO, 0v <eq(v,2) > 50)u <eq(u, 1) >0
AT6,A.5.1
= 0<2<1
AL 5a,

Note that this d<1 was generated by the d-summand in P | Q. a
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3.4 Expansion Theorem

Before we can present our main result we have to derive a lemma for splitting the central d-summand.

Lemma 3.10. It holds that:
ii*7j*7d—*m*7e—*n*7u7v5<u<v aa A B > 00
= duau <vAa; AV gy Bi- >0+ (D1)
0T a0 U U S VA AV g B > 00+ (D2)
ij 7w w0V VS UA B AV e pe s > 60+ (D3)
(D4)

§ydm, % ,U,u

A
7w a0V VS UA B AV e e > 50 D4

1ol
J e r,d m*

Proof. We derive

’uw(s‘uw da A B > 50

ARV AT AT

AL10A22 =
= i T e e
(Ouw au < v A A B> 00+ 0vu<av < uAap A fjx > 6<0)
A111,SUM4 =
= Din o A e O U SO A Qe A Bje > 50 +
Zi*7j*7d—*m*7e—*n*7u7v5<v Auv < u A A Bj=> 60
A

ALT =
= Dir T a0 U U S VN AN oy B > 50 +

> dv av < uA B AV jugps s > 60

T e 0
T oW AU S OAN QAN g B > 60 +
b T U U S VA ay AN g By > 60+
5 T a0V A0 S UNA B AN o ctie > 50 +
_ *7u’v(5<1} qv S u N\ ﬁ]r A \/i*EI* Qx> 5<0.

L —
JeF e, dt

IngBng/ing!

\g

By axiom SUM1 we may omit all sum operators that do not bind any variables in their arguments.
This finishes the proof. O

Now we can derive an expansion theorem for timed pCRL. Lemma 3.4 was derived for two cases,
the second of which should be regarded as theoretical; A sound specification will generally contain no
time deadlocks. Consequently, an expansion theorem can be derived for four cases, two of which are
derived below. The other two cases follow trivially.

Theorem 3.11 (Expansion). It holds that:

1. If Elu:Time,i*eI*-ai* =t and Elv:Time,j* eJ* -ﬂj* =t then

PllQ = §i73m7e—*n*7v7uai<u (P || Q) qu <vAai AV gy Bj- > 00+ (M1)
ii,jm“e*n*’%uai:‘uQ du<vAay A vj*eJ* B+ > 60 + (M2)
ij,?n,di*m*,u,vbjcv (Qj Il P)av <uABjAVcp o > 004 (M3)
g el VP AU SUuA B ANV g e > 60 + (M4)
ii,jﬁm,én,u(ai [bj)u (P || Qjlu/v]) <a; A Bjlujv] > 60 + (M5)
ii',j,ﬁmr,én,u(ai’ [bj)uw@ju/v] Qay A Bjlu/v]> 60+ (M6)
§i7j,ﬁm;,n,7u(ai [bj)u Py <a; A B [u/v]> 00 + (MT)
S g 7wl [ bp)w < ai A By [u/v]> 50 (M8)
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2. If Eleime’i*eI*.ai* =t and vv;TimeJ* cJ* ﬂj* =f then
PllQ = ii,ﬁmai‘O (P;[0/u] || 6<0) <« ;[0/u] > 6<0 + fi,7?m,ai/<0 00 < [0/u] > 6<0.

Proof. We only prove the first case. A proof for the second is straightforward.

We may combine the results from the lemmas 3.4.1 and 3.8. In total, two different terms with time
deadlocks are involved, which are easily proven equal using the lemmas A.2.2 and A.4. The resulting
expansion is as follows:

PIlQ = Ml+...+Ms+
Zi*,j*,d_*m* e—*n*7u7v(5‘u"l} < Qx AN ﬂ]* > 6(0 (Mg)

)

By Lemma 3.10 the time deadlocks in summand M9 may be distributed over the four summands
D1-D4. We consider summand M1 and show that it cancels D1. We derive

Mi+D1 P2 Tg ol
aiu (P || Q) qu <vAai AVjec . Bi > 60+
dudu <vAa;AVj.cp B > 00)

A.1.5,A.2.5 =
Z (],»‘U(Pi || Q)QUS’U/\ai/\\/j*EJ*ﬂj*D(s:O,

- Gydm ,e* U0t

which is again M 1. In a similar way it is proved that summand M2 cancels D2. By symmetry, D3 is
cancelled by M3 and D4 by M4; a

4 Properties of the parallel operators

We prove some basic properties of the parallel operators. First we prove that they may be eliminated
from process-closed pCRL;-terms, then we show that || and | are commutative and associative for
process-closed terms.

4.1 Elimination

In this section we consider processes with parallel operators, and show that all process-closed terms
are provably equal to X(pCRL;)-terms.

Lemma 4.1. Let p and q be process-closed terms over X(pCRL;). The terms p<q and O (p) are
provably equal to basic forms.

Proof. Easy; by induction on the structure of ¢ and p, respectively. O

Theorem 4.2 (Elimination). For any process-closed term q over X(itCRL;) there is a basic form p
such that uCRL; Fp =gq.

