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ABSTRACT

It is a well known fact that local scale invariance plays a fundamental role in the theory of derivative pricing.
Specific applications of this principle have been used quite often under the name of ‘change of numeraire’,
but in recent work it was shown that when invoked as a fundamental first principle, it provides a powerful
alternative method for the derivation of prices and hedges of derivative securities, when prices of the underlying
tradables are driven by Wiener processes. In this article we extend this work to the pricing problem in markets
driven not only by Wiener processes but also by Poisson processes, i.e. jump-diffusion models. It is shown that
in this case too, the focus on symmetry aspects of the problem leads to important simplifications of, and a
deeper insight into the problem. Among the applications of the theory we consider the pricing of stock options
in the presence of jumps, and Lévy-processes. Next we show how the same theory, by restricting the number
of jumps, can be used to model credit risk, leading to a ‘market model’ of credit risk. Both the traditional
Duffie-Singleton and Jarrow-Turnbull models can be described within this framework, but also more general
models, which incorporate default correlation in a consistent way. As an application of this theory we look at
the pricing of a credit default swap (CDS) and a first-to-default basket option.
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difference equations
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1. INTRODUCTION

In the last thirty years, a considerable amount of scientific effort has been put into attempts to
generalize the highly successful derivative pricing methods of Black and Scholes [BS73] to so called
jump-diffusion models. In these models, the Wiener processes which were used by Black and Scholes to
model stock dynamics, are complemented by Poisson processes which cause unprevisible discontinuities
in the stock price [Mer76]. Such discontinuities are needed to incorporate unexpected sudden market
events in price models. Possible applications are the modeling of stock market crashes, interest
rates and credit risk. In general, the addition of Poisson processes causes the market model to be
incomplete, since the extra stochastic factors cannot be offset by existing contracts, and this makes
perfect replication of derivatives impossible.



The traditional way to circumvent this problem is to use standard no-arbitrage pricing theory, in
which prices are calculated as an expectation under some equivalent martingale measure. It is well
known that for an arbitrage free but incomplete market such a measure exists but is not unique
[HPS81].

As an example consider the class of intensity based (or reduced form) credit risk models, such
as Jarrow-Turnbull [JT95] and Duffie-Singleton [DS95]. In these models a martingale measure is
postulated using an implied risk free default intensity, which is then fitted to market prices of e.g.
corporate bonds. This approach has some marked disadvantages. For example, the relation between
the real world measure and the equivalent martingale measure is not clear. Furthermore, it is not
obvious what hedge ratios should be used (certainly not the usual Black Scholes deltas).

An alternative approach to the problem is to assume that the market, if not already complete,
can be made complete by the introduction of additional contracts. The non-uniqueness in the pricing
problem then translates into the freedom that one has in the specification of these new contracts. After
completion of the market, prices and hedging strategies can be determined uniquely [BH99, VBH99,
JMO95, Jen99]. The question remains under what circumstances a market can be made complete. In
Ref. [VBH99)], for example, it was shown that if, for a given asset, the stochastic process which causes
a jump is the only factor in the dynamics which is idiosyncratic and the percentage of loss upon a
jump in the price is fixed and known a priori, it is possible to complete the market by the introduction
of an insurance contract which pays a certain amount of money once a jump has occurred in exchange
for an insurance premium during the lifetime of the contract.

In this article, we follow the alternative ‘complete market’ approach, making use of the tradable
formalism as introduced in Refs. [HN99a, HN99b], thereby extending the powerful symmetry tech-
niques to the realm of jump-diffusion models. We start out with a model which is complete. The core
of the formalism is the idea that pricing problems should be formulated only in terms of self-financing
objects, which we call tradables. From simple dimensional analysis one then finds that derivative
prices must be homogeneous functions of degree one in these tradables. The consequent use of these
proper coordinates makes numeraire invariance manifest, and the pricing problem more transparent.

We find

e Pricing equations in the form of partial differential difference equations (PDDE’s) for which the
numeraire invariance of their solutions is manifest

e Explicit expressions for hedge ratios
e Analytic solutions for European style contracts in a certain class of jump-diffusion models

The relation between our approach and the martingale approach is illustrated, leading to a direct
relation between real world and martingale measures. It is shown that the usual notion of a ‘market
price of risk’ is not a numeraire invariant quantity for Poisson processes, in contrast to the case of
Wiener processes. Therefore it is only well-defined with respect to an arbitrary choice of a tradable
which is declared to be ‘risk free’ (usually the treasury bond).

As was mentioned before, the model, although derived under the assumption of market complete-
ness, can deal with incomplete markets too, in as far as these markets can be made complete by the
introduction of additional contracts for each independent source of jump risk. The freedom that we
have in the specification of these contracts allows to introduce a specific market price of jump risk
in the model. We illustrate this by considering the pricing of a derivative depending on a stock and
a bond, where the stock is driven by one Wiener and several Poisson processes, taking the bond as
numeraire. In a limit, this indicates how to price such contracts if the stock is driven by a Lévy-process.

By restricting the number of possible jumps of the individual Poisson processes to one, the very
same theory can be applied to credit risk modeling. This approach could be called a ‘market model’
approach to credit risk, in the sense that we directly model the real world dynamics of the underlyings.
Although conceptually different, the approach is closest to the intensity based approach and in fact
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we show that it is able to unify the models of Jarrow-Turnbull and Duffie-Singleton in one framework.
It also allows the incorporation of default correlation in a straightforward and consistent way.

The outline of this article is as follows. In section 2 we refresh the basic ideas behind the tradable
formalism. In section 3 we rederive pricing equations for pure diffusion models. Section 4 is the
theoretic core of the article. It contains a general theory for pricing in jump-diffusion models, and
investigates its symmetry properties. Some applications are given. In section 5, we look at conse-
quences for pricing if Poisson processes are restricted to one jump only, having credit risk in mind.
We review the Duffie-Singleton and Jarrow-Turnbull approaches and show that they both fit in the
model and lead to almost identical pricing equations. As an application we calculate the value of
a credit default swap in the two models. Next we look at multiple asset credit risk models, firstly
considering the pricing of a first-to-default basket option, secondly deriving a consistent model with
default correlation.

2. EXPLOITING SYMMETRIES

Any system of prices should be invariant under appropriate scaling transformations. Indeed, since the
value of assets can only be defined in terms of the values of other assets, an economy-wide uniform
proportional change of the values of all possible assets would simply amount to the introduction of a
new measurement unit for value, and leave the economy essentially unchanged. Specific applications
of this principle have been used quite often in finance under the name of ‘change of numeraire’
[GKRY5], but in the recent article [HN99a] it was shown that when invoked as an overall fundamental
first principle, it provides a powerful alternative method for the derivation of prices and hedges for
derivative securities on tradable assets.

We assume a market in which IV 4 1 tradables exist, and we denote the price at time ¢ of asset i by
X} withi=0,...,N and X; = (X?,..., X}N). These prices (in whatever a priori fixed numeraire we
would like to choose) are modeled as stochastic processes { X}, > 0} on a filtered probability space
(Q, F,{Fi}t>0, P) where the filtration satisfies the usual assumptions. On this probability space we
define canonical (possibly multi-dimensional) Wiener and Poisson Processes in the usual manner,
which together generate the filtration {F;};>o.

In this market we now consider the price of a European style derivative security V' which pays
an amount V(x,T) at time of maturity 7" only depending on the value of the price vector x =
(zo,21,...,xN) of the tradables at maturity X,. We assume that the market is complete, i.e. the
price V of the security at an earlier time ¢ < T exists and is uniquely determined by the market, and
furthermore that this price is a function of the prices X} at time ¢ only. Under these assumptions we
may write the price of the derivative security as V(x,t) and then a dimensional analysis argument
shows that, since the prices of tradables and the security V must be expressed in the same measurement
units, we must have

N
V(X t) =Y ¢i(Xe,t) X]
=0

for certain dimensionless quantities ¢;(Xy,t), i.e. homogeneous functions of degree zero in X;. Con-
sequently, the price function is homogeneous of degree 1

V(ax,t) = aV(x,1) (2.1)

Differentiating with respect to a and setting o equal to one leads to the Euler formula
oV (x,t
Vix,t) =Y ﬁ z; (2.2)

This simple formula is at the core of Black-Scholes pricing. Indeed, when prices are driven only by



Wiener processes, we can prove that

8V (x,8)
V(X4 t) T dX ‘

given that V satisfies a PDE (see next section). This shows that a portfolio consisting of an amount
oi(x,t) = % in each tradable i not only replicates the security V', but is also self-financing, i.e.
all changes in the price of the portfolio are caused by changes in the prices of the underlying tradables
themselves. No money is put in or extracted from the portfolio.

When prices are driven by both Wiener and Poisson processes, the hedge ratios ¢;(x,t) turn out
to be more complicated, in general containing not only ordinary but also discrete derivatives of the
price, and a little more work is required to find them. Nevertheless, the scale invariance expressed by
Egs. (2.1) and (2.2) still plays a fundamental role, as will be seen repeatedly in section 4.

