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Asymptotic Results for Injection of Reactive Solutes from a
Three-Dimensional Well

C. J. van Duijn, I. A. Guerra and M. A. Peletier
cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

ABSTRACT

In this paper we consider some asymptotic aspects related to the profile of a reactive solute, which is injected
from a well (radius € > 0) into a three-dimensional porous medium. We present a convergence result for € | 0
as well as the large time behaviour. Regarding the latter we show that the solute profile evolves in a self-similar
way towards a stationary distribution and we give an estimate for the rate of the convergence. This paper
extends earlier work of VAN DUIIN & PELETIER [5], where the two-dimensional case was treated.

2000 Mathematics Subject Classification: 35K65, 35K60,35B40
Keywords and Phrases: self-similar solution, large-time behaviour, quasilinear parabolic problems.
Note: Work carried out under the proyect MAS 1.2 “Partial Differential Equations in Porous Media Research”.

1. INTRODUCTION
Suppose a homogeneous and saturated porous medium occupies the region

Q. ={z e R: |z| > €}

Here € denotes the radius of an injection well, which induces a radially symmetric flow in Q.. At a
certain instance (t = 0), a reactive solute at tracer concentration is added to the fluid in the well
and subsequently carried into the porous medium. Within the medium, the solute interacts with the
porous matrix by means of equilibrium adsorption.

Following VAN DUIJN & KNABNER [3], where a detailed derivation was presented, we find for the
scaled solute concentration u: Q. x [0,00) + [0,00) the following nonlinear initial-boundary value
problem:

B(u)g +divF =0  in €, t>0 (1.2)
(Po) F.e, =u.q- e, on o9, t>0 (1.3)
u(-,0) = up(+) in Q. (1.4)

Here F = q u — Vu denotes the solute flux, q = ﬁer the induced flow field, and A > 0 the Peclet
number of the problem, which combines the effects of flow rate and dispersion. In (1.3), ue denotes the
solute concentration in the injection well and e, is the unit vector in radial direction. The adsorption
mechanism is accounted for by the nonlinear term § = 3(u). Generally it takes the form

Blu) = u+1(u), (1.4)

where 1 is called the adsorption isotherm (see for instance VAN DULIN & KNABNER [4]). Typical
examples are

klu

Y(u) = m,

ki,k2 >0, (Langmuir isotherm)



or
Yu)=kuP, k>0, pe(0,1) (Freundlich isotherm).

In a two-dimensional setting, Problem P, was previously considered by VAN DUIIN & KNABNER [3]
and VAN DUDIN & PELETIER [5]. In [3] the authors derived a radially symmetric self-similar solution
of equation (1.2) of the form wu(r,t) = f(r/+/t). This solution is defined on all R*> but does not
satisfy boundary condition (1.3). In [5] it was demonstrated that this solution describes the large-
time behaviour for general two-dimensional radially symmetric solutions of (1.2-1.3) and rates of
convergence were given.

The existence of self-similar solutions in two dimensions requires the well injection rate to be con-
stant in time. In three spatial dimensions self-similar solutions still exist but require the injection rate
and therefore A to grow as v/t. From a practical point of view this is an unsatisfactory setup and
the main goal of this paper is to investigate the large-time behaviour of solutions under a constant
injection rate. We do this in the framework of a contamination event (see also [5]), i.e. assuming that
far away from the well no solute (contaminant) is present.

Two natural questions arise form Problem P.: the behaviour as € | 0 and as t — oo. Since in [5] the
authors were only concerned with radially symmetric solutions, their proofs of the limiting behaviour
as € | 0 and as t — oo follow essentially along the same lines. This is due to the scale invariance of
the equation and the boundary condition. In this paper the proofs are quite different and are treated
separately.