Proof. (Sketch.) Let r and s be process-closed terms over ¥(pCRL;). We take three steps:

1. By Theorem 2.6 r and s are provably equal to some basic forms 7 and 3, respectively. Now
using the Expansion Theorem it is easily proved by induction on the sum of depths |7|+ |5| (see
Definition 2.7) that the term 7 || § reduces to some basic form;

2. By step 1 and the lemmas 3.4 and 3.8 r|| s and r | s also reduce to basic forms;
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3. By Lemma 4.1 and the steps 1 and 2 any process-closed term ¢ over ¥ (uCRL;) with at most
one operator from {<,dm, ||, ||, |} is provably equal to some basic form. Obviously, any term
with n + 1 operators from this set contains subterms with only one such operator, such that
after elimination of one of these, a term with n parallel operators results. By induction on n we
conclude that all these operators can be eliminated, so that ¢ is provably equal to some basic
form p.

a

4.2 Associativity and commutativity

In this section we consider basic forms p, ¢ and r over pCRL; of the following form:
def == =
p=E Did @it pi 0> 60+ 37, 5 ai<t Qo > 00 =p +p";

g ij;m,ubj‘“ q; <45 > 50 + fj,7e—,m,7ubj/<u aBj> 60 =q" +4q";

r fkjmvckw Tk <V > 00 + ik',Fn,,vck"” AQup > 60 =71+,
Theorem 4.3 (Commutativity). It holds that:

L.plg=qlp;

2.plla=qllp

Proof. We prove the identities 1 and 2 simultaneously by induction on the sum of depths |p| + |q|-
The induction hypothesis is p||§ = G||p, where |p| + |§| < |p| + |¢|- The base case of the proof, where
|p| = |g| = 1 is easy, and therefore omitted. For the general case, we first prove p|q = ¢|p:

CM8,CM9

pla= @ +p") (" +q") P +p 1" +p" | +p" 1" (%)

p’ | q’ = (iiﬂhtaﬁpi Q> 5‘0) |§j7§m7ubj‘u q; < ﬂj > §<0

= Yijidnem.d (@il 05)t (pilla;[t/u]) <a; A Bj[t/u] > 60 +

Zimjyal 75m,t7u6(t(u da; A ﬂj > 0<0

iz (@il b))t (gi[t/u] |l pi) < B[t /ul A c; > 60 +

Zj,i,Em,El,u,té(u(t < ﬂj A a; > 6<0.

w
o]

Ad,ih,A2.2

Consider the first summand. By axiom CF and the commutativity of the communication function ~y
a; |b; = bj | a;. By a-conversion ¢t may be renamed to u and u to t. Now p’|¢' = ¢' | p' follows readily,
and the identities p' |¢" = ¢"|p', " |¢ = ¢ |p" and p" |¢" = ¢"|p" follow in a similar way. (No
application of the induction hypothesis is needed there.) Finally, using some simple manipulations,
we may derive from (%) that p|q = ¢|p. Commutativity of || now follows easily:

CM1 4.3.1 CM1
plle = plla+allp+rle = qallp+rlla+alp = qllp

Theorem 4.4 (Associativity). It holds that:

L (pllg)llr = pll(gllr);
2. (plg)Ir=pl(q|r).
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Proof.

1. See Appendix B;

2. (Sketch.) We distinguish two cases:

(a)

None of the processes p, q,r equals 6<0. By the axioms CM8 and CM9 we have that

elolr = @)+ @) "+ @ ") I+ @ ") [+
@) [+ @) [+ @7 ") [+ " [ ¢") |
We consider (p' |¢') | r' and compress a few steps in the analysis. First Theorem 3.8 may be
applied to p' | ¢' (see the proof of Theorem 4.3), and then the §-summand may be split in
two subterms using Lemma A.1.12 and axiom SUM4. Next, according to axiom CMS the
communication with r' may be distributed over the three summands. (Where necessary,
Lemma A .4 is used to modify the order of the summands.) Finally, Theorem 3.8 may be
applied again. This results in:

ke 7o (@i | 05) [ er)t (ill gt /u]) | it /v]) < @i A Bjlt/u] A vg[t/v] > 60 + (R1)
ii,j,kﬁl,Em,?n,t,véct(v Qg A Bi[t/u] Avg > 60+ (R2)
ii,j,kﬁl,ém,?n,u,t (0] er)tre[t/v] <t <uAa; ABj Avglt/v] > 60+ (R3)
§i7j7kﬁl£m7?n7u7t7v(5<t<v At <uANa;APj ANy > 60+ (R4)
ii,j,k,&,,ém,?n,t,u(‘s |cp)urg[u/v] Qu <t Aa; A Bj Avglu/v]> 60+ (R5)
ii’j’kﬁl’gm?n’t7u’v6<u<v qu <t Aa; ABj ANvg > 60 (R6)

By axiom CD1 and Lemma A.2.3 (§ | ci)t ri[t/v] = 6t and (8] cp)urg[u/v] = dcu.
By the associativity of the communication function v, axiom CF and Theorem 4.4.1 R1 =
R1'. A number of routine calculations give us the identities R2 = R2',..., R6 = R6'.

