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ABSTRACT

We consider the evolution of the density and temperature of a three-dimensional cloud of self-interacting parti-
cles. This phenomenon is modelled by a parabolic equation for the density distribution combining temperature-
dependent diffusion and convection driven by the gradient of the gravitational potential. This equation is
coupled with Poisson’s equation for the potential generated by the density distribution. The system preserves
mass by imposing a zero-flux boundary condition. Finally the temperature is fixed by energy conservation, that
is, the sum of kinetic energy (temperature) and gravitational energy remains constant in time. This model
is thermodynamically consistent, obeying the first and the second law of thermodynamics. We prove local
existence and uniqueness of weak solutions for the system, using a Schauder fixed-point theorem. In addition,
we give sufficient conditions for global in time existence and blow-up for radially symmetric solutions. We do
this using a comparison principle for an equation for the accumulated radial mass.

2000 Mathematics Subject Classification: 35K60, 35A07, 35B40, 82C21.

Keywords and Phrases: non-local nonlinear parabolic equation, energy relation, existence of local solutions,
global and blowing up solutions.
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1. INTRODUCTION

Global Existence Conditions for a Non-local Problem Arising in Statistical

Let Q C R® be a bounded open set satisfying sup |z| = 1. In Q we consider the parabolic -elliptic

zeQ

system
ng = div{O(#)Vn+nVe} in QxR
Ap = n in QxR",

combined with the energy relation

E = m@(t)-{—/nqﬁda: in RT,
Q

(1.3)

where E € R and k > 0 are given parameters. At the boundary Q € C'*® (a > 0) we prescribe

(O(t)Vn+nVe)-7#=0 on 00 xR",
p=0 in 00 x RT,

where 77 denotes the exterior normal vector on 9. At ¢t = 0 we have the initial condition

n(z,0) =no(z) in Q,

(1.4)
(1.5)

(1.6)



satisfying
/nodmzl, and mno(z) >0 in Q. (1.7)
Q

This set of equations defines Problem P for the unknowns n,¢ and ©. The underlying model is
discussed in Section 2, as well as some known properties of the system.

The purpose of the paper is to demonstrate local existence for Problem P and to give sufficient
conditions on E, k, and ng for global existence. Local existence is shown in Section 3. The proof
uses a Schauder fixed-point theorem and a careful construction of an invariant set to avoid degenerate
diffusion in (1.1). It requires ng € LP(Q) for p > 2, implying that n € L§3.((0,T]; L>(€2)) for some
T € (0,00). Hence we can allow for certain singular initial data which result in solutions that are
locally bounded in (0,T]. Let

T* =sup{ T > 0| Problem P has a solution in (0,7 }.

If T* = oo, the solution is defined globally and if T* < co we have at least tlir%l In(t)]|La(a) = oo for
T

each ¢ > % For Problem P the optimal LP(2) space seems to be p = %, since there exists a singular
stationary solution in the radial case belonging to L3/2(Q2) \ L9(R), with ¢ > 2. This solution is given
in Section 2.3. Uniqueness is proven for ng € LP(2) with p > 2.

Problem P with & = 3 was recently studied in [17]: local existence and uniqueness was obtained
for p > 3.

In Section 4 we consider an auxiliary problem in which we drop the energy relation (1.3) and treat
©(t) as a given function. This provides insight and bounds which we need in order to prove our main
result about global existence. In Section 5, we first give the following result about blow-up:

Theorem 1.1 Let Q = By(0) be the unit ball in R*. If K > 6 and E < 4=, then T* < oco.

In Remark 5.2, we show that this choice of parameters implies n(z,T*) = d,=0 and consequently
tlirp}l In(t)||L»() = oo for all p > 1. When the solution satisfies this last condition, we refer to this
vy

situation as gravitational collapse.

Before stating the global existence result we note from (1.3) at ¢ = 0, that instead of prescribing £
and ng one could equivalently prescribe ©g := ©(0) and ng. In fact it seems more natural to consider
O and ng as initial values. In view of the physical interpretation of the model we consider ©g > 0.
With this in mind we have

Theorem 1.2 Let Q = B1(0) and assume that solutions of Problem P are radially symmetric. If the
pair (ng, ©g) satisfies one of the following conditions

(1) mo € L*>®(Q) and Og is sufficiently large;
(ii) there exists B > 0 and X\ = A(no, &) € (0,1] such that

r3 3(1+ B)
||ng||L1(BT(0)) <(1 +B)m <r for rel0,1], and ©¢ > 27X ;

(ili) no = and Oy > £,
then T* = oo (global existence).
Remark 1.3 (i) Due to the parabolic regularity, no € L°°(Q) is not so restrictive.

(ii) Condition (iii) is an special case of (ii).



(iii) The condition on ng in (ii) implies a bound on the Morrey norm of exponent 3/2, since

lInoll psrz(q) = sup 7YoL (@nB,(x))- In [4], the space M3/*(Q) was suggested as the
#€R3,0<r<1
natural space to prove existence.

The proof of Theorem 1.2 contains two essential steps. To extend the local solution we first need
a uniform bound from below on ©. To achieve this we use a Lyapunov functional associated with
Problem P, the so-called Boltzmann entropy (2.7). This functional provides a uniform lower bound
on O, which only depends on the initial data and . If © is positive, then © remains positive in the
whole existence interval, including the blow-up time.

In the second step we construct a control on n. Here we use the radial symmetry which allows
us to transform equations (1.1) and (1.2) into a single equation, still containing © as unknown. It
has the crucial property that an ordered pair of given ©’s results in an ordered pair of solutions. As
a comparison function we now use the solution of (1.1)-(1.2) with a suitably chosen fixed ©. Under
certain hypotheses this auxiliary problem has a global solution which provides the control on n. The
different conditions in Theorem 1.2 are closely related to global existence conditions for the auxiliary
problem.

2. PRELIMINARIES
2.1 Model issues
Problem P describes the evolution of density and temperature of a self-attracting cluster of Brownian
particles in a bounded three-dimensional region. During the evolution mass and energy are conserved.
A detailed derivation and discussion on the physical assumptions can be found in [5, 8, 19] and the
references therein. Below we present a brief summary.

