@ Centrum voor Wiskunde en Informatica

REPORTRAPPORT

Approximate factorization in shallow water applications
P.J. van der Houwen, B.P. Sommeijer
Modelling, Analysis and Simulation (MAS)

MAS-R9835 December 1998



Report MAS-R9835
ISSN 1386-3703

CWI

P.O. Box 94079

1090 GB Amsterdam
The Netherlands

CWI is the National Research Institute for Mathematics
and Computer Science. CWI is part of the Stichting
Mathematisch Centrum (SMC), the Dutch foundation
for promotion of mathematics and computer science
and their applications.

SMC is sponsored by the Netherlands Organization for
Scientific Research (NWOQO). CWI is a member of
ERCIM, the European Research Consortium for
Informatics and Mathematics.

Copyright © Stichting Mathematisch Centrum
P.O. Box 94079, 1090 GB Amsterdam (NL)
Kruislaan 413, 1098 SJ Amsterdam (NL)
Telephone +31 20 592 9333

Telefax +31 20 592 4199



27

Approximate Factorization in Shallow
Water Applications

P.J. van der Houwen & B.P. Sommeijer
CWI
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

ABSTRACT

We consider the numerical integration of problems modelling phenomena in shallow water in 3 spatial
dimensions. If the governing partial differential equations for such problems are spatially discretized, then
the righthand side of the resulting system of ordinary differential equations can be split intb tépms

f3 andfy, respectively representing the spatial derivative terms with respect to the x, y and z directions,
and the interaction terms. It is typical for shallow water applications that the interactiofstésm
nonstiff and that the functioiy corresponding with the vertical spatial direction is much more stiff than
the functiond1 andfs corresponding with the horizontal spatial directions. The reason is that in shallow
seas the gridsize in the vertical direction is several orders of magnitude smaller than in the horizontal
directions. In order to solve the initial value problem (IVP) for these systems numerically, we need a stiff
IVP solver, which is necessarily implicit, requiring the iterative solution of large systems of implicit
relations. The aim of this paper is the design of an efficient iteration process based on approximate
factorization. Stability properties of the resulting integration method are compared with those of a number
of integration methods from the literature. Finally, a performance test on a shallow water transport
problem is reported.

1991 Mathematics Subject Classificatiod5L06

Keywords and Phrasesumerical analysis, partial differential equations, iteration methods, approximate
factorization, parallelism.
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1. Introduction

We consider initial-boundary value problems modelling phenomena in shallow water in 3 spatial
dimensions, such as the transport of pollutants in shallow seas including the mutual chemical
interactions of these species. In [16] a full description of the partial differential equations (PDES)
describing various shallow water applications can be found (see also Section 4 of this paper for a
model transport problem with chemical interactions). The systems of ordinary differential equations
(ODESs) obtained by spatial discretization of these PDEs (method of lines) can be written in the form

@) YO =r(y), f(y) =faty) +faAty) + faty) +faty), v, ficd BY,

wherefq, f2 andfz contain the spatial derivative terms with respect to the x, y and z directions,
respectively,f4 represents the forcing terms and/or reaction terms, and N is a large integer
proportional to the number of spatial grid points used for the spatial discretization. It is typical for
shallow water applications that the functians nonstiff and that the functidg corresponding with

the vertical spatial direction is much more stiff than the functigradf, corresponding with the
horizontal spatial directions. As a consequence, the spectral radius of the Jacobiadfgh@yrig

much larger than the spectral radiusobf/dy anddf,/dy. The reason is that in shallow seas the
vertical gridsize is several orders of magnitude smaller than the horizontal gridsize.
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In order to solve the initial value problem (IVP) for the system (1.1) numerically, we need a stiff IVP
solver, because the Lipschitz constants with respgctissociated with the functiomg fo andf3
become increasingly large as the spatial resolution is refined. Stiff IVP solvers are necessarily
implicit, requiring the solution of large systems of implicit relations. We distinguish two basic types
of implicit IVP solvers, viz. partially implicit methods and fully implicit methods (see Section 2). The
aim of this paper is the design of an iteration process for use in fully implicit methods such that
shallow water problems can be solved more efficiently than by partially implicit methods. Section 3
focuses on iteration processes based on factorization of the system matrix in the Newton method
according to the splitting in (1.1). A detailed discussion of the convergence of the iteration process
and the stability of the resulting integration method is presented. A performance evaluation of this
integration method for a shallow water transport problem is presented in Section 4.

Finally, we remark that all plots and many of the formulas appearing in this paper were obtained using
the software package Maple [12].

2. Implicit IVP solvers

We briefly discuss the suitability of partially implicit methods and fully implicit methods in shallow
water applications. In particular, we discuss the stability properties of these methods. Ignoring the
nonstiff interaction ternfg, we consider stability with respect to the linear test equatieny,

where J =g+ b + B with J denoting an approximation to the Jacobian matrix at t,, and where

the matrices|dare assumed to share the same eigenspace, the usual assumption if a normal mode
analysis is applied. This equation will be referred to asstaéility test equationWriting

Zx = AtA(J), the regions in the (z, 2o, z3)-space is called thstability regionif the integration
method is stable with respect to all test equatighs Jy with the eigenvalue triples
(AtA(J1), AtA(J), AtA(J3)) in S. Since in shallow water applications many of the eigenvalugs of J

are close to the imaginary axis, we are interested in the most critical case where the eigenyalues of J
are purely imaginary, i.&tA(J) = iyk with yk real-valued. Furthermore, the spectral radiuAtdf

andAtJ, is much smaller than that &fJ3, so that we want stability in regions of the form

2.1a)  S:={(yny2y3): [yk|<B, k=1, 2;|y3|< o},
wherethestability boundanf is not too small. The corresponding timestep condition is then given by

B
max{ p(dr).p(%)}

2.2) A<

It may happen that the value [dis determined by a small set of criticatwalues, that is, ignoring
these critical values on the-pxis would lead to substantially greater valueB.dfo get insight into
this situation, we introduce for a given value gtlye stability boundarf(yz) which is such that the
method is stable in a region of the form



(2.1b)  S(ys) :={(ywy2): [y| < Blya), k=1, 3.