3. BLACK-SCHOLES DYNAMICS
To illustrate the ideas outlined in the previous section, consider the case of N + 1 tradables with price
processes X/, (i =0,...,N) driven by N Wiener processes

dXi al
o = HiXe )i+ Yot (Xe 1) dW (3.1)
t k=1

Here {(W, F;), t > 0} is a standard N-dimensional Wiener process. The vector functions p; : RN 1 x
R — R and 0; : R¥™! x R — R are assumed to satisfy the standard growth conditions which
guarantee uniqueness and existence of the solutions of this stochastic differential equation. Notice
that the functions y; and o; should all be homogeneous functions of degree 0. In other words, they
can be functions of ratios X;/X] of tradable prices only, since the substituted values have to be
dimensionless. For these dynamics we have by [to’s rule that

N
oV (Xe,t) o,
X = X ——1dX;
dV (Xy,t) = LV (X4, 1) dt-i-;:o 0z, dX;
with
_ BV (x,1) 0%V (x,t)
CV(X,t) = jg Okg 10' X, t X t) Tilyj W (32)

and solving the partial differential equation LV (x,t) = 0, subject to contract specific boundary
conditions, then leads to a self-financing portfolio in terms of tradables, as we have seen in the previous
section!. This leads to a unique price for European style derivative securities before maturity T by
specifying the payoff V(x,T') as a boundary condition. Of course, other types of contracts can be
priced too, either by modifying the boundary conditions (e.g. American type contracts) or, in the
case of strong path-dependence, by introducing specific derived tradables, which make the problem
Markovian again (e.g. Asians, see [HNOOa]). Note that the pricing PDE does not contain first
order partial derivatives w.r.t. the tradables. This has important advantageous consequences when
implementing numerical schemes to solve the equation, see Ref. [HNOOb].

1 Assuming that second order partial derivatives of the price function with respect to the tradables, and the first
order derivative with respect to time exist.
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3.1 Symmetries of the PDE

The invariance of the price of a derivative security under a change of numeraire should be inherited
by the pricing PDE. Of course, prices under a new numeraire can in general be expressed in terms
of prices under the old numeraire as X, = X, /Y:, where the process Y; which defines the numeraire
change can be arbitrary and stochastic, as long as it is always positive. Now suppose that Y; satisfies

N
= v(Xy, t)dt + Y gr(Xe, t)dW,
k=1

dYy
Y,
Consistency requires that v and gj are homogeneous functions of degree 0 in X, so that v(Xy,t) =

Z/(Xt, t) and similar for gi. These functions should also satisfy the standard growth conditions. By
using It6’s rule, we find that the prices under the new numeraire satisfy

dXi
Xj

= (Mi(Xtyt) —v(Xe,t) — ge (X, t) (0F (X t) — gk(Xt,t))) dt

N
+ Z (Uf(xt»t) - gk(Xtvt)) dwt
k=1

If we write down the pricing PDE in terms of the rescaled tradables, we find extra terms, proportional
to the gx(x,t):

N _ AV (x,t)
LV (x,t) = Y
N N
. . . . .. 0PV (x,t
i,j=0 k=1 v

Now it is exactly the homogeneity property of V' which ensures that these new terms vanish. Indeed
these terms can be written as

.l oo [N V(R
5 Z Z gk (X, 1) (gr(X,t) — 2077 (X,1)) &5 Z L 9507
k=1 1i=0 j=0 v

and, by differentiating Eq. (2.2) once more, we find that for all i
N

P
2% aaggz Q =0
3=0 B
We see that the solutions of the PDE for the price of a derivative security are invariant under changes
of the numeraire. Furthermore, the price function itself should be invariant under the substitutions
of(x,t) — of(x,t) — gr(x,t) forall i
A clever choice of numeraire can simplify the computation of derivative security prices significantly.
Indeed, picking tradable 0 as numeraire is easily seen to be equivalent to the choice gr = of and
v = pg. The price process of this tradable then becomes trivial dX, = 0 and the dimension of the
PDE reduces by one. This technique was used in Refs. [HN0Oa, HN0OOc| to derive compact PDE’s for
the pricing of arithmetic Asian and passport options.
How does this all relate to the usual BS-framework? In that case, the interest rate is constant
r and there is a fixed numeraire, namely money. One of the tradables, say X°, will be the riskless
bond, satisfying dX° = rX°d¢, and so X° ~ e" in units of money. Now since this is a deterministic
function, it can be eliminated from the PDE, Eq. (3.2), leading to the familiar Black Scholes PDE. The
disadvantages are obvious: this PDE contains drift terms, which can lead to numerical problems when
numerically solving it and the manifest numeraire invariance is lost. In contrast, in our formalism the
interest rate would only appear indirectly in prices via the value of X°.



3.2 A simple example

Consider two tradables with price processes X,? 1 driven by one Wiener process W;:
dX
Xi

= (XD, X[} t) dt + oy (XD, X[, t) dWy, (i =0,1)
A European security with payoff f(xo,z1) at maturity T' will have value V(zo, z1,t) at time ¢, and
this value should satisfy the following PDE

aV(I'o, x1, t)
ot

82‘/(1'0, xy, t)

axiaxj =0

+1 Z oi(x0, 1, )0 (20, 21, 1) T,
i,j=0,1

To reduce the dimension of the PDE we pick tradable 0 as numeraire. Introducing 7 = T — ¢,
y = x1/x0, V(Z0,21,1) = 200(y, 7), the PDE simplifies to

_Ou(y,7)
or

where we define

+30(y,7)%y

o(y,7) = o1(wo, x1, T — 7) — 0o(w0, 21, T — 7)

Here we use the homogeneity of degree zero of the volatility functions o;, which implies that these
functions can only depend upon the ratio 1 /zg, i.e. on y. The boundary condition becomes v(y,0) =

f(1,y).

4. DEFAULTABLE DYNAMICS
In this section we extend the pure diffusion case by adding jump-processes, where jumpsizes of the
tradables are functions of the tradables and time.

4.1 A simple example

Before treating the general case we give a simple example. Consider two tradables with price processes

satisfying
dX}
Xi

— pidt+ (a; = 1)dNyy, (i =0,1)

Here N; denotes a Poisson process with a strictly positive intensity, driving both price processes, and
the p; and «; are constants for ¢ = 0,1. Since we want our prices to remain strictly positive, the «;
should also be strictly positive. No-arbitrage imposes further restrictions on the parameters: in order
that X} /X! is not a strictly in- or decreasing process, we must have the inequality (u1—po) /(a1 —ag) <
0. We will come back to this point in Section 4.1. A derivative security price V (X, t), where
X, = (X7, X}), having second order derivatives w.r.t. Xy and X}, and first order derivative w.r.t. ¢,
then satisfies (see Section 4.2)

oV (Xi_,t) V(X t
dV(Xyt) = ( Y X 7;)) dt
7=0,1 4
+(V(aXt, ) t) - V(Xt, ’ t)) dNt (41)

Here we introduced the shorthand notation aX; = (agX?, a1 X}). We can rewrite Eq. (4.1) now in
such a way that we get terms proportional to the dX; and a remainder

dV(Xpt) = > ¢i(Xe_,t)dX]
7=0,1

+(av (X 1) LY i <av<xt 1) —gbi(Xt,t)))dt

I
i=0,1 v
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where we define
V(aqzg, ey, t) — V(wo, a1, 1)

do(x,t) = P p— (4.2)

b ) = V(aoo, ao?;(tgo—vofla)omo, ai1x1,t) (4.3)
such that

xopo(x,t) + x101(x,1) = V(x,1) (4.4)

Here we use homogeneity to pull the a; and ag out of the V’s in Egs. (4.2) and (4.3) respectively. We
see that the portfolio V' (z,t) is self-financing if the following partial differential difference equation
(PDDE) holds.

LV (x,t) = Vix,t) + Z i T (M — ¢i(x%, t)) =0 (4.5)

ot ! ox;
Indeed, in that case we have the self-financing condition, by Eq. (4.4)
AV (X, t) = Y ¢i(Xe_,t)dX]
i=0,1

and we see that the ¢;(x,t) are hedge ratios for the contract.

