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ABSTRACT

In this paper we propose and analyse a mathematical model for preflush treatment in an oil reservoir. The model is
based on two phase flow in which both phases are fully miscible. For the case of constant injection rate condition,
fully implicit solutions can be constructed. Saturation profiles consist of shocks and fingering zones. For constant
pressure conditions we construct a semi-explicit relation for the shock position and the gel penetration depth.
The model predicts diversion behaviour of polymer-gel treatment from low permeability layers and hence viscous

preflush improves the efficiency of polymer-gel treatment.
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1. INTRODUCTION

Polymer gels are used in a widely variety of fields including improved oil and gas recov-
ery, confinement of ground water contaminants, water treatment plant growth control and
filtration to mention only a few. Of special interest to us is the application of polymer
gels to reduce water production during oil and gas recovery, which is representative of a
larger class of situations involving polymer gels in porous media. Mature oil fields suffer
from excessive water production. Large water production creates serious environmental
problems concerning water waste disposal. Additionally operation cost increase and large
oil reserves remain unproduced. A major cause for this is water-chanelling through high
permeability layers in reservoirs.



To minimise water production, polymers and crosslinkers in aqueous solution are injected
in the near-wellbore region, aiming at decreasing water relative permeability, while main-
taining oil relative permeability. Polymers react with crosslinkers and then form a gel
(gelation). The gel adsorps on the skeleton of the porous medium in the reservoir and con-
sequently the (relative) permeability of water decreases. Due to high temperatures usually
present in reservoirs, gelation is often rapid. Thus the gel can be formed prematurely
and its penetration depth may be smaller than the desired value. This would result in
an inefficient gel treatment. Another reason for a poor efficiency of gel treatments can be
precipitation of crosslinkers, which results in a weaker gel.

To delay gelation and to prevent precipitation of crosslinkers a cold, acetatic preflush treat-
ment is carried out on the reservoir prior to gel treatment aiming at a delay (control) of
gelation and an increase of the acidity. The injected preflush consists of a fluid with a high
viscosity and is fully miscible with water. An other aim of a viscous preflush treatment is
minimization of gel penetration in low permeability layers. Viscous preflush then increases
the efficiency of the gel treatment. It is our aim to analyse a simplified model for this
preflush treatment.

The remaining paper is organised in four sections. Section 2 deals with the formulation of
the model. Section 3 gives an explicit solution both for cases of one and multiple layers.
Section 4 gives a comparison of the analytical and numerical solutions. In Section 5 we
end with some conclusions.

2. MODEL

In this section we formulate a model for flow of two miscible phases in porous media. We
consider a radially symmetric reservoir of constant thickness, H (m). At the central axis a
well with radius r,, (m) is present which extends over the whole thickness of the reservoir.
Initially the reservoir is saturated with water. At ¢ = 0, ¢ (s) denotes time, injection
of a viscous preflush phases is started through the well into the reservoir. Injection of
viscous phases takes place during ¢ € (0,7). For t > T water with polymer is injected
again. Initially the preflush phase is absent in the reservoir. We assume that the presence of
polymer in water solution hardly affects the water viscosity. Polymer pore wall interactions
are disregarded. Polymer is assumed to be Newtonian and flow is incompressible.

2.1 Transport

Let the porous medium be homogeneous and isotropic with porosity ¢. Assuming the flow
to be uniformly distributed across the thickness of the reservoir, the specific discharge of
each phase (¢; in m/s) is given by:

Qi :
= ——, 1€{1,2
& 21, H' {12},
where indices 1 = 1 and ¢ = 2 respectively correspond to the viscous phase and to water.
Furthermore Q; (m?/s) represents the volumetric flow of phase i into the reservoir.



