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ABSTRACT

Adaptive wavelet decompositions appear useful in various applications in image and video processing, such as
image analysis, compression, feature extraction, denoising and deconvolution, or optic flow estimation. For
such tasks it may be important that the multiresolution representations take into account the characteristics
of the underlying signal and do leave intact important signal characteristics such as sharp transitions, edges,
singularities or other regions of interest. In this paper, we propose a technique for building adaptive wavelets by
means of an extension of the lifting scheme. The classical lifting scheme provides a simple yet flexible method
for building new, possibly nonlinear, wavelets from existing ones. It comprises a given wavelet transform,
followed by a prediction and an update step. The update step in such a scheme computes a modification of
the approximation signal, using information in the detail band. It is obvious that such an operation can be
inverted, and therefore the perfect reconstruction property is guaranteed. In this paper we propose a lifting
scheme including an adaptive update lifting and a fixed prediction lifting step. The adaptivity consists hereof
that the system can choose between two different update filters, and that this choice is triggered by the local
gradient of the original signal. If the gradient is large (in some seminorm sense) it chooses one filter, if it
is small the other. In this paper we derive necessary and sufficient conditions for the invertibility of such an

adaptive system for various scenarios.
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1. INTRODUCTION

Multiresolution representations, such as pyramids and wavelets, provide a powerful tool for
the analysis of signals, images, and video sequences [2, 10, 25,31]. The classical wavelet
transforms, both continuous and discrete, are linear, and their constructions are often based
on the ‘good old’ Fourier transform. The introduction by Sweldens [27-29] of the lifting
scheme, however, has changed the ‘wavelet scene’ dramatically. This scheme, illustrated in
Fig. 1, provides a general and flexible tool for the construction of new wavelets from existing
ones. The general ingredients of the lifting scheme are an existing wavelet transform WT,
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Figure 1: General lifting scheme.

an update map U, and a prediction map P. A decomposition of an input signal xg into
bands z’,1y’ is obtained in the following way. The original signal zg is first split into an
approximation signal z and a detail signal y by a given wavelet transform WT (which may
be a polyphase decomposition, also called ‘lazy wavelet transform’). The update map U
acting on y is used to modify z, resulting in a new approximation signal z’ = z + U(y).
Subsequently, the prediction map P acting on 2’ is used to modify y, yielding a new detail
signal y' =y — P(a'). At synthesis, the original signal z( is reconstructed by reversing the
lifting steps and applying the inverse of WT.

It is important to observe that the invertibility of the scheme is guaranteed and does not
require any condition on the lifting maps P and U. This flexibility has challenged researchers
to develop various nonlinear wavelet transforms [5-9,19-21], including morphological ones [4,
11,14-17,22].

The multiscale analyses deriving from classical multiresolution transforms, including many
of the nonlinear transforms whose construction is based on the lifting scheme, lead to a uni-
form smoothing of the information contents in the image when going to lower resolutions.
However, in a large number of applications in image and video processing it would be useful
to have multiresolution representations that take into account the characteristics of the un-
derlying signal and do leave intact or even enhance certain important signal characteristics
such as sharp transitions, edges, singularities or other regions of interest. The importance of
such “intelligent”, “adaptive” or “data-driven” representations in image analysis, compres-
sion, denoising, or feature extraction, has been recognised by various researchers and has
led to a wealth of new approaches in wavelet theory, such as bandelets [24], ridgelets [13],
curvelets [3], wedgelets [12], etc.

In this paper we propose a general framework of adaptive wavelets constructed by means
of an adaptive update lifting step. In the literature, one can find several other approaches for
building adaptive wavelets [7,8,18,30]. In [26], some of these approaches, and their drawbacks,
have been discussed in more detail. The adaptive update lifting scheme introduced in this
paper is general in the sense that it is neither causal®, nor does require any bookkeeping to
enable perfect reconstruction.

This paper is a sequel to an earlier paper [26] by two of the authors. In § 2.2, we shall
briefly discuss the adaptive scheme introduced in that paper and recall some of the main
results derived there. In Section 2 we will present a framework which is much more general
than the one in [26], in the sense that it allows more than two subbands, longer filters, and
general seminorms in the decision map. In Section 3 we will derive necessary and sufficient
conditions for perfect reconstruction. Then we will analyse several different choices for the
seminorm, namely the ['-norm and the [*°-norm in Section 4, the quadratic seminorm in
Section 5 and seminorms using derivative filters in Section 6. In Section 7, we perform

! Causality means that the computation of the detail signal at a given location depends ‘only’ on previously
computed detail samples.
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various experiments, both in one and two dimensions. Finally, in Section 8 we present our
conclusions.

2. GENERAL FRAMEWORK FOR UPDATE LIFTING

In § 2.1 we introduce our adaptive update lifting scheme. This scheme generalises the one
introduced by two of us in [26]; we briefly recall this scheme in § 2.2. Then in § 2.3 we discuss
two major ingredients of our new scheme, the decision map and the update filters. In § 2.4
we formulate two conditions guaranteeing that the underlying scheme is truly adaptive.

2.1 THE ADAPTIVE UPDATE LIFTING SCHEME

Assume we have an (K +1)-band filter bank decomposition with inputs z, y®, oy (with
K > 1) where ac,y(l), .. ,y(K) generally represents polyphase components of the analyzed
signal. The first signal  will be updated in order to obtain an approximation signal whereas
yW ..y ) will be further predicted so as to generate detail coefficients. Consider an
adaptive update lifting scheme as depicted in Fig. 2. In this scheme D is a decision map
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Figure 2: K-band adaptive update lifting scheme.
which uses inputs from all bands, i.e., D = D(a:,y(l),... ,y(K)), and whose output is a

decision parameter d. In this paper we are exclusively concerned with binary decision maps
where d can only take the value 0 or 1. Note that in our previous paper [26] we have also
treated the more general case where d can take values in a continuous interval.

The parameter d governs the choice of the update step. More precisely, if d,, is the output
of D at location n € Z¢, then the updated value z’(n) is given by

7'(n) = z(n) ®q,, Udn(y(l), ... ,y(K))(n) . (2.1)

In the classical non-adaptive case, when there is no decomposition map and the update
filter does not depend on x, the update step is given by

d(n)=azm)aUEY,...,y"))(n),
and can be inverted by means of
z(n) =2'(n) e UWY,...,y"))(n),

where 6 is the ‘subtraction’ which inverts the addition ¢. In the adaptive case considered
here, however, we need to know d,, at every location n to get perfect reconstruction. Since
dn = D(a:,y(l), e ,y(K))(n) requires the original input signal z, which is not available at
synthesis, recovery of d,, is an impossible task in most cases. However, under some special
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circumstances it is possible to recover d,, from z’ and y, ...,y by means of a so-called
posterior decision map D'. Obviously, this map needs to satisfy
DI(:I/‘,, y(1)7 A 7y(K)) = D(:I;, y(1)7 A 7y(K)) )

for all inputs z,y(D, ...,y with 2’ given by (2.1). Henceforth we assume that the value
dyp, = D(x, y ,y(K))(n) depends on local information. In this paper, it will be assumed
that it depends on the gradient vector determined by the values z(n) — y® (n + 1), where
p=1,...,Kandl € L; here L C IR? is a finite window around the origin. We present two
examples to illustrate these concepts.

2.1 Example. First we consider filter banks for one-dimensional signals with one approxi-
mation band x and one detail band y. Thus K = 1 and we omit the superindex of y in this
case. Assume that samples xo(2n),zo(2n + 1) of the original signal correspond with samples
z(n),y(n), respectively. In our paper [26] (see also the previous section) we assumed that
d,, depends on the gradient vector with components z(n) — y(n — 1) and z(n) — y(n). Thus,
L = {—1,0} in this case.

2.2 Example. Next, we consider two-dimensional signals as depicted in Fig. 3, and we are
interested in decompositions with K = 3 corresponding with a square (i.e., 2 x 2) sampling
structure. The geometrical interpretation of the three last band signals is as follows (see

b
_—
(2m-1,2n-1) | (2m-1,2n) |(2m-1,2n+1) y®(n-a-b) | y(n-a) y®(n-a)
(2m,2n-1) (2m,2n) (2m,2n+1) v @(n-b) x(n) y @(n)
a
Cm+1,2n-1| 2m+1,2n) ((2m+1,2n+1) l v ®)(n-b) ¥y @(n) y®(n)

Figure 3: Left: coordinatisation for two-dimensional signals. Right: location of the input

signals © and y(M),y? yB) after square sampling.

also the right diagram in Fig. 3): after prediction, yM, y) will represent the detail bands
capturing vertical and horizontal details, respectively. The interpretation of y(3) is somewhat
less intuitive. After prediction, it leads to what is sometimes called the diagonal detail band.

Let us assume that the decision d,, depends on the gradient vector associated with its 8 hori-
zontal, vertical and diagonal neighbours. This involves, besides x(n) itself, the samples (start-
ing at the east and rotating counter-clockwise): y™)(n), y®(n —a), y@(n —a), y®(n -
a—b), yW(n-0b), y®(n-0b), yP(n), y®(n). Therefore L = {0, —a, —b, —a — b}. Here
a, b are the unit row and column vectors (1,0) and (0, 1).

We introduce some additional notation. Assume that the decision map at sample n depends
only on the values z(n) — y®i)(n +1;) for j =1,... N, with p; € {1,... ,K} and l; € L.
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Obviously, N < K -|L|, where |L| is the number of elements contained within window L. We
define
yj(n) =yP)(n+1), j=1,...,N.

Note that we have some freedom in labeling the values y(p)(n + 1) by j. Fortunately, the
specific choice of the labeling is of no importance. In Example 2.1(b), choosing a counter-
clockwise labeling direction, we get y1(n) = y(V(n), y2(n) = y®(n—a), y3(n) =y (n—a),
etc.