S @ (051t (el @t/ |7t /0])) @ 0 A Byftfu] A wilt/o] > 50 + (RV)
ii’j’kﬁhgm’?n’t’u’v&t‘uw aeq(t,u) Ao ABj Avg > 60+ (R2')
ii’j’kﬁhgm’?n’t’u’v&t‘uw at <uAeq(t,v) ANa; ABj Avg> 60+ (R3')
§i7j7kﬁl£m7?n7t7u7v6<t<u<v At <uAa; ABj ANvg> 60+ (R4')
§i7j7kﬁl£m7?n7t7u7v(5<t<u<v au < tAeg(u,v) Aa; ABj A > 50+ (R5")
§i7j7kﬁl£m7?n7t7u7v(5<t<u<v AQu <tAa; AP Avg> 60 (R6")
We see that R3' C R4 and R5' C R6', so R3' + R4' + R5' + R6' = R4’ + R6' = RT:
§i7j7kﬁl£m7?n7t7u7v(5<t<u<v Qo A Bj A vy > 60 (RT)

Since R2' C R7 we have that (p'|¢') | = R1' + RT.

By commutativity of | we have that p’| (¢'|7') = (¢’ | ') | p', so by symmetry it must be that
the §-summands of p' | (¢' |r') also add up to R7. Thus, after application of a-conversion
to R1'" we may conclude that (p'|¢')|r' =p'| (¢ |7).

Associativity of the other subterms of (p|q) |r follows in a similar way, and identity with
p|(q]|r) follows readily;

For the various possibilities where one or more of the arguments p, ¢, r equals §<0 it is easily
proved that (p|q)|r =30 =p|(q|r).
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In this appendix we provide a large number of elementary lemmas needed for proving our main results.

Lemma A.1 (Laws for Conditional Expressions). It holds that:
1.

o T e T e T e T e T e T Y
S TR N o= S

17.

© »® N S R N

r4b>x =x;

(x <ab> y)t =zt <b> y<t;
(xab>y)z=xzz<ab>yz;
z<ab>ry=x4b>d§0+y <—bp> 6<0;
(x+y)abbz=x<ab>2z4+y<bp z;

(x <ab>00) ac>60=x<abAcp> §0;

z<abVer 50 =xz9b> 60+ x <c> §<0;
(x<ab>y)<acpd0=2<9bAc>d0+y<a-bAc>i0;
z4dc> 00 =x<9bAc>d0+xza-bAc>§0;

2ab> 00 =<9t <uAb>IO0+zau<tAb>IO;

CO0tu 9t <uAb> 0 =05¢t<at <uAbp>§O;

Otu<b>d0=0tat <uAb>I0+du<au<tAb>§o0;

ey abp z) = aky <b> 2kz;

(@aboy)lz= (2] 2) ab> (] 2);

(@abby)|z=(z]2) ab> (y | 2);

z|(y<abrz)=(z[y)ab> (z]2);

Octeu < eq(t,u) ANb> §<0 = §<¢ < eq(t,u) Ab §<0.

Proof. By case distinction on the booleans.

Lemma A.2 (Simple Process Identities). It holds that:

1.

N S voks N

0<0<t = §<0;

a‘tu = a‘ut;

Otx = d<t;

a‘tt = a<t;

atr = atx+ ot;

a<&60 = a<0;

atz |y = (a<y) (z || y);

ot | aux = Jemin(t, u);
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9. astx | du=dmin(t,u);
10. <t | 6cu = omin(t, u).

Proof. Easy. O

Lemma A.3 (Simple Laws with Sum Operators). It holds that:
1. O°X)abr60=> X ab> 6<0;
2. (D2 X abro0)t =) Xt <abp §0;
3. (X ab>d0) aerd0=> X <abAcp 0.
Proof.
1. By case distinction on b;
2. By axiom ATBS5 and the lemmas A.1.2 and A.2.1;
3. By the lemmas A.3.1 and A.1.6.

Lemma A.4 (Sum Permutation). Let P(d), be some permutation of a finite sequence of data
variables d,,. It holds that:

ZWHT = Zgn’r.

Proof. For n = 0 or 1 the proof is trivial. For n > 2 we first show that two adjacent summations
may interchanged. We prove

deZDk Edk+12Dk+1 p = de+12Dk+1 EdeDk p (*)

where k =1,...,n — 1, by Summand Inclusion.
C: Consider the r.h.s. of the identity to be proved. Let e € FV (p).
SUM3,SUM4
deJrI:DkJrl YDy P = deJrI:DkJrl Y Pt deH:D,c+1 ple/dx].
Next we apply axiom SUM11, which adds Ze:Dk to both the l.h.s. and r.h.s. of the above equation.
Application of SUM4 and SUM1 yields

D ds1:Diss 2od:De P = Dodysr:Dasr 2D P DDy DadiyriDiss PlE/di]-

By a-conversion e may be renamed to dj, which proves this case.
D: By symmetry.

It is easily understood that any two adjacent summations may change place in expressions with
n > 3: Any term } 5 r may be written in the form 7 >°, . .p . >4 L.p.,,P(E=0,...,n=2),s0
that (i) can be applied to the subterm 32, . .p, . > 4, ,.p,,, P in order to change the two outermost
summands.

Finally, if any two adjacent elements in a finite sequence d,, may be interchanged, any permutation
P(d),, of d,, can be constructed in a finite number of swaps. O
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Lemma A.5 (Sum Elimination). It holds that:
1. Y .pp<eq(de) >0 =ple/d;
2. Let d ¢ FV(p). If ble/d] =t then ), ,pab> 60 = p;

3. Ifu<v=tthen ), pime 0t du <t < v o0 =dv;
(note that always 0 < v =t.)

4. Y Time @tu <t <vp 60 =awu<du < v 60+ duw.
Proof.
1. By Summand Inclusion, see [5];

2. By Summand Inclusion.

C: pSU:NIl YupP=24pP<abV b0 A-LTSUM YoapPAb> 60+, ,p<a-br 6<0.