Symmetries of the PDDE  Again, the PDDE should be invariant under a change of numeraire. So let
us write X; = X;/Y; for prices under a new numeraire, where the process which defines the numeraire
change satisfies

dY;
L =rdt+ (y—1)dN,
Y
The choice of k and ~ is arbitrary with the constraint that v > 0, since numeraires should be always
positive. Then the price processes of the two tradables, expressed in terms of the new numeraire,
become
dX?
Xi

= (i — K dt+ (O; - 1> dN, (4.6)

Remember that homogeneity ensures that the functional form of V is invariant under different nu-
meraires, thus V(X?, X}, t) = Y V(X?, X}, t). How does the change of numeraire effect the hedge
ratios, Egs. (4.2) and (4.3)7 The hedges are homogeneous of degree 0 in the tradables. In other words,
they only depend on the ratio a; /o and therefore they are invariant under changes of numeraire,
¢i(x,1) = ¢i(%,t), as they should be. Now consider the PDDE, derived under the new numeraire
X,t X, t
evin = 200 4 3 - man (2D gz o0

i=0,1

We see that it picks up extra terms, proportional to k,

> 96(% - ¢i(§(7t)>

i=0,1 v

But these vanish because of homogeneity together with the replication condition Eq. (4.4) and so the
PDDE is indeed invariant under changes of numeraire. Just as we could write down a PDE for the
price of a derivative security in the pure diffusion case, it is possible to write down a PDDE for the
pure jump case with fixed jump size, which is invariant under changes of numeraire. If we solve this
PDDE, we find a price for the derivative security, depending on the two tradables with prices X} and
X}, together with the hedge ratios Eqgs. (4.2) and (4.3).



Solving the PDDE  To solve Eq. (4.5) we introduce the notation 7 = T — ¢, y; = e #i"x;, and
v(y,7) = V(x,t). We can rewrite the PDDE as follows.

9 _
_Ov(y,T)  pooa Mlaov( ) — H1— fo
or a1 — ap a1 — ag

v(ay, ) =0

To get rid of the second term we multiply the PDDE with an integrating factor. This then leads to

of(y, 1
U7 _ s flay.7) = £(By.7) (@)
where f(y,7) = v(y, 7) exp(#e=E1%0 ) N = — L1280 "and B = Aa. We used homogeneity to pull A

a1 —oo a1—ag’
inside the function f. As it will turn out, the 3 are the crucial parameters in the pricing problem.

Using the ansatz

Z wy (T "o, (1)"y1) = Zg(wn(ﬁOT)yOawn(ﬁlT)yl) (4.8)

n>0 n>0

it is easy to prove that Eq. (4.8), with w,(7) = %L and ¢g(y) = v(y,0), solves the PDDE in Eq. (4.7).
Putting everything back together, the solution becomes

ZV( ﬂoT Bofvxl(lﬁ;)”eaﬂ,T) (4.9)

n>0

Note that the parameters describing the dynamics only enter the solution via 3. These objects are
numeraire invariant as can be seen easily by inspection, using p; — p; — K, ; — /. Now it also
becomes completely obvious that in order to avoid arbitrage, we have to restrict the 3 to be positive,
or equivalently A > 0 since a; > 0. Otherwise an option with positive payoff at maturity could have
a negative value at an earlier time. In the present example, this leads to the following restriction, as
we mentioned before

A= _M >0
a1 — (o
Finally note that there is no reference to the intensity of the real world process N;. It completely
drops out of the problem. This should indeed be the case since we have hedged our position and once a
perfect hedge has been found which annihilates jump risk, we become indifferent to the frequency with
which jumps occur. Note that this result still holds if the jump intensity in the real world measure
would be a stochastic process. This does not mean that the real world intensity does not play any
role at all in pricing. In practice, the jump intensity is closely related to the magnitude of the drift
terms, which do enter the price formulas.

An interpretation  Let us try to connect this result to the usual formulation in terms of riskneutral
expectations. By using homogeneity, we can rewrite Eq. (4.9) as

Vix,t) = Z (621—7!—)116_507"/ (xo’ 1 (%) ne—(ﬂl—ﬁo)T’ T)

n>0

In this form, the formula can be interpreted as an expectation under a Poisson process with intensity
Bo, where 1 makes jumps of size 31 /0y = a1/ and has a drift — (57 — Fp) relative to zo. Now let’s
assume that xg is a ‘risk-free’ bond?. This corresponds to setting g = 1 and po = r. Further assume
that x; is a risky bond, making downward jumps, so a3 = a < 1 and g1 = . Then

ﬂ():)\ ; ﬂlZAO‘ ; )‘Zfﬂir
a—1

20f course, the notion of a ‘risk-free’ asset is defined relative to some numeraire, usually money, and means that
under this numeraire the dynamics of that particular asset is deterministic.
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The no-arbitrage condition now amounts to g > r. This has a nice intuitive interpretation: any
downward jumprisk should be compensated for by a higher return than the riskfree rate (this is
known as the credit spread). In fact we can rewrite the definition of A as follows

p=r+AXl—a)>r

This suggest that A(1 — a) = By — (1 denotes the credit spread due to default risk and A could be
interpreted as the ‘market price of default risk’, as was already noted in Ref. [VBH99]. One should
however be careful to attach an invariant meaning to the latter, since it is not numeraire invariant.
Indeed, if we change the numeraire to z1, which corresponds to setting x = p and v = a in Eq. (4.6),
we find that A — aA. In this numeraire it would be more natural to rewrite Eq. (4.9) as follows

Vi(x,t) = Z %6_6”1/(3;0 (%>7L8_(50_51)T7$1)T)

n>0

But in this form, the formula can be interpreted as an expectation under a Poisson process with
intensity (1, where xg makes jumps of size §y/81 = ap/a; = 1/a > 1 and has a drift —(Gy — 51)
relative to xg. So we recover the well known fact that the choice of a martingale measure is also relative
to the choice of a numeraire. Only the symmetric formula Eq. (4.9) is canonical and therefore, in our
view, more fundamental.

4.2 The general case
Let us now consider the general case, where the price processes of the tradables are driven by both
Wiener and Poisson processes. To this end we consider N + 1 tradables with price processes X} (i =
0,...,N) of the form

M
dxi _
< = miXe tydt+ > o (X, )dWm—i—Z "Xy ,t) — 1) dNy (4.10)
t- m=1 r=1

where {(Wy, Ft), t > 0} and {(N¢, Ft), t > 0} are M standard Wiener and R Poisson processes with
M+ R = N, all independent of each other, and we assume that the Poisson processes all have a strictly
positive intensity for all £ > 0. We will again find that the actual values of the intensities do not play
any role in the pricing equations. The functions u;(x,t), o*(x,i) and of(x,t) are deterministic,
known in advance and should be homogeneous of degree zero in the tradables. They will be restricted
by no-arbitrage constraints. In order to keep the notation transparent, we will omit the parameters
of these functions in what follows.

The first step: invoking It6’s rule  We want to compute the price of a derivative security whose price
V (X4, t) depends on tradables satisfying Eq. (4.10). For any function V(x,t) for which the second
order derivatives in x and the first order derivative in ¢ exist, we can write the generalized It6 rule:

V(Xt7 (X07 0) -

N t
/ 8V WV (Xs—,s) 5+Z/0 8V(2{;i,s) dXﬁ
i=0 7
N ty
+1 L) iy
QZ:/O e XL

N
+ <V(Xs, s) — Z av AX >
0<s<t

=0
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where {[X*, X7]¢, ¢t > 0} is the continuous part of the quadratic covariation process associated with
the processes X; and X] and AX! = X! — X! . Note that all functions only need to be evaluated
on the left-continuous part of the process. In short-hand notation and by obvious substitutions this
means that

dV(Xta )_
Xt ,t)
= ZX17<uzdt+Zadet +Z o —l)dNT>

V(X ,t NoM V(X Lt
+<4( = H%Z Za;nognxg_xg_i( = )>dt

ot =0 m=1 8331833]
R N
IV (Xy_,t)
T i - r
+Z<V(a X o t) = V(X ,t) — Z af —1)X; T dN;
r=1 i=
where " X;_ = (aEX?i, . ,a}"\,Xﬁ ) Now, just as in the previous cases, we want to use this equation

to derive conditions under which a given portfolio is self-financing. To this end, we add terms of the
form

M R
bi(Xy_, 1) <dX§ — i X} dt+ Z o™X dW™ + Z (af —1)X;_ dN[)

m=1 r=1

which vanish by virtue of the dynamic equations. The functions ¢;(X;_,t) constitute hedge ratios
which are yet to be determined. They must only depend on the left-continuous processes X;_ because
we cannot allow our hedging strategy to anticipate the sudden jumps. The dynamic equation for V'
now becomes

i=0
8V(Xt,>t) 1 Y X m_m i 7 0 V(Xt,ﬂf)
* ot +§”Z=0mZ:10i i Xi Xi Drid0r,
i:ouz - Ox; PiXe,
M N
(OV(X,_ ¢
2 {Z%’"Xé (% - @»(Xt,t)) } aw;
m=1 =0 ?
R
+Z {V(oth_,t) —V(Xy_,t)
r=1
N
= (o] —1)X7 (X, )}dzvg"
i=0
N
LN (X, 1) X+ LV(X, b dt
i=0

ZE V(X ,t)dW™ ZE V (X, ,t)dNT (4.11)
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where we defined

LV (x,t) = aVé)t( t) +1 Z Z oo} xlxjiaav(g’t)
L0

1,j=0m=1

al OV (x,1)
+ ) i <4’ — ¢i(x, t)>7

mY(x,1) = EN:J;%Z- (%;’t) — i(x, t))

=0

form=1,... , M and
N
NV (x,t) =V (a'x,t) Z of —1)zigi(x,t)
=0

forr=1,...,R.