2.2 PREVIOUS RESULTS

In our previous work [26] we have been dealing exclusively with the one-dimensional case as
discussed in Example 2.1(a). We have considered the same adaptive update lifting scheme
as the one depicted in Fig. 2, but with one detail band only, i.e., K = 1. In this case, (2.1)
reduces to

z'(n) = x(n) ®q, Ug, (y)(n),

where d, = D(z,y)(n). In [26] we assume that the decision map D is of the form

D(z,y)(n) = q(|z(n) —y(n = 1)| + |z(n) —y(n)]),

for some given function ¢ : Ry — IR. Furthermore, we only considered update filters U, that
have two taps:

Ua(y)(n) = Aay(n — 1) + pay(n) .

For the function ¢ we have considered two cases: the general case, meaning that the update
filter coefficients depend on the ['-gradient norm in a continuous fashion, and the binary
threshold case with

q(s) =

0 ifs<T
1 ifs>T.

We have derived necessary and sufficient conditions on the filter coefficients for perfect re-
construction in both cases.

2.3 CHOICE OF DECISION MAP AND UPDATE FILTER
We define the gradient vector v(n) = (vi(n),... ,vx(n))T € RY (where ‘T’ means transpo-
sition) by

vi(n) =x(n) —y;(n), j=1,... N. (2.2)

As we said before, the decision map depends exclusively on the gradient vector v(n). Before
we can give an explicit expression for the decision map, we need to introduce the concept of
seminorm.

2.3 Definition. A function p : RY — R is called a seminorm if the following two properties
hold:

(i) p(w) = |\ -p(v), veRY, AeR
(i1) p(vi+ v2) < p(v1) +p(ve), wv1,v2 € RV,

This last inequality is called the triangle inequality.



A large class of seminorms on IR" is given by the expression
I y
p(v) = (Y lalv?) ", (2:3)
i=1

where a; € RN, i =1,...,I and ¢ > 1. By a”v we mean the inner product of the vectors
a and v.
The seminorms given by

p(v) = (v Mw)"? (2.4)

where M is a symmetric positive semi-definite matrix, are called quadratic seminorms. It is
not difficult to show that they belong to the family given by (2.3) with ¢ = 2. Indeed, if M
is a symmetric positive semi-definite matrix, we can write [23]:

N
M = Z)\zuzulT, )\i Z 0,
i=1

where {); | 1 <i < N} are the eigenvalues of M and {u; | 1 <i < N} are the (orthonormal)
eigenvectors of M. The expression (2.4) becomes:

1/2 N 1/2
= (Z )\i|u;frv|2> .
i=1

Now, if we take a; = v/A;ju;, we get (2.3), with ¢ =2 and I = N.

Recall that p is a norm if, in addition to (¢)-(¢7) in Definition 2.3, it satisfies p(v) = 0 iff
v = 0. Obviously, every norm is a seminorm but not vice-versa. In particular, the seminorm
given in (2.4) is a norm when M is a symmetric positive definite matrix.

In this paper we deal exclusively with binary decision maps of the form

p(v) =

N
vl (Z /\Zuzu;‘r) v
i=1

1, if p(v(n))>T

0, if p(v(n)) <T, (25)

D(z,yM,...,y"))(n) = {

where v(n) is given by (2.2), p is a seminorm, and 7' > 0 is a given threshold. Instead of
(2.5) we may also use the shorthand notation

D(z,yY, ... ,y"))(n) = [p(v(n)) > T], (2.6)

where [P] returns 1 if the predicate P is true, and 0 if it is false.

In the update step given by (2.1) we need to specify the ‘addition’ ©4 as well as the update
filter Uy(y™D, ... ,yE))(n) for the values d = 0,1. Henceforth we assume that the addition
@y is of the form

T ®gu=ag(z+u), (2.7)

with ag # 0. Such a choice means in particular that the operation @4 is invertible.
The update filter is taken to be of the form

N
Us (Y, .y () =Y Aa jyi(n), (2.8)
j=1
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i.e., it is a linear combination of the values of the last IV polyphase components inside the
window L located at m. The filter coefficients \g,, ; depend on the decision dy, given by (2.6).
Combination of (2.1), (2.7), and (2.8) yields that

¥'(n) = ag,z(n) + Zﬂdn,jyj (n), (2.9)

where

Ba,j = qtdAd,; -

2.4 ADAPTIVITY CONDITIONS

In the next section we will examine the question under which assumptions the lifting frame-
work discussed previously is invertible. In other words, we show how to recover x from z’
given by (2.9) and the original signals y"), ... ,y(®). If such an inversion is possible, then we
say that the perfect reconstruction condition holds. Obviously, we can easily invert (2.9):

1 N
z(n) = oL (#'(n) = Banjui(n)) , (2.10)

presumed that the decision d,, is known at every location n.

Not every seminorm can be used to model an adaptive scheme. For example, if p depends
only on differences v; — vj;, then the threshold criterion in (2.5) is independent of the value
of z(n), as can easily be seen by using (2.2). A simple condition on p which is necessary and
sufficient for the adaptivity of the corresponding scheme is

p(u) >0,
where u = (1,...,1)7 is a vector of length N. Indeed, it is easy to check that the condition
p(u) = 0 is equivalent to the condition

p(v+Au) =p(v), ve RY, A€ R.

Observe that the addition of A to z(n) while keeping all y;(n) constant, amounts to the
addition of \u to the gradient vector v(n). If such an addition does not affect the seminorm,
then the corresponding decision criterion does not depend on z(n), and hence the scheme is
non-adaptive.

Adaptivity Condition for the Seminorm. The seminorm p on R” satisfies
p(u) >0, (2.11)

where u = (1,...,1)7 is a vector of length N.

Obviously, we need a second condition to guarantee true adaptivity, namely that the update
filters for d = 0 and d = 1 are different.

Adaptivity Condition for the Update Filters. The update filters for d =0 and d = 1
do not coincide, i.e, By ; # f1,; for at least one j.

Henceforth we restrict ourselves to the case where both adaptivity conditions are satisfied.
Define the value

N
ki=0aq+ Y Baj,  d=0,1. (2.12)
j=1

We have the following result.



2.4 Proposition. Assume that p satisfies the adaptivity condition in (2.11). A necessary
condition for perfect reconstruction is kg = K1.

Proof. Assume that kg # r1. Let £ € R be such that

a T

|(ko — k1)&| > o) (2.13)
Let n be a given location and assume that z(n) = £ and yx(n) = € for k = 1,... ,N. Obviously,
v(n) = 0 hence d,, = 0. It follows immediately that (2.9) gives z'(n) = kof. However, if we take
z(n) = £ + n and the same yi(n) as before, then v(n) = nu. Therefore, if |n| > T/p(u), then d,, =1
and we deduce that z'(n) = k1€ + a1n. If we choose n = (ko — K1)€/au, then, because of (2.13)
the condition |n| > T'/p(u) is satisfied. For this particular choice, however, k1 + ay1n = k€. Thus
we have shown that for the same values of yi(n), two different inputs for x(n) may yield the same
output. Obviously, perfect reconstruction is out of reach in such a case. L]

Throughout the remainder of this paper we normalise the filter coefficients so that
Rop = K1 = 1. (2.14)

Obviously, such a normalisation is possible only in the case where k4 # 0. A system with
kq = 0 would, in general, correspond to a prediction operator (i.e., “high-pass” filter), while
the condition kg4 # 0 is more appropriate for update operators (corresponding to “low-pass”
filters).

Unfortunately, the condition in (2.14) is far from being a sufficient condition for perfect re-
construction. In the following subsection we will be concerned with the derivation of sufficient
conditions for perfect reconstruction.

To simplify notation, we will henceforth omit the argument n in our notation. Thus we

write z,y; instead of x(m),y;(n), respectively, and v = (vy,...,vn)T instead of v(n) =
(v1(n),...,vy(n))!. Now, the update lifting step in (2.9) can be written as
N
¢ = agr + ng,jyj , (2.15)
j=1

and the inversion in (2.10) reduces to

N
1 !/
x = a—d(a: — Z,Bd,jy]) . (2.16)
7=1
Subtraction of y; at both sides of (2.15) yields
v = (1= Bai)vi — Y _ Bajvs s (2.17)
JFi
where
vi =12 —y;, i=1,...,N. (2.18)

Define the N x N-matrix A; by the right hand-side expression in (2.17), i.e.,

1—-B41 —Ba2 —Baz --- —Pan
—Bag  1—PBa2 —Bas :

Aa=| —Bs1  —Bap 5 : (2.19)

—Ban —Ba2 —Baz ... 1—PBan
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The adaptive update lifting step is described therefore by:

{”’ = Aav (2.20)
d = [p(v) > TJ,

where p : RY — R, is a given seminorm satisfying the adaptivity condition (2.11).

3. WHEN DO WE HAVE PERFECT RECONSTRUCTION?

In this section we will formulate conditions on the seminorm and the update filters which
guarantee perfect reconstruction; see § 3.2. As a preparatory step, we will ‘translate’ the
perfect reconstruction condition into an equivalent condition called the Threshold Criterion,
stated in terms of the seminorm.

3.1 SEMINORMS AND THE THRESHOLD CRITERION
Before we formulate a necessary and sufficient condition for perfect reconstruction, we intro-
duce some notions that we need in the sequel.

Let V be a vector space with seminorm p. For a linear operator A : V' — V we define the
operator seminorm p(A) and the inverse operator seminorm p~'(A) as

p(A) = sup{p(Av)|v €V and p(v) = 1}
p ' (A) = sup{p(v)|v €V and p(Av) = 1}.
In the last expression we use the convention that p !(A) = oo if p(Av) = 0 for all v € V,
unless p is identically zero, in which case both p(A) and p~!(A) are zero. Throughout this
paper, we will discard the case where p is identically zero and, consequently, we will always
have p~1(A4) > 0.
We list some properties of these two notions in the following proposition.