Evidently, = ryin B(y3) andS =9 S(y3) for |y3| < .
3 3

2.1. Partially implicit methods

We confine our considerations to the so-caifeglicit-explicit methodsvhich recently got renewed
attention (see e.g. [1], [2] and [7]), te&abilizing corrections methodf Douglas [4], and the
approximating corrections methad Yanenko [17].

2.1.1. Implicit-explicit methods. Implicit-explicit methods arise if in a fully implicit method the
‘implicit' righthand side evaluations are split into an explicit and an implicit part. A typical example is
the implicit-explicit version of the two-step backward differentiation formula (BDF), advocated in [7]
and [15]. When applied to (1.1) and taking into account that we want to trégtténm implicitly,

this method becomes

0
Yrg+)1 =2n - Yn-1
(2.3)
0 0
Yn+1= %Yn - %Yn-l + %At (f(tn+1.Yr$+)1) - f3(tn+1,Yr$+)1) + f3(tn+1,Yn+1))-

Here,At is the stepsizei; - ty andyp, represents the numerical approximatioy(ta). The method

(2.3) is second-order accurate and requires the solution of one one-dimensionally implicit system per
step. This system can be solved by Newton iteration using a band solver to handle the linear Newton
systems. Hence, from a computational point of view, the costs per step are quite modest.

Applying (2.3) to the stability test equation defined above, we obtain a linear two-step recursion
whose characteristic equation is given by

(1- %ze,)wz- %(1+zl+22)w + %(1+221+222) =0.

The method (2.3) will be called stable if this equation has its roots on the unit disk. According to the
boundary locus method, the boundary of the stability reigidime (y1,y2,y3)-space is defined by

4(y1 + y2)sin(@) + 2yssin(2p) = 4cos) - 3cos(d) - 1,
O<sop<2n

2(y1 + y2)(1 - 2cos()) - 2yscos(2p) = 4singp) - 3sin(2p),
Solving this system foryy+ y» and yyields the solution

_ 1 - cosfp) _3 1 - cosfp)
2sin@) 2sin@)

Hence, the boundary of the stability region is given by the planer3y» - y3 = 0, so that the
stability boundanf(y3) introduced in (2.1b) is given B(y3) :% Dy30. Hence, we have stability in



regions of the form (2.1a) witf = 0, showing that the implicit-explicit BDF is less suitable for
shallow water problems.

2.1.2. Douglas and Yanenko methoddn [9], where a number of splitting methods for three-
dimensional transport in shallow water were compared, the second-order methods from the family of
stabilizing corrections methods of Douglas and of approximating corrections methods of Yanenko
turned out to be the most efficient ones. When applied to (1.1), these families are given by

yr§+)1 =yn+ Atf(tnyn),

k k-1
(2.4) Yrg+)1_y(n+1) +9At(fk(tn+1Yn+1) fk(tnaYn)) =1,....4
Yn+1= yrl+)1
and
yr$+)l = yn,

25)  yi=yld +ent fk(tn+eAt,yn".‘21), k=1, ..,4
Yn+1=Yyn + At f(tn"‘eAt Yn 1)

wheref is a positive parameter. The implicit relationsyél?l, k=1, 2, 3, are of the same type as in

the implicit-explicit BDF (2.3). Note, however, that the LU-decompositions needed in the Newton
process can be computed in parallel, but all forward-backward substitutions have to be done
sequentlally Since the reaction tefyms nonstiff y( )1 can be solved by fixed point iteration.

For@ =2 the methods are second-order accurate, otherwise first-order accurate. Furthermore, for all
0, the Douglas method (2.4) has stage order 1 (i.e. the order of the staga/p.,((ailmlals one),
whereas the Yanenko method (2.4) has zero stage order. This stage order property is important,
because it improves the actual accuracy of the method (this was confirmed by the experiments in [9]).
In order to specify the stability properties of (2.4) and (2.5), we apply them to the stability test

equation, to obtain the recursion

21+ Z2 + Z3
"(1-621) (1-622) (1-623)

(2.6) Yn+1= R(AtJ, Atdp, Atds) yn, R(z1,22,23) = 1

The methods (2.4) and (2.5) are stabj&(f1,22,z3)| < 1 with 7 running through the eigenvalues of

At M(J). Hundsdorfer [11] showed th#R(z1,22,23)| < 1 on the infinite wedg¢arg(-z))| <M

k=1, 2, 3. However, since we assumed that the eigenvalugsu@ gurely imaginary, we are more
interested in stability in regions of the form (2.1a). Unfortunately, requfR(ig1,iy2,iy3)| < 1 in
Syieldsp=0for6 < and quite smalp - values fol® >f We also looked at plots for the stability
boundary(ya) mtroduced in (2.1b). FA& = =5 we found thaB(O) = o0 andf(ys) = 0 for|ys| > O.

This makes thée f) method unswtable for shallow water applications. More interesting are the
plots for® >f Figure 2.1a presents a plot ﬂ)I: (this value turned out to be almost optimal as far

as stability |s concerned). Details in the nelghbourhood of the origin are given in Figure 2.1b.
Evidently, the(0 :g) - method possesses considerably better stability properties tl'(ah:tl%é -



method. This is also reflected by the valueBofiefined by requiringR(iy1,iy2,iy3)| < 1 +¢€ in the
regionSgiven in (2.1a). Hereg is a small positive parameter, so tjigjt< 1 +¢& implies a very mild

form of instability. It can be shown that fér= %

(2.7a) Be =/ 2¢ (1 + %e + 0(82)).

For example, foe = 10° we obtainBe = 0.0045 which is of course unacceptably small. However,
the (6 :g) - method yields

-y "
ey pe=3V 5 (1o + oe)

so that we obtain fog = 105 the quite reasonable valfig = 0.167. Nevertheless, we do not
recommend th¢9 :g) - method for shallow water applications.