Suppose a cluster of particles is contained in a bounded region Q C R®. The spatial particle density
n satisfies the mass balance equation

1
B

where 8 > 0 is the friction coefficient, k& the Boltzmann constant and © the temperature of the system.
To ensure that the cluster of particles preserves mass we impose zero mass flux along the boundary:
i.e.

ne = div{ (kOVn + nV¢)} in QxR (2.1)

(kOVn +nVe) - y=0 on 9IN. (2.2)
This implies
/ n(x,t) de = constant = M for all ¢ >0,
Q

where M is the total particle mass of the system, specified by the initial condition.
The function ¢ in (2.1) is the gravitational potential. It satisfies

Ap=4rGn in QxR (2.3)
with
M
= _GM on 90 x RF. (2.4)
R
Here G is the gravitational constant and R := ma§>2<|a:|. Note that we have chosen as boundary
fAS]

condition the gravitational potential of a mass M centered at the origin of a ball of radius R.

In general the temperature varies in space and time. It satisfies an energy balance equation con-
taining thermal diffusion, heat convection and a term due to gravitational effects [8, Eq. (1.4)]. This
results in the so-called Streater model. However, the integrated energy balance does not contain the
thermal diffusivity [8, Eq. (2.1)]. Furthermore we expect that a large thermal diffusivity will result in



a temperature which is nearly constant in space. Taking this limit in the integrated energy balance,
one finds

kM
—0
2

FE =

(t)+%/§2n¢dm in R, (2.5)

where E denotes the total energy of the system and k the specific heat of the particles. If the cluster
resembles an ideal gas we have k = 3k.

Regarding the initial data for the system (2.1)-(2.5) there are two ways to proceed. If the energy
E is given, it suffices to specify only the initial density

n(z,0) =ng(zx) >0 for =z €. (2.6)
Equivalently we can specify both initial density and temperature
©(0) = 69 > 0.

Now E is fixed by (2.5) at t = 0.

If the temperature is constant in time as well we drop the energy balance (2.5) and obtain the
isothermal model. This model also arises in the context of polytropic stars and the biological phe-
nomena of chemotaxis. The corresponding mathematical problem has received considerable attention
in the past years because of its rich structure. Blow-up in the form of singular solutions and gravita-
tional collapse can occur, as well as global existence. To our knowledge there is no full description of
these phenomena in R3. The reason is that in contrast to the two dimensional case, global existence
in R? not only depends on the parameters of the problem, but also on the shape of the initial density
profile. A detailed discussion and references are given in [13]. The isothermal model, however, plays
a crucial role in the analysis presented in this paper.

Since Problem P has an additional equation, one expects that conservation of energy will act as a
selection principle to favor global existence. This has been demonstrated in [18] for the two-dimensional
case: the energy balance implies that temperature increases whenever density concentrates near a
point. This in turn has a smoothing effect (through (2.1)) on the density profile, preventing blow-up
from happening. Theorem 1.1 tells us that this general observation is not true in R3.

Problem P can also be derived for collisionless systems such as galaxies. The underlying argument
is that rapid fluctuations of the gravitational field during the early stage of wviolent relazation plays
the same role as collisions, although the time scales involved for collisionless systems are smaller than
for collisional systems (Brownian motion). The process of violent relaxation is considered in [14].

2.2 Non-dimensionalization
We put equations (2.1)-(2.5) in dimensionless form by setting

. 1 . R} . R GM

o= gm =gt 0= (0t o)
and

N kR _ 4xGM

0 = ew® =gt

Introducing E = % (E + %GTMZ) and k& = %n, and dropping the tildes, results in Problem P.

2.8 Lyapunov functional and stationary solutions
If a triple (n, ¢, ©) solves Problem P, then it is easy to check that

W(t):/ﬂnlogndm—glog (E—/Qn¢da:> on R (2.7)



satisfies
d _ |©(t)Vn + nVe|?
dtW(t) = / on drx, forall ¢>0. (2.8)
Q

Hence W is a Lyapunov functional for Problem P, sometimes called the Boltzmann entropy [17].
One consequence of (2.8) is the following. Let (ns, ¢s,0;) denote a stationary solution of Problem
P. Then (2.8) implies
O;Vns +nsVos =0 in Q.

-
Introducing the scaled potential ¢ := E we observe that ng = 67, where 1) satisfies
es f e~¥dx
Q
1 eV
Ay = ———+— i Q
(S) v 0, [qeVdx n ’
v = 0 on o9.
The corresponding energy relation takes the form
EL = ni —/ |Vep|?dx (2.9)
(©:)? 0, Jg ' '
Problem S has only one singular radially symmetric solution [12], the Chandrasekhar solution
11
s=U 1= ——, 2.10
" 47 |z)? (2.10)

provided ©, = g-. It is satisfies (2.9) for E = (”8;2). Observe that U € L3/2(Q) \ L?(2), with ¢ > 2.
If this solution is attained by Problem P for ¢t T T* < 0o, we have a blow-up without concentration of
mass at the origin.

For completeness we recall a result [5, Proposition 5.6.] for bounded radially symmetric solutions

of Problem S and (2.9).

Theorem 2.1 Let Q = B1(0). For any k > 0, there exists E,, € R such that:
(i) If E > E,; there exist bounded negative solutions;
(ii) If E < E, there are no nontrivial bounded negative solutions.

This observation is originally due to Antonov [1] as a result of a computational approach. He also
showed that stationary solutions are local maxima or saddle points of an entropy and there is no
global entropy maximum.

Theorem 2.1 is still open for general domains [5]. This is related to the non-trivial nature of the set
of singular solutions [12].