3.1 Proposition. Let V' be a Hilbert space, let p: V — IRy be a seminorm and A:V —V
be a bounded linear operator.

(a) p~1(A) = p(A~1) if A is invertible.
(b) The following two conditions are equivalent
(1) p(A) < oo
(13) p(v) = 0 implies p(Av) =0 forv eV
(¢) The following two conditions are also equivalent
(i) pH(4) <0
(13) p(Av) =0 implies p(v) =0 forveV
(d) p(Av) < p(A)p(v) if p(v) # 0.
(e) p(v) < p H(A)p(Av) if p(Av) # 0.

Proof. The proofs of (a), (d) and (e) are straightforward. We prove (b) and (c).
(b): Assume (i), that is p(A) < co. Now suppose that there exists a v € V such that p(v) = 0 and
p(Av) # 0. We show that this gives rise to a contradiction. Fix a vector w with p(w) = 1. Obviously,

p(Av +w) < [Ap(v) +p(w) =1,

and also
1=p(w) < p(Av+ w) + p(—\v) = p(Av + w),
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which means that
p(Av+w) =1 for every A € R.

By definition,
p(4) = p(A(Av + w)) > p(AAv) — p(Aw) = |A|p(Av) — p(Aw).

Letting |A\| — oo, we arrive at the conclusion that p(A) = oo, a contradiction.

Assume, on the other hand, that (7i) holds. Define Vo C V as Vp = {v € V | p(v) = 0} and
Vi = Vi, Tt is easy to see that for any v € V we have p(v) = p(vy) where v; is the projection of v
on Vi. Obviously, p defines a norm on the closed subspace V;. The decomposition of V into Vy and
Vi gives rise to a decomposition of the operator A into A;; where A;; maps V; into Vj, for 4,5 =0, 1.
Thus we can write

Av = (Apovo + Ao1v1) + (A10vo + A11v1) ,

where the first and second expression between brackets lies in V) and V7, respectively. The condition
in (i¢) obviously means that Ajg = 0. It is then evident that

p(A) = sup{p(A11v1) | p(vi) =1},

and this coincides with the norm of Ay; on V; which, by definition, is finite. This proves (b).

(c): This proof is very similar to that of (b). In the second part of the proof where it has to be
shown that p~!(A) < oo, it is found that Ajg = 0, Aj; is invertible, and p~'(A) = p(A7;'), which is
finite.

O

We return to the update lifting step described in the previous section. If p(v) < T at the
analysis step, then the decision equals d = 0 and v’ = Agv. If, on the other hand, p(v) > T,
then d = 1 and v/ = Ayv. To have perfect reconstruction we must be able to recover the
decision d from the transformed gradient vector v’. For simplicity we shall restrict ourselves
to the case where d can be recovered by thresholding the seminorm p(v’), i.e., the case that

d = [p(v) > T] = [p(v') > T'],
for some T" > 0. We formalize this condition in the following criterion.

Threshold Criterion. Given a threshold 7' > 0, there exists a (possibly different) threshold
T" > 0 such that

(1) if p(v) < T then p(Agv) < T";
(i7) if p(v) > T then p(Ajv) > T".
The following result is obvious.
3.2 Proposition. If the threshold criterion holds then we have perfect reconstruction.
The corresponding reconstruction algorithm is straightforward:
1. compute v’ from (2.18);
2. if p(v') < T’ then d = 0, otherwise d = 1;
3. compute z from (2.16).

Thus it remains to verify the validity of the threshold criterion. The following result, which
we consider to be the main result of this section, provides necessary and sufficient conditions.
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3.3 Proposition. The threshold criterion holds if and only if the following three conditions
are satisfied:

p(Ap) < 00 and p~1 (A1) < o
p(Ao)p~'(A1) < 1.

Proof. ‘f’: put T' = p(Ap)T; we show that the threshold criterion holds. To prove (i), assume that
p(v) < T. If p(v) = 0, then p(Agv) = 0 by (3.1) and Proposition 3.1(b). If p(v) > 0, then we get
from Proposition 3.1(d) that

p(Agv) < p(Ao)p(v) < p(Ag)T =T".

To prove (ii) assume that p(v) > T. From the fact that p~*(4;) < oo and Proposition 3.1(c)
we conclude that p(A;v) # 0 and we get from Proposition 3.1(e) that p(v) < p~1(A4;)p(A1v). In
combination with (3.2), this gives us

p(Arw) > > p(Ao)p(v) > p(Ao)T =T".
This concludes the proof of the ‘if’-part.

‘only if’: to prove that p(Ay) < oo, assume that p(v) = 0 and p(Aov) # 0. We show that this will
give rise to a contradiction. Choosing A > T"/p(Aov) we have p(Ag(Av)) = |A\|-p(Aov) > T'. However
p(Av) = |A] - p(v) = 0, and we have a contradiction with (i) of the threshold criterion. The fact that
p (A1) < oo is proved analogously. Thus it remains to prove (3.2). Choose T' = 1 and let 7" be
the corresponding threshold given by the threshold criterion. We derive from () that p(Ay) < T".
Now (ii) reads as follows: if p(v) > 1 then p(A;v) > T'. Now suppose that (3.2) does not hold,
i.e., p(Ao)p~' (A1) > 1, or equivalently, p~' (A1) > (p(4o))~" (p(Ao) # 0, otherwise p~*(A;) should
be infinite). From the definition of p~'(4;) it follows that there must be a vector v € RY with
p(A1v) =1 and p(v) > (p(Ag))~!. Putting v’ = p(A4p)v we get p(v') > 1 and p(A;1v’) = p(4y) < T’
which contradicts (i7) of the threshold criterion. Therefore, (3.2) must hold. O

Remarks.

- Without loss of generality, the threshold 7' > 0 could be normalized to 1 by redefining
the semi-norm as p/T.

- The proof of the above proposition shows that it is sufficient to choose 7" = p(Ag)T.

3.2 NECESSARY CONDITIONS FOR PERFECT RECONSTRUCTION

Recall from § 2.3 that ag # 0 for d = 0, 1. Before specialising to certain classes of seminorms,
we prove some general results related to the specific form of the linear operators under
consideration. The matrix A4 in (2.19) can also be written as

Ag=1T-upBl, (3.3)

where I is the N x N identity matrix, u = (1,...,1)T and B4 = (Ba1,--- ,Ban)? are column
vectors, both of length V. For its determinant we find, after simple algebra manipulations,

N
det(Ad) =1- ’U,T,Bd =1- Z’Bd’j = Q4 ,
7=1
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where we have used (2.12). Since we have assumed that oy # 0 for d = 0, 1, we may conclude
that Ay is invertible. Moreover, one can easily show that

Ba.1 Baz  Pas Ba.N
]. + a_d ad ad e ad

Ba,1 Ba2  Pas

) T e

At =T+ —upl = : Ba2

aq (e%)
5(;,1 - . ‘5d,N
Tag . - - 1 + Tog

Putting

,3:1 = —5d/ad

we find that Agl takes a form similar to that of Ay :
Agl =I—upT.
We start with the following auxiliary result.

3.4 Proposition. Let p be a seminorm and let Vi be the “kernel” of p, i.e., the linear
subspace of RN given by
Vo ={ve RN |p(v)=0}.

Then p(Ag) < oo if and only if B4 € Vg-.

Proof. “f’: assume that B, € Vz-. Following Proposition 3.1 we must show that p(v) = 0 implies
that p(A4v) = 0. If p(v) = 0 then v € Vj hence B5v = 0. This implies that Agv = v — ufsv = v
and hence that p(A4v) = 0.

‘only if’: assume that p(A4) < oo and B, & Vy-. Thus there is a v € V; with 85v = 1. Then
Agv = v — uBiv = v — u. Since p is a seminorm p(u) # 0 (see (2.11)), we have 0 # p(u) <
p(u —v) + p(v) = p(u — v), and therefore p(u — v) = p(v — u) = p(4qv) # 0. Since p(v) = 0 we
conclude from Proposition 3.1 that p(A4) = oo, a contradiction. This concludes the proof. O]

We now investigate the eigenvalue problem A v = Av. This can be written as v—uﬂgv = \v.
We have to distinguish the cases A = 1 and A # 1. If A = 1 we find 8Zv = 0 and from \ # 1
we get that v is a multiple of w. Thus we arrive at the following result.

3.5 Lemma. (a) If oy = 1 then Ay has only one eigenvalue X = 1; the eigenspace is the
hyperplane ,Bgv =0.

(b) If ag # 1 then Ay has eigenvalues 1, . The eigenspace associated with eigenvalue A = 1
is the hyperplane ,3517 =0, and the eigenvector associated with A = ayg is u.

Note that in both the cases (a) and (b) we have Aju = a4u.
Using that p(u) > 0 (see (2.11)), we get that

p(Ag) > p(Agqu)/p(u) = |aq
> p(u)/p(Aqu) = |og| ™"

On the other hand, if there exists a v with 8% v = 0 and p(v) # 0 then
p(Ag) > Land p ' (Ag) > 1. (3.4)

Thus we arrive at the following necessary conditions for perfect reconstruction.
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3.6 Proposition. Assume that p(u) # 0.

(a) The threshold criterion can only be satisfied if |a| < |au].

(b) Assume in addition that p(vg) # 0, p(v1) # 0 for some vectors vg with BLvg = 0 for
d = 0,1, then the threshold criterion can only be satisfied if |ag] < 1 < |ay].

Proof. The threshold criterion can only hold if (3.2) is satisfied, that is p(Ag)p (A1) < 1. If p(u) # 0,
then we have p(Ap) > |ap| and p~1(A1) > |az| 1. Thus a necessary condition for (3.2) to be satisfied
is |ag| - a1/~ < 1. This proves (a).