The self-financing portfolio conditions From Eq. (4.11) it is now obvious that a portfolio consisting
of ¢;(x,t) assets i at time ¢ will be self-financing if and only if

LV(x,t) = 0 (4.12)
mV(xt) = 0 VYm=1,...,M (4.13)
LYV(x,t) = 0 Vr=1,...,R (4.14)

while at the same time,

N
x,t) = Zd)i(xvt) €Lg
i=0

Using homogeneity this last condition can be shown to be equivalent to

ixl(w(x ot _ (bi(x,t)) -0 (4.15)

i=0 O
Note that it is easy to see that in the absence of jump processes, we must have ¢;(x,t) = a‘g(;i’t), ie.
we retrieve the usual Black-Scholes delta hedge. Now we use Eq. (4.15) and homogeneity to rewrite
Eq. (4.14) in a slightly different form, which will turn out to be useful when solving the constraints

0 = XT(Xv t)
V(arx t) — V(x,1)

+Z V(P i)

N N

V() N, V(1)
B Z i 8.131' . ai i 8.%1
i=0 i=0
N N
= Yo (% i, t)) -3 air 2020 L v(arx,) (4.16)
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Indeed, collecting Eqs. (4.13),(4.15), and (4.16), we now have a set of M + R+ 1 = N + 1 linear
equations for the N 4+ 1 unknown hedge ratios ¢;(z,t):

|
0
ol o ol (a% )
. . . 0
oM M : N 417
o v : > im0 043%3—; - V(O‘lx7 t) ( )
ao DY aN )
. N 9 ,
aff - af o (‘%N 2 Yimo ol 39‘0/, V(afix, )

Under obvious non-singularity conditions this has a unique solution. We will denote the matrix in the
above equation by A. Substituting the solution in the remaining Eq. (4.12), we find

LV (x,t) = 8Vé>;t 1 Z ZO’ o; xxjaa;/—g;t)
i0%;

i,j=0m=1

+Zuzxz<avax Do t))

8th ii 2V (x,t)

T
! Qw0

N
+Z (V= zgﬂ:xiavg;’t)). (418)

where we define quantities

N
Br=aid,  AN=—> AL, (4.19)
j=0
Again, we used homogeneity to pull the terms A, inside the function V using V(\.a"x,t) = V(8"x,1).
At this point we have found the PDDE which the price of a derivative security must satisfy. It now
remains to show that this PDDE respects the numeraire invariance. In fact, we will proceed to show
that the 87 are themselves numeraire invariant quantities, and (in Section 4.2) that the no-arbitrage
condition requires them to be positive.

Symmetries of the PDDE By now, it should not surprise the reader that the pricing PDDE Eq. (4.18)
respects numeraire invariance, since we explicitly used this fact in its derivation. Nevertheless we will
once more prove this property, as a consistency check. In the present model, a general change of
numeraire consists of:

e a shift of the drift-terms: p; — p; — K
e shifts of the volatility functions: ¢]* — o} — gy,
e the scaling of the jump sizes: o — o,

The proof of the invariance of the diffusion part of the PDDE is completely identical to the derivation
in Section 3.1. The invariance of the jump part of the equation requires a little extra work. Let us
consider Eq. (4.19) again

N

T — T J—
Bi = aiAr, = E , ]1\/I+r

7=0
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The A, can be viewed as part of a vector v = (v, ¢1,-.- M, —A1,--- , —Ar), which is a solution of
N M R

i = ZviAij = + Z (me;n — Z)\TOZ; (420)
=0 m=1 r=1

Obviously, if we can prove the invariance of the 8", invariance of the PDDE follows. In fact we will
show a little more, namely that the ¢, are also numeraire invariant. First we consider the effect of
scaling the jumpsizes o — «;~,. Then the matrix components A;; transform like

Aij — DiAij

where D = (1, U I ,fyr). This automatically implies that we should have v; — D;lvi and
thus A\, — Ay, and @, — @, Since 87 = al A, we therefore have

Bi — (O‘Z’YT)(AVY;U =\ = [

Thus the 8" and ¢, are invariant under scaling of the jump sizes. Now consider what happens when
all u; are shifted by —«. In this case we need a correction on v such that

N

Wi — K= Z(vl + 0v;) Ay
=0

is satisfied. The particular form of A shows that this can only be done by setting ov = (—k,0, ... ,0).
But this shows that the v; with ¢ # 0 are invariant under the shifts, and the same holds for 8" and
©m. Note that we effectively use the portfolio replication condition Eq. (4.15). In a similar manner
we can show the invariance under shifts /" — o]" — g,, in the volatility functions. Indeed, we now
need a correction such that

N M
Wi = z:(vz + ov;) A — Z (U + 0Um) Gm
i=0 m=1

is satisfied. Since the terms depending on g, do not depend on the index j, it is not hard to see that
the proper choice is

M
ov = (vagm,(),... ,O>
m=1

again showing the invariance of the 8" and ¢, in this case.

Market prices of risk  The ‘market prices of risk’ is a notion that is often used to indicate the
willingness of the market to hold a risky asset compared to holding a risk-free asset. In the case of
jump-diffusion more care should be taken when introducing such concepts. In particular we show that
the usual definition of ‘market-price of risk’ for a Poisson process is not a numeraire invariant quantity.
This is in contrast to the case of Wiener processes. Thus when talking about ‘market price of risk’
for a Poisson process, one should always make clear what particular numeraire is chosen. However, it
is possible to formulate everything in terms of numeraire invariant quantities. This is exactly why we
introduced the B". Expressed in these objects no confusion can arise to what is meant. Let us once
more consider Eq. (4.20)

M R
i = vy + Z Pmo;" — Z)\Taf
m=1

r=1
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As we have seen in the previous section, both left- and right-hand side are not numeraire invariant
quantities. But it is straightforward to introduce a quantity which is numeraire invariant and tells us
something about the ‘market prices of risk’. Indeed, consider the difference p; — p;

M R
pi— =Y em(of" = o) =Y A(af - aj) (4.21)
m=1 r=1

This is the general, numeraire invariant, expression that provides a relation between the returns of the
tradables, their volatilities, and jump sizes. The quantities that, in the literature, are called ‘market
prices of risk’ are ¢, and \,.. Note however that only the ¢, of these are numeraire invariant. The A,
are definitely not. This is a strong argument in favor of the 3] = o] A, as the fundamental quantities
for Poisson processes, since they are, like the ,,, numeraire invariant. It is for this reason, that in the
remainder of this article we will only use the ;. Note that, in view of the discussion in subsection 4.1,
the set {3},..., 3} for a given i has an interpretation as risk neutral intensities for the individual
Poisson processes under the numeraire X;.

The usual formulation  The usual formulation of ‘market price of risk’ amounts to the choice of
money as a numeraire. Next we pick a tradable, say tradable 0, that we call ‘risk-free’ with drift r, no
volatility of* = 0, and no jumps, afy = 1. Then Eq. (4.21) reduces to (with j =0andi=1,... ,N)

M R
Wi =1+ Z Omolt — Z)‘T (a: — 1) (4.22)
m=1 r=1

For the two simplest cases we can then easily write down the corresponding ‘market prices of risk’.
For the case where M = 1, R = 0 this amounts to (dropping indices)
w—r
o

(p =
and in the case where M =0, R = 1 we get

a=HTT
l—«

A general solution  In this section we present a solution of the PDDE LV = 0, with £V as given
in Eq. (4.18), for the case where the p;(t) and o"(t) only depend on t and the «f are constant.
We consider a European style derivative security, where a payoff V(x,T) is specified as boundary
condition at maturity 7. In appendix A we prove that the price of such a contract at time ¢t < T is
given by

V(Xv t) =
Z / V<350¢(Z - eo)ﬂn(Po)v < xNg(z — ON)Ta(py), T> dz (4.23)
nZO RM
where z = (21,... ,2m), n = (n1,... ,ng),and n > 0= {n|n; >0,... ,ng > 0}. The N + 1 vectors
0; = (0},...,0M) have dimension M. They are found from a singular value decomposition of the

time-integrated covariance matrix (which has full rank, since A is assumed to be invertible)

M T M
S om(n)er () = /t S o7 (w) o (u) du

The N + 1 vectors p; = (p}, ..., pE) are defined by

7

T
iy = [ orta) dn
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The functions ¢(z) and 7, (p,) are defined by

M 1 1.2
(;S(z) = H \/%6_227”
R ™\ N N

T(p;) = H <(p7;3' epi)

\]
Il
-

Note that the general solution Eq. (4.23) is in a symmetric, canonical form. It is form invariant under
numeraire changes. Of course, one could relate this solution to an expectation under some equivalent
martingale measure, by choosing a numeraire and using homogeneity to bring some functions out
of V', as we have shown in Section 4.1. However, we prefer the symmetric form, since it makes the
numeraire invariance manifest.