2.4 Radially symmetric solutions

Our main theorem about global existence is stated in terms of radially symmetric solutions. Radial
symmetry in Problem P not only reduces the spatial dimension, it also allows us to combine equations
(1.1) and (1.2) into a single equation for the accumulated mass

Q(r,t) ::/ n(z,t)dr for r€ (0,1 and teR'.
B.(0)

This is shown in [7]. Redefining ¢ :== 2¢ and © := 1270, we obtain in terms of Q(y,t) := Q(r,1),
with y = r3, the equation

Qi =y*?01)Qy, +QQ, for ye(0,1) and teRF. (2.11)



To transform the energy relation (1.3), we first note that (1.2) and (1.5) give [ n¢dz = — [ |V|*dz.
Further, radial symmetry and (1.2) imply 47r29,¢ = Q(r,t). Finally we introduce E := 127 F, to get
in terms of Q(y,t)

L2

E =k0(t) —/0 Wdy for teR'. (2.12)
The boundary conditions for () are

Q0,t)=0, Q(,t)=1, for teR", (2.13)
and the initial condition becomes

Q.0 == | Do)y for 0<y<1. (2.14)

Equations (2.11)-(2.14) define Problem Q.
Note that

O(t) = constant = ; and  Q(y,t) = y*/?

satisfy equation (2.11) and boundary conditions (2.13). The energy relation (2.12) is satisfied for

E = 3(k — 2). This is the transformed Chandrasekhar solution (2.10).

3. WELL-POSEDNESS FOR PROBLEM P
Before we give a formal solution definition for Problem P we observe that ¢ is known in terms of n
by the boundary value problem (1.2) and (1.5). Therefore we denote a solution by (n, ®) instead of
the triple (n, ¢, ©).

We call (n, ©) a weak solution of Problem P if for some T' > 0:

(i) n € L*(0,T; H'(Q)) and n; € L*(0,T; (H*(2))');
(ii) ® € C([0,T]) and O(t) > 0 for t € [0, T7;

(iii) the triple (n,®, ©), where ¢ € C([0,T]; Hy(f2)) solves the boundary value problem (1.2) and
(1.5), satisfies (1.1) in the weak sense and (1.3) for all ¢ € [0,T7;

(iv) n(-,0) =ng > 0 a.e in Q.

Remark 3.1 The regularity in (i) implies n € C([0,T]; L*(2)) [20, p. 260]. Therefore © and ¢ are
continuous in time in the sense of (ii) and (iii) respectively and the initial value of n can be prescribed.

3.1 Local existence
Let Ry := 2 x (0,T] for arbitrarily chosen T' > 0.
The first result asserts local existence for Problem P.

Theorem 3.2 Let E € R, k > 0, and let ng € L*(Q) be such that ©(0) = Og > 0. Then there exists
a weak solution (n,©) of Problem P with T = T'(||nol|z2(q), 2, o) > 0. It satisfies n > 0 in Rr and
n € L2, ((0,T); L (%)).

loc
Proof: The proof uses a Schauder fixed-point theorem [21, Corollary 9.7]. For any fixed T' > 0, let
X ={velL?*0,T;H () with v € L*(0,T;(H'(Q))")}
and let F': X — C([0,T]) be defined by

F(o)(t) = —

K

[||v(t)||%[,1(9) + E] for any te€[0,T], (3.1)



and for all v € X. This map is clearly well-defined: observe that v and v; belong to L*(0,T; H~'(1)).
Note that F(n)(t) is the temperature O(t) whenever n is the solution of Problem P.
Next define N: X — X, with u = N(v) satisfying

Zt(i)::d;v(F(v)(t)Vu +uVo) } - Ry (3.2)
=0

(F(0)(H)Vu+u) -7 =0 } on o0 x [0,T1, (3.3)
u(z,0) = no(x) for x e (3.4)

For given v € X, this problem is essentially Problem P with prescribed temperature. As we point
out in Remark 4.1, we have local existence and uniqueness provided F' remains positively bounded
from below. Under this condition the operator N is well-defined.

To apply the fixed point theorem, we need to prove that there exists C C X, with C convex, bounded
and closed in (X, ]| - ||), such that:

(i) N(C) CC;
(ii) N is weakly-weakly sequentially continuous in X.
For any v € C, the operator N has to be well defined. Thus in addition to (i) and (ii) we need
(iii) there exists Fy = Fy(C) such that F(v)(t) > Fp > 0 for all ¢ € [0,7] and for all v € C.
We show below that
C={ve X[v0)=no, lIollp2(0r:20)) < RTY/?, VoIl 2 (0, 7i2(0)) < B
and ||”t||L2(o,T;(H1(Q))’) <R"},

for suitably chosen constants R, R', R” and for T sufficiently small. In fact R = 2[|no||p>(q), B’ =
2l|no|r2n) /Oy’ and R = 2|nol|r2(0) 5’ + 4C|nol[22.q, /g%, where ¢ = C(Q) is a positive
constant. Clearly C is convex, bounded, and closed in X. Note that C is not empty: the solution
of the heat equation with initial value ng and diffusion coefficient ©g/4 satisfies ||Vnl|| L2(0,1;L%(2) <
1/2 1/2
\/§||n0||L2(Q)/®O/ and ||nt||L2(0’T;(H1(Q)),) S ﬁ”n()HLZ(Q)@O/ . Hence n € C for T > 0.
We first show (iii). Differentiating expression (3.1), applying Cauchy-Schwartz and the continuous
injections (H'(Q))" — H~1(Q) and L?*(?) — H~1(Q), yields the estimate
KlF ) ()] < 20o) | m-1 @) lve )l z-1(0) < Cllv@lL2@lloe (@l (mr @)y a-e.in [0,T], (3.5)

where C' = C'(2) > 0. Integration now gives
|F(v)(t) — F(no)| < gR'RT1/2 for all te€]0,T). (3.6)
K

Hence F(v)(t) > F(ng) — SR'RTY? = ©g — SR'RT'/? for 0 < t < T. If we now choose Fy = ©g/2
and T* such that £R'R(T*)'/? = ©,/2, we have established (iii) for all 0 < ¢ < T < T*.