2.2 FEquations
Here we formulate mass balance equations for the viscous phase and water in the reservoir.
Since injected saturations of both phases are constant over the height of the reservoir and
gravity can be disregarded, all saturations are functions of the horizontal distance r (m)
and time t (s) only. Consequently the mass balance equations for r > r, and ¢ > 0 are
given by
a0s; 10
+-—(rqg) =0, €{1,2}. 2.1
at r a,r ( ql) { } ( )
Here S; (—) denotes the saturation of phase i. Saturations satisfy S+ S, = 1. The specific
discharge, ¢; (m/s), is related to the pressure, p (Pa), via Darcy’s Law, i.e. for r > r, and
t>0

¢

_kO krz' @
pi  or’

G = i€ {1,2}. (2.2)

Here ko (m?), u; (Pa s) and k,; respectively denote the permeability of the porous medium,
the viscosity of phase i and the relative permeability of phase i (u; > ). Since the
phases are miscible, capillary pressure is zero. The relative permeability is a function of
the saturation, i.e.

kri = kri (Sz) .

Summation of equation (2.1) over i € {1,2}, using S; + S = 1 and subsequent integration
yields for r > r,, and ¢ > 0

re (o +q) = Q1),

where Q(t) (m?/s) is a positive integrable function of time ¢. Combination of equation
(2.2) with above relation yields for all » > r,, and ¢ > 0

pe 0000 ) -
r- <1 + #L‘;) r

where f(S)) represents the flux-function. Equation (2.3) allows us to write for all r > r,,
t>0

¢8SI n Q(t) Of(S1)

=0. 2.4
ot r or (24)
. . . o(r? —r?) . ..
Introducing the co-ordinate transformation x = and substitution this into equa-
tion (2.4) gives:
08 af (S
8—151 + Q(1) fﬁ(a:l) =0, forall z>0,t>0. (2.5)
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In the z,t-space () is interpreted as a velocity. Initially the porous medium is saturated
with water, hence Sy = 1 and S; = 0 at £ = 0. Between ¢t = 0 and ¢t = T the viscous
preflush phase is injected, i.e. S; =1at x =0 for 0 <t <T. After t =T water is injected
again, i.e. S =0 at x =0 for ¢ > 7. Hence as initial and boundary conditions we have
(1B)

Si(z,0) =0, x>0

(IB) 1, 0<t<T

51(0,) = { 0, t>T

In Section 3 equation (2.5) with initial and boundary conditions (IB) is subject to analysis.
We give a fully implicit solution for the fully miscible case, i.e. [1]

For more general cases where capillarity effects are neglected, semi-explicit solutions using
the method of characteristics can be obtained.

In the present work we consider two classes of boundary conditions:

e constant injection rate condition: (); is taken constant at any time, and hence the
pressure drop over the injection point and its surroundings is allowed to change in
time;

e constant pressure condition: Ap is taken constant in time and hence the injection
rate is allowed to change in time.

3. ANALYSIS
In this section we deal with the case of two fully miscible phases, see equation (2.6). The
flux-function then becomes

S . H1

f(S) = S-Sk , with £ : T (3.1)
Since gy > g it can be shown using equation (3.1) that f”(S;) > 0 for all 0 < §; < 1.
On the contrary if pu; < po then f”(S;) < 0 for all 0 < S; < 1. Note that if pu; = us
then f(S;) = S; and this case corresponds to single phase flow. Since for 0 < ¢t < T we
inject S} = 1, it is clear from the entropy condition [7] that the interface between the
viscous phase and water is a stable shock. This is illustrated in Figure 1 by a sketch of
characteristics in the z, t-plane, where characteristics originating from the = and t-axis (for

0 <t < T) intersect. This shock, at position s(t), travels with velocity

o = L5164 0.0) = F(Si(5-(0.6) 1
Si(s4(1),1) = Si(s—(1),1) Si(s-(t),1) + (1 = Si(s(2),1)) - B

In F1gure 1 1t can be seen that there exists a 7 > T such that $(¢) = Q(t) (hence
) < Q(t

fo Jforall 0 <t <7 and 0 < $(¢ ) for all t > 7. This 7 is indi-
cated in Flgure 1

(3.2)



point at which rarefaction
overtakes the shock

Sf 1)

s(t) shock

Figure 1: Sketch of characteristics in the x, t-plane.