To prove (b), assume that for d = 0,1 we have p(vg) # 0 for some vg with 85wy = 0. Since both
p(Ap) and p~'(A;) are > 1 by (3.4), we conclude that |ag| < 1 and |a;|~' < 1. This concludes the
proof. Ol

Before considering a number of special cases we observe that the problem becomes trivial
if N = 1. In this case there is, apart from a multiplicative constant, only one seminorm,
namely p(v) = |v|. Now the threshold criterion holds if and only if |ag| < |ay|. Henceforth
we restrict ourselves to the case N > 1.

4. THE ['-NORM AND THE [*-NORM
We return to the specific situation described at the end of Section 2. Recall from (2.20) that

the update lifting step is given by
v = Agv
d=[p(v) >T],
where A; is the matrix in (2.19).
In Section 3 we showed that a sufficient condition for perfect reconstruction is the threshold
criterion, i.e. (3.1)-(3.2). In the particular case that p is a norm, (3.1) is trivially satisfied and

the threshold condition reduces to (3.2). In the remainder of this subsection we concentrate
on the case where p is the I'-norm

N
pi(w) =) Il
j=1

or the [*°-norm
v) = max _|v;].
Poo (V) j:1,..-,N| il
Observe that the condition p(u) # 0 is satisfied in both cases. Furthermore, we assume that
N > 1.

4.1 Proposition. If p = pi, then the threshold criterion holds if and only if N = 2,
Bo,1,Po,2 € [0, 1] and either B1,1,81,2 <0 or B1,1,P12 > 1.

Proof. We are interested in the cases where the threshold criterion holds, or equivalently, where
p(Ao)p~1(A1) < 1 is satisfied. The ['-norm of the matrix A, is given by [1]

p1(Aq) = max (11 = Bajl + (N = 1)|Bajl) »
and the norm of its inverse is

i (a) = pr(ag") = 11+ 282 v - Pl
J Qg |oal

Therefore, the condition p;(Ag)py (A1) < 1 can be written as

ma (L= |+ (N = Do) - e 1.+ 22

J aq

+(N—1)ﬂlvj|> <1.

| )
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Recall that N > 2. Let us first observe that for any j =1,... ,N

14+ N|Bo,;| > 1 if foj <0
1= Bosl+ (N =Dlfosl = {1+ (N =2)[Bogl =1 if0<by; <1
Nlfogl =1>1  if fog > 1
1+ N% >1 if sign 1 ; = sign oy
L+ B+ V=Dl = S+ (V-2 > 1 if sign B # signon and Jau| > |1
NIZ 1> if sign f1,; # sign ay and [en| < |61

Thus, p1(4p) > 1 and py*(A;) > 1. Consequently, condition p1(Ag)p; ' (A1) < 1 can only be satisfied
when py(4g) = pfl(Al) = 1. The equality p;(4p) = 1 implies that for any j = 1,..., N, either
Boj =0o0r N =2and 0 < fy; <1 The equality pr (A1) = 1 means that for any j = 1,..., N,
either 81 ; = 0 or N = 2, sign 31 ; # signa; and |a| > |5y,;]. From these implications, Proposition 4.1
follows immediately. Ol

Next, we consider the [*°-case. We will see that in this case the conditions on the filter
coefficients are slightly more restrictive than in the previous case.

4.2 Proposition. Assume p = poo, then the threshold criterion holds if and only if N = 2,
50,1 = ,3072 € [0, 1] and either 51,1 = ,3172 <0 or ,3171 = /81,2 > 1.

Proof. The [*°-norm of the matrix A, in (2.19) is given by

Poo(Ad) = max 11— Bail + D 1Bajl | »

J#i
and the norm of its inverse is
Pt (Ag) = max | 14+ Za2 ) 4 5 [P
z (%] — |Old\
J#i
Recall that N > 2, and the [*°-norm of A can be expressed as
14321l > 1 if Bo,; < 0 for some j=1,... ,N
=1 ifNZQandOSBO’]_:BO’zgl
11— Bom| + 3 2m 1Bojl §=1 ifBoj=0forallj=1,...,N

> 1 otherwise,

where m = argmin ;3 ;. Likewise, the [°**-norm of Al_1 is

1+2j%>1 if sign oy = sign By ; for some j =1,... , N
1y =1 if N= 2, ﬁlvl = ﬂ172, signoq 7& sign,BLj and ‘ﬁlvj‘ S |011|
Poo(A77) = B1 181,51 ]
1+ a’l’"|—|—2#m \af\ =1 ifpj=0forallj=1,..., N

> 1 otherwise,

where m = argminjﬁal—i". Thus, both poo(Ag) and pe(A; ") values are at least 1, which means that

condition pe(Ag)pst(A1) < 1 holds only if peo(Ag) = pal(A1) = 1, which in turn is satisfied only
under the conditions stated in the proposition. ]
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5. QUADRATIC SEMINORMS
In this section we treat the case where p is the quadratic seminorm defined in (2.4) , i.e.,

p(v) = (W' Mv)"? | veRY, (5.1)

where M is a symmetric positive semi-definite matrix M. Before we treat this general case,
we deal with the classical [?-norm, also called the Euclidean norm. Thus M = I, where
I is the N x N identity matrix. We start with the following auxiliary result. Recall that
u=(1,...,1)T.

5.1 Lemma. Let py be the quadratic norm given by pa(v) = (v + -+ + UJQV)% and let A be
the matriz A = I — uB”, where u,8 € R".

(a) If u,B are collinear then
p2(A4) = [|A]| = max{1, |af},
where oo =1 — u” 3.

(b) If uw,B are not collinear, then pa(A) > 1.

Proof. (a) If u, B are collinear, i.e., 8 = pu for some constant x4 € R, then the matrix A = I —puu? is

symmetric and we get that pa(A) = || A|| is the maximum absolute value of its eigenvalues. According
to Lemma 3.5, these eigenvalues are 1 (with multiplicity N — 1) and «. Thus p2(A) = max{1, |a|}.
(b) If u, B are not collinear, then we can decompose 8 as 8 = pu + ¢ where ¢ # 0 is orthogonal to
u. Now
Ac= T —upMe=c—u(pu+c)fc=c— (c'c)u=c— ||c||*u,

whence we get that ||Ac||? = ||c||*> + N||c|[*, where we have used that ||u||> = N. Therefore
1
p2(4) = [|Acll/llell = (1 + Nlel*)= > 1,
which concludes the proof. [

5.2 Proposition. Let p = p2 be the Euclidean norm. Then the threshold criterion holds if
and only if u, By, B, are collinear and |op| < 1 < |ay].

Proof. We have Ag = I — uBl and A7' =T — u,@'lT where 8] = —a;'8;. Thus the previous
lemma yields that both p(4g) > 1 and p '(A4;) = p(4;') > 1. Now Proposition 3.3 yields that
the threshold criterion holds if and only if p(4y) = p(A7") = 1. First, this requires that u, 8,8,
are collinear. Then p(Ap) = max{l,|ap|} and p(A;') = max{l,|a;| '}; here we have used that
1- uTﬁllT =1-a7'(1 —a;) = a;'. We obtain that the threshold criterion holds if and only if
|ap] < 1 < |ag|. Reminding that «g # 0, this proves the result. O

Now we are ready to consider the more general case in (2.4) with M an arbitrary symmetric
positive semi-definite matrix. Thus, M can be decomposed as

M = QAQ”, (5.2)

where @Q is an orthogonal matrix (i.e., Q7Q = QQT = I) and A is a diagonal matrix with
nonnegative entries, the eigenvalues of M. The columns of @ are the (orthogonal) eigenvectors
of M. Define n as

n = rank(M) = rank(A) < N.
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Without loss of generality we can assume that

_A110
(0 0):

where Aj; is an n X n diagonal matrix with strictly positive entries. Note that A;; = A iff
n = N. The corresponding decomposition of Q) is given by

Q=(Q1 Q2), (5.3)

where @1, Q2 are N x n and N x (N — n) matrices, respectively. (When n = N, we shall
adopt the conventions: @ = @1 and Q2 = 0.) Here the columns of Q); are the eigenvectors of
M corresponding to the positive eigenvalues contained in Aj;. Observe that, instead of (5.2),
we can also write

M = Q1A11Q7 .

The (N x n)-matrix Q1 is semi-orthogonal in the sense that Q7 Q1 = I.
After these preparations we are able to formulate our results concerning the seminorm of
an N x N matrix A.

5.3 Lemma. Let the seminorm p be given by (5.1) and let A be an N x N matriz, then

1 1
3 AT “2 i OT _
p(A) = AL QUAQLA | i @ 4Q2 =0 (5.4)
+00 otherwise.
Here || - || is the standard Euclidean norm.

In particular, if rank(M) = rank(A) = N, then
p(4) = [A2Q"AQA ||, (5.5)

Proof. Obviously, to compute p(A), we have to maximize (v AT M Av)% under the constraint v” Mv =
1. Substituting w = Q7 v this amounts to maximizing (wTQTATQAQTAQw)% under the constraint
wTAw = 1. Define the matrix B = QT AQ, then

_ (B11 B2 _ Q{) _<Q{AQ1 Q{AQ2>
B —<le Bn)‘(QQT Qv @) =(grag, rag,)

where By is an n x n-matrix. The expression we have to maximize is (w” BTABw)?. A simple
computation shows that

BTAB — (BlTlAllBu B1T1A11B12> ‘

BfyA11B1y BiyA11 By
Decomposing w = (w; wy)7T, with w; € R™ and wy € RY ™", we get
w’ B"ABw = w{ B} A11Biyw1 + 2w] B{; A1 Biows + wj BlyA11 Braws . (5.6)
Furthermore, the constraint w” Aw = 1 amounts to
w{Auwl =1.

