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ABSTRACT

In the current paper the dynamics of a mixed parabolic-gradient system is examined. The
system, which is a coupled system of parabolic equations and gradient equations, acts as a
first model for the outgrowth of axons in a developing nervous system. For modeling consid-
erations it is relevant to know the influence of the parameters in the system and the source
profiles in the parabolic equations on the dynamics. These subjects are discussed together
with an approximation which uses the quasi-steady-state solutions of the parabolic equations
instead of the parabolic equations themselves. Some of the findings are demonstrated by
numerical simulations.

2000 Mathematics Subject Classification: 7T0K99, 60J60, 65105, 92C20.

Keywords and Phrases: parabolic equations, gradient equations, mixed systems, computa-
tional neurobiology.

Note: Work carried out under project MAS1.3—Applications from the Life Sciences, contin-
ued in 2002 as MAS1.1—PDEs in the Life Sciences.

1 Introduction

In a paper of Hentschel & Van Ooyen [2] a mathematical model is presented on the growth of
neural connections in the nervous system. The model describes the outgrowth of axons from
neurons to targets in a developmental phase for innervation. It is assumed that the growth toward
the targets is partly guided by the concentration gradients of certain chemicals which are present
in the environment. These concentration fields change in time due to the release of the chemicals
by the targets and the growth cones and the processes of diffusion and absorption.

One of the goals of the model is to better understand the observed effects of bundling and de-
bundling of the growth cones. The assumption that the growth cones themselves, besides the
targets, also release chemicals that influence the growth of the cones might explain the bundling
and debundling effects.

In the model two kinds of variables are used to describe this phenomenon. First, functions of time
ro: R — R?, which denote the positions of the growth cones and where o ranges over the number
of axons N4.! Second, fields pg: R* x R — R, which denote the concentration of the chemicals
as a function of space and time, where 3 ranges over the number of concentration fields N.. The
dynamics are described by gradient equations for the growth cone positions

d e
a"'a (t) = Z }‘a,ﬂvpﬁ (Ta (t)a t)) (1)
B=1

1We will regard the growth cones as ‘dynamical sources’ to which the subscript ‘d’ refers.



for all &« = 1,..., Ng and for the concentration fields we have parabolic equations

Ny N
0ipp(x,t) = DaLpp(m,t) — kppp(x,t) + Y 0F o Spuy(®) + Y 05, Ss (2). (2)
a=1 y=1
for all 3 =1,...,N.. Here z = (z1,z2), v ranges over the number of targets N, and s, denotes

the position of target 7.2 The growth cones and targets act as sources for the concentration fields
located at the positions r,, and s,. The functions S, : R? — R, where we left out the argument ¢,
can be considered as source profiles for the growth cone sources, which translate with r,. The
coeflicient ag’a can then be interpreted as the excretion strength of growth cone o with respect
to chemical 8 and this coefficient can be a function of time or of the fields p1,..., pn,. evaluated
at ro. An analogous interpretation holds for Ss  and OG-

In this paper we want to gain more insight into the dynamics of this mixed system. Although
the ultimate goal is to find a suitable numerical method for the system, most of the paper will
be analytical work. Verwer and Sommeijer [5] used the explicit Runge-Kutta-Chebyshev method
and found that the system is highly sensitive in its parameters and source terms with respect
to bundling and debundling. A similar conclusion was reported in a second numerical paper by
Lastdrager [3]. Therefore we want to gain understanding on the relative importance of parameters,
the sensitivity of the dynamics with respect to these parameters and the effects that the choice of
used source functions has on the dynamics, where one can think of block, cone or even §-functions.

Hentschel & Van Ooyen [2] use in their simulations a quasi-steady-state-approximation (QSSA)
for the parabolic equations so that the system reduces to a system of ODEs. By using QSSA,
the parabolic equations become elliptic equations that can be solved explicitly in some cases. The
solutions then depend on r, alone and substitution of these solutions in the gradient equations,
results in a closed ODE system. We will discuss to what extend QSSA is profitable by examining
when it can be used and what its benefits are. As an example we define a specific 1-dimensional
system of the form (1)-(2), that we can solve analytically by using the QSSA assumption. We will
compare this solution to numerical solutions of the full system.

The contents is as follows. We will start with some remarks on the mixed parabolic-gradient
system in Section 2 and the QSSA-approximation in Section 3. In Section 4 we will discuss some
possible choices for source functions and in Section 5 we will examine an effect that we will call
self interaction. Section 6 is devoted to numerical integration of the system. Here, also, the QSSA
solution is compared to the numerical integration of the full system.

2 Mixed Parabolic-Gradient Systems

The system consists of Ny gradient equations (1) and N, parabolic equations (2). For the domain
we will take t > 0 and Q = [0, 1]? and we will assume periodic boundary conditions because the
boundary does not play an essential role here and it is convenient from a numerical point of view.
Further we need the initial values for 7, and pg. The coupling between the gradient and parabolic
equations occurs through the source terms S, in the parabolic equations and of course through
the gradient terms in the gradient equations.