2.2. Fully implicit methods
We consider fully implicit IVP solvers that fit into the wide class of General Linear Methods
introduced by Butcher in 1966 (see [3, p. 335] for a detailed discussion). These methods are given by

(28) Yn+1 = At(ADI)F(etn + CAt,Yn+1) = (BDI)Yn + At(CDI)F(etn_l + CAt,Yn), nz O

Here A, B and C denote s-by-s matrices, | is the identity matrix whose order equals that of the system
(1.1),eis an s-dimensional vector with unit entries; (¢;) is an s-dimensional abscissae vector,
andO denotes the Kronecker product, i.e. if A(aj), then Al denotes the matrix of matrices

(aijl). Furthermore, for any vectof, = (yni), F(eth-1 + cAt,Yh) contains the derivative values

(f(tn_l + c,At,yni)). The s vector componens+1 i of Y n+1 represent numerical approximations to

the sexact solution vectorg(t, + GAt). The quantitiey , are usually called thetage vectorand

their componentgyi thestage values We assume that the step point valyés defined by the last
component ofY, i.e.yn := (esT01) Y, wherees is the sth unit vector.

Each step by the method (2.8) requires the solution a nonlinear system. Let us define the residue
function

(2.9) R(Y) :=Y - At(AOI)F(etp + cAt,Y) - (BOI)Y - A(COI) F(etp.1 + cAt,Y )
and consider the Newton-type iteration process for soifrpm R(Y) = 0:

2.10)  M(Y® - YD) =-R(YGD), j=1,2, ..,

where M is an approximation to the Jacobian matrix of the stiff p&¢Yo, i.e.

(2.11) M= 1-AtAD(d + L+ &),
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where 4, b and 3 are defined above. This expression shows that solving the linear Newton systems
(2.10) by a direct method is quite costly. It is the aim of this paper to reduce these costs by replacing
the matrix M by a suitable approximation based on the splitting of the righthand side function given in
(1.1). A detailed analysis of the convergence of the resulting iteration process will be the subject of
Section 3. This analysis reveals that the magnitude of the spectralgg®iug the matrix A plays a

role. Convergence turns out to be fastep@) is smaller. For future reference, we specify the
method parameters and tipéA)-value for a few methods that are suitable in shallow water
computations, viz. the second-order trapezoidal rule, the second-order BDF, and the third-order
Radau IIA method, respectively given by:

_ _ _1 _ _1 _1
(212) s=1,¢c=1, A=, B=1, C=3, p(A) =3,
= -0 A=lmog - 100 3 _[D o[ _2
(213) =2, ¢=g5 AT3p ., B¥3m,,8 CT@meo PWT3
- _GU A _ 1310 g- 010 _[D 0[] _ 15
(2.14) s=2, c= %% A= B B=BIE  C=EE emw=gVe.

These methods are all A-stable, that is, the eigenvalwé®piare allowed to be anywhere in the left
halfplane. Hence, there are no stepsize restrictions due to stability requirements. This property of
unconditional stability is particularly important in shallow water applications, because (as already
remarked) many of the eigenvalues gfkdl= 1, 2, 3, are close to the imaginary axis. Furthermore,
the BDF (2.13) has the greateéf)-value, the Radau IIA method (2.14) the smallest. This raises the
question whether we can construct (A-stable) integration methods p#)sealues are as small as
possible. Although this topic is outside the scope of this paper, we want to illustrate by a simple
example that the construction of integration methods with redy(@9evalues is certainly feasible.
Consider the one-parameter family of three-step, second-order BDF type methods

(2.15) yn+1=(3 - g bo)yn + (4bo - Jyn-1+ (1 'gbO)Yn-Z + boAtf(th+1,Yn+1)-

When written in the form (2.8), the matrix A has zero entries except for its last diagonal entry which
equals . Hence, we are looking for the smallest value$ilch that (2.15) is still A-stable (and
hence L-stable). However, firstly, we should impose the condition of zero-stability. This leads to the
condition 0 < |y < 1. Next we consider the stability region of (2.15). Proceeding as in Section 2.1.1,
we apply (2.15) to the stability test equation and we use the boundary locus method to find that the
boundary of the stability region in the complex z-plane is defined by

z = z(pbyg) = *;Lo (1-(3-2bo)ei®- (ahy - Je2i- (1 -Sbp)e3i9), 0< < 2m

We have A-stability if RE(p,bg)) = 0 for 0< @ < 21t An elementary calculation reveals that this is
true if gs bo < 1. Thus, the minimal A-stable and zero-stable value efg{A) equalsg.AIthough
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this is only 10% smaller than the BDF (2.13), it indicates that further reductions might be obtained by
considering more general linear multistep methods.

3. Iteration methods based on factorization
We shall construct and analyse iterative methods for solving the linear system (2.10) exploiting the
fact that the matrix M can be factorized using the splitting of the righthand side function in (1.1).

3.1. Approximate factorization
In [10], [13] and [14] we used the iteration process

n(y®-y@n) = -R(YGD), j=1,2, .., m,
(3.1)

M= (1- Aoatd) (1 - Aoaty) (1 - Aoats),

for solving the implicit relations resulting from the application of the backward differentiation and
Radau methods (2.13) and (2.14) to the three-dimensional chemistry-transport problem in shallow
water. In (3.1) the initial iteraté(©) should be provided by some predictor formula and the number of
iterations m is assumed to be determined by some iteration strategy sotfitimaay be considered

as the solution oY 1+1 of (2.8). The matrif1 can be seen as an approximate factorization of the
matrix M used in the full Newton process (2.10). Therefore, we shall call &pgjoximate
factorization iteration briefly, the AF process.

If the iteratesy () converge and if (2.8) has a unique solutigp-1, then they can only converge to

Y h+1. Each iteration in (3.1) requires the solution of 3 linear systems with system matrices
| - AOAtX, k = 1, 2, 3, each of order sN. Note that the three LU-decompositions of these system
matrices can be done in parallel. Of particular interest is the case where the matrix A is diagonal (as in
(2.12) and (2.13)). Then, the LU-decompositions of 1Mk and the corresponding forward-
backward substitutions are relatively cheap, because the magieashlcorrespond with a one-
dimensional differential operator. If A is a full matrix as in (2.14), then it is recommendable to replace
the matrix A in the iteration matrix by a diagonalizable matrix*AThis approach was considered in

[10] and [6]. The case of lower triangular A will be considered in a forthcoming paper [8]. In this
paper, it will from now on be assumed that A is diagonal with nonnegative diagonal entries.