This constraint only involves w; and not ws. This means that maximisation of (5.6) yields +oo unless
Bz = QT AQ, = 0. This proves the second equality in (5.4).
Let us henceforth assume that Bis = 0. Thus

(p(A))2 = max {’w{BﬂAllBll’wﬂ’w{Anwl = 1}
_1 1 1 _1
=max {sTA, > BLA} A} Bi1A s | sTs=1}

1 1
= max {||Af; BuAyy*s||* | [ls]® =1},
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1
where we have substituted s = A{; w;. This yields that

p(A) = ||A1§1BIIA;1§|| = ‘|A1§1Q1TAQ1A;1§||

which had to be proved.
Finally, if rank(M) = N then Ay; = A, Q1 = Q and Q2 = 0, and thus (5.4) reduces to (5.5). [

We apply this result to the matrix A, given by (2.19) or, alternatively, by (3.3). That is, Ay
is of the form Ay = I — uB%. Then

QTA4Q> = Q1Q> — Q1 u(Q1B,)" = ~QTu(QFBy)"
since Q7' Q2 = 0 by the orthogonality of Q. Therefore QT A;Q2 = 0 if either (i) QTu =0
1
or (ii) Q¥B, = 0 for d = 0,1. In case (i) we have p(A4g) = p(A7") = ||A QTN | =1
and the threshold criterion holds. Note however that we have p( ) = 0 and consequently
the adaptivity condition does not hold in this case. We now consider case (iz). Obviously,

QTB, = 0 is equivalent to B, € Ran(Q2)* = Ran(Q;). We compute p(Ag) and p(A; ') in
this case:

1 _1 _ =T
p(Ao) = AL, QT (I — uBg)QiA* || = T - aBy |,

where u = AI%Iqu and B, = AI_I%Q{,BO are n-dimensional vectors. We conclude from
Lemma 5.1 that p(Ap) > 1 if @, B, are not collinear and that p(Apg) = max{l,|ao|}, with
ap=1—-1u ,80, if 'u,,ﬂo are collinear. Here we have assumed that n > 1. Substitution of
@, B, yields that

Go = 1—u" Q1Q] Bo.
A similar computation shows that p(Afl) > 1 if ﬁ,,@l are not collinear, where ,@1 =

A;lé QTB,, and that p(Al_l) = max{1,|a;| '} if @, B, are collinear. Here
— (L4 5-uTQi0fB) !
5.4 Lemma. When QTwu # 0, the following two assertions are equivalent:
(i) B4 and Mu are collinear.
(i1) QYB4 =0 and @, B, are collinear.

Proof. Assume (i). We have Mwu # 0 (otherwise Q7 Mu = A1;Q%u = 0) and then B; = c- Mu =
c-Q1A11QTu, where ¢ € R. Since Q¥'Q; = 0 we find that Q1 3, = 0. Furthermore, ,[~5’d = A;lé QTB, =
c AI%IQ{’U, = c- 4. Here we have used that QT Q; = I.

Assume (i7): QTB, = 0 is equivalent to B, € Ran(Ql) ie, B; = Q1&,. Since @ and B, are
collinear, we have ,Bd = c¢-u, that is A11 QTB, =c- AHQ1 u, which yields £&; = ¢ A;1QFu, and
hence B, = ¢+ Q1A11QTu = ¢- Mu. This concludes the proof. [

Now if B, = cMwu with ¢ € R, we get
do=1-u"QQ{By=1-cu’ Q1QTA1QTu=1-u"B)= o,

and

ap = (1+ O%UTQle,Bﬂ_I =(1+ O%UT,BJ_I =(1+ ail(l —a1)) =,

hence p(Ag) = max{1, |ag|} and p~1(A4;) = max{1,|a;|~'}. Thus we arrive at the following
result.
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5.5 Proposition. Let p be the quadratic norm given by (5.1), let M be decomposed as in
(5.2), and assume that n = rank(M) > 2. Then the threshold criterion holds in the following
two cases:

(i) QTwu =0 (in which case the adaptivity condition is not satisfied);
(13) By and Muw are collinear for d =0,1 and |ap| <1 < |ay|.

The case n = 1 corresponds to M = aa”, where a € RY, a # 0, i.e., p(v) = |aTv| for all
v € RY. The corresponding decision rule is similar to the one which will be studied in the
next section.

Observe that Proposition 5.2 is only a special case of this last result. We consider two
other cases in more detail.

5.6 Example. (a) Consider first the case where M = A with A a diagonal matrix with
strictly positive entries M;; = A;j for j = 1,... , N. The threshold criterion holds if and only
if there are constants po, u1 such that Bq; = pgA; ford = 0,1 and j =1,... ,N, and

1 —poAi 4+ +AN)| <1< |1 —pi(Ar 4+ An)|- (5.7)

If we assume the input signal to be contaminated by additive uncorrelated Gaussian noise,
it is easy to show that we must take

. Zj Aj

= 5
XA+ (50)

for minimizing the variance of the noise in the approximation signal. It is then obvious that

the first inequality in condition (5.7) is satisfied; choosing, e.g., u1 = 0 we do have perfect
reconstruction.

Ho (5.8)

(b) Consider the same case as in (a) but with Ay,..., A, strictly positive and A\py1 = -+ =
AN = 0. The threshold criterion requires that 3, is collinear with Mw. This means that
Bdn+1 = -+ = Ban = 0. In other words, the order of the update filter, initially assumed to

be equal to N, is only n, and we are now back in the situation described in (a).

6. SEMINORMS BASED ON DERIVATIVE FILTERS
Let us now consider the situation where p is given by the particular case of the seminorms
defined in (2.3) with ¢ =1 and I =1, i.e,

p(v) = ‘aT'v‘ , witha #0. (6.1)

The adaptivity condition holds if and only if a”u # 0. We establish necessary and sufficient
conditions for the threshold criterion.

6.1 Proposition. If p(v) = |aTv|, with a’u # 0, then the threshold criterion holds if and
only if B, and a are collinear and |ap| < |aq].

Proof. From the definition of a matrix seminorm we have that
p(Ag) =sup{|a”"Aqw| | ve RY and |a"v| =1}.

Therefore, in order to calculate this seminorm we have to find the supremum of |a” A4v| under the
constraint |aTv‘ = 1. We distinguish two cases, namely 3, and a are or are not collinear.
(7) B, collinear with a. In this case we can write B,; = 14 a for some constant 74 € R and we get

laT Agv| = |aT (I — uB?)v| = |aTv — ngaTua®v| = |1 — ngaTullaTv| = |1 — BEu| = |ay|.
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This yields that p(A4) = |ag|- In a similar way, we can show that p(A;') = |ag|~'. Thus, from
Proposition 3.3 we conclude that the threshold criterion holds if and only if |ag| < |aq].

(ii) B4 not collinear with a. In this case we can express B; = n4a + ¢ with a’c = 0 and ¢ # 0.
Let us choose v such that a”’v = 0 and ¢’'v # 0. Then, p(v) = |[a”v| =0 and

p(Aqv) = la” Agv| = |aTucTv| £ 0.

From Proposition 3.1(b) we conclude that p(44) = oo and, consequently, the threshold condition
cannot hold. O

Throughout the remainder of this section we deal with one-dimensional signals and we assume
that we have one detail band y, that is, K = 1 in Fig. 2. As in Example 2.1(a) we take
z(n) = zo(2n) and y(n) = zo(2n + 1). In § 2.3 we have assumed that the gradient vector is

indexed by j =1,2,..., N, that is v = (vy,... ,ox)T. In this section we assume, for reasons
that will become clear below, that v = (v_g,v_ki1,...,v_1,00,v1,... ,0; 1,v)", and
vj(n) = z(n) —y(n +j) forj=-K,...,0,...,L. (6.2)

We give an illustration in Fig. 4. With every coefficient vector @ € R**X*! in (6.1) we can

V. 2(") v, (n)

v ](”) V()(”)

Yy(m)=y(n-2) y ,(n)|=y(n-1 ) x(ln) yo(n)Zyl(n) Yy (m=y(n+1)
| |

x,(2n-3) x,(2n-1) x,(2n) x,(2n+1) x,(2n+3)

Figure 4: Indexing of the gradient vector.

associate a filter A, which maps an input vector (y(n — K),... ,y(n — 1),z(n),y(n),y(n +
1),...,y(n+L)), or equivalently, (zo(2n—2K+1),... ,xz0(2n—1),29(2n), zo(2n+1),... ,x0(2n+
2L + 1)) onto an output vector

Ag(z0)(2n) = Z a;vi(n Z (zo(2n) — mo(2n 4+ 25 + 1)) . (6.3)

j=-K j=-K
It is possible to choose the coefficients in such a way that it corresponds with an N’th order
discrete derivative filter for every N with

N<L+K+1.

For N =1 and K = L = 0, the value vo(n) = z9(2n) — xo(2n+ 1) is the first order derivative.
For N =2 (with K =1 and L =0) and a_; = ap = —1, we arrive at the expression

A(z0)(2n) = —2x0(2n) + 2o(2n — 1) + 2o(2n + 1),

which is a second-order derivative; see also Example 6.3 below.

We denote by Ay, with N > 1, the coefficient vectors @ € R¥HX*! for which the corre-
sponding filter A, in (6.3) corresponds with an N’th order derivative filter, or equivalently,
rejects signals that are polynomial of order < N — 1. The latter means that for all n € Z,

L
Zaj[@n) —(2n+ 2+ )]—0 for k=0,...,N—1,
=K
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which is satisfied if and only if either N =1 or NV > 1 and

L
> aj(2j+1)F=0fork=12,...,N—1.
j=K
Consider the function Q4 given by

L

Qa(2) = > aj(1—2zY").

j=—K
The proof of the following results is straightforward.
6.2 Lemma. a € Ay if and only if Qq has a zero at z = 1 with multiplicity N .