Gradient equations

We outline some properties of the gradient equations. With the fields pg as given functions of
space and time, equation (1) is of the form # = f(r,t). If we use the notation @ = > 5 Aa gpp,

2We will regard the targets as ‘static sources’ to which the subscript ‘s’ refers.



then equation (1) becomes

dry
v (t)

If, for all 3, pg is twice continuously differentiable with respect to space and continuous with respect
to time, V®,, is Lipschitz continuous and existence and uniqueness of solutions is guaranteed. For a
fixed, time independent @, the stationary points are characterized by V®,,(z) = 0. For arbitrary
solutions 7(t) of (3), ®4(r(t)) is nondecreasing in time and therefore, the local maxima of ®,
are stable stationary points and the minima and saddle points are unstable stationary points of
equation (3). The field ®,, is the weighted sum of the fields p1, ... , pn,. Hence, r, tends to grow
in a direction of increasing pg with A, g > 0 and decreasing pg with A, g < 0. The former are
called fields of attractants whereas the latter are called fields of repellents.

=V, (ra(t),1). (3)

A point that deserves some attention is that the extrema of ®, need not be equal to the maxima
and minima (for repellent fields) of the separate pg. This means that if we have a set of targets
all contributing to an attractant field, then the stable stationary points of equation (1) need not
be equal to the locations of the targets. In particular, if two targets are close to each other, there
might be one stationary point in between, instead of two stationary points at the locations of the
targets.

Thus far, we have completely ignored the existence of the gradients in the points (r,(t),t) of the
functlons ®,. We will discuss this in Section 4, where we examine the use of different kinds of
source functions.

Parameter ranges and the domain

The parameters values are not known exactly, but we will make assumptions on their orders of
magnitude. In the following table some estimated model related quantities are shown.

Parameter | D v Liones Liarget

mm?/s 107 - 10"* mm/s 10 %mm 107! —1mm

Approximate order ‘ 1074
Here v is the growth speed of the growing axon, L.y,.s is the diameter of the growth cone and
Litarget is the distance which the axons have to grow across. Further on we will use a parameter ¢
that measures the radius of the (circular) support of the source functions S, . It seems reasonable
to use £ = Leones/2-

The parameters kg, Ug,a, OG s and A, g are not known and can be used for tuning. However, this
does not mean that they can be chosen independently. For instance, the growth speed of axon «
at a certain point in time and space is a homogenous function of the parameters Ay 1,...,Aq, N,
as well as the parameters ag o and o . for all a, 8 and 7. Therefore, if the of . and oj , are
all multiplied by a certain factor, then the A, g should all be divided by approximately the same
factor to keep the speed of the axons in the right range.

All parameters and variables will be measured in units of millimeters and seconds.
3 Quasi-steady-state approximation

We want to consider the use of a quasi-steady-state approximation instead of the parabolic equa-
tions (2), as is done in [2]. In this approximation, we use in the gradient equations, not the pg
from the parabolic equations, but pg that are at all times the solutions of the elliptic equations

Dgps(x) — kaps( Zaﬁa ra(t) Z"Bv s, () =0, (4)



for all 8 =1,..., N, given the values of r,(t). To solve the jg simultaneously from this system
we have to keep in mind that the Ug,a and oj , may depend on the pg evaluated in the points
T and s,.

For instance, the model that is used by Hentschel and Van Ooyen has three fields of chemicals,
namely p; (attractant), po (repellent) and ps (target attractant). Chemicals p; and p2 are produced
by the moving sources and p3 by the static sources and their system of parabolic equations is

Ng
Oep1(z,t) =D1Dpa(x,t) — K1pa(z,t) + Z 0f 0 Srat) (),
a=1
Ng
Oip2(z,t) =Dy Apy(,t) — kopa(x,t) + > 08, (ps(ra(t),t))Sr. (@), (5)
a=1
N,
Op3(z,t) =D3p3(w,t) — Kkaps(z,t) + Z 0545, (),
y=1

where the O'ia and o3 , are constants. Its steady state, given the values r, at time ¢, can be
found by setting 0p;1/0t = 0ps/0t = Op3/0t = 0 and dropping the arguments ¢, which results in
system (4) for this particular case. Its solution, (41, d2, f3), is a steady state of system (5) with
fixed r, and when the S, and S, are smooth functions or é-functions (in case of point sources)
this state is also globally attracting in the sense that for every set of start functions (p1, p2, p3)
the solution of system (5) with fixed r, tends to (p1, p2, p3) in the Loo-norm. This is intuitively
clear because of the fact that the first and last equation are independent of the equation for po.
Therefore, p; and p3 approach p; and ps, respectively, so that for ¢ — oo, the equation for ps gets
constant source terms and py converges to ps.