The single pure jump process revisited — Let us reconsider the example of Section 4.1, which corre-
sponds to the case R =1, M = 0. The price processes for the two tradables are given by

dx;

Xi

where the «; and p; are constant and «; > 0. The corresponding matrix A of constraints is given by

A(l 1)
oy

For A to be invertible we need to have ag # a;. The corresponding 3 are

M1 — o H1— Mo
Bo=—-ay—— , fi=—-a1——
a1 — Qo a1 — Qo

as expected. The no-arbitrage conditions B; > 0 become po < p1 iff g > «ay. Since the B are
constant, we readily write down the price of a European contract at time ¢, given the payoft V(x,T)
at maturity T, using Eq. (4.23)

Vi(x,t) = Z V(zomy (BoT), 2170 (617), T)

n>0

It is now a simple matter to determine the equations for the hedge ratios ¢;(x,t) in terms of the two
tradables,

(EE2D (0 0) (St - viemn)
xl(g—fl)—@) T \ay o Zi:maixig—g‘i—‘/(ax,t)

Solving for ¢;(x,t) we get

bolx.t) = Q1Yo Ti Wa(;‘i’” - V(ax,t) _ a1 V(x,t) — V(iax,t)
’ zo(on — ayp) zo(a1 — @)

iy — DT Tert —Vlexh) agVixd) - Viext)
B z1 (g — 1) z1(0g — 1)

where we have used homogeneity again.
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Power tradables In our approach we stress the importance of using proper coordinates to formulate
pricing problems. We have shown that this leads to the use of tradables, or self-financing objects
as coordinates. Depending on the type of pricing problem it may be useful to introduce additional
tradables, derived from the initial ones, to simplify calculations. In Ref. [HN99b] we introduced so-
called power-tradables to derive compact expressions for exotic options in a diffusion setting. We can
do similar things in the case of jump-diffusion processes. To this end consider tradables with the
following payoff at maturity 7"

N
V(IQ,... ,IN,T) = H:E?’
=0

where we have to impose the constraint Zi\[:o 1; = 1 in order to get a homogeneous function of degree
one. Now it is a simple matter to compute the value of a tradable with this payoff at an earlier time
in the context of Sec. 4.2. Working out Eq. (4.23) for this case we arrive at

N

V(zo,... . an,t) = et Hx:’
i=0

where
1 N
= _5 Z annj 9m 9m + Z <H 77i - an;)
m=1 i<j r=1 \i=0 =0

By using the relations z; =5 8V(x = =nV(x,t) and V(a"x,t) = Hij\;(](a{)m V(x,t) we find from Eq. (4.17)
that the hedge ratios bhOlﬂd satisfy

1
wl
ToPo : N N
Al = wﬂj Vix,t), "= oMy X" =][)"
ENON X i=0 i=0
X"

From this we derive the dynamic equations for the power tradable

v, dXi
Vo= Z@ A

M R M R
<vo +) " om — Z){A,) dt+ > AW+ (X" = 1)dN]
m=1 r=1

m=1 r=1

where vg, Ym, A were defined in Eq. (4.20). One important use of the power tradables is, that they
allow us to construct a new basis in the space of tradables in which the matrix A is ‘diagonal’ in the
sense that every tradable depends on at most one stochastic factor. This amounts to finding a proper
set of 1; given a set of values for ¥, x”. But this is just a linear set of equations. Indeed, taking the
log of x" we see that the 7; should satisfy

N N N
dom=1, D op=v", D log(aj)n; =log(x")
=0 =0 =0
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This means that under obvious non-singularity conditions, it is possible to construct a new set of
tradables Y satisfying
ayyp Yy, dYy ,

= = "dt + dW.™ = - \'dt +dN'
7R U 7 T

under the numeraire Y°. This gives a very nice illustration of the concept of market price of risk
under this numeraire. On the other hand, it clearly shows that the A", and consequently the 37,
should be positive (almost surely) in order to avoid arbitrage in the model. Indeed, otherwise one
of the Y" would be strictly increasing relative to Y, indicating an arbitrage opportunity. These
no-arbitrage conditions still hold in the more general setting, but we will not explicitly derive them
here. Finally note that power tradables are closely related to optimal growth or Kelly strategies. For
more applications of power tradables we refer to Ref. [HN99b].

Lévy processes: the rough guide In this section we sketch how our model could be used in a simple
example of an incomplete market, and, in a limit, in a market in which the price is driven by a
Lévy process. We start by defining a market consisting of two tradables, a stock S and a bond P.
Taking the bond as numeraire, we assume that the stockprice is driven by one Wiener and R Poisson
processes. So the dynamic equations take the following form

ds &

o = pdt+odW, ) (o — 1) dN;
t- r=1

dP,

il

Py

Obviously, this market is not complete. However, we can make it complete by introducing R extra
tradables P, as follows

ap;
P tr_

= ppdt + (a" — 1) dN}

The essential freedom that we have is the choice of the drift terms p,.. We will only assume that
they are constant, and such that the total market is arbitrage free. Now we can apply the general
theory from the previous sections. Under the identification S = X%, P = X' P" = X"*! the matrix
A becomes

1 1 1 1 1

c 0 0 O 0

ol 1 ol 1 1

A=1 a2 1 1 a2 1
ot 11 1 - aof

For the 3] we find the following expressions

PN g = a"\. ifi=0ori=r+1
T 1l—a’ i Ar otherwise

From this we see that the no-arbitrage conditions are simply u, > 0 iff @ < 1 for all r. Now using
the identity 87 = 3! — ur(8:.0 + 0ir+1) and homogeneity, the pricing PDDE takes the following form

AV (x,t) 0%V (x,t)

0 ot 052

_|_%0_252

19)% Vv
i Z(V(ﬁrx’t)_V(ﬁlx’tﬂurb’%ﬂirlﬁ%)

r=1
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Since our original market only contains S and P, we will only be interested in contracts which are
specified in terms of only these two tradables. It is not hard to see that in this case the PDDE can
be reduced to

~OV(S,Pit) | 4 20°V(S, Pt)
0 = En +50°8 552
vV ( S P, t) V(a"S,P,t) — V (S, P,t)
+ ZMT< o — 1

In other words, the price of such a contract will at all times remain a function of S and P only, and
the PDDE reduces to two dimensions. It is very important to notice that this does not imply that
the contract can be hedged using S and P only. In fact, the exact hedge ratios are given by
oV (S, P,t) V(a™S,P,t) —V(S,P,t) S oV(S,P,t)

oS ’ Pr(ar—1) Pr aS
and ¢p follows from the portfolio replication condition. Since we can use only S and P in our hedge,
we might consider to use a standard delta hedge ¢g = av(s Pt), op BV(;PP ) In that case, we are
effectively left with a position in P and the virtual tradables P". So we should use the freedom to
choose the drifts u, in such a way that we get a ‘satisfactory’ return on the residual risk. Obviously,
this choice will depend upon the real world intensities of the Poisson processes and upon our idea of
a satisfactory return.

¢s = ppr =

To connect our formalism to pricing in a market driven by a Lévy process, we take a formal limit
where the number of Poisson processes goes to infinity. This amounts to the replacement of the sum
over r by an integral over jumpsizes «, as follows
oV (S, P, t) 252 0%V (S, P,t)
ot 052
> aV(S, Pt) V(aS,Pit)—V(S, Pt
S - d 4.24
+ /() ,U'(O‘) < oS a—1 @ ( )
= (O + ES)V(S, P, t)
The resulting pricing equation is a partial integro differential difference equation (PIDDE). For the
case of a European type option it is possible to solve this equation. The solution will illuminate the

intimate connection of our pricing theory with the theory of Lévy processess. The first step is to
observe that the operators 9; and Ls commute, i.e.