We next consider the case N > 1. Obviously, Qg has a zero of multiplicity N iff Q/, has a
zero of multiplicity N — 1. Now

L

Qu(x) =~ D a;(2j +1)2%, (6.4)

i=-K

and if @/, has a zero at z = 1 with multiplicity N — 1, then we can write

Qa(2) = (z = DN127?KR(2), (6.5)
with
2(L+K)-N+1
R(z) = Z izl
j=0

From the fact that Q/, is even (see (6.4)), we conclude that
(= DY 'R(z) = ()" (e + DV R(=2).

This yields that R can be written as

L+K+1-N

R(z)=(z+ )N 1 3" g%, (6.6)
j=0

Assume henceforth that
L+ K+12> N (see before) and L+ K +2 < 2N .
Substitution of (6.6) into (6.5) yields

L+E+1-N
Qulz) = 2KE -Vt Y g
=0
N-1 L+K+1-N
= Y (N'— 1)(_1)N—1—j 3 g2,
§=0 J i=0

Replacing the summation variables ¢,j by | =i + j, 7 we get

Qulz) = 22K )" >

=0 j=max{0,/l-L—K—-1+N}
L min{N—-1,/+K}

S0 S DR () [ TR TS

l=—K j=max{0,l—L—1+N} J

L+K min{N—-1,l} <N 1

j )(_1)N1qu_jz2l
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In combination with (6.4) this yields the following expression for the coefficients a;:

min{N—-1,/+K}

—(2l+ 1)a; = Z <N B 1) (—l)N_l_jQI+K_j . (6.7)

j=max{0,/l—L—1+N} J

If N =L+ K + 1 this expression reduces to

-2l 4+ 1), = (?:II({) (—1)Egq.

In particular, if K = L and N = 2L + 1 (odd length filter), we get (putting go = 1):

(N) (_1)L+l+1 2L
“ T Tt \n+1) (6.8)

and if K = L+ 1 and N = 2L 4 2 (even length filter), we get

a(N) _ (_1)L+l+1 2L+ 1 (6 9)
! 20+1 \L+1+1)" ‘

Here the superindex ‘N’ indicates the order of the underlying derivative operator.

In the two previous cases, it can be shown that the adaptivity condition ZIL:_ K al(N) #0
is satisfied. Indeed, in both cases this expression represents the sum of an alternating series
whose terms have decreasing absolute values. As the first term is positive, the sum is nonzero.

6.3 Example. (2nd order derivative) Consider the case where K =1, L =0and N = 2.
Then a = (a_1,a0)” = (—1,—1)T (choosing gop = 1). From Proposition 6.1 we conclude that
the threshold criterion holds if By = vo(1,1)? and B; = v1(1,1)T with

11— 27| < |1 —2m].

Choosing a™) as in (6.8) or (6.9), as shown above, we have A®) := PP ag.N) # 0. Following
Proposition 6.1 we choose constants 7p,~y1 such that |1 — WOA(N)| <|1- ylA(N)| and fq; =
7da§-N). We might, for example, choose y; = 0. This corresponds with a trivial update step
(i.e., no modification of the approximation signal) for decision d = 1. In homogeneous areas
where d = 0, we choose 7y in such a way that |1 — AW )| < 1 and a given noise rejection
criterion is maximised. If we assume, as before, that a homogeneous region is a polynomial
signal contaminated by uncorrelated Gaussian noise of variance o2, then we could minimise
the variance of the noise in the approximation signal. As we have seen in Example 5.6(a) we
(N)

)

must choose (putting a; = a;

o — Z.a2§j(;'a')2 . (6.10)

This leads to |1 — 4pAWN)| = (225 a?)/(zj a? + (ZJ aj)2) < 1, hence the conditions of
Proposition 6.1 are satisfied and we do have perfect reconstruction.

7. EXAMPLES AND SIMULATIONS

In this section, we present some simulation results to illustrate the adaptive decompositions
described in the previous sections. We start with the 1D case in § 7.1. The remainder of the
section, that is, § 7.2-7.4, is devoted to 2D images. In § 7.2 we treat the quincunx sampling
scheme and in § 7.3-7.4 the 2 x 2 sampling scheme. The example treated in § 7.4 does not fit
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within the theoretical setting of the previous section since the decision map is based on two
different seminorms.

The thresholds that we use in § 7.2-7.3 are normalised in such a way that in all experiments
the decision map at a delta impulse z(n) = d(n —ny) (i.e., z(n) =1if n = ny and z(n) =0
otherwise) gives the same output. Obviously, the actual choice of the threshold value will
depend on the application at hand as well as on the particular image.

7.1 1D CASE
First we consider the one-dimensional case. We assume that the gradient vector is indexed
as in Section 6, i.e., v = (v_f,... ,v0,... ,v)T with vj(n) = z(n) —y(n+j5); see (6.2). In all

cases, a fixed prediction step of the form y'(n) = y(n) — 3(2/(n) +2'(n + 1)) is applied after

the update stage. The overall scheme can be iterated over the approximation signal yielding
a multiresolution decomposition.

We carry out three different simulations. In the first one, we consider p to be a quadratic
seminorm as described in Section 5. For the second and third simulations, we use a seminorm
of the form (6.1). For all cases, we compute a three-level decomposition.

7.1.1. Experiment (Quadratic seminorm in 1D - Fig. 5)
We assume that the seminorm is given by

1 1
p(v) = gvly 0y +ug+ St
Following Example 5.6(a) we see that the threshold criterion holds if 8, = p,d(%, 1,1, %)T,
with g g
1—= <1<|1——=p|.
| 3,Uo| <1< 3,u1|

We take p; = 0 and compute po from (5.8), which yields pg = 2/7. The input signal (a
fragment of the ‘leleccum’ signal from the wavelet toolbox in Matlab) is shown in Fig. 5(a).
The approximation and the detail signals are depicted in Fig. 5(b) and (c), respectively, for
each level of the decomposition. The decision maps are also shown in Fig. 5(b), and they
have been represented by vertical lines at those locations where d = 1. The decompositions
obtained for both non-adaptive cases corresponding with fixed d = 0 and d = 1 are shown
in Fig. 5(d)-(e) and Fig. 5(f)-(g), respectively.

Observe that the adaptive scheme tunes itself to the local structure of the signal: it yields
a smoothed approximation signal except at locations where the gradient is large (i.e., d = 1).
Such samples are treated as ‘singularities’ and as such they are not affected by the scheme.
Consequently, the detail signal shows only a single peak near such discontinuities and avoids
the oscillatory behaviour exhibited by the non-adaptive case with fixed d = 0. This oscillatory
behaviour can be noticed by carefully inspecting the details at the finest resolution level.

7.1.2. Experiment (Seminorm p(v) = |a’v| in 1D - Fig. 6)

Let p be given by (6.1) with K =2, L =1 and a = (1,1,1,1)T. Proposition 6.1 yields that
we must choose By = v4(1,1,1,1)T for some constants vp,v;. Now (2.12) and (2.14) yield
that ag = 1 — 49 and we get from Proposition 6.1 that

|1 —4vo] < |1 — 4y

must hold. Choosing v; = 0, i.e., we do not modify the approximation signal if d = 1 (high
gradient regions), the condition on vy reduces to |1 — 4vg| < 1. In fact, we will choose

Yo = 1/5 and hence 5y ; = 1/5 for all j.
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Figure 5: Decompositions corresponding with Ezperiment 7.1.1. (a) Original signal; (b)-
(c¢) approxzimation and detail signals in the adaptive case using a threshold T = 18; (d)-(e)
approzimation and detail signals in the non-adaptive case with d = 0; (f)-(g) approzimation
and detail signals in the non-adaptive case with d = 1.
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Again, we can observe from Fig. 6 that the adaptive scheme tunes itself to the local struc-
ture of the signal: it ‘recognizes’ and preserves the discontinuities, while smoothing the more
homogeneous regions. This results in a detail signal which is small in homogeneous regions.
Near singularities, however, the detail signal comprises a single peak, thus avoiding the os-
cillatory behaviour exhibited by the non-adaptive case using the update filter Uy (i.e., fixed
d=0).

7.1.3. Experiment (Derivative seminorm in 1D - Fig. 7)
Next, we apply the results of Section 6 and choose a such that the decision map does not
respond to polynomial regions of order 3. This gives a(¥) = (1/3, -3, —3,1/3)” and hence

Yo = 4/35 and B = (4/35)a? .

Consider an input signal (see Fig. 7) that contains constant, linear and quadratic parts,
plus uncorrelated Gaussian noise with o, = 0.1. Figure 7 shows the original signal and the
approximation signal at three subsequent levels of decomposition. As before, the vertical
lines show the locations where the decision map equals d = 1. Like in the previous two
experiments, we can observe that the adaptive scheme smooths the homogeneous regions but
does not introduce intermediate points during sharp transitions. This allows removal of the
noise while keeping the edges unaffected even at coarser scales.

7.2 2D QUINCUNX CASE
In this section we consider two-dimensional signals that are decomposed by a 2-band filter
bank comprising one approximation band z and one detail band y, the sampling scheme
being given by the quincunx grid depicted in Fig. 8. First we discuss two experiments,
both using a quadratic seminorm, with a smaller and larger filter support, respectively. In a
third experiment, again with the smaller filter support, we use the seminorm modeling the
Laplacian derivative.

In all the three experiments, the adaptive update step will be followed by a fixed prediction

step of the form
14
v=y-7 Zl i
]:

where z;, j = 1,... ,4, are the updated coefficients at the four horizontal and vertical neigh-
bouring positions of the point where y is evaluated. Repeated application of this scheme with
respect to the approximation image yields an adaptive multiresolution decomposition. In our
experiments we only show the decompositions at level 2; at this level the output images have
been reduced by a factor 2 both in horizontal and vertical direction. However, for display
purposes we will rescale them to their original size.