In general, the coupling between the equations of system (4) by the functions Ug,a and oj , might
give problems with respect to the existence of steady-state solutions as well as the global attraction
of such solutions. We will consider a few different cases illustrating these problems.

Example 1. Concerning the existence of steady-state solutions we look at a simple 1-dimensional
example system

dipr(z,t) = 2p1(a,t) — pr(x,t) + o1(p1(r1), p2(r1))d(x — 1),
Bipa(x,t) = apa(z,t) — pa(,t) + o2(pa(ra), p1(r2))d(x — r2),

in which the functions p1, p2 are defined on R and the 6(-) stand for the Dirac é-function. If both
equations are in steady-state the py, po have to satisfy

(6)

—|T—"1
e—la=ril.

(7)

p1(z) = 3o1(p1(r1), p2(r1))
p2(x) = Loz (pa(r2), pu(ra))e”1*7,
for all z € R, which follows from the fact that for arbitrary a > 0,

32
_ = R
6:62“(3:) ,u(ml)‘ + ad(z) - g, Yz € u(z) = %ae“zl.
Jim_ute) =0

Substitution of r; and 7y in system (7) results in a system of four equations:

o1(p1(r1), p2(r1)) p1(r2) = 2a1(p1(r1), pa(ri))e 2l
o2(p2(r2), p1(r2)) p2(r1) = 302 2(72), p1(re))e” Il

(8)

>
NI SIES

5
in four unknowns g;(r;), (4,7 = 1,2). A solution of system (8) will yield a steady-state solution
of system (6). However, whether a solution of (8) exists depends on the functions oy and o and



on the values of r; and re. For instance, if o1 (z,y) = o2(z,y) = zy/((1 — )(1 — y)), then for all
choices of r; and ro the only real solution of system (8) is py(ry) = p1(re) = pa(r1) = p2(r2) =0
and therefore the only steady-state of (6) will be p; = g2 = 0. O

Even if a steady-state solution exists, it can be non-attracting, so that the system will never
approach this state. It then doesn’t make sense to use the steady-state approximation for solving
the gradient equations. An example of such a system is described next.

Example 2. The system of equations is given by
Oipy(z,t) = DOZpy1(z,t) — pr(,t) + o1 (p2(r1))d(z — 1),
atp2($7 t) = DaachZ(ma t) - :02(3:) t) + 02(p1 (T2))6($ - T2)’
with pq 2 defined on [0, 1], periodic boundary conditions, D = 0.1, r1 = 0.25, 7, = 0.5 and

o ool 1 (-2t
D PO

D=

oi(z) = (10)

Using the same technique as in Example 1, one can show that system (9) has a steady-state
solution. However, numerical experiments show that with the initial condition p; 2 = 0 the system
will approach a periodic motion with a period that is around 2. Some pictures of this are shown
in Figure 3.1. Thus, system (9) has a steady-state solution which doesn’t seem to be an attractor

2 2
15 t= 10.0 15 t= 10.6
a a
A
Q:._' 1/\/ Q:._| 1 / N\
7/ AN
0.5 o 0.5 7 N
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0 0.5 1 0 0.5 1
X X
2 2
15 t=12.0
a
- 1
Q
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0 0
0 0.5 1 0 0.5 1
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Figure 3.1: Periodic motion of system (9). p; (—) and p2 (——).

in the sense that the solution is approached for t — co. Therefore, for this system in combination
with certain gradient equations no quasi-steady-state approximation can be used. a

In general we can say the following. System (4) can be solved if there is a ordering of the fields
ps such that the Ug,a and oj  do not depend on pg,(ra) and pg, (s,), for all @ and B < B; < N..



Solving the system can be done by solving sequentially for 5 = 1,..., N.. We call such a system
of equations sequentially dependent. Thus, if the system of parabolic equations is sequentially
dependent, then there exists a steady state. In addition, this steady-state is a global attractor of
the system.

If, in a mixed parabolic-gradient system, the parabolic equations are sequentially dependent we
can use the quasi-steady-state approximation, i.e., the solutions jg of system (4) can be used in
the gradients equations to give

%”a(t) = Z Aa,sVpp(ra(t)), (11)
p=1

fora =1,..., Ng. The basic idea behind this approximation is that the dynamics of the parabolic
equations is much faster than the dynamics of the gradient equations. However, we will see in
Section 5 that with the parameter ranges given in Section 2 this approximation can become very
bad in the sense that the growing speeds r, can be significantly retarded if the quasi-steady-state
approximation is used.

Another point is what kind of source functions to use. If point sources are being used, the system
of elliptic equations (4) can be solved exactly for all arbitrary combinations of ry,...,7n,, as is
done in [2]. We will examine in the next section the use of point sources and different kinds of
source functions.