In the following section we present convergence and stability results for the AF process.

3.1.1. Convergence resultsLet us consider the AF iteration erre) := Y() - Y n+1. From
(2.8), (2.9), (2.11) and (3.1) it follows that

e0) = Zel-D) + At NYADI) (D1(e0-D) + D(el-D) + d3(el-D) + dy(el-D)),
Z:=1-11m,

®y(€) := Fr(eth + cAt, Yn+1+€) - Fy(ety + cAt, Yt - (I0X)e, k=1, 2, 3,
Dy(€) := Fa(eth + CAt, Yn+1 +€) - Fy(ety + CAt, Yp+1).



Here, the functionky are defined in a similar way as the functiarEvidently,
(3.2) di(e) = Kke + O(e2),

where the matrices kare s-by-s block-diagonal matrices with blocks of the same dimension as the
matrix J. Hence, we obtain

(3.3) el) = (z + At YADN (K, + Ko + Kg + K4) el-1) + O((e(j'l))Z),

The matrices K may be assumed to be of small magnitude. Hence, the error recursion (3.3) is
essentially given by

(3.3) el =zelD), j=1,2, ..., m,

so that our first concern is the matrix Z. Part of the properties of Z given below were derived in [6]
and are reproduced here (without proof) for reference reasons.

Theorem 3.1.The amplification matrix Z in (3.3") satisfies Z £(@t)2). ¢

This theorem shows that we always have convergenée i$ sufficiently small, that is, the
convergence region is never empty. Furthermore, Theorem 3.1 indicates that the nonstiff error
components (corresponding with eigenvaluegaff iInodest magnitude) are rapidly removed from

the iteration error.

The following theorem provides information on the size of the convergence region, that is, the region
in the spacét(A(J1),A(J2),A(J3)), where the amplification factoddZ) are within the unit circle. As
before, we consider the case where the Jacobian mayiskarg the same eigensystem.

Theorem3.2. Necessary and sufficient conditions fiZ) < 1 are given b)rarg(-)\(Jk)) | < 2,
k=1,2,3.¢

Recalling that the eigenvalues af b and 3 are often close to the imaginary axis, we need more
information on the amplification factod{Z) than provided by Theorem 3.2. We again consider the
most critical case where the eigenvalueskadré purely imaginary. Let us writdA(A)A(J) = ik
andA(Z) = C(1,02,(3), wherel is real-valued. Then |C| is given by

( (Q1+02)2C3% + L1200%(q32 + 1) + Z12o83(Lq + Zz))l/Z |
(1+219)(1+222)(1+23?)

(3.4) [C(C1,22,03)0 =

This expression enables us to derive an upperbound for the amplification MZjongich is quite
accurate for the nonstif(Z).



Theorem 3.3.The amplification factord(Z) corresponding with eigenvalua$Jk) lying in the
interval i[-0,0] satisfy the estimate

A 2)| < 3@;7 1+ 1512, { :=p(A)SAL.¢

This theorem shows that the nonstiff amplification fact®{g), that is, amplification factors
corresponding with small values &fare quite small.

Next, we consider the overall convergence. Taking into account that we do not want to restrict the
magnitude of the eigenvalua$J3) on the imaginary axis, we are interested in the region in the
(1,02)-plane where the amplification factor

a(ly,¢2) = MaX — [1C(C1.{2.¢3)1

-oos{ <00

is less than 1. 1fx({1,{2) < 1 is satisfied fory<{x <y, k = 1, 2, then in the imaginary
At()\(Jl), AJp), )\(Jg)) - space the corresponding region of convergence of (3.1) is given by

Y

(35a)  Car:={(y1y2y3): |yk|< oA

, k=1, 2;|ys|< w},

wherey will be called theconvergence boundaryVe found that({1,{?) is given by

a(Z1,22) = max{ 0C(21,22,0)0, 0C(21.22.0+(21.42)) 0, OC(C1,42,) 00} ,

1+ 8 £V (Q+10)? + 474202 |

1
14(L1.02) - i

It is easily verified thatC(1,{2,0)| < 1 for all{; and{», and tha{ C({1,{2,%)| < 1 on the domain
(1(2 < 15 which contains the square% V2 <k < 15 v 2, k = 1, 2. Furthermore,

| C(-C1,-02,0+(C1,¢2))| =|C(€1,82,2_(C1,2))|, so that we may confine our considerations to

| C(€1,22,2_(21,L2))| in the square %?/2 < < %72, k= 1, 2. Figure 3.1 shows the function

| C(€1,22,L_(21,22))|. This picture indicates that this function increases most rapidly along the line
{1 = {». Hence, the convergence boundgarymin{ %?/2, Yo}, Whereyp is the smallest positive root

of the equatiom(Z,0) = 1. This equation is given by@+ 86 + 44 - {2 = 1, so thatp = 0.647... .

Theorem 3.4.Let the eigenvalues okJk = 1, 2, 3, be purely imaginary. Then, a sufficient
condition forp(Z) < 1 is:

< Y
p(A) max{ p().p(R)}

y=0.647... #

In order to get more detailed information on the actual region of convergence, we define for a given
value of ythe region (compare the regiS{y3) introduced in (2.1b))
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@5b)  Carlyd ={0y2: s, k=1,

P(A)
where the convergence boundafys) is defined by the requirement thafZ) < 1 inCag(yz). We
verified thaty(ys) is determined on the ling = {5, that is, by the equatiddC({1,{1,{3)[1= 1. This
equation can be reduced @33 + 2({3? - )12 - {32 - 1 = 0. Hence, defining the function g(x) by
the relation 4xg(x) + 2(x2 - 1)g2(x) - x2 - 1 = 0, it follows that (recall that A is diagonal with
nonnegative diagonal entries, so th@) = 0)

_ - g(AA) BysD)
(3.5¢)  ¥(y3) =p(A) ';\% R ) :

Figures 3.2 presents a plot of g(x) on the interval [0,50].