D S, ,pabe 60 2P S pabe 50 + ple/d] able/d] > 50.
By assumption ple/d] = p and ble/d] = t, which proves the case;

3. By Summand Inclusion. First we prove C:
sy B2 dv+dt<a(u<tVt<u)At<ov> o0
ALT St ot aqu<t<uvpd0+dtat <uAt<uv>dO0.
After applying <t to both sides of the above equation, and by SUM11 we find that
Yt Time 0Vt =2 mime(0V + 0t qu <t <wvp> 00+t at <uAt <wvp>§0)t.
Application of ATB3, SUM4 and ATA1 leads to:

0w = 50+ ypime (51 9 < £ < v > 50)ct +
Y mime (0 9t Su At <> 60)t

8V + ), pime 0t du <t <wvp J0+
Yt Time 0t 9t Su At < v 60,

A12,A24,A21

D: By SUM3 Y, mime 0t du <t < o> d0 D (6t<u <t < wv>d0)[v/t]l. By assumption
u < v = t, which proves the case;

4. We have that:

Zt:Time atu<t <ve 60

A2 Yt Time (@t < eq(t,u) > dmin(t,u)) at < v> 50
ALS Yt Timelat <eq(t,u) At < v 50+
demin(t,u) <—eq(t,u) At <wv>00)
ATAZALS Y i Time (@t <eq(t,u) At < v 0+
Ot qeq(t,u) Nt <v>d0+
demin(t,u) <—eq(t,u) At <wv>00)

A.L1T,ATB1 > e (@t G eq(t,u) At < v 50+

oemin(t,u) <eq(t,u) AN\t <v>d0+
demin(t,u) <—eq(t,u) At <wvb>00)
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A.1.9,S A
O S time @ < €g(£,0) AL <05 60 + By 0t 9t < v 50

A1.6,A.5.1
= au<du < V> 60 + Y, pime 0tuat < v 50
A2 au<u < V> 60+ (D, pime 0t 9t < v > 50)u
A5.3,A.2.2

au<du < v §0+ Suw.

B A proof of the associativity of the merge operator

In the parts A, B and C we prove the associativity of || for arguments p, ¢, 7, all not equal to §<0. In
this case we may restrict ourselves to the normal formulation of the Expansion Theorem (case 3.11.1).
In part D we consider the various §<0-cases.

The first part of this proof is carried out by induction on the depth |p| + |g| + |r|, where we assume
that |pl, |¢| and |r| are at least equal to 1. As induction hypothesis we assume (5| §) ||7 = 5|| (¢ || 7)
for all |g] + dl + 7] < Ipl + lal + Irl-

First the base case, where |p| = |¢| = |r| = 1, has to be proved. In essence, this part of the proof is
similar to the proof given below, but with the sets I,.J, K put to (), so that no application of the i.h.
would be necessary. (No term with three parallel processes occurs at the r.h.s. of the the expansions.)
We omit this part of the proof. The general case, where |p| + |g| + |r| > 3 is proven below in detail.

A. Expansion of (p| q)||r. By the Expansion Theorem p || ¢ follows easily. By Lemma A.1.7
the generalised disjunctions in the conditions may be converted to summations, and by axiom SUM1
various Y _-operators may be added. By Lemma A.4 the sums may be rearranged arbitrarily, so that

pllg = ii,j*,dil*;m*7uytai‘t (pillg) 9t <uAa; A Bj > 00+ (M1)
it e d e e e 0 tq At <uAap A B> 50+ (M2)
S T e i (@ ]1P) Gu S E A NS00+ (M3)
ii*Jr’d_*l* o 7t7ubj/<up Au <tAap ABjr > 60+ (M4)
s a0 1) (il gslt/u]) s i A Byt /u] o 60+ (M)
S s il |0 gl ul @ o A Byt /ul b 604 (M6)
D i e @i | by )tpi < i A B[t fu] > 60 + (M7)
Yir g d e e @i [0y )t Qi A By [t/u] > 60 (M8)

Each main summand Mn has indices 7,4’,i*, 7, j', 7%, which may be combined into a single index
— — def — —; def — . — N —
& € 2, wheren = 1,...,8. Let & = Un:1,...,7 =, and 2 = Eg. By convention, = = EU Z/.

To the summands M3 and M4 a-conversion may be applied, so that we finally obtain the following
simple abbreviation:

abbr.

rlig 2T e et 0P 10> 00+ 300 o oo L At 1 Gg > 00,

Again the Expansion Theorem may be applied. Let d,, def A1y € ey ¥ e -
ElONlr = e drwolet Fellr) 9t < v Ade Avge > 60+ (N1)
25’,k*7ax7t,u,v&§'(tr At < VNG Avps > <0 + (N2)

2er ket ChV (T | (P119)) Qv S EA Qge A > 60+ (N3)

EE*,k’,EX,t,u,uck’(U (pllq) av <tAdes Avg > 50+ (N4)
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eyt | cr)t (Be || relt/v]) @ de Awy[t/o]> 50+  (N5)
ig’,kﬁx,t,u(dé’ | k)<t r[t/v] Qée A vglt/v] > 60 + (N6)
ek (e | cr )t Pe 9 de A [t/v] > 60+ (NT)
ek e | Crr)t Qag Avg[t/0] > 60 (N8)