4 Source Functions

We want to consider some aspects of the used source functions S, in the parabolic equations.
From a modeling point of view, the use of point sources for making the model as simple as possible,
is appealing. For instance, Hentschel and Van Qoyen [2] use point sources in their simulations of
the model. However, as we will show in the next subsection, using point sources gives difficulties
with respect to the smoothness and existence of solutions, especially in 2 and 3 dimensions. The
alternative is to use source functions that are spread out in the neighborhood of the source position,
as is discussed in Subsection 4.2. Although extra choices have to be made concerning the form of
the source functions, the smoothness and existence of solutions are guaranteed in this case.

4.1 Point Sources

We will start with point sources in one dimension, so that we are considering the solutions of
equations of the form

Ny N
atpﬁ(xvt) = Dg@ipg(:z:,t) - Iﬁ?ﬁpg(l‘,t) + Z Ug,aa(x - Ta(t)) + Z 0'[5.37,},(5(1‘ - 57)’ (12)
a=1 y=1

where z € R. Because this equation is linear, the solution for given functions r,(t) can be found
by solving the same equation for the different sources separately, meaning that we have to solve
equations of the form

dipla,t) = DOp(a,t) — rp(a,t) + ob(z — r(t)). (13)

Smoothness. The solution of equation (13) can be written as

ge Rt [0 latf? t_erltn ol
o) = 25 e A dfto | S 4D gr, 14
Pt = Jh /_oo pol8) S v T (14)



for all t > 0 and po(z) = p(z,0), which can be easily found by using Fourier analysis. Given
po € LP (1 < p < 00), it can be proved that p is C* at all points (z,t) with ¢ > 0 and = # r(t).
A proof of this for an analogous equation can be found in [1]. At points (r(¢),t), p may not be
differentiable with respect to .

Therefore, equation (12) has solutions of pg that are smooth, except in points (r4(t),t) and (s, 1),
where the sources are located, as can also be seen in Figure 3.1. For the analogous equations in
two and three dimensions the same holds, as can be proved in exactly the same way as in one
dimension.

In the complete 1-dimensional mixed parabolic-gradient system, the functions r(t) satisfy gradient
equations (1). These equations contain terms A, g0zp5(ra(t), %), so that there can occur something
which we will call self-interaction. This occurs if there are o and 5 with ag’a #0and Ao g # 0,
meaning that source a produces pg and the dynamics of r, is influenced by pg. In other words,
there are sources sensing fields which they help produce themselves.

Ill-definedness. If self-interaction occurs with respect to source o and field 3, then the system
is not well-defined, because the solution pg(-,t) of equation (12) is not differentiable at 7, (¢), while
the term 0,pp(rq(t),t) is used in the gradient equation for r/(¢).

In the 2- and 3-dimensional case the situation is similar. The solution pg is everywhere C°,
except at the location of the point sources o with og o # 0, where it is even singular. Again,
this will result in ill-definedness of the problem if self-interaction occurs, in the same way as in
the 1-dimensional case. Therefore, if self-interaction occurs, it is impossible to work with point
sources.

By defining a generalized gradient V f(x) = limp, o(f(z 4+ h) — f(x — h))/(2h), we can solve this
problem in the 1-dimensional case, because @pg exists at the locations of the sources. Further, if
f is smooth at z then Vf(z) = Vf(z). However, it seems that there is not a similar possibility
in 2 dimensions due to the fact that the pg are singular at the source locations, which is not the
case in 1 dimension. In this case we would like to define a generalized gradient by means of

V1(r) = lim —

= 1m —
hl0 Th3

|t . (15)
B (r)
with By (r) = {z € R? | |z — r| = h}, for which in case of a smooth function f we can write

{f(r) +Vf(r)-(@—r)+ 0O (R? }(:v—r)d:v

1
= 1‘ _
I:?Ol Bh("’) 7Th3

(Vi) (@ =) }@=r)do+ O () = V().

However, if we try to use our generalized gradient in two dimensions on a moving source with a
constant speed vector v, yielding equation

Oip(x,t) = DAp(x,t) — kp(x,t) + 0d(x — 7(t)), (16)

with 7(t) = tv + ro, then for large ¢ the solution approaches

px,1) = 575 exp (Q;v (- r(t))) Ko (V"";gw”wx - r(t>|> . (17)

This can be found be substituting a moving profile solution p(x,t) = p(x —¢v) into equation (16).
Here, the function K is the modified Bessel function of the second kind, for which, for small x,




Ko(z) = —yg — In(z/2) + O (z), where g is Euler’s constant. We then can write for p(x,t) in
the neighborhood of r(t)

p(r+&,t) = g {1 — %V-ﬁ—l—@(fﬁ)} {—ln (675M|§|> +(’)(|§|)}

21D 4D
= Ay In(Az[¢]) + As(v - €) In(A2€]) + O (|€]),

where A;, Ay and Az are real constants. If this expression is substituted in the definition of @p,
then this yields

1

[ s & 0EdE = Agln(Ash)v + O (1Y),
mh B (0)

and therefore the limit in the definition of the generalized gradient does not exist at the location
of the source r(t). In three dimensions the same effect occurs and again the analogously defined
generalized gradient does not exist at the location of the source.