We first consider the behaviour as € | 0. Taking the formal limit in the combination (1.2-1.3) yields
the equation

B(u); + div(F) = uedp—g in R* +>0 (1.5)

where §,—g denotes the Dirac distribution at the origin. Thus the boundary condition at the well
appears as a source term in the equation. We refer to (1.5), together with the initial condition

u(-,0) =up(-) in R (1.6)

as Problem P or (P).
Regarding the initial conditions (1.4) and (1.6), we take (1.4) as the restriction of (1.6) to Q, and
assume

|z]— 00

(Hyuy) uo € L°(R3); ug>0in R*;  lim wp(z) = 0; /ﬁ(uo) dx < oo.
R3

Note that we allow non-radial initial data.
With respect to the nonlinear capacity term 3 = B(u) we assume the regularity

(Hpl) B € C™(0,00)NC([0,00)),
and the structural properties
(Hz2)  B(0)=0, 8'(s) >0, and 3"(s) <0 for s > 0.

Later, when we consider the large-time behaviour, we will add some additional hypotheses, essentially
expressing that 8(u) behaves as u? (0 < p < 1) near u = 07.

Since equation (1.2) is scale invariant, we may set A = 1 after redefining € := €/A. By redefining
B(u) := B(ueu)/ue we may also set ue = 1.

Our first theorem makes the stabilization as € | 0 precise.



Theorem A Let (H,,) and (Hzgl-2) be satisfied. Further, let u® be the unique weak solution of (P.).
Then
ut —u as e—0, wuniformly in compact subsets of (R* \ {0}) x R,

where u is a weak solution of Problem P.

The definition of weak solutions as well as the proof of Theorem A are given in Section 2.

Next we consider the large-time behaviour. We expect that different small well radii (¢) lead to the
same large-time behaviour. This was shown rigorously [5] for the two-dimensional case. With this
in mind we consider only the large-time behaviour for Problem P and for technical reasons we limit
ourselves to radially symmetric solutions. Before we state the convergence result, we provide some
motivation.

The radial form of equation (1.5) is:

1-2
Blu): + = Tu,,—u,,rzo in 0<r<oo, t>0, (1.7)

and, as shown in Proposition 2.4, its solutions satisfy the boundary condition
u(0,t) =1 forall ¢>0. (1.8)
The initial condition takes the form
u(r,0) = up(r) for 0<r < oc. (1.9)

Equation (1.7) admits a nontrivial stationary solution w = w(r), satisfying w(0) = 1 and w(oo) = 0.
It is given by
w(r)=1—e /", (1.10)
and under the conditions of Theorem B below the solution u converges to this stationary state.
The appearance of (1.10) is quite different from the two-dimensional case. There the only bounded

stationary solution satisfying w(0) = 1 is the constant state w = 1. In [5] it was shown that the
solution attains this state in a self similar way, namely

u(r,t) ~ f(r/Vt) as t— oo
where f(0) = 1.

In this paper we assume an analogous behaviour with respect to (1.10), i.e.
u(r,t)
w(r)

~ f(r/t%) as t— o0 (1.11)
for some o > 0, where f(0) = 1. To this end we set

Z(r,t) ==

and introduce the coordinate transformation
n=r/tY T = logt.
Then z(n, ) = Z(r,t) satisfies:

—aT 277
(

eV [B(zw); — anflaw)y] + —— 5 (zw)y = (zw)ay = 0. (1.12)



To obtain the convergence (1.11), we study the large-7 behaviour of (1.12). In particular we need to
select the exponent « so that the appropriated terms in (1.12) balance as 7 — oco. For this purpose
we rewrite the equation as

—1r a=1)r L -
e(2a=1) ﬁ'(zw)zr — ae2a—D) nﬁ'(zw)zn — Zyn + —A(

; nem);z77 =0, (1.13)

where A(s) := 6525 7 +5— 2 with liH(I) A(s) = 0.
- 5—

To find the appropriate balance, we observe that for fixed n > 0, 7 — oo implies r — oo. Since
u(r,t) = 0 as r — oo, the behaviour of 3 near 0 is critical. Let us assume

B(s)~s?P (0<p<1l) asslO. (1.14)

Using this and w(r) — 1/r, as r — oo, we find that the second and third term in (1.13) balance if
and only if @« =1/(3 — p).
The resulting equation is

017727”(fp)77 +fin=0 or omB*p(fp)?7 +(nfy—f)p =0 for 0 <n < oo, (1.15)

where f(n) := lim z(n, 7). Note the resemblance between (1.15) and the limiting equation obtained
T—>00
in [3].
Before we state the main convergence theorem, we specify some additional hypotheses on 3. Related
to (1.14) we assume that there exists 0 < p < 1 such that

B'(s)

(Hp3) T

=0+ 0(s") as s10,
for some £ > 0 and v € (0,3 — p). Furthermore we assume the lower bound

(

!
(Hg4) inf ﬂ@1
s€[0,1] ps?