For t > T the boundary condition is changed and from the entropy condition [7] a rar-
efaction between water and the viscous phases results (see Figure 1), whereas the shock
between the viscous phase and water, s(¢), continues to move. In the rarefaction part
the saturation is continuous and we derive a self-similar solution. Both phases are fully
miscible. However, due to absence of molecular diffusion, the phases do not actually mix
on a microscale. Since equation 2.1 holds on an upscaled macro-scale, the continuous part
of the solution is interpreted as a fingering zone [5], which is a mixing taking place on a
pore scale. We seek solutions of the form
— x

Si(z,t) = Si(n), n:= m

Substitution of this transformation into equation (2.5) gives
—/
S1=0 or n=f(S).

The first solution corresponds to a shock, which occurs at the interface between viscous
phase and water. For cases in which k,; is a complicated function of S;, we are not able
to solve above equation explicitly. The second solution represents a rarefaction (fingering)
part between water and the viscous phase. Assuming that both phases are fully miscible,
we combine equations (2.3) and (2.6) with above relation to obtain

E_E
n

Sin) =% (3.3)
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Above relation holds for the rarefaction part of the saturation profile, i.e. Si(n) is contin-
uous for a region 1, < 1 < nr. We are interested in solutions S;(n) € [0, 1], see (IB). From
above relation follows that S(n) increases strictly monotonously since ju; > po. Therefore
there exists a pair (nr,,7z) such that S;(n;) = 0 and S;(nz) = 1. Using above relation
(2, nr) are given by

1
nL:E:@d, mp=E=" 1

i H2
note that p; > ps. We introduce the positions zy(t) and zg(t) such that respectively

Si(zr(t),t) =0 and Sy(zg(t),t) =1 for all T < t < 7. Since ms 1, it is clear that
Ha2

(1) = £ Q1) < Q) = 3(1) < EQ() = dalt).

Note that x(t), Vt > T gives the maximal distance from the center of the well where
we have the pure mixture of gel and water. This position will be referred to as the gel
penetration depth. Since Q(¢) > 0 and Q(¢) is integrable, from above relation follows that
there exists a 7 such that zx(7) = s(7). This time 7 is the time at which the rarefaction
(fingering) zone overtakes the shock. To find the time 7 we need to solve problem (P):

(P): Find 7 such that E [; Q(x)dx = [; Q(x)dx

when Q is constant: 7 = M‘l“fiz >T.

For t < 7 we have s(t) = [J Q(x)dx.

[rQ0)dx’

By combining the Rankine-Hugoniot condition (3.2), the solution (3.3) and n =

one can derive the following ordinary differential equation for s(¢):

s(t)

O E T

Q(1). (3.4)

We require for physical reasons that the shock position s(t) is a continuous function of
time ¢. Then from continuity at ¢ = 7, it follows for the solution of (3.4):

s(t) = (er \/%{V;Q(X)dxr - [LTQ(X)dX]é})Z, t>r. (3.5)

Above relation causes the convex shape of the shock-curve, s(t), for t > T in the z, t-plane
(see Figure 1). Using equation (3.3) and integrated expressions for xp(t), g (t) we arrive



at the following expression which describes the saturation profile for all x > 0 and ¢ > 0:
( t
0, z¢€ [0, (% Ir Q(X)dX> +> ,

B[] Q()dx

S = TR = ve | [ ewageminfso. 2 [ @uond).