Making use of some kind of generalized gradient doesn’t seem to make it possible to combine
self-interaction with point sources in the 2- and 3-dimensional case. Because self-interaction is an
important feature of the model, we will disregard the use of point sources and concentrate in the
next section on sources that are spread-out in space.

4.2 Spread-out sources

If using spread-out sources, certain choices have to be made regarding the form of the source
function S,: Q@ — R. In general, we will define the function S,_ by S,_(z) = S(|x — ry]), where
S: Rt — R. Further we would like to have in most cases a compactly supported source function,
meaning that supp(S) = [0, ¢] for some ¢ > 0. We assume also that S is non-increasing, piecewise
smooth and [, S, (£) dé = 1. In an analogous way we will define S;_.

The most simple source function we can think of is the one defined by

{Cdima < 14 1

S(x) = . Ci=4 CG=i
(.’L‘) 0, z>/f 1 20 2 A

This function already shows an important feature of spread-out sources. Namely, the source
functions S, defined using the S above, will have discontinuities at points € Q with |z —r,| = £.

This can result in higher order! discontinuities at the same points in the solutions pg of the
parabolic equations.

Example 3. As an example in one dimension we consider solutions of the equation
3tp(m,t) :Dazp(:v,t)7f'ip(l',t)+0'5(|$*’ut|), (18)

on R, which describes the dynamics of a concentration field p caused by a moving source with
location r(t) = vt. One of the solutions is a translating profile p(z,t) = p(z — vt), that is shown
for t = 0 in the left picture of Figure 4.1. At ¢t = 0, the source is located at the origin and moves
to the right with speed v. Here, we used v = 0.5, D = 0.1, kK = 1 and ¢ = 0.5. In the middle and
right picture of the figure 9,5 and 925 are shown, respectively. We can see that the second order
derivative is discontinuous for |z| = £. O

In general, solutions of

3,5,0($,t) :Dazp(l'at) 7ﬁp(mat)+f(xat)a (19)

IWith a discontinuity of order r in # we mean that the 7*"-order derivative is discontinuous in z while the
(r — 1)t derivative is continuous. By a discontinuity order of co we mean that all derivatives in & are continuous.
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Figure 4.1: Moving source profile  in one dimension and its derivatives 0,5 and 8%p

with f(z,t) piecewise smooth and having discontinuities of order r(t) at points z(t), are smooth

everywhere, except for the points points x(t), where they have discontinuities of order 7 (t) + 2.

Therefore we can choose other source functions to guarantee a certain smoothness, some of which
are shown Table 4.1.

disc. order | disc. order of p
S(z) Ch Co profile of patr at B(r;£)
Caim z T 00 2
Cdim (€ - .’L‘) Z% %

Caim(z — 0)*(xz — 10)

2

§}>:

Cgim cOS> (57)

| =
—

3

)

|

IS
=

|

)
=~

Table 4.1: Source functions and orders of discontinuity.

Another interesting feature of the moving profile of Example 3 is the fact that its maximum is
not attained at the center of the source, although it is very close to it: namely, the maximum is

attained in supp(S,.(;)), which is equal to |z — ()| < £ in this example. We can prove that this is
true for moving profiles in general, by noticing that we must have for p, with p(x,t) = p(x — tv),

DAMKX) — k(%) + v - Vlx) =0, (20)
for all x € Q\supp(Sp), where A is the closure of an arbitrary set A € Q. If p would have a maxi-
mum at x € Q\supp(Sp), then Vj(x) = 0 and Ap(x) < 0, because all eigenvalues of the Hessian
matrix of p evaluated in x are negative and Ap(x) is the sum of these eigenvalues. However, equa-
tion (20) yields, by p(x) > 0 and Vp(x) = 0, that Ap(x) > 0, giving a contradiction. Therefore a
maximum of p lies in supp(Sp) and thus for the maximum of p we have that [Xpqe. — r(¢)] < £.



5 Self-interaction

It will often occur that the gradient equation of a source contains gradients of one of the fields
pp that it produces, which is a property that we called self-interaction in Subsection 4.1. In
this section we will see that self-interaction has a diminishing effect on the speeds of the moving
sources. Besides this we will examine how the width of the sources influences the self-interaction.