~—

=m > 0.

B'(s) = Aus)

Let 3,(s) := £s? and ¢(s) := P17

Remark 1.1 The simplest function 3 that satisfies (Hz3-4) is

B(s) =ks” pe(0,1],

with £ = m =k, ¢ =0, and for any v € (0,3 — p). Hypotheses (Hg3-4) are also fulfilled by the
examples given at the beginning of the introduction. In the case of the Freundlich isotherm,

B(s) =s+ks” pe(0,1),

we have £ = m =k, and vy = 1 — p. Note that this choice implies p(s) = 1/p > 0. In the Langmuir
isotherm case,

kls
k28 —+ ].

ﬂ(s):s—i— kl,k‘2>0,

wehawwep=1,¢L=k +1, m=1+ (162’“#)2, v=1, and p(s) = —ki1 k2 (kk;ssjlz’)z <0.

Below we use the notation []+ := max{-,0}, o+ = [¢]+, and p_ = [—p]+.



Theorem B Let hypotheses (Hzl—4) and (Hy,) be satisfied, and let uw be a weak solution of Problem
P. Then we have the following estimates:

o0
0< e [[ur = frur)aPdy < Lie " + Lljp- e (L.16)
0
for all T € R, and

(o]
0< e [[Pur —urlonf dn < Lae™" + Lljpy e (1.17)
0

for all T € R. Here Ly, Lo, and L are positive constants and o = 1/(3 — p).
The function f is the unique solution of

(S) { a7727pﬁp(f)n + fan =0 for 0 <n < oo,
f(0)=1, f(oo) =0.

Figure 1 shows the limit function r — w(r)f(r/y/t) for different ¢, in the case p = 1.

1

wf
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Figure 1: The function r — w(r) f(r/v/t);t = 1,25, 400.

Remark 1.2 Note that the constants in the estimates of Theorem B depend on p. For instance, it
follows from the proof that if p = 1 then Lo = 0. An immediate consequence of this fact concerns
functions B of the form

o kls
5(8)_S+ k28+1

Here p=1 and ¢ <0 (Remark 1.1), so that fw < u.

k1, ko > 0.

Remark 1.3 The mass of the system increases linearly in time. The scaling used in (1.16) (and
(1.17)) is chosen to normalize the increase of mass:
ﬂw—ﬁwhﬁwzwwfw—ﬁwhﬁm
0 0

o~ | =



In this scaled metric the solutions u and fw converge. In the unscaled (original) metric the distance
increases without bound.

2. CONVERGENCE AS € = 0

2.1 Weak solutions of (P¢)

Let T be a fixed positive number which eventually tends to infinity and let ES = Q. x (0,T]. Note
that we have rescaled the problem such that u, = A = 1.

Definition 2.1 A weak solution of Problem P. is a non-negative function u such that
(i) uw € C(E%) and Vu € L*(EY),

(ii) For every test function ¢ € L*(0,T; H'(Q.)) N H'(0,T, L*(Q)) that vanishes for large |x| and
att =T,

/{ﬂ Yor + (qu — Vu)Veo} dxdt + /ﬁ( 0)9(0) dz +

%O/T/quSdt:O. (2.1)

If u satisfies (i) and (ii) with the equality replaced by > (<) and with ¢ > 0 in ES then we call u a
sub(super)solution. Here and in the sequel, we use the obvious notation ¢(0) = ¢(t = 0).

Theorem 1 (Existence for (P.)) Let (H,,) and (Hg1-2) be satisfied. Then there ezxists a unique
weak solution of (P.).

The proof of existence will be given in Section 2.3, the uniqueness follows from Proposition 2.2 below.

Proposition 2.1 Let u be the weak solution of Problem P.. For each t > 0,

/ﬂ dm—/ﬁu() dx + 4mt.

The proof of Proposition 2.1 follows along the same lines as in [7].