3.1.2. Stability results.Evidently, if AF iteration converges, then the stability is determined by

the stability of the underlying method (2.8). Hence, with respect to the stability test equation, the
stability region of the iterated method converges to the cross section of the convergence region and the
stability region of (2.8). Thus, the stability region is given by

(3.6) SaF =50 N Car,

whereSpis the stability region of (2.8) ar@hg is defined by (3.5a) witlipl(A) = 0.64D1(A) (see
Theorem 3.4). For A-stable integration methods, the stability reégigrequals the convergence
regionCag. Hence, the stability regid8yr and the corresponding stability condition are therefore
respectively of the form (2.1a) and (2.2) wgh= yp 1(A). For example, for the trapezoidal, BDF

and Radau methods (2.12), (2.13) and (2.14), weffindL.29, 0.97 and 1.58, respectively. Thus,

the stability of these AF iterated methadsnpares favourably with the stability of the implicit-explicit

BDF and the Douglas-Yanenko methods.

In (3.6) it is assumed that the AF process is iterated until convergence. However, by virtue of
Theorem 3.1, the order of the underlying integration formula is already reached after a few iterations.
Therefore, it is tempting to stop in each step the iteration process after two or three iterations, rather
than trying to solve (2.8). Unfortunately, after a fixed number of iterations, the stability of the iterated
method is still rather poor. In [6] it was shown that the AF iterated BDF (2.13) is stable in a region of
the form (2.1a) witt3(m) = 0.3 for m< 4. Hence, in order to rely on the stability boundary valid for

the 'converged' method, one should not iterate witkesl number of iterations, but employ some
form of iteration strategy which guarantees that sufficiently many iterations are performed to remain
close to the solution of (2.8). In practice, the averaged number of iterations per step will still be
modest (in the range of 2 until 4 iterations), but the iteration strategy serves to perform additional
iterations when necessary.
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Although AF iteration leads to stability regions of the form (2.1a) with reasonable valygstfor
would be desirable to have still larger stability boundaries. Therefore, we look for iteration methods
yielding larger stability regions than AF iteration.

3.2. Safety net iteration process

We shall consider an iteration strategy where we perform only a few AF iterations with (3.1) and
where we continue with a second iteration process subject to less severe convergence conditions than
AF iteration. Since by virtue of Theorem 3.1 we have Z(£?2), the first few iterations serve to
achieve an acceptable order of accuracy with respédtviith an order constant of reasonable size.

The second iteration process should serve to achieve convergence in a larger eigenvalue domain, that
is, a less severe timestep restriction than the one given in Theorem 3.4. Thus, in a dynamic iteration
strategy, where the number of iterations is determined by for example the size of the residue term, this
second iteration process acts as a safety net that should ensure a more or less monotonic convergence
Therefore, we shall call itsafety netteration process, or briefly, SN iteration.

Let us definelks := (I - AI]Ath)(I - ADAth). Then, SN iteration is defined by

M23(Y 622 - YD) = - R(Y (D) - wAt(ADI[F1(etytcAt,Y (D)) - Fy(etyreat,Y )],
(3.7)

M13(YO - Y(-112) = - R(Y(-22)) - A(ADT)[Fa(etn+cAt,Y (-2/2)) - Fo(et+cAt,Y (M)]

for j = m+1, m+2, ..., fh Here,Y(M) is the last iterate obtained by the AF method (3.1)w@anthy

be considered as a relaxation parameter which is assumed in [0,1]. Note that the matecesess
accurate factorizations of the matrix M than the mdtrix the AF method.

If the iteratesy () converge to a vectddn+1 = Y(®), thenUn+1 is a zero of the new residue function

R*(Y). This function is obtained on substitution¥t§-1) = Y() =Y into (3.7) and on elimination of

Y (-1/2), Evidently,Un+1 depends omo andY (M), Forw = 0 we haveJn+1 =Y n+1. FOrw # 0 we

have an iteration defetly+1 - Yn+1. In the next section we shall derive an estimate for this defect.
Compared with the iterations in the AF method, the iterations in the SN method are more expensive
because in each iteration we have to solve four instead of three linear systems and to evaluate twice
instead of once a residue function. Moreover, it requires more storage, bEggaige cAt,Y (M)

and Fo(etp, + cAt,Y (M) have to be saved. To be more precise, in the case of the two-species
application described in Section 4, the amount of storage increases by about 10% (the percentage of
additional storage increases to at most 25% as the number of species increases). Thus, when
compared with the AF process, the main drawback of the SN process is the relatively expensive
iteration cost. However, we shall see that SN iteration converges much faster than AF iteration.

3.2.1. Convergenceln order to get insight into the convergence of SN iteration, we consider the
corresponding error recursion. Omitting second-order error terms, we find
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£0-112) = (Z3(w) + Aoz HADN (1 - WK1 + K + Kg + Kg)) £6-D
+ oo(Q1+ At M2z Y(ADINK 1) e(m),

(3.8) el) = (iz(oo) + M3 YATN (K1 + (1 -w)Kz + K3 + Kg)) 6-172)

+ w(Qz+ At Mg l(ADNK ) M), > m,
where

Zy(w) = 1-Tog M - wQy,  Zo(0) = 1 - M13IM - wQy,
Q1 :=At M2z ADY), Q2 :=At M1z YADY).

Since the matricesare of small magnitude, the error recursion (3.8) essentially behaves as

3.8) &) =Z() £0-D) + Q) M),  Z(w) := Zo(w)Z1(w), QW) := Qp + Zo(w)Q1, | > m.

It is easily verified that dw) = At (AD(L - w)k) + O((At)2), leading to the result (cf. Theorem 3.1):

Theorem 3.5.The amplification matrix_Z.o) in (3.8') satisfies

Z(w) = (A)2((1 - )2 (A20%3) + (1 - W)O(AL) +O((A1)2)). ¢

Hence, for the nonstiff error components we always hg¥at{3) convergence and ever((@t)4)
convergence as — 1.