In Example 3, in case of block source functions, the gradient of the field p that the source produces,
evaluated at the source position, is equal to

Dui(vt) =

—M£> sinh (%z) . (21)

o
—— X
{/v?2 + 4Dk P < 2D

The gradient 9, p(vt) is negative (positive), for positive (negative) v, and is decreasing (increasing)
with ¢, as can be proved by noticing that vVv? 4+ 4Dx/(2D) is always greater than |v|/(2D). This
means that for decreasing source width ¢, the source will sense the fields that it produces in an
increasing way. For ¢ | 0 this will result in

agv

2DVv2 + 4Dk’

To get an idea of how big the influence can be on the time derivatives 7 in the gradient equations,
we consider an example.

(22)

lim 9, p(vt) = —
lim 0, p(vt)

Example 4. In this example we consider a moving source (position r) and a static source (posi-
tion s) on R, secreting a substance p to which the moving source is attracted, yielding equations

ip(z,t) = DIzp(z,t) — kp(z,t) + 0S(jz —r(t)]) + oS(|z - s)), (23)
(t) = Aap(r(t), t). (24)

We can write the solution of equation (23) as p(z,t) = ps(z) + pr(z,t), where ps and p, satisfy
0= DO2pa() — rpa() + 0S(z — s,
Bpr(2,t) = DI p,(,t) — kpr(2,t) + 0S|z — (1)),
so that for equation (24) we have
7(t) = X0z ps(r(t)) + A0ppr(r(¢),t). (25)

In a quasi steady-state approximation the term 0,p,(r(t),t) will vanish, however in this case it
is approximately equal to the expression in equation (21), which yields after substitution and
developing a Taylor series with respect to 7,

P v+ &R i+ O (1) (26)

with v = A9, ps(r) and

£—— Ao it = ig(ﬂ2e2+3ué—3)ew pe
1p2,¢ ) 96 D3 ’ D
Solving the approximate equation (26) yields then
. 1 n 3 4
= . 2
T 1_£v+(1_£)4v + O (v*) (27)

By using parameter values D = 1.0-1074, x = 1.0-1074, 6 = 1.0-1072, ¢ = 1.0 - 1072, and
A =1.0-10"5, where we have that 0 < v <5.0-107°, (1 —¢)"! ~ 0.57 and n(1 — €)% ~ 1.0- 105,
this results in 7 & (0.57) - A3z ps(r).
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Without self-interaction, as in the case with QSSA, then 7 = AJ,ps(r). Hence, according to
this estimation, the self-interaction causes a decrease in source speed of 43%. It has to be noted
that the quality of this estimation depends on the acceleration of the point source. The used
equation (21) is valid for constant v(=7) and ¢ — oo and therefore, if v does not change too
rapidly, the convergence of the measured gradient to equation (21) can be faster than the speed
with which v changes. a

Self-interaction in two dimensions We next want to examine the effect of the width of
source functions on the self interaction in two dimensions. For this, we define S¢: R? — R, by
St(x) = = 5(%|x|), with supp S = [0, 1], so that

£ X)ax = X ) ax
/Bz(o)S( ) /31(0) S dx, 2%)

where B,(0) = {x € R? | |x| < ¢}. Again we consider the moving profile for a source moving with
a constant speed v, i.e. p(x,t) = p(x — tv). The equation for the field is given by

Aip(x,t) = DAp(x,t) — kp(x,t) + 05 (x — tv), (29)
for which the moving profile will be determined by the equation
DAp+v-Vp—rp+0S- =0, (30)

where p and S¢ are functions of x only. We will solve this equation by using a Green’s function pg,
which is the solution of equation (30) with a Dirac distribution § instead of the function S¢. For
these functions we have the expression

pa(x) = Ale(_A2V'x)K0 (As|x|) (31)
1 v/ |v|2+4D
A = L’ Ay = — Ay = VIv[*+4Dr (32)
2D 2D 2D

and the solution of equation (30) is then equal to

) = [ e = )5"(6) . (33)

To consider the self interaction, we have to calculate Vp(tv,t) = V5(0). Because of the fact that
S* has support B,(0) and is symmetric at 0, we can write

V5(0) = / Via(€)S*(€) d.
B¢(0)
The series expansion of Vg in the neighbourhood of 0 is equal to
~ — VX A - v:'X
Vha(x) = = { Az AreC AP Ky (A]x)) v - {ﬁAlé AVE (A3|X|)} x
:{A1A2 In (€77 As|x|) — A1 A2(v - x) In (7 As|x|) }v
Ay vV-X

so that we have for V5(0),

V5(0) = A1 A ( /B ol (=4 Asfx]) S(x) dx + w)) v+0(0). (34)
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The effect of self interaction can be estimated by splitting the field p into two parts, one part
produced by the source p, itself and the other part produced by other sources p., giving v, =
AVpe(r(t),t). Using the first term in the equation (34), we can write Vj(0) = A4(¢)v. For
the speed of the source we then have by the gradient equation 7 ~ AA4()7 + v, yielding 7 ~
(1 — XA4(¢)) 1v.. With parameter choices of Example 4 we then get 7 ~ (0.76)v.. Clearly, the
self interaction can become infinitely large for small source widths £. The source width is therefore
a critical parameter of the system.