Next we verify (i) for a suitable 7' < T™*. Starting point is inequality (4.3) with @ = F(v)(t) and
v € C. It follows that the solution of (3.2)-(3.4) satisfies

1d
5%”“”%2(9) + F(U)(t)HVUH%Z(Q) < ||U||L3(Q)||V¢||L6(Q)||V”||L2(Q)-

Since (4.4) holds for any © > 0, we use it with © = Fj to find

1d F C F
3 MOl + F@) = PNVl < g (uOIE)’ + FOlGae 67



for 0 <t < T and for some C = C(Q) > 0.
Since v € C and consequently F'(v)(t) > Fy, we obtain

1d E E .
s arlEz@) + S IVl < GOl + S 0@ w07 (38)

Q

This inequality implies some useful bounds. Disregarding the gradient in the left-hand side of (3.8)
gives a differential inequality in terms of ||u(t)||%2(9). It follows that there exists T, =

T (©0,Q, [|nollL2(q)) such that u is well defined in Ry, and satisfies

Sup el < @lnollize))’s and thus flulyz(o r12a) < Arolliz@ T (39
€[0,70

Integrating (3.8) and using (3.9) gives
IVull 2 (0, 1y112(0) < CT6 " + lInollzaay/(Fo)'/? = CTy"? + V2ol 2 /€5 (3.10)
for a positive constant C' = C'(Oy, (2, [|n0||£2())- Note that (3.9) and (3.10) imply
u € L>(0,To; L*()) and wu e L*(0,To; H'(Q)).

To show that u € C, for sufficiently small T, it remains to prove the bound on u;. With £ €
L?(0,T; H*(£2)), we have from (3.2)

T T T
dt=— | F VuVe drd VoVE dudt, 3.11
/0<ut£>t O/(v)(t)Q/U€xt+O/Q/U¢€xt (3.11)

where (-,-) denotes the pairing between (H*(Q2))’, and H'(2). To estimate the right hand side we

)’
first note that F(v) € L*°(0,7*). Indeed, from (3.6) we deduce
Fy < Fv)(t) < gRR’T1/2 +0, for 0<t<T<T* (3.12)
K

Next we use (6.3) and interpolation inequality (6.2) from the appendix. This gives

‘/UV¢V§d$ < Nullzs@) VOl s @) IVEIL2 ) < CH2Crull oy llull 2o | VEl L2 (0 -
Q

Finally we combine this expression with (3.9), (3.10), and (3.12), and obtain after some manip ulation

T
/0 (e, O dt < {CTY? +T) + V2 nol| () ©5'* + 2V2C1* Cillnall2 /06" €l 2 (0,1, ()

for some C' = C(9, ||no||z2(q), @o)- Taking now T} < Ty < T sufficiently small we obtain that u € C
for 0 < T < T, and consequently N(C) C C.

Next we show (ii): i.e. we claim that vy € C, vy — v in X implies N(vg) — N(v) in X. For any
such sequence vy, define uy := N (vi) € C. Using the weak compactness of C we extract a subsequence
ugr € C such that up — u* in X. We show below that u* = N(v), which proves the assertion. Since

vp v and wup —u* in C,
we obtain by Aubin’s Lemma [16, pag. 58] for a subsequence, denoted again by k',

v = v and wp —u* in L?(0,T;L*(Q)).



We use this in (3.11) for ug, vy, and ¢y . Since Adp = up, we have ¢y — ¢* in L*(0,T; H*(Q2))
satisfying A¢* = u*. Moreover, as k' — oo,
up, = uy in L*(0,T,(H' (),
Vo — V¢* in L*(0,T,H (),
Vup = Vu* in L*(0,T;L*(Q)).
Now suppose F(vg) — F(v) in C([0,T]). Then letting k" — oo in (3.11) we obtain a solution u* of
problem (3.2)-(3.4) for the temperature F'(v)(t). By uniqueness we have u* = N(v).
It remains to show that F(vy) — F(v) in C([0,T]). In view of the continuous injection L?({2) —
H=1(Q), we find from (3.1)
K| F(op)(t) = F(o)(0)] < C9) [llow (D)l L2(@) + lo(®) | L2@)] low (8) = v(B)l]2(q)-

This implies directly F(vy) — F(v) in L*([0,T]). Writing (3.5) for the difference F(vj) — F(v), using
the continuous injection (H*(Q2))" < H1(£2), and integrating the result gives

T
. / Fow)i(t) - F)(b)ldt < / |(0(t), v (£) — 01(8)) g1 | dt

+ ||” - Uk ||L2(0,T;L2(Q)) H(vk')t||L2(0,T;(H1(Q))’)'

Since vy — vy, in L?(0,T, H (1)), we obtain F(ve) — F(v) in WH([0,T]). This concludes the
proof of (ii) and establishes local existence for Problem P.

The boundedness of n follows from [6, Theorem 2] and n > 0 a.e. in Ry is essentially demonstrated
in [11].

Remark 3.3 Let ng € LP(Q) with p > 3 and let ©(0) = ©g > 0. Then Problem P has a local solution
satisfying n € L™ (O,T; L”(Q)) and nP/? € [? (O,T; Hl(Q)) The proof is almost identical to the proof
of Theorem 3.2.

3.2 Uniqueness
Uniqueness is stated for an equivalent formulation of Problem P in which we replace t by 7 = fot O(t)dt.
This transformation only affects equation (1.1), which now becomes

n, = div{Vn + %w} in Ry (3.13)

for T = fo t)dt. The problem stated in terms of x and 7 is denoted by Problem P.. Without proof
we remark that (n =n(z,t),0 = O(t)) solves Problem P if and only if (n = n(z,7),0 = O(7)) solves
problem Problem P,.. This is due to the strict positivity of © in the existence interval.

Theorem 3.4 If ng € L*(Q) and ©y > 0, then Problem P, has at most one solution (n, ©).

Proof: We use a uniqueness result of Biler & Nadzieja [11], who considered the problem

n, = div(Vn 4+ nX(n)) in Rr, (3.14)
(Vn+nX(n))-7=0 on 0N x[0,T], (3.15)
n(-,0) =ng in Q, (3.16)

where X is a general non-local vector field operator in R?. For this problem uniqueness in L?()) was
proved in [11, Theorem 1 (i)] under the following condition: there exists C' > 0 such that

(U) | X (u) = X (v)|lzs() < Cllu —vllr2(q)
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for all u,v € L*(Q).