(LsV (S, P,t)) = Ls(0V (S, P,t))

Using this fact, the solution of the pricing equation, given a payoff V(S, P,T) at maturity, can be
written in terms of the operator Lg as

0 =

V(S,Pt) = f: wV(S, P,T) = T=9sy(S, P T) (4.25)

n!
n=0

This result can be checked by direct substitution. We now concentrate on the operator Lg. After a
change of variable o — €*, and introducing

W(z) = e"p(e”)

1—e®

it becomes

0%2F(S)
2
°S 052

%
/ ( ew)sagg‘g) + F(e"S) — F(S))dm

LsF(S) =
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Using partial integration®, this can be rewritten as

oo

LsF(S) = /

— 00

(w(m) —Xo(z) — (n— 20%)8' () + %026”(35))F(e””5’)dx
where d(z) is the Dirac-delta function and

A= [ wtwdn u= [ e

—00

Now in order to evaluate Eq. (4.25), it will be useful to switch to momentum space. We introduce a
Fourier transform operator

) = [ @i

By using the convolution theorem we obtain

Fu (EgV(Se_x, P, T)) = x"(s)v(s)

where
x(s) = Fa(¥(x) = Ao(x) = (u— 30°)0' (x) + 30°6" (x))
= —%(72(82 +1s) + /_OO (ei‘”” —1—is(e” = 1))¢(z)dx
and

v(s) = Fp(V(Se™™, P,T))
In terms of these functions, the fourier transform of the solution becomes
F, (V(Se_x,R t)) _ e(T—t)X(S)U(S)

or, applying the convolution theorem once more

V(S, P,t) = / @)V (Set, P.T)dx

— 00

where
Folp) = eT70x()

This formula has an obvious interpretation: the value of the option is given by the expectation of
V(Se®, P,T), where the stochastic variable  has a distribution p(z) defined by the characteristic
function exp((T — t)x(s)). The connection with the theory of infinitely divisible distributions now
becomes clear [FE66]. Indeed, the measure

w(a)da
-«

b(a)de =

is the canonical Lévy measure, which describes the pure jump part of the distribution p(x). A very
important observation is that the centering function —is(e® — 1) appearing in x(s) has a non-standard

3Without going in details we mention that this operation might not be well defined, and it might be neccessary to
introduce a regulating function to fully justify our results.
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form. This form directly follows from the pricing equation, and therefore from the fundamental
principles of constructing a self-financing replicating portfolio in terms of tradables. It ensures that
LsS = Sx(—i) = 0, so that S itself solves the pricing equation, as it should. This is in contrast
with the standard approach which starts with a Lévy process and then finds an equivalent martingale
measure to price options. Furthermore, our approach gives a clear relation between the Lévy measure
and the returns u(a) of the virtual tradables that we use to complete the market. The general theory
gives the following constraints on the Lévy measure

o0
/ min(1, 2%)y(z)dr < oo
—00
and, in order to allow the use of the non-standard centering function

/OO e*Y(x)dr < 0o
1

In the literature, there are several examples of pricing models in which the underlying stochastic
model is driven by a Lévy process. The advantage of such models is that they can in principle
account for a number of stylized facts such as volatility skews and smiles and the phenomenon of
sticky-volatility. One of the oldest is Merton’s jump-diffusion model [Mer76]. In his model, there is a
Brownian component, i.e. ¢ > 0, and the jump part is described by the Lévy measure

$(z) = Cexp <—%)

A very large class of models can be described by the Lévy measure

() = C_|z|7 17> exp(=A_|z|) forz <0
= Cylz| 1" exp(=Ap|z|) forz >0

Indeed, setting « = —1 and o > 0, this becomes Kou’s jump-diffusion model [Kou01]. For A_ = A,
and ¢ = 0 it becomes the class of truncated Lévy processes as studied in [Mat00]. Alternatively,
setting C,. = C_ and o = 0, we arrive at a class of models introduced by Carr, Geman, Madan and
Yor [CGO00]. This class contains the variance gamma model as a subclass (setting o = 0) [MCC98].
Finally, setting Cy = A_ = 0 = 0, we get the maximally skewed a-stable process studied in [CW00].

Yet another general class of models was introduced by Eberlein and Prause [EP98], the Generalized
hyperbolic distributions. In this case, the Lévy measure is

ex x|\/2y+a
o) |m‘ (fo - y(sz 5\}_|)Hy,2(5\}_))dy + )\exp(—gc|a)> for A\>0
€Tr) =

o exp(— ol y/Zyra?)
ER TR e v for A <0

This class contains as subclasses the hyperbolic distributions [EK95] by setting A = 1 and the normal
inverse Gaussian distributions [BN97] by setting A = —1/2. In the latter case, the Lévy measure
simplifies to

e’ ad
aed
In many of these models, it is possible to find (semi-)analytical expressions for the corresponding

infinitely divisible distributions, and for European option prices. Of course, for more general types of
options, one has to revert to the PIDDE Eq. (4.24), using numerical schemes to solve the equation.

P(z) = Ky (alz])
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5. RESTRICTING THE NUMBER OF JUMPS

In the previous section we have considered markets driven by both Wiener and Poisson processes. Of
course, the latter can make an infinite amount of jumps. For some price processes this might be a
reasonable assumption. But there are also cases in which we might want to restrict the number of
jumps. For example, when modeling credit risk it is natural to allow only one jump in the stochastic
process that models this risk. In this section we will consider the consequences of such a restriction
and how we can deal with them. We will focus on a restriction to one jump, but note that it is
straightforward to generalize the discussion to any finite number of jumps.

5.1 Credit risk, Duffie-Singleton

A fundamental difference between a market driven by a Poisson process, which can make infinitely
many jumps, and one driven by a stopped Poisson process, which can make only one jump, is that in
the latter case the number of effective driving processes is not constant in time: the stopped Poisson
process will no longer be effective after the jump. Let us consider a simple example, a market with a
treasury bond P° and a corporate bond P'. Taking the treasury bond as numeraire we assume the
following dynamics before the jump

dpP?

- = 0

e for t < tg (5.1)
Plt = ,udt + (Ol — 1) dNt/\td

t

where Niat, = Nmin(r,e,) i @ Poisson process stopped after the first jump at time t4, the time of
default. We see that at default, the corporate bond jumps like

1 _ 1
Ptdiaptd,

i.e. the new value is a fraction of the old value. This is called ‘recovery-of-market-value’ by Dulffie-
Singleton [DS95], and is a basic assumption of their credit risk model. It is to be contrasted to what
they call ‘recovery-of-treasury’, which is an assumption of the Jarrow-Turnbull model [JT95], to be
considered in the next section. To avoid arbitrage, we take the recovery rate 0 < a < 1 and the
credit spread p > 0. Now what happens after ;7 At that time we have two tradables and no source
of randomness. This represents an overcomplete market, and we have to be careful not to introduce
arbitrage opportunities. For example, we cannot use Eq. (5.1) for ¢ > t4 because the ratio P1/P is
strictly increasing at that time. The most obvious way to deal with this situation is to simply drop one
of the tradables. Indeed, after default, the corporate bond will no longer be traded, so it effectively
seizes to exist. Still, it will have some value, and if the holder of the corporate bond does not receive
this value immediately at the time of default, it will have to be reinvested in the remaining tradables.
The most natural thing to do is to reinvest the money in the treasury bond. So we could say

1 Ptl
Pl = P_OdPtO, t>tq (5.2)
ta
Using this, we can formally extend the dynamics of the tradables to all ¢, and find, in the same
numeraire
ap}
P—lt = Licy, (pdt + (o — 1) dNy)
t
We now turn to the pricing problem in this market. It will be obvious that the price of a contract
will depend on the information whether default has occurred or not. In fact, it is easy to incorporate
path-dependence in the problem, since the path is fully specified by the time of default t;. Now
before default, the price will depend on both PY and P! and it will be written as Vo(P°, PL,t). After
default it is useful to write it as V3 (PY, P! t4,t), but we have to keep the relation Eq. (5.2) in mind.
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The derivation of the pricing PDDE’s follows the same lines as the general discussion in the previous
section and will not be repeated. We find

AVo(P°, P t) 0 1 OVo(PY, P t)
———— 2+ Vi(BoP Pt t) — P~ =
It + 1(50 aﬂl s by ) i§1/6 oP!
IVi(P% P, s,t)
bt Sl Bl B B/
ot
where
__r -
Po=1—12 Bi=1__
The hedge ratios before default are given by
Vo(BLP°, B1 P, t) = Vi(BoP°, 1P, t,1)
PO,Pl,t _ 0 ) ) ) s Uy 5.3
ol ) PO(B1 — fo) (5:3)
Vi(BoP°, 51 P t,t) — Vo(BoP?, Bo P, t)
P P 1) = 2 22 2 2 5.4
61 (P, P 1) By (5.9

Let us now proceed to solve the pricing equations for the case of a European security with maturity
T. The payoff will be specified by a function Vo(P°, P1,T) for the case that no default occurred
before maturity and a function V; (P°, P, t4,T) in case default occurred at t; < T. We now introduce
T=T—t,7q=T —tg, y = PY/P°, Vo(P°, PL,t) = Puy(y,7), Vi(P°, Pt tg,t) = Pvi(y, 74, 7), and
use homogeneity to arrive at

%-ﬂﬁl _5O)y%z’ﬂ—ﬁo<v1(%ym7) —Uo(yﬂ')> =0

afUl (ya S, T)

or =0

The second equation leads to

Ul(yv 577—) = Ul(ya S, O)

Inserting this in the first equation and making a change of variables, introducing z = ye~(F1 =507 we
find

avo(z, T)

o + ﬁOUO(zv T) = ﬁO'Ul (%6(61 760)7’2) T, 0>

We now multiply by an integrating factor, then integrate

eﬁUTU()(Z; 7—) = ’U()(Z, 0) + B / 66031}1 (&e(ﬂl—ﬁo)sz’ s, 0) ds
0 Bo
Rewriting this in terms of the original functions and coordinates we get this symmetric result

Vo(P°, PLt) = Vo(e ™ PO e A7PL T)

T
+ / %1 (ﬁoe_ﬂ‘)(s_t)PO7 Bre~ Pt pl o T)ds (5.5)
t
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5.2 Credit risk, Jarrow-Turnbull

Next, we consider a variation on the model treated above, now using the assumption of ‘recovery-of-
treasury’. As we mentioned earlier, this is a basic assumption of the Jarrow-Turnbull credit risk model
[JT95]. We find that the pricing equations have exactly the same form as in the previous section,
unifying the two approaches in one framework. Now under ‘recovery-of-treasury’ the corporate jumps,
at the time of default, like

1 _ 0
Ptd —O‘Ptd,

i.e. the new value is a fraction of the value of the treasury bond. This corresponds to the following
choice of dynamics

ap?