6 Numerical Tests

In the previous sections we found by analytic means some properties of the mixed parabolic-
gradient systems. In this section we will do some numerical tests to illustrate some of these
findings. For this, we use a simple numerical method, which is first order accurate in time and
second order accurate in space and serves for showing the effects of self-interaction.

We will concentrate on a 1-dimensional example system (the system from Example 4). The system
is

dip(z,t) = DO3p(z,t) — kp(z,t) + 0rS(jz — r(t)]) + osS(|lz — ), (35)

T‘(t) = Aawp(r(t)a t)a (36)

which is the most simple system that shows self-interaction. The moving source (position r(t))
and the static source (position s) both produce p, and the moving source is growing to higher
concentrations of p. Again, supp S = [0, ¢], with S of the functions from Table 4.1. Further we
will assume that the domain is [0, 1] and we impose periodic boundary conditions.

Numerical Method. For discretization of the parabolic equation (35) we will use the backward-
time central-space scheme,

o+l g ,UTH-l — 9yntl + Un—i;l
m p m _ p-mtl };r; ml kot 4 6, 8(|2m — 7)) 4 058 (|Zm — s)) (37)
on an evenly spaced grid 0 = zg, ... ,zpr = 1, with gridsize h in space and step size k in time.
Because of the periodic boundary conditions we can work with vectors v = (v2,...,v%)T of

length M, such that v?, & p(Zm,t,). If we denote Sy, (r"™) = 0.S(|xym — r™|) + 0sS(|zm — s|), such
that S(r") € RM | then we can write this scheme as

Av™tt = v L ES(r™), (38)

where A is a periodic tridiagonal matrix. If we denote the projection of the exact solution p(z,t)
on the grid by p(t), then substitution of this solution into (38) yields

Ap(tni1) = p(tn) + kS(r(tn)) + kO (k + h?), (39)

and therefore the discretization is first order consistent in time and second order consistent in
space. Further, this scheme is unconditionally stable [4] for a given function r(¢).

The path 7(t) of the moving source will be approximated at discrete time points ¢, (r" = r(t,)).
For the discretization of the gradient equation (36), we need to approximate the gradient at r",
which is not necessarily a grid point z,,. For this, we need a numerical gradient function
Py:RM x[0,1] — R, such that if an arbitrary, smooth function f:[0,1] — R is projected on
the grid x € RM | yielding f € RM | then Py (f,r) ~ 0, f(r). Now we use forward Euler to calculate
r*tl from r", giving

Pt =" L EAPG (VT ™). (40)
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t=300.0 t=900.0

0.5

Figure 6.1: Solution of system (35)-(36) at times ¢ = 300, 900, 2100, 3000. Sources (---),
ps (—-—)and p (—).

If we assume that Py (f,7) = 0, f(r) + O (hP) for arbitrary, smooth f, then we can substitute the
exact solution r(¢) into (40) to obtain

r(tns1) = r(tn) + kAPy (p(tn),r(t,)) + kO (k + hP), (41)

making scheme (40) first order accurate in time and p‘" order accurate in space.

Our time stepping process now consists of two stages: equation (38) together with equation (40).
But we still need to define the numerical gradient function Py. The most straightforward way to
define a numerical gradient function is to define

Pg(f,z;i + 0h) = +(fis1— fi), (42)

with the unique 6 € [0,1) and z; such that r = z; + 6h, which gives Py (f,r) = 0. f(r) + O (h),
for arbitrary, smooth functions f. However, it is easy to build higher order gradient functions by
using more grid points. For example,

Py (f,z; + 6h) = %(%( — fic1 +3fi = 3fiy1 + fir2)0?
+ (ficr —2fi+ fir1)0+ s (—2fic1 — 3fi + 6fit1 — fi+1)>7 (43)

for which Py (f,7) = 8, f(r) + O (h®) for arbitrary, smooth functions f, which is the highest order
numerical gradient function possible using four grid points. We now will show some results of an
example calculation using equations (38), (40) and (43).

Example 5. We use the parameter values D = 1.0 - 1074, x = 1.0-107%, ¢ = 3.0 - 1073,
A= 1.0-10"* and the cone-like source functions with ¢ = 0.1. Further we take s = 3/4 and as
initial values 7(0) = 1/3 and p(z,0) = 0, for all x € [0, 1] and we will integrate to ¢ = 3000. For
a calculation with 2000 grid points, both in the z and t¢-direction (h = 0.5- 1073 and k = 1.5),
the results are shown in Figure 6.1. These grid sizes are sufficiently small to approximate exact
solutions up to plotting accuracy.
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It can be seen that the source at position r(¢) moves toward the source at position s. The dash-
dotted line shows a p-field that is produced solely by the source at s, which we called p; in
Example 4. This field isn’t used in the calculation, but is shown for illustration purposes. The
solid line shows the p-field that is used in the calculation. It is the sum of the two fields excreted
by the sources. The dotted line displays the scaled source profile functions. They are scaled down
by a factor 20 to make them nicely fit into the picture.