Next, we look at the region of convergence. A necessary and sufficient condition for convergence
requires the eigenvalues 6(@ within the unit circle. Again, we writ&tA(A)A(J) = i{x and

MZ(w)) = CQ1.22.23). Then,

-w)2012 + 132022) ((1-w)2L22 + {3%C1?) )1/2 _

_ (@
(3.9) [C(C1.¢2,¢3) 0= ( (1+212)(1 +222)(1 + L32)2

The analogue of Theorem 3.3 becomes

Theorem 3.6.The amplification factors(i(w)) corresponding with eigenvalugg€ly) lying in the
interval i[-0,0] satisfy the estimate

MZ(W)] € 22 (1-0)2 + 72), T:=p(A)3AL4

A comparison with Theorem 3.3 shows that the rate of convergence of SN iteration is considerably
larger than that of AF iteration, particularly@s— 1. Since in the Theorems 3.3 and 8.1@&fers to

an arbitrary large eigenvalue interval, this statement also applies to the stiff error components.

Next we define the amplification factor

a(l1.low) = MaX — [1C({1,(2,¢3)L

-00{ 300
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If a(C1,{2,w) <1 is satisfied for{w) <k <y(w), k =1, 2, then in thAt()\(Jl), A(J2), )\(J3)) -
space the region of convergence of (3.7) is given by

o)
(3.10)  Csn(®) :={(yny2y3): |yk <Z§A;, k=1, 2;|y3|< o}.

It turns out that

a(21,82,0) = max{ | C(€1,.82.0), |C(€1.82.20C1.L20)], |CC1l2®)|},
O<sw< 1.

(14 - 2(1-w)2L12022 + {4
14 + 0%

(0%(C1.02,w) =
It can be verified thatC({1,{2,0)| < 1 and| C({1,{2,%)| < 1 for all{1 andl>, provided 0< w< 1,
so that the convergence boundgfy) is determined by the inequalibZ (C1,42,{0({1,{2,w))| < 1.
We also verified that the functidi€(1,{2,{0({1,{2,w))| increases most rapidly along theandl»
axes for allw in [0,1]. In Figure 3.3 this is illustrated forzl%. Hencey(w) is determined by the

smallest positive root of the equatip®({1,0,(0({1,0,w))| = 1. This leads to the following analogue
of Theorem 3.4:

Theorem 3.7.Let the eigenvalues okJk = 1, 2, 3, be purely imaginary. Then, a sufficient
condition forp(Z(w)) < 1 is:

At< V() y(w) = /2 + 1+ (w2 *
p(A) max{ p(dn),p(R)} 1-w

For a few values ab the convergence boundayfw) is listed in Table 3.1. A comparison with the
convergence boundaps 0.640-1(A) for AF iteration given by Theorem 3.4 reveals that SN iteration

has considerably larger convergence boundaries.

Table 3.1.Values ofy(w), pmax(®WS(w)) andpave(wWS(w)).

y(w) = 2

[0,0] PmafwSW)) <
10 pave(wWSW) =
20  pavefwSW)) =
40  pavefwSW)) =

However, a drawback is that we have a nonzero iteration dgfegt- Y n+1, unlessw = 0. From
(3.8") we derive

(3.11)  Ups1- Yne1=Y(®) - Vi1 =€) = 0S@)eM), SE) = (I - Z(w) Q).
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We consider the effect of the SN method (3.7) on the efforLet us assume that the eigenvalues of

Jk are more or less equally distributed and (@) = p(J2) = 0-1p(J3), whereao is the factor by

which the vertically discretized terms are more stiff than the horizontally discretized terms. Because
the meshsize along the vertical will be much smaller than the horizontal meshsizes, wehdve

We define for given values ab ando the maximum and averaged valuggaxwS(w)) and
PavefWS(w)) of the spectral radiud the matrixwS(w) in the domain

E(w,0) ={(C1.02.03): |{a|= V(w), |L2| < V(w), [{3] < oV(w)}-

Table 3.1 presents upperbounds fgiax(0,Y), irrespective the value af, computed for a grid in
E(w,0) with meshsizeAl{1 = Ao = 0.1 andA{3 = 0.10. These values are quite alarming. However,
it seems more realistic to look at the valuept(o,y). These values are also listed in Table 3.1 and
indicate that for, say 0 @ < % we may expect a substantial reduction of the effdrby applying

the SN iteration process (3.7), particularly for larger values,o$o that the iteration defect
Un+1- Yn+1is expected to be quite small. Ror>%, the iteration defect is expected to become
increasingly larger witlw. Similarly, if we look at theonstiffcomponents of the iteration defect, that
Is, the components which correspond with eigenvaddg lying in the interval i[8,0] with & of
modest magnitude, then the nonstiff iteration defect increases about linearky. Witlis can be

concluded from the following estimate for the nonstiff eigenvaluesSgh):

M(WS))O< wZV1 + (10 - 8 + w2)Z2 + O(Z4), T :=p(A)dAt.

Thus, the preceding considerations lead to the conclusion that the convergence of SN iteration
improves asv — 1, but the iteration defect becomes worse.

Finally, we remark that by virtue of the above estimatd_ fofwS(w))J and by Theorem 3.1, the

order inAt of the nonstiff components of the iteration defdgt - Y n+1= wS()ZMeO) is given by
wO((At)2m+a+]) where q is the order ef0) with respect ta\t. Thus, even if we perform only a few

AF iterations, then we already achieve a high order with respédt tor example, if m = 3 and

Y(©0) = (eaTOl)Up, i.e. g = 1, then the nonstiff componentstyfs1 - Y n+1 arewO((At)8). This

implies that for alkv thesmoothpart of the final solutiotyn+1 is very close to the smooth part of the
solutionY p+1 of the underlying integration method (2.8).