1, ze [(Ef;Q(X)dX)JF,s(t)), t<,

L 0, z>s(t),
where the shock position s(t) is given by

[y Q()dx, t<r,

(mﬂ/%{{/;cz(x)dxr - [/TTQ(X)dXF}>2 1>

The time 7 is determined from problem (P). We see that $(¢) = Q(t) for all 0 < ¢ < T and
5(t) € (Q(t)/E,Q(t)) for all t > 7. Note that s'(t) — Q(t)/E as t — oo. Furthermore it
is clear that the shock speed $(7') is not continuous for ¢t = 7.

s(t) =

3.1 Constant injection rate
For this case Q(t) = @, hence above equations change into

(0, z¢ [0, (%Q(t—T))J,

EQ(t-T) E

Si(z,t) = lw— - , TE [(%Q(t —T))y,min{s(t), FQ(t — T)}) ,

e

1, ze€ [(EQ(t -1)),, s(t)) , t<T,

L 0, x> s(t),
where the shock position s(t) is given by
Qt, t<r,

<M+ Jre{la-1y - [(T—Tﬁ}) t> T

s(t) =
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Figure 2: Saturation profiles at different times. Input data are mentioned in the text.

Here 7 = me‘ and we note that the shock speed is not continuous at t = 7. We give an
example of the solution in Figure 2. Input parameters are p; = 2, uo = 1, T' = 4. The
curves correspond to times t = 2, 4, 8 and 10. In this example we set Q(t) = 1 at all times.
It can be seen that the shock speed decreases with time for ¢ > 7 and that the profiles
widen for ¢ > 7.

From integration of equation (2.2) we obtain for the pressure difference in cylindrical co-
ordinates

mQ [ dr
k[) Tw T(Sl(’l“, t)(l — E) —|—E),
where R (m) corresponds to the reservoir size and Ap (Pa) represents the pressure dif-

ference between the locations r = r,, and r = R (over the reservoir). Using co-ordinate
transformation the pressure is computed from the solution in linear geometry by

Ap = —

t>0, (3.6)

S(R%—r2)

A Q) 2 dx

pP=—7F—" 5
koo Jo (ri +22/¢) (Si(x,)(1 — E) + E)

The integral in above equation can be evaluated explicitly using partial integration. It is

decomposed in parts according to the expressions for the saturation profile.

t>0, (3.7)

3.2 Constant pressure condition
For the case that Ap(t) = Ap, one obtains for transformation of radial symmetry to linear
geometry from equation (3.7) for ¢ > 0

ko Ape 1-—/L dzx
md 70 o (4 20/9) (Si(@, 1) (1 - E) + B)

In above equation we defined L := ¢(R22_“2“). Note that from above relation it follows
that I # I(t) (i.e. I is constant) for E =1 (u; = p2). Hence E = 1 implies ) # Q(t)

QM) = -

(3.8)
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(Q is constant) and it can be shown for the front position ¢ in the r,t-space in a layer

, 2kt Apt ! kg
with permeability k{ that o;(t) = \/7“12” - WRP/M) and hence % — “k_% as t — 00
rpt1¢ In(R/ry)

STA ). To determine I when E > 1, we split the time into three intervals.
0D

(t >>

0 <t <T': During this interval viscous fluid is injected and we notice from the preceding
subsection that there is a stable shock travelling with speed () in the z, ¢-plane. Hence
combining equation (3.8) with

1, x < s(t)
Sl(a:,t) =
0, x> s(t),
yields
I= g { In(r2 + 23/6)]2" + % [In(r2 + 293/¢)]5L(t>} : (3.9)

Since for 0 < ¢t < T we have s(t) = fOtQ(X)dx, above equation combined with (3.8) gives
an ordinary differential equation (ODE) in time with s(¢) to be determined. This ODE
can be solved using analytical methods. Note that s(¢) is in the x,¢-space, if o(t) is the

front position in the r, t-space, then o(t) = (r2 + 28(t)/¢)1/2.

T < t < 7: During this interval water is injected and fingering takes place. Now the
saturation Sy(x,t) is given by

Si(x,t) = { 1-E

with s(t) = [ Q(x)dx.