2.2 Uniqueness of (P¢)

Throughout this section we denote Q" = {z € R? | € < |z| < m} and similarly EZ™ = Q™ x (0,T].
In order to prove the comparison result for Problem P, we introduce as in [2] an equivalent definition

of solution, which we call generalized solution:

Definition 2.2 A generalized solution of Problem P. is a function u satisfying:
(1) u is bounded, nonnegative, and continuous on Ef.;

(i) for anyt € (0,T] and any bounded domain Q. C Q. with smooth boundary 0L :=, .U, , such
that , . C 0B, and , N OB, =0,

/ B(u(t))d(t) dz — / / {B(w)d;p + uqV e + uA¢} dudt +
Q. Q0

T O/t F/ pdSdt + j F/ ud, ¢ dSdt = Q/ B(uo)$(0) de (22)



for all ¢ € C*1(QL x (0,t]), ¢ > 0 with 8¢/0v =0 on , . x (0,t) and ¢ =0 on, x (0,t].
We define a subsolution (supersolution) by (i) and (ii) with the equality replaced by < (>).
For the proof of equivalence between generalized and weak solutions we refer to [2].

Proposition 2.2 Let u* and u® be generalized sub- and supersolutions with initial data uy and u?
respectively. Then for any t € [0,T], we have

/[ﬁ(ul(t)) = Bu*(1))]+ dz < /[ﬁ(U$) = B(up)]+ de.

Qe Qe

Proof. Let % = u' —u? and 3 = B(u') — B(u?). Subtracting equations (2.2) we find

/ B)o(t) dx — / B(0)$(0) dar < / / (B(0)0:6 + a(qV + Ad)} dedt
Q QL 0 Q

- / / udy ¢ dSdt. (2.3)

0o r

Following [1] we define a family of weight functions wy: R> — Rt for each A\ > 0, by
1 if 2] € (e, 1),
(@) = { e=VAU2l=D) if |z| € (1, 00).

Hypothesis (Hz2) implies that there exists by > 0 such that 3'(s) > by for all s € R We define
A: QL xR — R by:

BB
Az, 1) = { e ful £

bo if ul = u?.

We choose £ € C° () such that 0 < ¢ <1, with 9§/0v =0 in , .. In addition let Q. = Q™ where
m > 0 is such that supp ¢ C By,. We introduce smooth functions A,,: Q7 x (0,T) — R, satisfying

1 —A

0<bo < Apm <||Af|peo(ms) + m || \/—m llz2(msmy — 0. (2.4)

Consider for each A,, the problem
AnOrd+qVo+Ad = Ap in QM x[0,t]

dyp = 0 on 9B, x[0,1]
(PAm) ¢ = 0 on aBmX[Oat]
oe,t) = E@)ar(e) in 0.

This equation has a unique solution ¢,, € C*'(Qm x [0,1]), ¢, > 0. Using ¢, as a test function, we
find

/ﬁ x)wy () dx — /ﬁ Yo (z,0) dz < /E(A—Am)atd)m dxdt

e

+>\/u¢m da:dt—/ / U0y Py, dSdt. (2.5)

0 o'y,



Lemma 2.1 The functions ¢, satisfy the following properties:
(i) 0 < ¢ <wy in Ef

@) [ Anlrondsdt < C:

e,m
E;

(iii) sup /|V¢m(7)|2da:§0;
0<r<t

(iv) 0 < —¢my < Ce™vA™ o0 8B, x [0,1].

Proof. Part (i) is a consequence of the maximum principle. Parts (ii-ii) are standard estimates.
To prove (iv), we follow the ideas of [1]. We fix mo < m such that supp{ C By, and define
Wx: By — [0,1] separately on the two subsets B, and Q7 . In By, we set Wy = wy, and in Q" we
define W, as the solution of

qVLNuA + ALNLJ)‘ — )\&VJ}\ =0 in Q%O
Wy = wx on 0By, (2.6)
&,\ = 0 on 8Bm.