First we examine the summand N1 + N2:

ii’j*7k*’3x7t’u7vai<t ((pillg)||r) at SvAt <uAa;ABj= Avg > 00+ (T1)
Zi’,j*,k*ﬁx,t,u,vai’(t (gllr) at <vAt<uAayAPBj ANvg-> 50+ (T2)
Y kel w (@ P Ir) <u <vAu<EAar ABj Avg-> 60+ (T3)
Zi*7jr7k*7ax7t7u7vbj’(u (pllr) cu <vAu<tAapm ABj Avgs> 50+ (T4)
ke dan (@i [0)t ((pillgilt/u) lIr) <t < v A ABjt/u] Avge > 60+ (T5)
S s i ealas [0 @ lt/ulI7) 9t < v Aay ABjlt/ul Avie > 50+ (T6)
ii,j’,k*,ﬁx,t,v(ai [bj )t (pillr) <t SvAagABjt/u] Avgs> 60+ (T7)
i,’juk*ﬁx’t’v(ai, |bj)tr at < vAay A Bjit/u] A v > 60 (T8)

Note that in the summands 73 and T4 a-conversion is applied in order to undo the a-conversion
we applied earlier to M3 and M4.
We continue with N3:

Au<tAt <uAo; ABjs Avg > 50+ (T9
)av <tAt<uAayABj Avg> 50+

av<uAu <tAapg ABj A > 50+
i ki tuwCkV (e (Pll@) <v Sunu <tAap ABj Avg > 60+

ii,j*,kﬁx,t,u,vck‘” (re || (pllq )
(T'10)
(T'11)
(T'12)
Zi,j,kﬁx,t,vck"’ (ri |l (pllg) <v <t Aoy ABj[t/u] Avg > 60+ (T'13)
(T'14)
(T'15)
(T'16)

Zi’yj*ykyamt,u,vckcv (Tk || (p”q

Zi*,j,k,ax,t,u,vckcv (Tk || (pHQ)

~— ~— ~—

S a0 (i | (0ll0) 90 < € A a A B[t ful A v 60+

2ijr ey 0l U (Te L (PIlQ) <o < EA s A Bjr[t/u] Ay > 60 +
Zi',j',kﬁx,t,uck‘v (ri |l (ll9) <v <tAay ABjt/u] A v > 00

N
[y
D

a-conversion was applied to T'11 and T'12.

N4:
ii’j*’k,jwt’u’vckﬂv wllg) av <tAt<uAa;ABjp Nvp > 50+ (T17)
Zi’,j*,k’ﬁx,t,u,vcklcv llg) cv <tAt<uAayABj Ay >0+ (T18)
Zi*’j’k,ﬁwt’u’vckﬂv (pllg) cv <unu<tAa;s ABjAvp >0+  (T19)
Zi*7j,7k,ﬁx7t7u7vck/<v pllg) <v<uAu<tAapABy Avg > 60+  (T20)
§i7j7k,7gx7t7vck:<v (pllg) v <tAa; ABj[t/u] Avg > 00+ (T21)
ii',j,k',ﬁx,t,vck’(” (pllg) av <t Aay ABjt/u] A vy >80+ (T22)
ii,j’,k’,ﬁx,t,vcklcv (pllg) av <tAa; ABjt/u] A vy > 50+ (T23)
ii',j',k',ﬁx,t,vck’(” (pllg) av <tAay ABjlt/u] A vy > 60 (T24)

a-conversion was applied to 719 and 7'20.
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N5+ N6:

2ige kg twl@il o)t (illQ) [7ult/v]) 4t < w A ai A Bj= Avglt/v]> 60 +
i e ka0 |t (gl T[t/0]) <t SuA @i A Bje Awilt/v] > 50 +

i gkagtabilen)u (g7 l1p) lrefu/v]) Qu <t A i ABj A vilu/v] > 50+
ii*7j,7k7gx7t7u(bj/ | cr)<u (pl|rifu/v]) Qu <t A apx A By Avglu/v]> 60+
ik (@i 185) Ler)et ((pillaslt/ul) [|ri[t/0]) @ s A B[t/ u] A vi[t/v] > 50 +
i g (@i [05) Lew)t (alt/u] |l ralt/v]) Qe A B[t/ u] A vi[t/v] > 60 +
Yigr ke ((@i [0j0) Ler)et (pillrelt/v]) < ai A By[t/u] Avelt/v] > 50 +
ii’,j’,k,dx,t((al' [bjr) | cr)tri[t/v] <ap A By [t/u] A vgt/v] > §<0

a-conversion was applied to 727 and 7'28.
N7+ N8:

ik dea@ilew)t (pillg) 9t SwAai A By Aviftfv] > 50+ (T'33)
ii’,j*,k’ﬁx,t,u(a’i' lew)tqgat <uAay ABj ANvg[t/v]> 50+ (T'34)
i iw by lr)u(g;llp) au < t Aap ABj Avg[ufo]> 50+ (T35)
> g dtuir o) up <u <t Aag A Bjr Avg [u/v] e 60+ (T'36)
i (@i [by) [ew)t (pill g5t /u]) @i A Bilt/u] A vy [t/v] > 60+ (T37)
> ,j,k’,Ex,t((ai’ |b;) [ ew )<t qjlt/u] < o A Bj[t/u] A vy [t/v] > 00 + (T'38)
i (@i ) [ew)tps < i A B[t/ u] Avie[t/v] > 60 + (T'39)
S e ((@ir [03) [ew )t Qe A B[t/ u] Avge[t /o] > 60 (T'40)

a-conversion was applied to 7'35 and 7'36.