PtUt = 0

apl ap? for t <ty
Ptli = /_Ldt =+ (T — 1) dNt/\td

So effectively we now have a tradable dependent jumpsize. We can now literally follow the discussion
in the previous paragraph, and find that the pricing PDDE’s and hedge ratios have exactly the same
form except that the 3 are now dependent on the tradables as follows

uP? auP?

bo=pt —qpor P = pr_opo

Note that if we assume that p > 0, the model is arbitrage free iff P! > aP°. This relation cannot be
true at all times in the past. In fact there will be a ¢, such that Ptlc = aPtOC and the model is arbitrage
free only after this t.. This is a fundamental problem with the recovery-of-treasury assumption.
However, for most realistic problems, time will be in the proper range and we need not bother about
the problem. Again we can solve the pricing PDDE’s for the case of a path-dependent European
security. Omitting the details of this calculation, we get

(Bo — 1) P° (81 — Bo) P
%(PO’P17t) = W (e(ﬁo—ﬁl)Tﬁo — B eBr=Po)T3, — ﬁO’T>

T (Bo — ﬁ1)2e(5+t)(50+ﬂ1)
/t (eﬁ08+ﬁ1tﬂ0 — eﬁotJrﬂlSﬂl)

+ Vi (5P, By P, 5, T)ds (5.6)

Note that if the payoff does not depend on the time of default, so that we have V;(P° Pl s T) =
Vi(PY, P1,T) for all s, the integral can be evaluated explicitely, and we get

v ( (Bo — B1)P° (B1 — Bo)P? T>
"\ eBo=BIT3y — 1 eBr=Bo)T 3y —
I (50(6,307' _ eﬁlT)pO 51(6517 _ eﬁoT)Pl T>

Vo(P°, P t) =

BoePo™ — BrehrT 7 BrefiT — Foefor

This simplification is what makes the recovery-of-treasury assumption attractive for path-independent
options. However, for path-dependent options, the recovery-of-market-value assumption usually leads
to more simple results, as we will see in the next section.

5.8 A credit default swap

Let us consider as an application a credit default swap (CDS) [Tav98]. This contract can be viewed
as a default insurance on a corporate bond. The buyer of protection receives the difference in value
before and after default in case the issuer of the corporate bond defaults during the lifetime of the
CDS. In return, he has to pay the seller of protection an annuity premium until the time of default,
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or the maturity of the CDS, whichever comes first. The contract can symbolically be decomposed in
more elementary contracts, each corresponding to a single cashflow, as follows

CDS = Default — Z ¢;Premium(t;)

Here ‘Default’ corresponds to the insurance payoff in case of default, while the cashflow ‘Premium(¢;)’
corresponds to paying a premium of one unit of P° at time t; iff no default occurs before ;. The c;
are usually chosen in such a way that the initial value of the contract is zero. Now let us assume that
the treasury bond, the corporate bond and the CDS all mature at the same time 7', and (without loss
of generality) that the treasury and the corporate bond have the same face value. This means that
before default we have the relation

Pl = eI po (5.7)

Using this, the payoff of ‘Default’ can be described as

Vo(P°, P T) = 0
Vi(P%, P! g, T) = e #T—tap0_p!
The boundary conditions for ‘Premium(¢;)’ are given by
Vo(P’, P, T) = P°
‘/1<P07P17td7T) = 1ti<thO

Duffie-Singleton It is now straightforward to find the values of the constituent parts of the CDS
in the Duffie-Singleton model before default by plugging the corresponding payoffs in Eq. (5.5), and
simplifying the result using Eq. (5.7). We get

Default(P°, P*,t) = (1— e*fﬁ(T*”)Lﬁ_lﬁl p! (5.8)
“Hoti=t) PO if ¢ < ¢
. ) 0 1 _ e 1 i
Premium(t;)(P", P ,t) = { PO otherwise

Hedge ratios follow from Egs. (5.3,5.4), taking V3 (3o P°, 81 P, t,t) equal to (8y—[31) P! for the ‘Default’
contract and equal to 14, <39 P° for ‘Premium(t;)’.

Jarrow-Turnbull ~ And similarly for the Jarrow-Turnbull model, using Eq. (5.6)

0 pl _ B1 — Bo Pr="0 p1
Default(P°, P',t) = In (ﬁl - e—(ﬂl—ﬁo)(T—t)ﬁ()) o
B1—=PBo 0 i
Premium(t;)(P°, P',t) = ﬁre—(ﬂl—ﬁo)(n—t)ﬁop if t <t
PO otherwise

5.4 First-to-default insurance

In this section we consider the problem of pricing a first-to-default insurance contract on a set of R
corporate bonds. This contract pays the loss on the first bond to default. If none of the bonds defaults
during the lifetime of the contract it expires worthless [Tav98]. We restrict our attention to corporate
bonds under the recovery-of-market-value convention. We assume the following dynamics taking the
treasury bond P° as numeraire (with i = 1,... ,7)

R
= pdt + Z(af = 1)dN{yyn,  for t < min(ty) (5.9)

r=1

dP;
P ti,
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where t; is the time of default of P". A few remarks are in place. It is assumed that the process N”"
models the default process of corporate bond P", so that if N” jumps, P" seizes to exist. However,
we do allow N" to influence the prices of the other corporate bonds via the elements a] with i # r,
thus introducing a form of default correlation. Because of the simple form of the contract, we will
not need to know the dynamics of the bonds after any default. Now the price function Vj(x,t) before
occurrence of any default should satisfy

R N

Mo (x,1) + Z <w (87x,t) — ZﬂxaVO(Xt)> =0 (5.10)

ot r=1 i=0 Oz

where V,.(x,t) is the price of the contract given that corporate bond P has defaulted. For a general
contract these functions could themselves be complex derivatives on the remaining tradables. In the
present case they are very simple indeed

Vi(x, 1) = (i _ 1) P

o

Inserting this in Eq. (5.10) we are left with (since 8] = "))

MNolxt) N (1 _ grypr N~ g Vo) _
T“‘;((ﬂo_ﬂrﬂj _;ﬁixlTiH)_o

To find the price of our contract, we integrate this PDE using the boundary condition Vy(x,T) = 0.
The result is

R

R
4 ﬂ’l‘ _ T
Vo(xat):Z“*@ ﬁﬁ)%Pra @:Zﬂ{
r=1 r r=1
It is interesting to observe that every term in this sum has the same functional form as a default
insurance on a single corporate bond, as can be seen by comparing with Eq. (5.8).

5.5 Consistent default correlation

The first-to-default insurance contract was relatively easy to price because of the special form of its
payoff. We will now consider the pricing problem for a more general type of contract. The fundamental
problem to be faced is how to formulate a model for credit-risk that is self consistent, not only before
occurrence of any default, but at all times, in the presence of default correlation. We start out by
generalizing Eq. (5.9) as follows

dp;
P ti,

R
= w(dt + 3 (@ (1) - 1) dN]
r=1

For the sake of simplicity we assume that the credit spreads and jump sizes only depend on time and
default information but not on other tradables. Since the default times ¢, are stopping times w.r.t.
the filtration F; generated by the Poisson processes, these functions cannot be general functions of
the t};, because they should be adapted to the filtration. However, they may contain JF;-measurable
compositions such as f(t, tg)l{t; <ty- Furthermore, these functions should satisfy some self-consistency
conditions, which follow from the simple observation that if a given corporate bond does not default
during its lifetime, it will have a definite value at maturity, independent of possible default events of
other bonds. So integration of the dynamic equations of a bond P’ up to maturity should yield the
same value for any possible path for which this bond does not default. Let us illustrate this by looking
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at a simple example. We look at two corporate bonds P! and P? and a treasury bond P°. Taking
the latter as numeraire, we write the dynamics as

pa(t)dt + 37,y 5(a(t) — )dNtTAtT for ¢ < min(ty, t3)