3.2.2. Stability. We consider the linear stability properties of the sequéhlgg with respect to
the test equatiogy’ = Jy. Let the predictor be given by(0) = (POl)Uy, where P is the predictor
matrix. Furthermore, since noviy+1 is the solution of (2.9) with', replaced byJ,, we obtain

Yn+1= MINUp, N := B3l + At(COJ).
Using (3.11), we find that

Un+1=Yn+1 + €% = Y1 + wS@)ZMe©)
= (I'- WS)ZM) Y n+1 + 0S@ZMPOI)Up = R(w)Un,

Rm(®) := (1 - 0S@)ZMM-IN + wS(w)Zm(Pal).
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We have stability if the stability matrixjRw) has its eigenvalues on the unit disk. These eigenvalues
are given by the eigenvalues of the matrix

(3.12)  Rn(w) := (I - wSZMM-IN + wSZMP,

where
M=1-zA, z=2+2+2z Z2=1-(1-21A)(1-2A)(1-z3A)1M,
N=B+z C, = (l - Zz Zl)_l((jz + 2261),
Z1=1-(1-2 A1 - 3 A) XM +wz1 A), Zo=1-(1-z1 A)(1-z3 AV M + wzz A),

Q=z2A(-2A)(-3A)Y =A(l-z1A) Y (1-2zzA)L

Again confining our considerations to the most critical case where the eigenvalyes@pirely
imaginary without restrictions on the magnitude of the eigenvaluesasf the imaginary axis, the
corresponding stability region will contain a domain of the form

(313) SSN(m,Q)) = SO n CSN n S(m,(x)), S(m,(.l)) = { (Y1,y2')’3): |Yk| < B*l k= 11 2,|YS| < 00}1

whereSg is the stability region of (2.8Csn is the convergence region of the SN method (3.7) given
by (3.10) and Table 3.1, and wheem,w) follows from the requirement(Rm(w)) < 1. The
boundaryB” in S(m,w) depends not only on m ama but also on the predictor matrix P and the
underlying integration method (2.8).

Table 3.2.Values of*, yp1(A) and for (2.13) with m = 3 and P :eaT.

w 0 0.001 001 0.1 0.25 050 0.75 090 1.0

B o 33 08 09 04 09 1.2 31 789
vol(A) 32 3.2 32 36 42 6.1 12.0 30.0
B 32 32 08 09 04 09 1.2 3.1 789

Let us consider the regiorSsy and S(m,w) associated with the second-order backward
differentiation formula (2.13) and the predictor matrix Pes'. For m = 3 and a number of

w - values, Table 3.2 lists approximations to the valug¥ oFurthermore, we listed the values of
yp1(A) = 3y/2 determining the convergence regiogy (note that the convergence regicgy is

much larger than the regi&{3,w), even forw = 0).

We are now in a position to compare the stability reg&ygsandSgn(m,w) associated with the AF

and AF-SN iteration processes. For A-stable integration metSggdén,w) and the corresponding
timestep condition are respectively of the form (2.1a) and (2.2) vitmin{ B*, yp1(A)}. For
example, for the second-order BDF (2.13), we find the values listed in Table 3.2. Since for AF
iteration we hav® = yp~1(A) = 0.97, we conclude that fos = 0 andw = 0.9, the AF-SN stability
boundary is substantially greater than the AF stability boundary. Note that the stability boundaries for
w = 0 andw = 0.9 are comparable. However, for= 0 it is essentially determined by the con-
vergence boundary, whereas éorF 0.9 it is determined by the valuejf Since convergence plays
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a role in each integration step and the valyg @ connected with the propagation of errors through
the steps, it is expected that tlhe £ 0.9) - method will show a more robust performance than the
(w=0) - method. This is confirmed by the numerical experiments reported in the next section.

4. Numerical experiments
For our numerical experiments we use a simple transport model for two interacting species proposed
in [13]. This problem consists of two PDEs in three spatial dimensions,

% +V-Ocy = € Acy + qu(txy,z) - kicicy,

(4.1)

% +V-Ocz = e Acz + g(tx,y,2) — kicy + k(1 - ¢2),
defined orD :={(x,y,2): 0< X, y< Lp, -Ly<2z<0},0<t< T with Ly, Ly, and T specified below.
HereV = (u, v, w)l denotes the velocity field, taken from the literature (see §5p,a diffusion
constant, and ko are reaction constanié.is divergence free and given in analytical form by

utx,y,z) ={ ¥+3@Z+1/2)[(x-1/6¢+ (Y- 1/6¥ - pq] } d(t),
(4.2) vt,x,y,z) ={ = X+ 3 (Z+ 1/2) [ (x- /62 + (y - 1/6 - p2] } d(1),
w(t,x,y,z) == 3 Ly Z (Z + 1){(X - 1/6)/L, + (Y — 1/6)/Lh} d(t),

where we used the scaled co-ordinates X/Lp, y := y/Ln, Z := z/Ly, and d(t) = cos@/Tp) with p
and Ty given constants. The Dirichlet boundary conditions, the initial condition and the functions g
and @ are chosen in accordance with a prescribed analytical solution, which is of the form

(4.3) a(txy.z) =exg Z/i—fi®) -vi [(X-r() )2+ (Y- s®) 1}, i=1,2,

with f(t) = t/(Tp + 1), f1(t) = 4fx(t), r(t) =1/6 + cos(&t/T)/40, and s(t) = 1/6 + sinf@/T)/40.
In our experiments, we take the following values for the various parameters (mks units):

(4.2) €=0.5 Ik=k =10% Lp=20000, L,=100, T= 36000,

p=1/10, T|=43200, T=32400, y1=80, vy2=20.

The domairD was subdivided into four domains separated by the planed# and y:= 1/3. The

above test problem was discretized on these four domains, each containing a spatial grid with
Nx = 61, N, = 61 and N = 31 grid points in the x-, y- and z-direction, respectively. The resulting
ODE system consists of over 9000 equations.

The semidiscrete system was integrated by the BDF (2.13). The implicit relations were approximately
solved by using two iteration strategies, viz. (i) only iterating with the AF iteration process (3.1), and
(ii) first performing 3 AF iterations and then continuing with the SN iteration process (3.7). The total
number of iterations is denoted by .rTo start the iteration, we use a 'trivial' prediction,Y.&) :=

Y n. This prediction proved to be more robust than using an extrapolation formula. The accuracy of
the numerical solution is measured by the number of correct digits in the end point t = T, that is, by
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taken over all grid points and over both species. Notice that the numerical solution is compared with

the exact solution (4.3) of the PDE and hence comprises both spatial errors and temporal errors.