B. Expansion of p|| (¢||r).
other term.

qllr

= ke e wabiw (gllT) qu S0 A B Avge > 50+ (U1)
Zj’,k*ﬂ*m*,f*n* wubiur qu < oA By A v > 6<0 + (U2)
ij*,k,?m*,Fn*,u,vck‘U (rillg) <v < u A Bj= Avg > 60+ (U3)
Zj* B ey C VAV S UA B+ A Vg > 60 + (U4)
ke e u i ler)u (gs | refu/o]) < 85 Avilu/v]> 60+ (U5)
2, ki 7 by L) uru/v] @ B Avfufv] > 60 + (U6)
Z,k,7e*m*7f—*n*7u(bj |ew)wqy < B A vy u/v]> 50+ (U7)
ij’,k',?m*,f_*n* 7u(bjr | e )w < B A vg[u/v] > 60 (U8)

26

Now we are going to derive a large number of summands from the

Each summand Un has indices j, j', j*, k, k', k*, which may be combined into a single index ¢,, € ®,,,

wheren = 1,...,8. Let & = def Une 1,7 ®n, and o & ®5. By convention, ®* = & U 9.

U4 a-conversion may be applied, so "that we have the following abbrev1at10n

qllr

abbr.

= 2 Tl Wl 1B > 00+ D w7 o 9 By > 00,

To U3 and
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Again the Expansion Theorem may be applied. We obtain

PGl = T pmetit Gill(@lir) ot unas B w60+ (V1)
St t(@]T) 9t Suhai APy 00+ (V2)
Y o tunbow (@s]lp) Su <A A By > 60+ (V3)
Ei*,qyﬁx,t,u,vbfﬁ"“p Au <tAag APy > 60+ (V4)
it (@i | bo)t (il @slt/u]) Q@i A By[t/u] > 60+ (V5)
ii/,q&ﬁx,t,v (a | Baﬁ)‘t Golt/u] <ay A Bqﬁ [t/u] > 60 + (V6)
Yo aw(@i|be )t pi i A By [t/u] > 50 + (V7
ii’,qﬁ’ﬁx,t,v(a’i’ | i’aﬁ’)‘t T A Bdﬂ [t/u]> 00 (V8)
V1:
Siike At 0ill(gllT) 9t SuAu< VA A B Avge > 50+ (W)
Yk tue®t il (gll7) 9t Suhu<vAa ARy Avg- > 50+ (W2)
ii,j*,k,ﬁx,t,u,vai‘t (Pill(gllr)) at <vAv<uAa;ABj Ao >0+  (W3)
ii,j*,k’,ax,t,u,va’i(t (pill(gllr)) <t <vAv<uAa;ABj ANy > 60+ (W4)
S eit 011 (@l17) 98 < A A By A vlufu] > 50 + (w's)
S atit (011l (@lT) 9 < wA i A By Avifufo] > 60 + (w6)
S 7 aa@t (i1l (@l]7)) 9t < uA s A By A viefufu] > 50+ w7)
ii,j',k',ﬁx,t,uai‘t (pill(gllr)) at <uAa; ABjr Avg[u/v]> 60 (W8)

a-conversion was applied to W3 and W4.

V2:

i ke @it (gllT) 9t <uAu<vAap ABjAvge > 50+ (W9)

Zi’,j’,k*,ﬁx,t,u,vai"t (gllr) at <uAu<vAay ABj Avgs > 60+

Zi’,j*,k,ﬁx,t,u,vai"t (gllr) at <vAv<uAap ABj Nvg> 00+

(W10)

(W11)
Zi',j*,k',ﬁx,t,u,vai"t (gllr) at <vAv<uAap ABj Avg > o0+ (W12)
ii’,j,kﬁx,t,uai'ct (gllr) at <uAay ABj Avglu/v]> 00+ (W13)
ii’,j’,k:ﬁx,t,uai'ct(q”T) at <uAay A By Avglufv]> 60+ (W14)
ii’,j,k’,ﬁx,t,ua’i'(t (gllr) «t <uAay ABj Avg[u/v]> 60+ (W15)
ii’,j’,k’,ax,t,ua’i'(t (gllr) at <uAay ABj ANvglu/v] e 6<0 (W16)

a-conversion was applied to W11 and W12.
V3+V4:

S ke ol (@ 0)11p) <u < tAw < v A @z A Avgs > 60+

Yk bl U (P I1P) Su S EAU SV A i A Bj Avge > 60 +

D i etV (e @) D) <0 <EAV SuA g ABjs Avg > 50+

2oie g kU (@][P) QU SEAV Su A e A B Avi > 50+
D i ki tubi L er)u (g lIrilu/o])lIp) qu <t Az A By Avglu/v]> 60+