1
‘% = q m(gt)dt + (al(td 1) — )N, for t7 <t <t
- 0 for th < ¢
dP? pa(t)dt + 32,y o(ab(t) = 1)dN]y,  for ¢ < min(t}, t3)
?; = palty, )t + (a3(ty,t) = DANE, 2 for ty <t <t

for ti <t

Now suppose that P! matures at time T. The consistency relations for this bond then take the form
(assuming ¢ < t2)

T
P(T) = P'(t)exp ( / m(S)dS)

2 T
P(t)a3 (t3) exp </t ul(s)ds+/t2 ,uﬂtﬁ,s)ds)

or equivalently

T
ai(t3) = exp (/tz (1 (s) = m(ti,s))ds)

d

and similarly for P?

a;(tg) = exp </t (na2(s) — p2(ta, 8))d8>

d

So we see that the off-diagonal jump sizes are completely fixed by a choice of the drift functions, and
also that if one bond jumps down in response to default of another, its credit spread must go up, just
as one would expect. Now consider the pricing problem. Again, the price of a contract will depend
on information which of the bonds has defaulted and when, and we need four functions to describe it.
The price Vj(x,t) before any default should satisfy

Vo (x, r( 8 (%,
Of’a(tt)+z<v;( t)x,t,t) Zﬂ VO t))

r=1,2 i=0 Li

where the 7 (t) are found in the standard way from the dynamics before any default. The functions
Vi (x,t0,t) with r = 1,2 correspond to the price given that only bond P" has defaulted at time ¢7.
They satisfy

2

Vi (1L ) Vi (x,th 1)
0 = Nxigt) Vatdﬂzm(ﬂ?(t;,t)x,té,t,t) —gﬁ (ty,t)x Tid

8 2(X7t2,t) 2 5L2(X t 9 )
0 = SRR V(B (e k.t th) - D AL ()

=0

In this case, B}(t3,t) and 3] (t3,t) are found from the dynamics of P? and P! given that P? has
defaulted at time ¢3 and P! has not. Next, 4 (t2,t) should be taken equal to 3§ (¢2,t), corresponding
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to the fact that P? has the same dynamics as the treasury. A similar story holds for the B2(th, ).
Finally, the price Via(x,t},¢2,t) after default of both corporate bonds simply satisfies

MVia(x, th, t2.1)

ot
In general, this set of equations will be hard to solve and we will have to revert to numerical techniques.
It is a challenge to find a model which is analytically managable, while still incorporating default
correlation in a realistic way. We will return to this problem in future work.

0=

6. CONCLUSIONS AND OUTLOOK

Using local scale invariance, a.k.a. numeraire invariance, as a first fundamental principle we have shown
how one can derive derivative security prices, and hedge ratios, in a completed market with underlying
price processes driven by Wiener and Poisson processes. We discussed the various symmetries that
should be satisfied by the dynamic equation governing the prices of derivative securities and the subtle
differences regarding the notion of ‘market price of risk’ between the Wiener and Poisson case. We
have further indicated how to extend the jump-diffusion case to Lévy processes. The complete market
case provides a natural basis to introduce the effects of incomplete markets. We showed how this leads
to PIDDE where a ‘market-price’ of risk has to be specified via some function on the jump-size. This
provides a natural and intuitive starting point for generating corrections to the usual Wiener case.
When applied to stock options, such models give an alternative way to explain and model the volatility
surface, which seems to be in better agreement with the observed behaviour then the standard ‘local
volatility’ approach [AA00].

Another application that bears the fruit of making the symmetries explicit is credit derivatives. In
that case we were able to show how both the Duffie-Singleton and Jarrow-Turnbull approaches can
be understood from one encompassing framework. Furthermore we introduced a ‘market model’ for
credit risk and showed how to compute first-to-default insurance contracts in such a framework. The
important notion of credit correlation can be modeled in a consistent and straightforward manner
using our framework.

Symmetries invoke constraints on model building and as such they provide guidance in how to
construct good models for derivative security prices. The general pricing equation derived for Lévy
processes provides a good starting point for generating solutions in some perturbative expansion. Such
approximations can be used to mark the model to the market for example.

The credit correlation model can be computed numerically for arbitrary choices of the parameters
that determine the stochastic dynamics. It is however important to have a simple, easily calculable
model that provides swift and accurate prices and hedge ratios for credit derivative securities.

We will come back to these points in future work.

A. TIME DEPENDENT CASE

In this appendix we will give a proof by direct substitution of the correctness of the general solution
as given in Sec. 4.2. For a more direct derivation we refer to the results obtained in Ref. [HN99a] (for
the diffusion part) and Sec. 4.1 (for the jump part). The PDDE to be solved is given by

_ W) OV (x.1)
0 = Y S PO o
i,j=0m=1
N
+Z( t)x, 1) — Zﬁ{(t)xi%)
i=0 ¢

where the 87 (t) are defined by

Bi(t) = aiAe(t),  Ac(t) = — Zﬂy () A 2 (1)
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Note that the o are assumed to be constant. We will see that this assumption is crucial to get a
simple form for the solution. The reason is that if jumpsizes are not constant, effects of jumps can no
longer be described in terms of the number of jumps that occur, but one needs exact information on
the timing of the jumps. To solve the PDDE, we use the following ansatz for the solution

V(xt) =) /R g({zi (2 — 0:) ma(p;)}) dz (A1)

n>0

Here g(x) = V(x,T) describes the boundary condition at maturity 7. The vectors 6; = (0}, ... ,0M)
follow from a singular value decomposition of the time-integrated covariance matrix

M T M
S o) = / S o7 (w) o (u) du
m=1 tom=1

In a similar way, the vectors p; = (p},... , pF) are defined as

T
iy = [ orta) dn

The ¢(z) and 7, (p,) are defined by

Moo,
o) = ] et
A
mlp) = [l

To prove that this ansatz is indeed the solution of the PDDE we consider the two seperate cases,
where the jumps and diffusions are switched off respectively. Leibnitz’ rule then suffices to prove that
the case with both diffusions and jumps is solved by the ansatz Eq. (A.1). We start with the diffusion
part, showing that the function

V(x,t) = /RMg({xl- ng(z—Oi)})dz

solves the PDE

N M
oV (x,t OV (x,t
0=LV(x,t) = WVixt) +1 E § ol (t)oT (t)x; V1) 4)
To this end, we need the following identities, which are easy to derive

P M
- (;_ o7 (1)6; <t>>

M
— 3 o o) (A.2)
m=1

)
Ozm, m
B = S 0 2 (A3)

,m
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From these we can derive the crucial equation

i oo™ 2
Lo = e )P, 00 g OO 0

o ow, £ ot " 9z,0u;
0m(t) [ P
— _gm J L R

T ) (v 0\ 99
B 875 10z ) Ozm

where Egs. (A.2,A.3) were used in the first step, homogeneity in the second and Eq. (A.4) in the third.
If we plug this into the PDE we find

o0 (t 0 9g
,CVTX,ﬂ = waﬁgd jz: ot (mj552>tA;M 3&nd

The integral over z,, becomes trivial and we see that the expression vanishes because of the strong
decay of the Gaussian at infinity.

Next, we consider the jump part, showing that the function

V(x,t) = Z ({z; ma(p;)} Zgn

n>0 n>0

solves the equation

0=LV(x,t) = W + zR:l <V(,6”(t)x,t) - iﬁ:(t)xi%:ﬂ>
We first derive some useful identit;es 7
oralo) ER: (70(02) ~ T3, (01, 21) 51 1) (A5)
mPIBO) = Tass (0 e s+ 1)

where 9, is a vector with a one at position r and zeros elsewhere. The important thing to note in the
last equation is that the ratio of 3] and p;] does not depend on the jumpsize o] by virtue of the fact
that the o] are constants, as can be easily seen from the definition of the 3] ’s:

g N
p; (t) ftT A" (u) du

Therefore it does not depend on the index ¢ and this allows us to exploit homogeneity again. Indeed,
using the last equation and the fact that 9;g(x) is homogeneous of degree zero, making it possible to
scale out an arbitrary overall factor, we can write

9ig({z;ma(p))Bj(1)}) = Oigns, (A4.6)

where 9; denotes the derivative w.r.t. the i-th argument. Since g(x) is homogeneous of degree 1,
0;g(x) is homogeneous of degree 0 and we can scale out an arbitrary overall factor. By Eq. (A.5) we
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find
agn _ al aﬂ-n(f%’)
ED Sy e
R N
= > > (7alp) = ™ns,(p) 10, >1) B} ()7:0ign
r=1 =0

Homogeneity together with Eq. (A.6) leads to

R R N
Z g({-’L'j Tn (pj) ﬁ; (t)}) = Z Z 71'n(pi) 6: (t)xiaig({xj 71'n(pj> ﬁ; (t)})
r=1 r=11i=
R N0
= D> ™) B (Dwidign+s,
r=111=0
Finally
R N 9g R N
=D B0 = =D ma(p) B (D:iDign
r=1i=0 ’ r=1i=0

Putting this al together, we find after some renumbering

LV(x,t) = Lgn=0

n>0

and this concludes the proof.
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