Using above saturation relation the integral I can be computed using straightforward
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integration, yielding

¢ 9 5 s(t)—s(T)
I = ﬁ[ln(rw+2x/¢))]0 Eo4

1 [ T ¢>/? arctan (Y 2M)

Tw

-| E(s(t)—s(T))

+ OF — +
VB —sm) |V V2 | e
+ g [In(ry, + 25/925)];(2(15)75@)) T % [In(ry, + Qj/gb)]sL(t) (3.10)

Above relation can be substituted into equation (3.8) to obtain an ODE for s(t). However,
due to the complexity of the relation we use a numerical time (Runge-Kutta) integration
method to solve the ODE. We use the co-ordinate transformation o (t) = (r2 + 25(15)/@5)1/2
to get the position of the front in the r, t-space.

t > 7: During this interval still water is injected. However, this interval differs from
preceding interval since the fingering zone overtook the shock, i.e. E(s(t) — s(T)) > s(t)
for ¢ > 7. For this case the saturation profile is given by:

(0, 2e 0L [rQ00dx),

t
Sifat) = § YR -

e we |3 [ awaso].

The shock position s(t) is given by

t) = (er \/%{V;Q(X)dxr - VTTQ(X)er})Z- (3.11)

The integral I is now given by

é J4 Q(x)dx

I = ﬁ[ln(r;jm:z/(/;)]o E 4

s(t)

256 )

1 r,¢%? arctan(
+ T — = +
VE(s(t) — s(T)) ver V2 I 00
0] - L
+ 2B [In(ry, + 2x/</))]s(t) (3.12)

This relation can be substituted in equation (3.8) to yield an ODE for s(¢) in time. We
use the co-ordinate transformation o(t) = (r? + 23(t)/¢)1/2 to get the position of the front
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Figure 3: The propagation of the shock position as a function of time.

in the r,t-space. Combining obtained ODE with equation (3.11) we solve the obtained
system using a Runge-Kutta time integration method. As an example we show in Figure 3
the shock propagation as a function of time for axial symmetry. In above example we use
w1 = 1mPas, Ap = 107Pa and ko = 1072m?2. It can be seen that the shock accellerates
at t > T. However, for ¢t > 7 the shock velocity decreases.

4. RESULTS

This section deals with a comparison between the analytical method as described in Sec-
tion 3 and a numerical method. The numerical method is based on a Finite Difference
discretisation of the equations. To minimise numerical diffusion near shock fronts, we use
a higher order (flux-limiter) scheme. For the time discretisation we use the ”theta-scheme”.
The presently used numerical scheme is standard. For more background we refer to [6],

[4], [3], [2].

Figure 4 shows a numerical calculation corresponding to the same data as in Figure 4. One
can see that the numerical results do not agree badly with those obtained from the analyt-
ical results. The numerical and analytical method predict approximately the same front
velocity. Profiles from the numerical method are smoother due to numerical diffusion (see
Figure 5). Thereby profiles from the numerical method exhibit a point of inflection near
v =ux(t) =2Q(t —T). For larger times the solutions start to differ more significantly.

Subsequently we show an example from a technological application. We inject the vis-
cous glycerol with volumetric flow 0.331/s during two days. The viscosity of glycerol is
1000 mPas. The thickness of the reservoir and the well radius are respectively 5m and
0.1m. The corresponding velocity is then 1-107*m/s. The porosity is 0.3. After these
two days, we inject the much less viscous water phase yu = 1mPas. Profiles at different
times are shown in Figure 6. The calculations are based on the explicit solution from
Section 3. Note that we transformed the solution back into cylindrical co-ordinates using
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t=1 days

t=10 days
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Figure 6: Saturation profiles for different times in a technological well. Input data are
given in the text.

r = /12 4 2x/¢, viz. Section 3. One can see that the front delays significantly for ¢ > T.
In Figure 7 we plot the pressure drop over the first 15 meters in the reservoir as a function
of time for the same set of parameters as in Figure 6. During the injection of viscous
glycerol the pressure increases linearly (t < 7). For ¢t > T (i.e. injection of water) gives
a non-linear behaviour due to presence of a fingering zone (rarefaction). The pressure has
been computed using equation (3.6).