Zi*,j’,k,ﬁx,t,u(bj’ | ce)u (rifu/v]l|p) <u <t A a A By Avg[u/v]> 60+

Doie g dtu by L er)u(gi|p) au <t A ey A By Avg[ufv] > 50 +

Dir gk b | ek )up qu <EA @i A B Avgr[ufv] > 6<0

27



B A PROOF OF THE ASSOCIATIVITY OF THE MERGE OPERATOR 28

a-conversion was applied to W19 and W20.
Voa+VrT:

ke (@i 10)t (pill (ajlt/ulll7) <t <o A A Bjltfu] Avge > 60 + (W25)
ii,j’,k*,ax,t,v(ai [bj )t (pillr) <t SvAa;ABjt/u] Avgs > 60+ (W26)
St o] O (pill (relt/0] 1)) 4t < wA @i A By Aviltfe] b 50+ (W2T)
ii,j*,k',ﬁx,t,u(ai lce )t (pillg) 9t < u Ao ABj Avg[t/v]> 60+ (W28)
ii,j,kﬁx,t(a’i | (b5 | ck))<t (ps || (g;[t/u] |l m[t/v])) <o A Bj[t/u] Avg[t/v]> 00+ (W29)
ii,j’,kﬁx,t(a’i | (bj | k)<t (pil|ma[t/v]) <o A Bjt/u] A vglt/v] > 60+ (W30)
ii,j,k’,ﬁx,t(a’i | (b | crr))t (pillgilt/u]) Qo A Bj[t]/u] A v [t/v] > 60 + (W31)
ii,j’,k’,ﬁx,t(ai | (bj | cwr))tpi Qo A By [t/u] A v [t/v] > 6<0 (W32)

a-conversion was applied to W27 and W28.

V6 +V8:
i ke (@i [B5)t (gi[t/ulllr) 9t < v Ay A B[t/u] A vy > 60 + (W33)
Do o ke 0 (@ | D)t At SO Ny A By t/u] Avge > 60+ (W34)
ii’,j*,kﬂx,t,u(ai' | i)t (ri[t/v]ll @) <t <uAay ABj Avglt/v]> 60+ (W35)
Zi',j*,k'ﬁx,t,u(ai’ lew)tqgat <uAay ABj ANvgt/v]> 50+ (W36)
St a (| (55 10 (g5 e/ [ ralt/0]) @i A Bylt/ul A vilt/o] 5 50+ (W3T)
ii’,j’,kﬁx,t(ai' | (bj | cr))trat/v] <aw A Bjlt/u] Avilt/v] > 60+ (W38)
ii’,j,k’,ax,t(ai' | (bj | er))<t q;[t/u] <o A Bj[t]/u] A v [t/v] > 60 + (W39)
ii’,j’,k’,ﬁx,t(ai' | (bj | err))t <ay A Bj[t/u] Avg[t/v] > 0<0 (W40)

a-conversion was applied to W35 and W 36.

C. Proving identity of (p||q)||r and p||(¢g||r). Finally it has to be proved that T1+ ...+ 740 =
W1+ ...+ W40.
Here we tacitly apply the i.h., commutativity of ||, and the properties a|b = b|a and (a|b)|c =
b|(a|b) of |, which follow from the definition of the communication function v and axiom CF.
Fortunately, a large number of identities follows right away by inspection of the equations:

T3=W17r T7 =W26 T271=W21 T31=W30 T35=W23 T39=W32
T4=W18 T8 =W34 T28=W22 T32=W38 T36=W24 T40=W40
T5=W25 T25=W27 T29=W29 T33=W28 1T37=W3l
T6=W33 T26=W35 T30=W37T T34=W36 T38=W39

Four more identities have to be proven:

(i) Tl=Wl+...+ W8
(i) T2=W9+...+WI6;
(iii) T9+...+T16 = W19;
(iv) T17+...+T24=W20.
We prove (i):

W14+ W2

SUM4 =
= Zi,j*,k*,ﬁx,t,u,vai‘t (Pill(gll7)) <t <uAu <vAa;ABjs Avge > §<0;
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W3+ W4
SUM4 =
= Ei,j*,k*,ﬁx,t,u,vai‘t ill(gllr) at <vAv <uAa;ABjx Avgs > 6<0;

W5+ W6+ W7+ W8

SUM4 =
= Ei,j*,k*ﬁx,t,uai‘t (i |l (gll7)) <t < wAa; ABj« A vge[u/v]> 60
A51,A1.6 =
AL e v (]l (@l7) 91 < A eq(u,0) A A B A g b 590,

By axiom SUM4 and axiom A.1.7 W1+4...+ W8 =

2o ke dy @it (il (a]]7))
<1((t§u/\u§v)\/(tgv/\v S’U,)\/(tSu/\eq(u,y)))/\ai/\ﬂj* A Vs > 60,

Application of the i.h. and some elementary calculations for the condition show that this term is
equal to T'1. The identities (i¢), (i4) and (iv) follow in a similar way. a

D. Cases with §<0. We finally have to study the cases where at least one of the processes p,q,r
equals 6<0. We may distinguish the following cases (C stands for commutativity of ||):

D.1. (50]|p)|lg = 6<0|| (p|lq)- See below;

C D.1 C D.1 C
D.2. (pl[60)|lg = (50[[p)[lg = 60| (pllg) = 60| (¢llp) = (5<0[[g)[|p = pI| (50 g);
D.1

(

(

C C . C C

D.3. (pllg)]|60=060| (p|lg) = 50| (¢g|lp) = (0] q)||p = (q]|6<0)||p = pl| (q]|6<0);
D.A4. (p||6<0)]|6<0 = p|| (60| 4<0). Easy; by induction on |p|;

D5 (50]p)[|6°0 = 50| (50 || p) < 60| (p || 60);

D.6.  (50]|6:0)||p = p|| (50]| 50) =" (p[|6:0) |60 < 50| (p|| §0) = 60| (60 || p);
D.7.  (60][50) (|60 £ 50| (50| 5-0).