By (i) we have 0 < ¢, < Wy on By, x (0,t]; by an application of the comparison principle on

QO x (0, ] it follows that 0 < ¢, < @y on Q7 x (0,t]. Therefore 0 < —¢y,, < —Wy, on IB,,. To

mo
estimate Wy, we introduce another auxiliary function @y, defined by @y = wy in B,,, and the solution

of

Aoy — Aoy, = 0 in Q%O
Wyn = wx on 0By, (2.7)
wy = 0 on 0B,

in Q7 . By a standard argument we have Vwy -e, < 0in Q72 . The function w) is therefore subsolution
for (2.7). Then

0< ~dmy < —Waxy £ =Wy, on 0B,
which proves (iv), because @y, < c()\,mo)e_ﬁm on 0B,,. &

We continue the proof of Theorem 2.2. Using (2.4) and Lemma 2.1 the inequality (2.5) yields

/(ﬂ(u1 (1)) = B(u®(1)))éwx dz < /[ﬂ(%) — B(ug)l+wa dz
aQr Qm
+ / (A — Apm)0r o dzdt + / AMu' — u?)wy dzdt + Cm e~VAm,
E;™ E;™

With the estimate

_ A—- Am
(A - Am)a"'d)m”Ll(Ef’m) < CHWHH(E;”)” v Amat¢m||L2(E§'m)’

we find in the limit m — oo,
/(ﬁ(ul(t)) — Bu*(t)))éwx dx < /[ﬂ(%) — Bug)]+wx dz +
Q. Q.

//\(u1 — u?)wy dzdt. (2.8)
2



In (2.8), we take a sequence {¢,} that converges pointwise to sgn(3y). We then let A\ — 0 to obtain
the result; the convergence of the term [ A(u' —u?)wy dzdt follows from the L'-bound (Prop. 2.1)
E;™
and (Hp2).
|

2.3 Existence for (P¢)
Now we use solutions of a regularized problem to prove the existence of solutions for (P.). Let
dp := 1/n and introduce the approximations {uo,} and {u,.},

ton € C(RY),  with [[uonllz < |[toll= + 0
Ugn 4 up uniformly on compact subsets of €);
uwon(z) =9, for n—1<|z| <n;

Vuon(z) -, =0 at |z|=¢

and
Une(z,t) == 1 — (1 —ugp(z))e ™ for |z|=¢ and 0<t<T.

Then consider the regularized version of (P.),

( B(u); +div(F) = 0 in EZ",
F-e, = upq-e. at |z|=¢ t>0,
(Pre)
w = 0, at |z|=n, t>0,
L u(z,0) = wuop(z) in Q.

Let uf, € O (E3"™) N C*+e1+2/2(ES™), be the unique solution of (P,) (see [8], Theorem 7.4), which
satisfies

5 < (2, 8) < max{flugl=, 1} + 6.,

and

/ |Vus |> dedt < M, (2.9)
EZ™
where M is independent of n and € (see [11], Theorem 4).
With the above estimates, we are ready to prove the existence for (P).

Proof. [Proof of Theorem 1] For this proof we fix € > 0. Using Bernstein estimates as in [10], we
find

IVug (@, )l om | xiz ) < C(m) forall n>m. (2.10)

e+1/m
Using GILDING [6], we find that, for n > m,
u (2, t2) — s, (z,t1)] < C(m)|tz — t1]? (2.11)

forall 1/m < t; <to < T and z € Q?}H/m. By a standard argument we combine estimates (2.9),

(2.10), and (2.11), to conclude the existence of a solution of (P.). H
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2.4/ Weak solutions of Problem P and proof of Theorem A
We now turn to Problem P. Let Ey = R® x (0,T).
Definition 2.3 A weak solution of Problem P is a non-negative function u such that

(i) we C(Er) and Vu € L*(Er).

(ii) For every test function ¢ € H'(Er) with f3 lq||V$|* dz < oo, that vanishes for large |z| and at

R
t=T,

/ (B(u)de + {qu — Vu}Ve] dads + / B(uo)$(0) dr +

Er R3

T
ar [ ¢(0,t) dt = 0. (2.12)
/

If u satisfies (2.1) with the equality replaced by > (<) and with ¢ > 0 in Ep then we call u
sub(super)solution.

Remark 2.1 Since |q| € L}, .(R?), the integrals in (2.12) are well-defined,
‘/unng dz
R3

2
<( [ tareas) ([ walvopar) <.
supp ¢ supp ¢
The existence of a weak solution of (P) is a consequence of Theorem A. Uniqueness holds in the
class of solutions of (P) that are obtained as limits of solutions of (P.), since the comparison principle
(Proposition 2.2) carries over to the limit. However, due to the singularity of g at the origin, uniqueness
in the class of all solutions of (P) remains an open question.
We have the following properties of the weak solution of (P).