Now we give some examples of constant pressure condition. We did the calculations for
different permeabilities. We show the shock position as a function of time in Figure 8. We
entered the same data as for Figure 6, except for the pressure drop, Ap, for which we used
107 Pa and the viscocity of the preflush fluid y; = 500mPa s. We entered T' = 0.5days. It
can be seen in Figure 8 that the kink is more pronounced for high permeabilities. In
Figure 9 we show the propagation of the front for different porosities. Clearly for lower
porosity the shock speed is high. Figure 10 shows the influence of the viscosity of the
preflush fluid on the shock movement. It can be seen clearly that for a less viscous preflush
fluid the shock speed increases. Moreover, as the viscosity of the preflush fluid tends to
the water viscosity, the behaviour of the shock position converges towards the case of a
one phase flow.

We show the influence of the time, 7', during which we inject the viscous fluid in Figure
11. It can be seen that for a technological situation already for 1.5 hour of injection a
considerable distance ( 1.25 m) can be treated.

Finally we show the gel penetration depth as a function of time after several different pre-
flush treatments. We consider a reservoir with permeability ky = 10~'2m?2. The pressure
drop over the reservoir is Ap = 10" Pa. We plot the gel penetration depth z* in layer i as
a function of gelation time (¢ — T') for different viscosity ratios, E = Z—;, for the layers with
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Figure 7: The pressure-drop in the reservoir over 15 meters from the axis as a function of
time in days. Input data are similar to those in Figure 6
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Figure 8: The shock position as a function of time for different permeabilities.
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Figure 9: The shock position as a function of time for different porosities.
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Figure 12: The gel penetration depth as a function of time for kg = 107'2m? after half a
day of preflush agent injection.
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Figure 13: The gel penetration depth as a function of time for £ = 1.1 after half a day

of preflush agent injection.
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Figure 15: The logarithm of the penetration depth as a function of the logarithm of the
pemeability for £ = 1.1 and E = 500 after half a day of preflush injection.
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permeability ko = 10712m? in Figure 12. Tt is clear from Figure 12 that the gel penetration
depth decreases drastically as the viscosity ratio increases. Figure 13 displays the gel pen-
etration depth for different permeabilities. All curves correspond to £ = 1.1. Figure 14
shows the gel penetration depth for different permeabilities but for E = 500. For kj > k2
it can be seen that x} /z% > (k}/k2)'/? and x} /22 — (k§/k2)Y/? = /10 as E — 1. For the
illustration we plot the logarithm of the penetration depth as a function of the logarithm
of the permeability in Figure 14. The curves correspond to £ = 1.1 and £ = 500. It can
be seen in Figure 15 that the curve for E = 1.1 is a straigth line with slope 1/2 and that
the curve for E = 500 is concave. Its slope converges to 1/2. From above we conclude
that after preflush treatment the gel penetration depth in the low permeability layer de-
creases as the preflush fluid is more viscous. This observation agrees with numerical and
experimental results of Stavland [8].

5. CONCLUSIONS

For the case of fully miscible fluids the preflush treatment can be modelled using explicit
expressions. Profiles exhibit a viscous fingering zone between non-viscous and viscous
fluids, whereas shocks persist as sharp interfaces between viscous and non-viscous fluids.
For the case of constant pressure conditions a semi-explicit relation can be found for the
position of the shock and the gel penetration depth. Application to a multi-layer reservoir
shows that viscous preflush is an efficient treatment to divert polymer-gel flow from low
permeability layers. High permeability layers can then be gel-treated efficiently. The model
can be used for planar, cylindrical and spherical geometries.
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