Note that the constant C' in (U) does not depend on the choice of u,v € L2(f2). In our case
X(n)= %. Below, in Lemma 3.5, we show that again (U) holds but with C depending on both norms
llullL>(q) and ||v||L2(q). Now suppose that Problem P, admits two solutions (ni,©;) and (nz,©2) in
some interval [0,7]. From the solution definition we know that both ||ni(t)||r2(q) and [|n2(f)]|L2(q)
are uniformly bounded in [0, T']. Therefore (U) is satisfied for the two solutions nq(t) and ns(t), with
0 <t < T, for an appropriately chosen constant C. As a consequence we can apply the result of [11].

This proves the theorem.

Lemma 3.5 Suppose there exist 6 > 0 and u,v € L*(Q) such that

min{@u ::E+/|V¢u|2da:, O, ::E+/|V¢U|2da:} >6>0,
Q Q

where
Ad, = u, Ag, =v in Q, (3.17)
Ou =0y =0 on onN. (3.18)

du Dy
Hv(e—u - 67)

where C = 0(5, ||’LL||L2(Q), ||U||L2(Q)).

Then

< Cllu —v||z2(q)
15(@)

Proof: Using
IV(du — d0)llLs ) < Crllu — vl 220

Ou Dy Dy Dy
Hv<e—u‘e—v+@—v‘e—v>

we estimate

du Do
\V(@—u‘e—)

L5(9) L@
1 Cr
< m”v%ﬂmmﬂeu -0, + G)_v”“ —vllz20)
Cr [ llull2@
< “r ) L2 / (|V¢u|2 _ |V¢v|2) de| + |lu—v||z2) ¢
0, O,
Q

Since

‘/(|V¢u|2—|V¢v|2) de| < [[V(¢u + d0)ll2 @IV (¢u = d0)llz2(),
Q

IN

C(llullLz) + lvllL2@)) llu — vllL2(e)

for some C' > 0, we obtain the assertion. W
|

Remark 3.6 Note that for ng € LP(Q) with p > 2, we can apply the above theorem and obtain
uniqueness of solutions for such initial data. Thus the local solution given in Remark 3.3 of Theorem
3.2 for ng € LP(Q) with p > 3 is unique.

Remark 3.7 A slight modification of the above argument directly gives uniqueness for ng € LP(Q)
with p > 3 and Og > 0. Again following [11, Theorem 1 (ii)], we need to show

) X (u) = X(©)llz=(2) < Cllu = vllze@) (P> 3).

With X (n) = %, inequality (U'") results from inequality (6.3).
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The next theorem extends the local existence result for ng € LP(Q) with p > 3. To do this
we modify our definition of weak solution for 1 < p < 2. We replace (i) by n € L*°(0,T; LP())
and n; € LP(0,T;(W"?)") with 5+ 57 = 1. We show that n € C([0,T]; LP(®?)), implying that
no can be prescribed. In fact as n € L=(0,T;LF(Q)) and n € C([0,T], (W' (Q))"), (since n €
LP(0,T; (W ())') and ng € LP(0,T; (W' (Q))') ), we use the injection L?(Q) < (W'# (Q))’, and
follow the argument in [16, p. 23] to conclude.

Theorem 3.8 Let ng € LP(Q) with p > 3/2, and ©(0) = ©g > 0. Then there exists T =
T(Q, |Inol|Le(0), ©0) > 0, and a weak solution (n,©) of Problem P. It satisfies n?/?> € L*(0,T; H*(Q)
and furthermore n € L2° (O,T]; L‘X’(Q)). This solution is unique.

loc

Proof: Due to Remarks 3.3 and 3.6, we only need to demonstrate local existence for ng € LP(f2) with
p € (3/2,3). We follow the proof of [11, Theorem 1 (iii)] and approximate ng € LP(2) by functions in
LP+(Q2) with p, > 3. Thus let {ng.} C LP*(Q) satisfy |[nge — nollLr() — 0 as e = 0.

For each ¢ > 0 we consider Problem P with initial data (ng., @9). By Remark 3.6 there exists a
solution (n¢, ©.), with ©, > ©¢/2, in some interval [0, T]. Next we use the estimate [11, Eq. (10)]

t t
2 Ve
||ne(t)||’£p(9) +/|V|n6|p/2| dr < exp (C/H 5
0 0

for almost every t € [0,T]. Here p € (3/2,3),1/¢ =1/p—1/3 and C = C(2,p). Note that ¢ > 3.
Further, using [|Ve||La(q) < Cl|nel|Lr (o) and the uniform lower bound on O, we obtain

2q
=
dT) ||n0€||’£p(9) (3.19)
L9(Q)

t
2 _2¢_
||n€(t)||€p(9) < Cexp (9_0 / ||n6(7')||z;?9) dT) for almost every t € [0,T],
0

where C = C'(€) > 0 and 0 < € < €. Since C does not depends on € we have that T, = T and

Ine(®)llzr) < C  and  ©(t) > Oy/2 for almost every ¢ € [0,T] (3.20)
and for all 0 < e < €. Using this and (3.19), we deduce
||n€(t)p/2||H1(Q) <C and ©O.(t) > 06y/2 for almost every ¢t € [0,T]. (3.21)

and for all 0 < e <&
Next we separate the demonstration into two cases: p < 2 and p > 2.
We begin with p < 2. Under this condition, we have

IVnll1e(@) < CODIIVIP 2|2y Il G h)/? for n?/? € HY(9).