Proposition 2.3 Let u be a weak solution of Problem P. Then

/ﬂ(u(t))da: = /ﬂ(uo)da:-i—élﬂ't forall t>0.
R3 R3

The proof of this proposition is similar to the proof of Proposition 2.1.
The singularity of g at the origin creates a “pseudo-boundary condition”:

Proposition 2.4 For any weak solution u of Problem P we have
u(0,t) =1 for 0<t<T.
Proof. Consider a fixed function p € C>°(0,T), and the functions n,: R* — R given by
1—nr ifO<r<i
’7"(7“):{0 TR
Let ¢n(z,t) := p(t)nn(|z]). We estimate [ quV¢, dz by
Er

T T

1

[ int {ute o<~ [ qu¥ondedt < [ sup {uta,n}ott)dt
TEB1 47 rEB

0 " Er 0 n
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therefore in the limit, n — oo, we find
T

lim [ quVé¢, dxdt = —4n / u(0,t)p(t) dt.

n—00
Er 0

Using the boundedness of [ |Vul|? dzdt,
Er

‘/VquSndmdt‘ < </ |Vul|? dmdt) (/ |V |? dmdt) -0

Er Er E

as n — 00. As u is bounded near the origin 0 < | [ B(u)(¢n): dedt| < C [ npdz — 0 as n — oo, and
Er RS
with a similar argument [ 3(ug)¢,(0) dz — 0 as n — oo.
R3
Using the above estimates and taking the limit in (2.12) as n — oo we have

T
/(u(O,t) CDp(®)dt=0 forall peC=(0,T),
0

which proves the lemma. W
Finally we are ready to prove Theorem A.
Proof. [Proof of Theorem A] Using estimates (2.10) and (2.11), we have

||ue||oo+1‘0+%(Qm <C(m) forall e<1/m.

7 X[ T)

Extending u¢ by zero on B, we extract a subsequence of u¢ that converges a.e. in Er to a limit u.
Fix ¢ € C([0,T) x R?). Since u¢ is uniformly bounded, and |g| € L;,.(R?), the pointwise conver-
gence of u® implies

lin(l)/quev¢dmdt: /un¢dmdt.
e—>
ET ET

Using the bound [ |Vuf|> dzdt < M, we have (after extracting a subsequence),
B

/Vufv¢da:dt—> /VuV(bdmdt as e€—0.
E:. Er

Therefore
li_I)I(l) Bu)pr + (qut — Vu )V drdt = / B(u)dr + (qu — Vu)Vo dzdt.
ES Er

Furthermore by the continuity of ¢ we have

T T
¢
B(ug)é(x,0) dr + —dSdt — [ B(uo)p(x,0)dx + 47 [ #(0,t)dt.
s{ 0/89/c « ]R[ 0/

as € — 0. Combining these results we conclude that u satisfies equation (2.12) for all ¢ € C2°([0,T') x
R?). To extend this equation to all ¢ as mentioned in the definition we note that the set C2°([0,T) x R?)
is dense in the set of all such ¢ with respect to the norm

1611720 + 1622 2y + 1(V]al + DV L2k,
|
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3. ASYMPTOTIC BEHAVIOUR FOR A SOLUTION OF (P)
3.1 Preliminaries
To study the long-term behaviour we consider an extension to Problem P:

B(u) + div(F) = 040+ G(z,t) in R, t>0
(P")

u(z,0) up(z) in R3.

Here G € L'(0,T, L' (R?)).
The notion of weak solutions of (P’) follows along the same lines as above. For (P’) we can state a
comparison principle:

Proposition 3.1 Let u' be a subsolution and u® a supersolution of (P') with data ul, G1 and u3,
Gs. Then for each t € [0,T],

J1ot @) = s @) do < [(806h) - B do + [1G1 - Gl dade.

R3 R3 Ey
The proof of Proposition 3.1 is a direct extension of that of Proposition 2.2.