For various values dfit, Table 4.1 and 4.2 list the cd-values obtained by iterating the BDF (2.13)
with the AF process (3.1) and the AF-SN iteration process {(3.1),(3.7), m = 3}, respectively.

Our first concern is the convergence of the combined iteration process AF-SN for stepsizes that are

not determined by convergence and stability requirements, but only by accuracy requirements. Of

course, this property depends on the range of accuracies we are interested in. In shallow water

applications, a precision of about 1% is quite realistic, hence we are aiming at cd-values of about 2.

Table 4.1. Values of cd by AF iterated BDF for problem (4.1) - (4.4).

divergence
overflow
overflow

At  Strategy m=1 m=2 m=3 m=5 m=7 m=9 m
60min.  AF 1.6 1.8 2.0 2.1 2.2 2.2 1.8
30min. AF 2.0 2.2 2.4 2.7 2.9 3.0 2.3
15min. AF 2.4 2.8 3.1 3.7 4.0 4.1 4.1
7.5min. AF 2.7 3.5 4.1 4.7 4.7 4.7 4.7

4.7

At Strategy m=4 m=5 m=6 m
60 min AF-SN 0 2.3 -1.2  overflow
0.5 2.2 -05 overflow
0.9 1.1 1.1 1.4
________________ i0___.o0s8 __Ov ___ 07 07 .. 07 ___
30 min AF-SN 0 3.1 3.5 overflow
0.5 2.9 2.9 2.9
0.9 2.6 2.6 2.6
________________ 10____.26 ___26 ___25 ___ 25 .. .23 __
15 min AF-SN 0 4.1 4.1 4.1
0.5 3.5 3.5 3.5
0.9 3.3 3.3 3.3
________________ 10___ .33 __ .33 __ .83 __ .33 .. .33 __
7.5 min AF-SN 0 4.7 4.7 4.7
0.5 4.2 4.2 4.2
0.9 4.0 4.0 4.0
1.0 4.0 4.0 4.0

The figures in Table 4.1 indicate that the AF process has the property of accuracy-dictated-stepsizes

only in the range of about 4 or more digits accuracy, whereas Table 4.2 shows that AF-SN iteration
with w = 0.9already has this property for accuracies of 1.5 digits. Note thatthed(9) - method
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behaves much more stably than the £ 0) - method, in spite of the fact that both methods
possess a comparable stability boundary (see Table 3.2). As already observed, this can be explained
by the better convergence properties of the 0.9) - method.

Secondly, we are interested in the monotony of the convergence of AF-SN iteration. Since SN
iteration should act as a savety net procedure in a dynamic iteration strategy, it would be desirable that
changing from AF to SN preserves the monotony of the convergence. In Figure 4.1 we have plotted
the maximum norm oY () - Y(-1) as a function of j for the AF and AF-SN iteration processes with

w = 0.9within a single step of 60 min. In this plot the AF process is described by the graph that
initially decreases and that starts to increase with the 10th iteration. The graph of the AF-SN process
shows a minor dismonotony at the third iteration. Apparently, the fourth AF-SN iteration is less
accurate than the fourth AF iteration. However, the fifth AF-SN iteration is already more accurate than
the fifth AF iteration. Continuing the iteration processes demonstrates increasing divergence for AF,
whereas SN = 0.9 nicely converges to 0.

A third issue is the effect @b on the accuracy of the solution. We recall thatufor O the iterated
solution converges to the BDF solution (provided, of course, that the iteration process does not
diverge). Forw > 0, it will converge to a different solution. On the basis ofpihg andpayvervalues

listed in Table 3.1, we should be prepared that for larger stepsizes the difference with the BDF
accuracy may be considerable éor 0.5. This is confirmed in Table 4.2.

Summarizing, we conclude that for low accuracy computations (about 1 or 2 digits accuracy) and a
dynamic iteration strategy, we should use the AF-SN processwvith0.9 Also note that AF
iteration requires about 8 times smaller stepsizes in order to remain stable.

5. Conclusions

We conclude this paper by summarizing the main properties of the second-order integration methods
analysed in the preceding sections. For these methods, we have listed in Table 5.1 the order of
accuracy p, the stability boundagByoccurring in the stepsize condition (2.2), the number of LU-
decompositions (LUDs) per update of the various Jacobian matrices (we recall that these LUDs can be
done in parallel on a parallel computer system), the number of forward-backward substitutions
(FBSSs) per step, and the number of righthand sides (RHSSs) per step in the case wherefthamterms
(1.1) are equally expensive. The parameteccurring in the stability boundary of the Douglas-
Yanenko methods denotes the stability defect introduced in Section 2.1.2. Furthermore, in and m
denote the number of iterations used in the AF and AF-SN processes. The specification dynamic m or
dynamic mi means that the iteration process is stopped if some residual tolerance is reached.

Taking into account the size of the stability boundary, we may draw the conclusion that

() implicit-explicit BDF and Douglas-Yanenko are not suitable for shallow water applications.
(i) AF iterated BDF and AF-SN iterated BDF are both suitable for shallow water applications.
(i) AF-SN iterated BDF is by far superior to AF iterated BDF.
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Table 5.1.Properties of various numerical methods for integrating shallow water problems.

Method p B LUDs FBSs RHSs
Implicit-explicit BDF (2.3) 2 0 1 m ;(m+4)
Douglas-Yanenko (2.4) - (2.5) wifh:% 2 J(z¢) 3 3m 1+m
AF-iterated BDF (2.13) - (3.1) with fixed m = 3 20.30 3 9 3
AF-iterated BDF (2.13) - (3.1) with dynamic m 20.97 3 3m m
AF-SN-iterated BDH (2.13),(3.1),(3.7)w = 0.9 2 310 3 4m-3 2nf-3

with m = 3 and dynamic m
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Figure 2.1a.Overall view of3(y3) for the Douglas-Yanenko methods (2.4) - (2.5) With g
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Figure 3.1. The function|C(y1,y2,_(Y1.Y2))|-
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Figure 3.2.0Overall view of the function g(x).
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Figure 3.3. The function| C(y1,y2,00(Y1,Y2,w))|.
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Figure 4.1.]|Y0) - Y(-D)|| as a function of j for AF and AF-SN iteration.
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