Combining this with (3.20) and (3.21), since p < 2, we obtain
||vn€||LP(0’T;LP(Q)) <(C forall 0<e<e (322)

Consequently, we can check that ||ne,|| ) < C for all 0 < € < €. Now using a compact-

7 (0,1, (W' (9))'
ness theorem [16, p. 141], with LP(Q) < (W' (Q))’, we find for a subsequence e — 0,

Ne = N in LP(0,T; LP(Q)). (3.23)

Now using standard arguments and above estimates, we get as € = 0
ne, =ny in LP(0,T,(WHF'(Q))), (3.24)
Vo - Ve in  LP(0,T,W"P(Q)), (3.25)

Vne = Vn in LP(0,T; LP(Q)). (3.26)
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To conclude, it suffices to prove O, — O in C(]0,7T]). This follows from showing that

T T
H/|®e¢ _6t|dt S 2/‘/ne¢a _n¢t dx
0 0 Q

We obtain this using [21, Proposition 23.9 (d)], combining (i) strong convergence of n. — n in
LP (0,T; LP(Q)) with (ii) weak convergence of ¢, — ¢ in LP(0,T;LF (Q)). In fact (i) is conse-
quence of (3.20) and (3.23); and (ii) yields using (3.24) and the estimate ||¢e, ||,y < Cll@e, ||w1r(@) <

dt -0 as €—0. (3.27)

Cllne, | (w0 (2))» where we have used p > 3.
Now we take the limit € — 0 to conclude that n satisfies Problem P.
For p > 2, we use that no. € L?(Q) and in particular (3.20) implies

Ine()ll2@) < C and  O.(t) > ©9/2 forall te€l0,T]

We follow the proof of Theorem 3.2, to find ||n., ||L2(0’T’(H1(Q))/) < C. With this we may apply again

the compactness theorem [16, p. 141], now with LP(Q) — (H'(Q))’, since p > 2, and obtain n. — n
in L?(0,T, LP()). Finally, we show (3.27) using p = p’ = 2 and obtain ©. — © in C([0,T]), which
concludes the proof of the theorem. W

3.3 Radially symmetric solutions

In Section 2.4 we introduced Problem Q describing radially symmetric solutions of Problem P in the
unit ball. In this paper we do not prove existence for Problem Q. Instead we shall assume that if
Q = B;(0) and if ng is radially symmetric, then the corresponding weak solution is radially symmetric.
By standard regularity theory weak solutions of Problem P satisfy equations (1.1)-(1.3) and boundary
conditions (1.4)-(1.5) in a classical sense. With this in mind we introduce for Problem Q the following
solution definition.

Let Dy = (0,1) x (0,T]. A pair (@, ©) solves Problem Q, if for some T' > 0:

(i) Q € C*>Y(D7)NC(Dr), and © € C([0,T));
(ii) (@,O) satisfies equations (2.11)-(2.14);
(ili) @, >0in Dy and © >0 in [0, 7.

Clearly radial solutions of Problem P with ng € LP(B1(0)), p > 2, satisfy this definition. This follows
directly from the identity

Quly,t) = nly'%1) for () € Dr. (3.23)

4. PRESCRIBED TEMPERATURE PROBLEM
In this section we study Problem P with prescribed temperature ©(t) satisfying

©:[0,7] > R such that © € C([0,7]) and ©O(t) >d>0 for ¢te€]0,T]. (4.1)

Thus we drop the energy relation (1.3) and assume that © in (1.1) and (1.4) is given and satisfies (4.1).
We denote this modified problem by P*. Clearly, if Problem P* has a radially symmetric solution,
then the corresponding formulation in terms of the mass @, which we denote by Q*, has a classical
solution according to the definition given in Section 3.3.

We first recall some recent results of Biler & Nadzieja [3, 11], related to local existence for Problem
P* and global existence for Problem Q*.

Remark 4.1
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(i) Let ng € L*(Q) and let © satisfy (4.1). Then there exists T = T(Q,|nol|r2(q),d) > 0 so that
Problem P* has a unique weak solution in [0,T] which satisfies n € L72,((0, T] L°°( ). Proof:
see [11, Theorem 1 (i)].

(ii) Let ng € LP(Q) with p > 3 and let © satisfy (4.1). Then there exist T = T(Q,||nol|rr(0),d) >0
so that Problem P* has a weak solution in [0,T] satisfying n € L (O,T, L”(Q)) and nP/? €
L?(0,T,H'(Q)). For p > 3 the solution is unique. Proof: see [11, Theorem 1 (ii) and (iii)].

(iii) If for some B > 0, Qo(y) < y zl/Jng for 0 <y <1 and O(t) = constant > %(ILB) then
Problem Q* has a global classical solution satisfying Q(y,7) < y% for (y,7) € Do, Proof:
see [3, Theorem 1 (iii)].

In the remainder of this section we present some new results related to Problem P* with constant

temperature © > 0. We first extend a global existence result of [9].

Theorem 4.2 For a given domain Q, there exist positive constants, ay, as, A, B, and C with as > oy
so that if the constant temperature © and the initial condition ng satisfy

0> and [nolljxo) < A+
or
O>ay and |lngll72iq) < C(0%-0),
then Problem P* has a global (weak) solution for which the L*(2) norm is uniformly bounded in time.

Proof: Integrating (1.1) we obtain the expression

1d

Q

As in the proof of [9, Theorem 2 (iii)] we estimate

1d
2 dt

The aim is to obtain a differential inequality for ||n(t)||2L2(Q). From the appendix we first use (6.2)
and then (6.3) with r = 6 and p = 2. This gives

||n||L2 + ®||Vn||2L2(Q) < Inllzs@)IVollLe ) [Vl L2(q)- (4.3)

Ci

Inllzs @) IV @llLo@) [Vl L2 (e _”n”Hl(Q) t o3 (InllZ2(0))*- (4.4)
Further, we use (6.1) with ¢ =2 and p =1 to obtain
o
20|n|Z2(q) < gllnllip(m +C20|n|71(q)- (4.5)

The combination (4.3)-(4.5) eliminates the gradient term. Since [|n|[z1(q) = 1, we are left with an
inequality of the form

d C1
S < < po(w) := ﬁw —Ow+C20 for t>0 (4.6)
with w(t) := ||n(t )||L2 . Here C and C); are positive constants only depending on 2. The assertions

of the theorem now follow from partlcular properties of (4.6).

First observe that if © > ay := 21/2 (0201/2)1/2 then pg(w) = 0 has two positive real roots w, < w*
and pe(w) < 0 for w, < w < w*. If © = a4, these roots coincide. A simple calculation shows that

c3c,

=Cs + o1
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satisfies 0 < wo < wy for all ® > «;. Since pe(w) > 0 for 0 < w < w,, we deduce that w(t), with
w(0) < wo, satisfies w(t) < w, for all ¢ > 0. This proves the first assertion.
Next consider
w = 7?02 - 0).