Proof of identity D.1. By induction on |p| + |¢|. As in part A of the proof we tacitly apply the
lemmas A.1.7 and A.4, and axiom SUMI.

4.3.2,3.11.2,A.5.1,A.1.6

(0<0(lp)lq (i3, 40it (pi || °0) < A eq(t,0) > 60 +

Zi/,?u,tai’ct 00 < ayr A eQ(t) 0) > 6<0) || q (*)

Here we have a tricky part of the proof; The term just obtained also has to be considered for two
cases, namely:

1. If 3¢+« [0/t] = t then by Theorem 3.11.1 the above term equals

2ige @ e a e @t (01 || 00)[[q) 9t < u A eq(t,0) Aai A B > 00 +

it e T w0t (60]lq) at <uAeq(t,0) Ay A Bj- > 60+

Yie Ty ot ubiw (@i [[(6°0]|p)) au <t A eq(t, 0) A= A B> 60+

Ei*,j’,(?*,*,? *’t’ubjﬂu ((5‘0 ||p) <qu <tA 6q(t, 0) A = N\ ﬁjr > 00 +
D e e (@i [0t (i |1 50) [las[t/u]) < eq(t,0) A a; A Bj[t/u] > 60 +

Zi,7j7d—*l*7e—*m*7t(air | bj)‘t (5‘0 || qj[t/u]) N eq(t, 0) A agyr N ﬂj [t/u] > 6<0 +

2 gt @ e e (@i | 050 )t (pi || 00) < eq(t, 0) A cvi A By [t/u] > 50 +

Zi’,j’,Fl*,Fm*,t(ai’ | b]r)‘t 60 « eq(t, 0) N o N ﬂj’ [t/’u,] > §<0.
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By the lemmas A.1.6 and A.5.1 this may be simplified to

Dige @ e e e w0 ((Pi[0/1] || 50) [l q) < i[0/E] A By > 50 +

Ei’ ’j*7d7*l* 76_*m* 7u(li’(O (6‘0 || q) < Qg [O/t] A ﬁ]* > (5(0 +
> 7 .. b0 (g;[0/u] [ (50(|p)) Ve gy ix [0/E] A B5[0/u] > 60 +
5y a1 b0 (60119) @V oy i [0/8] A B (0/u] > 60+

2 i 4@ e e e (@i ] )0 ((pi[0/2] ] 6<0) [|q;[0/u]) < s[0/2] A B;[0/u] > 6<0 +

D @ o e (@ [07)°0 (50| ¢[0/u]) < ir[0/t] A 5;[0/u] > 50 +

D gt @ e e (@i 0j0)0 (pi[0/1] || 60) @ ai[0/8] A 3j:[0/u] > 60 +

Ei’,j’,d_*l*,e_*m* ((J,i/ | bj/)‘O 00 < Qj [O/t] A ﬂjl [O/U] > 6<0

RN
W N =

AN N AN AN N AN S
SRCECR>
~N O Ut i~

~— N N N S~ N

P
o0

By assumption at least one of the a;+[0/t] equals t, so \/
may replace X3 + X4 by

ser @i+[0/t] = t. By Lemma A.5.2 we

a7 1 (050 (¢5[0/u][| (60| p)) < B;[0/u] > 60) < V. e vie > 60 +
Sz = (b0 (50Ip) 4 85 [0/u] > 60) @V oo e > 60

A0 e b0 (g;[0/u][| (50| p)) <ais A B;[0/u]b 60+ (X3)

S e tby 0 (0 p) a e Ay [0/u]> 50 (x4

The term 6<0|| (p||¢) may be expanded according to M1 + ...+ M8 given under part A of the
proof, and Theorem 3.11.2. It turns out that, by the i.h., the resulting system is identical to
X1+ X2+ X3+ X4+ X5+ X6+ X7, which finishes this case;

2. If Virer+.+ [0/t] = f then by commutativity of || and Theorem 3.11.2 6<0||p = <0, so expression
() equals 0<0 || ¢. It is left to prove that 6<0|| (p||q) = 6<0|| ¢, which can be done by induction
on |g|. Again we may use M1+ ...+ M8 for p||q, and by the theorems 4.3.2 and 3.11.2 we find
that

50l (plle) = 3,7, &, 00 ((;[0/ull[P)[160) AV, cpn ie A B;[0/u]> 60+
2 T e e 00 (PI100) 4V o ctie A 35[0/ u] > 6<0.
The base case of the proof, where |g| = 1, is included in the general case, where |¢| > 1, which

we prove here. By assumption at least one of the «;+ must be true at some time, so by Lemma
A.5.2, commutativity of ||, and the i.h. we get

s0ll(plla) = X, =,.b0(g;[0/u][[(50]|p)) < 5;[0/u] > 60 +
2 @ e w7 00 (00| p) < B [0/u] > 6<0.

Now, 6<0 || p = 6<0, redundant sums SFZ* may be removed, and finally, by Lemma 3.11.2 and

commutativity of ||, we may conclude that this expression equals 6<0||¢. This finishes the proof
of identity D.1.

a