Lemma 3.1 Let G =0. Then w(r) =1 — e+ is a stationary solution of (P') satisfying
(i) 0 <w(r)r <w(r)Pr? <1 for all r > 0;

1

() 1+7r

2
< < mi —1 .
<w(r) < mln{ T o } forall >0

Proof. We only demonstrate (ii). The function z(s) = w(1/s) satisfies 2/ = 1 — z. The function
y(s) = ;i satisfies y' < 1 —y' this implies the first inequality. The second follows along the same
lines. W

To prepare the proof of Theorem B we derive some relevant properties of the solutions of (S).

Proposition 3.2 Let f be a solution of (S) and consider the set Py = {n > 0| f(n) > 0}. Then
(i) feC>(Py);

(i) f'<0, f">0 on Py;

(iii) f' = 0 asn — oo;
) lim f'(n) = —K with K € (0,00);

(iv
n—0+

) T By (F)PPdy = 1;

vi) If p=1, then 0 < f(n) < Ca=le—tn*/4 form >a; if p <1, then sup Py < 0.
f

Proof. Parts (i-iv) follow from Proposition 2.3 in [3]. Part (v) is a simple integration of the
equation in (S). For part (vi), case p < 1 we refer to [3]. For the case p = 1, (S) has the explicit

solution f(n) = erfc(%n). This implies

f(n) < —]”'(0)2(17164”2/4 for n>a.
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3.2 Proof of Theorem B

We consider Problem P in the radially symmetric form. Let Sy = {(r,t) : 0 <r < o0, 0 <t < T}.
Proof. [Proof of Theorem B] The proof is based on Proposition 3.1, applied to v and fw. We

claim that the following estimates hold:

0< epm/ B(fw)]1n*dn < Lie™ " + Lze™™ + L||lp_||p~e™ T (3.1)
0
for all 7 € R, and
0< e [[8(fw) - Bu)lrpdn < Loe " + Lljpy e (3.2)
0

for all 7 € R. By (Hp4) the function ¢(s) := 8(s) — ms? is non decreasing. Therefore, if a > b we
have

Ba) = B(b) = ¢(a) = ¥ (b) + m(a” —b7).

By this observation estimates (3.1-3.2) imply (1.16-1.17).
Let h(r,t) := f(r/t*) for all (r,t) € (0,00) x (0,00). Then h satisfies

1 pﬁp( )t_ rr:() in ST (33)
Using (3.3) and 3'(s) = B,(s) + ¢(s)s”, the function g(r,t) := h(r,t)w(r) satisfies (P') with

G(rt) = ¢(g)pgpfl+v — Bp(h)qw? (r L=pgyl—p _ 1)+ Mh

r? "
Writing G(r,t) := G14+(r,t) + G1_(r,t) + Ga2(r,t) + G3(r,t), with
@ +y gty T
Gix(r,t) :=F +7¢i(g)pw" T
"wP _
Ga(r,t) = aﬁpt(,f+)1w g (r'Pw!™P = 1), and Gy(r,t) := (¢ Tr;w_)f’)r hy,

we note that Gy >0, G;— <0, G2 > 0, and G3 < 0. These inequalities follows directly from Lemma
3.1 and Proposition 3.2.
Now we compute estimates for the integrals associated with each part of G. For G14, we have

[oe) [oe)
Cllo+|ln= e
[etnirar < i iy,
0
< )l / FPERP Ty = Ly ||t

since v < 3—p. Hence L is a positive constant. We have a similar estimate for G;_ replacing |||/ L

by [lo—||re-
For G we have two cases. For p < 1 we use 1 — r!=Pw!=P < w < 1/r to obtain

T « 7 (2 - p L
/Gg(r,t)r2dr —a/ (Bo(f)'n? Pdn < /ﬁp =Py t;'
0 0
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For p=1, we use 1 — r'=Pw! =P =0, so that G5 = 0.
Computing the integral of G, gives

oo o0 [o)e] K
—/G3(7‘, tyridr = /(r(wr — 1) hpdr = /r(l — wr)hppdr < h|3° = ot
0 0 0

where K is defined in Proposition 3.2. Here we used Lemma 3.1 (ii). To complete the proof we use
the sign of the functions G4+, G2, and G3, and Proposition 3.1. B
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