Then pe(w®) < 0 provided

1/2+ 2 1/2 1/2
@m:((%) _%> e e

Clearly az > aq, since po(w) > 0 for © < a; and for all w > 0. As before we have that w(t), with
w(0) < wP, satisfies w(t) < w® < w* for all ¢ > 0. This proves the second assertion. W

In a similar fashion global existence results are obtained in L?(Q) for p > 3/2. Instead of (4.6) one
now finds

d C1
w < @w —Ow+C0 for t>0 (4.7)
with w( )= ||n(t )||ip(Q). Here
2 for  3/2<p<3
8=
% for p>3.

Inequality (4.7) implies the following result.

Theorem 4.3 For a given domain (), there exist positive constants, 31, 32, A, B, and C with B2 > 3
so that if the constant temperature © and the initial condition ng satisfy

B
©2> 0 and |lnolly,q) < A+ G5

or 1

02 wnd ol < CO -0), with v=5"

then Problem P* has a global (weak) solution for which the LP(Q) norm is uniformly bounded in time.

5. GLOBAL EXISTENCE FOR PROBLEM Q

In this section we study radially symmetric solutions of Problem P. We will use the classical formu-
lation in terms of Problem Q. Before we prove the global existence results, we first demonstrate the
blow-up result Theorem 1.1.

Theorem 5.1 Let k > 6 and E < 3. Then T* < co.

Proof: Suppose Problem Q has a global solution @ = Q(y,t) and © = O(¢) € (0,00) for all ¢ > 0.
Setting

we(t) == /Q(y,t)y‘1/3 dy forall t>0,

we find, after differentiating and using equation (2.11),

—dwit(t) = 0(1)Qy(L,1) = eOH)Qy(e,1) = O(t) + O(1)Q(e,1)
1 > 1 E 1
2 QS’/? 2 + g - g 6 / y~3dy forall t>0. (5.1)
0
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Since O(t) < oo, we obtain from (2.12)
Qy,t)?/y*? € L'(0,1) forall ¢ >0,

which implies that we can choose a sequence ¢, | 0 along which lirﬁ) #%t) =0 for all t > 0. Using
this and @Q,(1,¢) > 0in (5.1), we find in the limit

dwy(t) 1 K E
> + = - = )
: 5 O(t) 6®(t) 5 forall ¢>0

The parameter choice implies that dw+§” > § > 0 for all t > 0. This contradicts wy < % (implied by
Q<1linD,). N

Remark 5.2 Using (3.28) we can express wy(t) in terms of the second moment of the corresponding
radially symmetric solution:

/ n(a, )z de =1 — gwo(t).

B1(0)
Since dwy(t)/dt is bounded away from zero, there exists a T* € (0,00) (blow-up time) such that
lim wo(t) = £ and
HT
lim n(z,t)|z|* dz = 0.
t—T*
B1(0)

This implies the gravitational collapse n(z,T*) = d,=0.

Next we turn to global existence. The proof uses a comparison principle for the Q-equation (2.11)
with respect to given ordered temperatures, and the fact that temperature is positively bounded from
below. The results are stated in terms of an equivalent formulation, as in (3.13), in which we replace
t by 7: i.e.

% = ¥Qu+5=QQ in Dr (52)
Q0,7) = 0, Q(1,7)=1 for T€[0,T], (5.3)
Q(y,0) = Qoly) for y € 10,1], (5-4)
and the energy relation
1
E / Q—/ for T€0,T]. (5.5)
0
We first consider (5.2)-(5.4) for given ordered temperatures and ordered initial data.

Proposition 5.3 Let i = 1,2. Suppose Q; solves (5.2)-(5.4) in Dy, subject to Qo = Qoi, and given
© = 0, satisfying (4-1) in [0,T;]. Let T = min{T},T»}. If

61 S 62 mn [O,T], and QOl Z Q02 mn (0, ].)
and if there exists K > 0 such that either
0<Qi, <K or 0<Q,, <K in Dr,

then
Q1>Q2 in Dr.
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Proof: Suppose 0 < ()2, < K. Since

1 1 1
_ o, 4L +<__ ) in Dr.
Q2, =y Q2yy G)1(7_)Q2sz 92(7) 0. (7) Qzsz T
It follows from ©; < ©» and @2, > 0 that
1 .
@2, < y4/3Q2yy + ——=@20Q2, in Dr.
@1(7‘)

This inequality and the boundedness of @2, allows us to use [15, Theorem 3.2], which show that @2
is a subsolution for the @-equation with ©;. H

Next we use the Boltzmann entropy (2.7) in terms of @ = Q(y,7) to establish a positive lower
bound on ©.

1
Proposition 5.4 Let (Q,©) be a solution of Problem (5.2)-(5.5). Suppose ©(0) = %(E%—f %‘i%) dy)

0
> 0. Then

1
O(r) > A0(0) for 7>0, with \A=exp <—%/Q0y log Qo, dy). (5.6)
0

Proof: Rewriting (2.7) results in

1 1
K Q?
W(r) = /leongdy — §log <E+/Wdy> for >0
0 0
and differentiation gives, see also (2.8),

1
dW () Q?

= - T —dy <0 for 7>0.

dr J y3Q,

Hence W (7) is decreasing in 7. As a consequence
1 1
- K Q°
W(r) = QylogQy, dy — 3 log | E + W dy | <
0 0

1
< W(0)= /Qoy log Qo, dy — glog (E + y4—/03 dy> for 7> 0.
0 0

Here we use Jensen’s inequality to estimate

1 1 1
/leongdy > </dey> 10g</dey> =0,
0 0 0

from which lower bound (5.6) directly follows. B

Note that whenever © is bounded away from zero, blow-up in Problem (5.2)-(5.5) can only occur
at the boundary y = 0. This is a direct consequence of classical regularity theory, which implies that
@ is smooth away from y = 0. Blow-up manifests itself through singular behaviour of @, as (y,7)
approaches the point (0,7*). This corresponds to unbounded density at the origin of the radially
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symmetric solution of Problem P. Below we use the comparison argument (Proposition 5.3) to control
the behaviour of Q,(0,7). We show that this implies a uniform bound on [|@Q,(7)||z2(0,1) and thus on
In(7)||2(B, (o)) for all 0 < 7 < T™. Global existence for Q = Q(y, 7) as a consequence of Theorem 3.2.
The results translate in a straightforward manner to the assertions of Theorem 1.2