7.2.1. Experiment (Quadratic seminorm for 2D quincunx, 4 taps - Fig. 9)

In the first experiment of this subsection, we consider update filters with a support comprising
the four pixels labeled by y1,...,y4 in Fig. 8. The update step is of the form specified in
(2.15), where y; are the four horizontal and vertical neighbours yi, ... ,ys. Thus:

z' = agx + Baayr + Baoy2 + Basys + Baaya,

with |Bo ;| + 81| # 0,5 = 1,2,3,4. It is not difficult to see that the threshold criterion
will not hold if p is one of the norms p; or p,. However, if p = ps, the Euclidean norm,
conditions for perfect reconstruction can easily be satisfied. Namely, Proposition 5.2 implies
that 84 ; = Bq for j = 1,... ,4 and the condition |ag| < 1 < || reduces to

11— 46| <1< [1— 48],
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Decompositions corresponding with Experiment 7.1.2. (a) Original signal; (b)-

(c¢) approxzimation and detail signals in the adaptive case using a threshold T' = 18; (d)-(e)
approzimation and detail signals in the non-adaptive case with d = 0; (f)-(g) approzimation

and detail signals in the non-adaptive case with d = 1.
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Figure 7: Adaptive decomposition with polynomial criterion of order 3; see Experiment 7.1.5.
From left to right and from top to bottom: original signal and approzimation signals associated
with levels 1, 2 and 3. The vertical dotted lines show the locations where the decision map
equals 1 using a threshold T = 3.4.

A possible solution is Sy = 1/5 and $; = 0. This choice means that at homogeneous areas
where d = 0, the approximation signal z is averaged with its four neighbours whereas in the
vicinity of ‘singular’ points, where d = 1, no filtering is performed.

As input image we choose the ‘house’ image shown at the top left of Fig. 9. The approxima-
tion and detail images obtained after two levels of decomposition are depicted in the middle
row. The decision map, depicted at the top right of Fig. 9, shows the high-gradient regions
of the approximation image at level 1 (not shown). For comparison, we also show (bottom
row) the images for the corresponding non-adaptive case using the fixed update filter Uyp.

7.2.2. Experiment (Quadratic seminorm for 2D quincunx, 12 taps - Fig. 10)

In our second experiment we choose update filters with a larger support, namely the samples
labeled by yi,...,y12 in Fig. 8. We choose a quadratic norm like in Example 5.6(a) where
M;; = )j is the inverse value of the distance of the corresponding sample to the centre x.

Thus M = diag(l, 1,1,1,1/v5,. .., 1/\/3), and now the formula in (5.8) yields py = 4212/\%.
Thus

1 1 )T V5
7—7"‘7_ 7a - - =
V5 NG 07 80+ 435

Again, our input image is the ‘house’ depicted at the top left of Fig. 10. The approximation
and detail images (magnified by a factor 2), after two levels of decomposition, are shown in
the middle row.

The corresponding decision map is depicted at the top right. For comparison, we also show
(bottom row) the images for the corresponding non-adaptive case using the fixed update
filter Up. Again, we can observe that in the adaptive case the edges are better preserved than
in the non-adaptive linear case. We note that the improvement is more visible than in the

Bo =pno(1,1,1,1 and oy =1, 8, =0.
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Figure 8: Filter support for 2D quincunz update. In the first experiment the approximation
sample x is to be updated with the detail samples y1, y2, ys and y,.

previous example, which is partly due to the fact that the filter length is larger.

7.2.3. Experiment (Laplacian derivative seminorm for 2D quincunx - Fig. 11)
Let us now consider the case where p models the Laplacian operator, i.e.,

4
p) =13 vl

As before, the samples y1,... ,y4 correspond with the ones depicted in Fig. 8.

In this case, Proposition 6.1 amounts to 84 = fBq for j =1,... ,4 and [1-48y| < |1 —401].
Note that here |a;| = |1 —4;| does not need to be > 1 (as is required when p is a quadratic
seminorm; see Experiment 7.2.1 or 7.2.2).

By choosing a1 < 1, we ensure that, in any case, a low-pass filtering is performed, albeit
with a varying degree of smoothness depending on the decision d. We take 5y = 1/5, and
consider $; = 1/20. For this experiment, we consider as input image the synthetic image
depicted at the top left of Fig. 11. As before, we compute two levels of decomposition. We
display the decision map at the top right, and the corresponding decomposition images in the
middle row. The approximation and detail images obtained in the non-adaptive case (d = 0)
are shown in the bottom row.

7.3 2D SQUARE CASE

In this and the following subsections we consider a 2D decomposition with 4 bands as depicted
in Fig. 12. Note that this decomposition is non-separable. Observe that the decomposition
in Fig. 12 has the same structure as the one in Fig. 2. However, we have adopted a new
labeling ¥y, yn, yq of the detail bands, replacing the labeling y(!), etc, in Fig. 2. This reflects
the fact that the corresponding outputs y;, v,y are sometimes called the horizontal, the
vertical, and the diagonal detail bands, respectively.

The input images x,yn, Y»,yq are obtained by a polyphase decomposition of an original
image xg, that is: z(m,n) = z9(2m,2n), y,(m,n) = xo(2m,2n + 1), ys(m,n) = x¢(2m +
1,2n), ya(m,n) = zo(2m + 1,2n + 1); see also Fig. 13 below. We label the eight samples
surrounding x(m,n) by y;(m,n), j =1,...,8. For instance, y5(m,n) = y4(m — 1,n). Note
that this labeling is not one-to-one: for example, yg(m — 1,n) = ys(m,n).

In the experiments below, we compute the detail signals y;, v, v, with a prediction scheme
as depicted in Fig. 12, with Py(z) = P,(z) = = and Py(z,yn,Y») = T + yn + Y». This yields
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Figure 9: Decompositions (level 2) corresponding with Ezperiment 7.2.1. Top: input image
(left) and decision map (right) using a threshold T = 60. Middle: approzimation (left) and

detail (right) images in the adaptive case. Bottom: approzimation (left) and detail (right)
images in the non-adaptive case (d =0).
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Figure 10: Decompositions (level 2) corresponding with Experiment 7.2.2. Top: input image
(left) and decision map (right) using a threshold T = 82.5. Middle: approzimation (left) and

detail (right) images in the adaptive case. Bottom: approzimation (left) and detail (right)
images in the non-adaptive case (d =0).
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Figure 11: Decompositions (level 2) corresponding with Experiment 7.2.3. Top: input image
(left) and decision map (right) using a threshold T = 20. Middle: approzimation (left) and

detail (right) images in the adaptive case. Bottom: approzimation (left) and detail (right)
images in the non-adaptive case (d =0).



7. Examples and Simulations 31

X

v
yh AXA TA 4 e yh

2]
Yy Dy
Y Vv l

Yd Vi
Z/

ek

UPDATE PREDICTION

Figure 12: 2D wavelet decomposition comprising an adaptive update lifting step (left) and
three consecutive prediction lifting steps (right).
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Figure 13: Labeling of samples in 3 x 3 window centered at xo(2m,2n).

that
y, = yph—7a
y;; = yv_x,
Yy = Ya—2 —y, —yh.

Alternatively, ¥/, = yqg + =’ — y» — yn.

7.3.1. Experiment (Seminorm p(v) = |a’v| for 2D square - Fig. 14)
In the first experiment of this subsection we consider the seminorm given by

8
p(v) = ‘aT'v‘ = Zajvj , (7.1)
j=1

where a = (a1, ... ,ag)! with

a1+ ay -+ +ag £0. (7.2)
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Note that this last condition guarantees that the scheme is truly adaptive: if it is not satisfied,
then p(v) does not depend on z. In Proposition 6.1 we have derived necessary and sufficient
conditions for perfect reconstruction. In fact, we must choose the filter coefficients

B4 ="v4a with 0 < |1—fonaj| < |1—’ylZaj|.
J J

We have also seen in Section 6 that for the 1D case, one can choose the coefficients a; in such
a way that the decision maps ‘ignores’ polynomials up to a given degree; the seminorm p(v)
corresponds with a derivative filter in this case. It is easy to see that this can be extended
to 2D images. For example, the expression |z — y, — Y, + yq| corresponds with a first-order
derivative with respect to both horizontal and vertical directions. To obtain this expression,

one must choose a; = a4 = 1, ag = —1 and a; = 0 for the other coefficients. For the second-
order derivative (with respect to both directions) we can choose a1 = a2 = a3 = a4 = 1
and a5 = ag = a7 = ag = —1/2. In this case Zj a; = 2 and we must choose 7p,y1 such

that 0 < |1 — 29| < |1 — 2y1|. In this experiment we consider this latter choice of a, i.e.,
a=(1,1,1,1, —%, —%, —%, —%)T, and we choose 79 = 1/4 and y; = 0.

As input image we take the synthetic image depicted at the top left of Fig. 14. In the second
row we show the approximation and detail image at the first level. For comparison, we show
the corresponding decomposition images obtained with a non-adaptive scheme (with 3;) in
the bottom row. Note that the adaptive scheme yields an approximation which preserves well
the edges, and a detail image with less oscillatory effects than its non-adaptive counterpart.

Note also from the decision map that the filter a does not ‘see’ horizontal and vertical

edges. Such edges are well preserved in the adaptive as well as in the non-adaptive case.

7.3.2. Experiment (Quadratic seminorm for 2D square - Fig. 15)
Next, we consider the case where the decision criterion is based on the following weighted

[2-norm:

4 L8 1/2
p(v) = <Z Joi|* + 5(2 |Uz'|2)> :
im1 =5

This corresponds with Example 5.6(a) where M = diag(l, 1,1,1, %, %, %, %) Thus the thresh-
old criterion holds if we choose B; = pq4 (1, 1,1,1, %, %, %, %)T For smooth regions where
d = 0, we compute po from (5.8), which gives ug = 6/41. For d = 1, we choose u; = 0,
meaning that the approximation image is not modified in high gradient regions.

Fig. 15 illustrates the corresponding images resulting from this experiment.