In Section 5 we made an estimation of the diminishing effect on the moving speed of a source in
case of block source functions and for p defined on the whole of R. For our example case, where
we have cone source functions and the domain is [0, 1] with periodic boundary conditions, we can
do a similar calculation. We then get for £ in equation (27),

Ao (1 —{)sinh(uf) — £sinh(u(1 — £))
- 4D2%y et —1)(e#—1)

£

With our choices of parameters, £ = —0.511 and equation (27) gives 7 &~ (0.66) - A9z ps(r). In the
left graph of Figure 6.2 the gradients 9, p;(r(t)) (dash-dotted line) and 8, p(r(t),t) (solid line) are
shown. Clearly, 0,p(r(t),t) is much smaller than 0, ps(r(t)) due to the self-interaction. According
to our estimation we should have 9, p(7(t),t)/0.ps(r(t)) = 0.66. This ratio is depicted in the right
graph. We see that the ratio is a little less than the estimation we made.

Two things might explain this. First, the estimation is based on a moving profile solution moving
with constant speed 7. The fact that 7 is not constant, but increasing, might give some differences.
Second, from the gradient of the moving profile solution we only take the first order term in 7 in
our estimation. For higher speeds, higher order terms can come into play and they then have to
be accounted for.

6 : : 1
5 1 o8
|
al I
| 0.6}
3} h
/ 0.4}
2 | '/ i
/
./. |
1t //’ | 0.2

0 - - 0 - -
0 1000 2000 3000 O 1000 2000 3000

Figure 6.2: Left: 0,p(r(t),t) (—) and 0, ps(r(t)) (—-—) against time. Right: ratio of the gradients
against time.

We see that the self-interaction causes a decrease of about 30% — 40% in moving speed of the
source here. If QSSA is used the self-interaction is automatically neglected, because concentration
fields in steady-state do have a vanishing gradient at the location of the source. Therefore, with
QSSA, sources seem to move faster than they really do. In Figure 6.3 the QSSA solution for r(t)
(dash-dotted) is shown next to the full integration solution of r(¢) just calculated. Clearly, in the
QSSA solution the moving source reaches the static source too early.
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Figure 6.3: Location of the moving source against time computed with QSSA (— - —) and with
numerical integration of the full parabolic-gradient system (—).

Using QSSA, we turned the parabolic equation into an elliptic equation by putting d;p = 0. This
equation can be solved analytically and its solution, which depends on 7(t) can be used in the
gradient equation, resulting in an autonomous ODE. We solved this equation numerically using
the classical Runge-Kutta 4*P-order integration scheme. O

7 Conclusions

In this paper we examined a mixed parabolic-gradient system, which is a prototype for such
systems arising in neurobiology, where they act as a model for the axonal growth out of neurons.
The long term goal is to develop efficient numerical methods for solving such equation systems.
Here, we tried to get a better understanding of the equations by analytical and numerical means.

We found that, with the parameters in the estimated ranges, putting the parabolic equations in
steady-state gives very different results. Although some reasons to justify the quasi-steady-state
approximation exist, see [2], this approximation can give moving speeds of the sources that are
too high, in case self-interaction occurs.

A way to estimate the self-interaction effect is found and by using this, it should be possible to
give an indication of the quality of the quasi-steady-state approximation in particular cases. In
addition, we found as a rule of thumb, that decreasing the source width will give a greater self-
interaction effect. In one dimension this effect seems to be bounded for decreasing source widths,
but in two and three dimensions this can become unbounded, resulting in source speeds that are
almost zero.

This brings us to the use of point sources. With point sources the solutions of the parabolic
equations are smooth everywhere except for the locations of the sources. If self-interaction occurs,
gradients have to be taken at these locations, making the combination of self-interaction and point
sources impossible. In one dimension we can work around this by redefining the gradients, but
in two and three dimensions this seems not to be possible. As an alternative, sources that are
spread out in space can be used, but then care has to be taken on the smoothness of solutions of
the concentration fields.
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In doing the numerical tests we found that the number of grid points needed to reach good accuracy
is very high, even for the simple problem we used. In future research we will focus on this aspect
and search for better ways to discretize these equations.

Other points of interest are how the model can be extended to make it more realistic. For instance,
the model relates certain mechanisms (e.g. sensing gradients) to global behaviour (e.g. bundling).
However, the dynamics can be such that at a certain moment of time the mechanisms are not
realistic anymore and other mechanisms should take over.
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