Theorem 5.5 Let Qo: [0,1] — [0, 1] be nondecreasing, Qo, € L>(0,1) and Qo(0) =0, Q(1) = 1. Let
©(0) = Og > 0. If either

(i) Og is sufficiently large;
or

(i) there exists B > 0 such that

1

1+ B . 2

and  Qo(y) < %; with A:exp<_E/Q0y IOngyd?J>-
0

Then Problem (5.2)-(5.5) has a global solution (Q,©) in the sense of Section 3.3. Moreover there
exist constants L > 0 and ©* > 0 such that (1) < 0" and ||Qy(7)|lz2(0,1) < |Qo,llz2(0,1) exp(LT) for
oll 7> 0. If (ii) is satisfied we have in addition

Q. < 55 foralt (1) € D
Proof: First we consider the auxiliary problem
Q- = y"*Qu+4QQ, in D,
(AP) Q0,7) = 0, Q(1,7)=1 for T >0, (5.7)
Q,0) = Qoly) for — y€[0,1],

where A > 0 and where Qg satisfies the conditions of the theorem.
By Theorem 4.2 and Remark 4.1 (iii), we have: if either

(H) A> as and [|Qo, 220, < C(42 — 4)

or

(Hp) A= %(1 + B) and Qo(y) < ;‘g}jf]; for 0 <y <1, and for some B > 0,

then Problem AP has a global solution Q: Do, + [0, 1]. Since Qo, € L>(0,1), the regularity theory
of [7, Theorem 2] gives

1Qyllz~(0,1) € Lise([0,00)). (5-8)

The conditions on Qo and ©g guarantee that Problem (5.2)-(5.5) has a classical solution in Dr for
some T'. Now suppose

T* = sup{T > 0 | solution of Problem (5.2)-(5.5) exists in Dr} < co. (5.9)

A
Fix A > 0 such that (H;) is satisfied, and choose ©¢ > 3 By (5.6), we have

O(r)y> A forall 7€]0,T%) (5.10)
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and by Proposition 5.3 and (5.8), we find

Qy,7) < Qy,m) < Ky for (y,7) €1[0,1] x [0,T7) (5.11)
for some K > 0. Below we show that this implies a uniform bound on [|Qy(-)||z2(q) in [0,T). Multi-
plying (5.2) by Q,/y*/* gives

1
WQ2 QTny + ( )
Using (5.10) and (5.11), the second term on the right can be estimated by

1 1
WQTQQZJ W@z WQ Qy

4/3Q QQy in [0,1] % (0,T7). (5.12)

IN

1
< 2 2
— y4/3QT+4A2QQ
Using this in (5.12) and integrating the results gives

d K? .
NQ(Mz20,1) < 55 I1Qu (D720, forall 0<r <77,

Hence

M 2
1@y ()llzz(0.) < 190, llzz0.) exp ((ﬁ) T*>

Q2(y A T
A<O(r <E+/ 4/3 y) < (E+:K

for all 0 < 7 < T™*. This allows us to use Theorem 3.2 at 7*~, which contradicts (5.9). The uniform
upper bound in the temperature follows from the observation

and

Y
= [ Q) dy <5 1@y ll0n,
0
implying
Q(y a
/ 7 dy < 3104,

and thus last expression is uniformly bounded if A satisfies (H;) (Theorem 4.2).
If (ii) holds, global existence follows in a identical way. Again (5.10) and (5.11) hold, yielding the
same bounds on [|Q,(7)||£2(0,1) and ©(7). The pointwise bound on @ in D, results from the fact that

y(1 + B)/(y*? + B) is a supersolution for Problem AP if A and Q satisfy (H,). Take for instance
K = % in (5.11). The corresponding temperature bound is a direct consequence. W
As a special case of Theorem 5.5 (ii) we have

Corollary 5.6 If Qo(y) =y, and ©g > 2, then Problem (5.2)-(5.5) has a global (Q,©) solution and
©p < O(1) < O + 22 for all T > 0.

Proof: Since A = 1, we can select a sufficiently small B > 0 such that Theorem 5.5 (ii) holds. The
pointwise bound on @ implies Q(y, ) < y'/? for all (y,7) € Dy. Since

1 12 e Y
@(7_) — ®0+/0 Q (y7;)4/3 Qo(y) dy,

the upper bound is immediate. Il
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6. APPENDIX: INEQUALITIES
For completeness we give in this appendix some inequalities which are used at various places in the
paper.

Let © be a bounded open subset of RN with a C'*(a > 0) boundary.

First interpolation inequality. Let N > 2, r < ﬁ—g and let p < g < r satisfy % = % + @ for
some o € (0,1). Then

Inllga@y < CE*linlliitoy Inll3ei) for all n € H'(Q) N LP(Q). (6.1)

Proof: Use the Sobolev inequality ||n||~q) < Cs||n||i (o) for N > 2 and r < 225, and the interpo-

lation inequality [|n||5e(q) < ||n||%p(Q)||n||1L:(0§2) [ ]
Second interpolation inequality. Let N = 3. Then

Inllzay < Cal2 Il gy lInllslg, forall ne H'(Q). (6.2)

Proof: Take p=2,¢=3,r = jg—jfz =6and a=1/2in (6.1). N
Poisson’s equation and LP-norms. Let n € LP(Q), p > &, and let ¢ satisfy (1.2) and (1.5).
Then

IVollr) < Crllnllie) for 1<r<#% and F<p<n,
(6.3)
IVéllL=() < CrllnllLr@) for p>N.

where the constant C; depends on 2 and p.

Proof: Since ¢ satisfies (1.2) with (1.5), we use the representation by the Green’s function to obtain
1Bl e ) < |AB||Lr(q) for N > 2 and p > N/2. If p < N we combine this with the Sobolev inequality
IVollLr) < CUIAGl e (o) +19llLr(a)) for r < pN/(N —p) to obtain the desired inequality. If p > N
we proceed similarly. W
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