7.4 SWITCHING BETWEEN HORIZONTAL AND VERTICAL FILTERS

So far we have only considered decision maps using one seminorm. In this subsection we
build a decision map that uses two seminorms, one governing the horizontal gradient and one
for the vertical gradient. More specifically, we define

Pr(v) = lv1 +v3| and py(v) = |va + vy, (7.3)

corresponding, respectively, with a horizontal and vertical derivative filter of second order.
We choose the decision map

D(m?yhayvayd) = [ph(v) < pv(v)] . (74)

We assume that the update filters Uy have 4 taps corresponding with the detail coefficients
labeled by y1,...,ys4. The filter coefficients B, are chosen as follows:

IBd — (5(1771175(137(13 03 03 03 O)T fOI' d = 07 ]- . (75)
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Figure 14: Decompositions (level 1) corresponding with Experiment 7.3.1. Top: input image
(left) and decision map (right) using a threshold T = 10. Middle: approzimation (left)
and horizontal detail (right) images in the adaptive case. Bottom: approximation (left) and
horizontal detail (right) images in the non-adaptive case (d =0).
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Figure 15:  Decompositions (level 1) corresponding with Ezperiment 7.3.2. Top: original
(left) and decision map (right) using a threshold T = 61. Middle: approzimation (left)
and horizontal detail (right) images in the adaptive case. Bottom: approximation (left) and
horizontal detail (right) images in the fized case (d =0).
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This means in particular that only the horizontal and vertical neighbours y1,y2,ys3, y4 are
used to update the approximation signal. For example, if d = 0, then equation (2.15) reduces
to:

' = apz + Bo(y1 + y3) +v0(y2 + ya) - (7.6)

Let v’ be the gradient vector at synthesis, i.e., v;- =2’ —y;. A straightforward computation
shows that

vi+vs = (1—2B4)(v1 + v3) — 274(va + v4) (7.7)

vh+vy = —284(v1 +v3) + (1 — 2vg)(v2 + vy) . (7.8)
If we can choose the coefficients Bg, 70, 81,71 in such a way that
[pr(v) < po(v)] = [pa(v") < pu(v)],

then we can recover the original decision in (7.4) from the transformed gradient vectors, and
hence perfect reconstruction is possible in this case.

7.1 Proposition. To have perfect reconstruction it is sufficient that

1 1 1
0§50<Z§’)’0<§ and ﬁ0+70<§
1 1 1
0§71<Z§ﬁ1<5 and 51+’71<§,

and in this case the decision d can be recovered at synthesis from d = [pp(v') < p,(v')].

Proof. We introduce the following notation for the horizontal and vertical component of the gradient:
H=vi4+vsand V =wvs +vy4,

and the same for H' and V'. From (7.7)-(7.8) we get that
H = (1-2B4)H — 274V (7.9)
V' = —2B8,H+(1—2y4)V. (7.10)

We will show that if the decision map D in (7.4) returns d = 1, i.e., |[H| < |V, then it also follows
that |H'| < |V'|. The proof for the case where the decision map (7.4) returns d = 0 is analogous. We

distinguish 4 different cases.
(i) 0 < H < V: then

o<V’ 281(V — H) + (1 — 2y, —261)V
H, = —(l—2ﬂ1)(V—H)+(l—2’}/1—2[31)‘/

Since (1 — 2y, — 261)V is positive and
0<(1-28)(V—-—H)<25(V-H)),

it follows that |H'| < |V'].

(i) H > 0and V' < 0: thus H' in (7.9) comprises two positive terms, whereas V' in (7.10) comprises
two negative terms. Since 1 — 28; < 28y and 27v; < 1 — 27, it is obvious that |H'| < |V'|.

(74i) H < 0 and V > 0: now H' in (7.9) comprises two negative terms and V' in (7.10) comprises
two positive terms. The same reasoning as in (i7) yields that |H'| < |[V'|.

(iv) H<0and V < 0: from |H| < |V]| we conclude that —H < —V, hence H —V > 0. Now

H = (1-26)(H-V)+(1-26 —2m)V
V= “281(H-V)+(1-26 —2m)V.

Using a similar argument as in (¢) we conclude again that |H'| < |V’ ]
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Figure 16: Decompositions (level 1) corresponding with Experiment 7.4.1. Top: input image
(left) and decision map (right). Second row: approzimation (left) and horizontal detail (right)
images in the adaptive case. Third row: approzimation (left) and horizontal detail (right)
images in the non-adaptive case (d = 0). Bottom: diagonal detail images in the adaptive
(left) and non-adaptive (right) cases.

This case has the following geometric interpretation. If pp(v) < p,(v), and hence d = 1, then
the vertical derivative 2z — yo — y4 dominates in the absolute value the horizontal derivative
2z — y1 — y3, and in this case we choose the filter in such a way that it causes a stronger
smoothing in horizontal than vertical direction, i.e., y1 < 1.

7.4.1. Experiment (Switching between horizontal and vertical filters - Fig. 16)
We choose the filter coefficients like in (7.5) with Sy = v1 = 0 and 1 = v = 1/4. Obvi-
ously the conditions in Proposition 7.1 are satisfied. We apply this scheme to the original
image depicted at the top left of Fig. 16. The decision map is shown at the top right; the
approximation and vertical detail images are shown in the second row. The diagonal detail
is displayed in the bottom row, on the left. We compare this scheme with the non-adaptive
scheme where we perform an isotropic filtering (in the vertical and horizontal directions), i.e,
B =~ = 1/8. The corresponding approximation and horizontal images are displayed in the
third row of Fig. 16, and the diagonal detail image on the right of the bottom row.
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7.5 ENTROPY COMPUTATIONS

To evaluate the potential of these adaptive decompositions for image and video compression,
we apply them to some well-known test images such as house, peppers and lena as well as to
the trui image depicted in Fig. 15, and compute the entropies of the resulting detail images
after a uniform quantisation with 256 bins. We consider the following entropies:

e the information or Shannon entropy given by

h=—=> pjlogp; (7.11)
j

where p; is the frequency value of bin j;

e the Coifman-Wickerhauser entropy [32]:

|y] |y]|2
; (7.12)
Z Wl % Tyl
where y = {y]} _, is the detail sequence and || - || represents the /2-norm.

Table 1 and Table 2 correspond to the entropy results obtained with (7.11) and (7.12),
respectively. Both tables show that in most cases the entropy values resulting from the
adaptive decomposition are lower than in the non-adaptive case.

‘ Experiment H house ‘ peppers‘ lena ‘ trui ‘

adaptive || 4.952 4.640 | 4.896 | 4.924
d=0 5.449 4.883 | 5.210 | 5.481
adaptive || 4.997 4.883 5.071 | 5.119
d=0 5.240 5.020 | 5.098 | 5.538
adaptive || 5.164 4.872 | 5.038 | 5.205
d=0 5.449 4.883 | 5.210 | 5.481
adaptive || 4.823 4.529 4.745 | 5.171
d=0 4.801 4.573 | 4.778 | 5.221
adaptive || 4.946 4.676 | 4.859 | 5.317
d=0 5.252 4.584 | 5.058 | 5.312
adaptive || 4.868 4.566 | 4.814 | 5.211
d=0 4.959 4.920 | 4.896 | 5.317

7.2.1

7.2.2

7.2.3

7.3.1

7.3.2

74.1

Table 1: Entropy values for the adaptive and non-adaptive (d = 0) decomposition schemes
using the information entropy in (7.11).

8. CONCLUSIONS

In this paper, we have generalised the adaptive update lifting scheme that was introduced
by two of us in [26]. An important feature of this scheme is that it is neither causal nor
that it requires any bookkeeping in order to perform perfect reconstruction. The scheme
discussed here comprises two important extensions compared to [26]: (i) we are able to deal
with update filters of arbitrary length (and arbitrary dimension), whereas the filters in [26]
were restricted to length 2; (i) the decision map can be based on an arbitrary seminorm of
the gradient vector.
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‘ Experiment H house ‘peppers‘ lena ‘ trui ‘

adaptive || 12.612 | 12.141 | 14.807 | 13.164
d=0 13.055 | 12.342 | 14.975 | 13.285
adaptive || 12.692 | 12.414 | 15.009 | 13.394
d=0 12.967 | 12.522 | 14.928 | 13.407
adaptive || 12.888 | 12.393 | 14.928 | 13.258
d=0 13.055 | 12.342 | 14.975 | 13.285
adaptive || 12.126 | 11.755 | 14.619 | 12.535
d=0 12.159 | 11.782 | 14.664 | 12.557
adaptive || 12.347 | 11.927 | 14.763 | 12.716
d=0 12.822 | 11.957 | 14.863 | 12.890
adaptive || 12.247 | 11.816 | 14.738 | 12.584
d=0 12.355 | 12.275 | 14.753 | 12.634

7.2.1

7.2.2

7.2.3

7.3.1

7.3.2

74.1

Table 2: Entropy values for the adaptive and non-adaptive (d = 0) decomposition schemes
using the Coifman- Wickerhauser entropy in (7.12).

We have treated different seminorms, namely the [P-norms for p = 1,2, 00, arbitrary
quadratic seminorms, as well as seminorms based on derivative filters. For all these cases we
have been able to derive conditions that guarantee perfect reconstruction. In Section 7 we
have performed various simulations to show the differences between our adaptive decompo-
sitions and the non-adaptive decompositions based on a fixed lifting scheme. The entropy
computations in § 7.5 demonstrate the potential usefulness in image and video compression
applications.

There are several issues that need to be addressed in the near future. We intend to
incorporate our adaptive wavelet decompositions in existing compression schemes both for
image and video coding. An important issue in this respect is quantization. We are currently
investigating robustness properties of our scheme. Another application area that deserves
further exploration is denoising. We believe that the seminorms based on derivative filters
could be useful in this context. Again, robustness of the scheme is highly relevant in this
case. Finally, we are considering extensions of the current framework with adaptive prediction
lifting.
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