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ABSTRACT

The paper is concerned with the supremum of a centered Gaussian process with stationary
increments over a random interval. The main result provides the exact asymptotics of the
tail of the supremum distribution in the case that the length of the interval is regularly
varying. In addition, we obtain explicit lower and upper bounds for the prefactor.
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1 Introduction

Let {X(s) : s > 0} be a centered Gaussian process with stationary increments. A classical
problem in the extreme-value theory of Gaussian processes is to determine the tail behavior

of

P( sup X(s)> u), (1.1)
s€[0,T

for some fixed T > 0.
Since the exact form of (1.1) is only known for a few special cases, recent analysis has
focused on finding the asymptotic behavior of (1.1) as u — co. In particular, Theorem D.3
in [9] (see also Piterbarg & Prisyazhnyuk [10]) immediately implies that if the variance
function 0% (s) = Var(X (s)) of the process X (s) is strictly increasing on [0, 7], then under
some regularity conditions for ox(s) and the covariance Cov(X (s), X(t)),

P( sup X(s) > u) ~ Const u” ¥(u/ox(T)) (1.2)
s€[0,T

as u — oo, where ¥U(z) = P(N > z) denotes the tail distribution of a standard nor-
mal random variable /. For further results on the asymptotic behavior of (1.1), see
e.g. Berman [2].

In the present paper, we focus on the case where T is a random variable, independent
of X (s). Besides extending the classical theory, our motivation comes from a problem
encountered in obtaining asymptotics for some fluid models, see [5].

We show that the qualitative tail behavior of the supremum may crucially depend on the
variability of 7'. In particular, we focus on the case where T" has a heavy (i.e. regularly
varying) tail. In this case, it is essentially the randomness in T that determines the
asymptotics, which are no longer of the form (1.2).

It is illuminating to show what happens if we take X (s) = B,(s), where B,(s) is a frac-
tional Brownian motion (FBM) with Hurst parameter a € (0, 1], i.e., a centered Gaussian
process with stationary increments, continuous sample paths, B,(0) = 0, and variance
function Var(B,(t)) = t**. In this case, we can use the self-similarity of FBM and a
classical result of Breiman [6] (see also Cline & Samorodnitsky [7]) to get the following
result.

Proposition 1.1 Let T be a nonnegative random variable with reqularly varying tail dis-
tribution at co with index v > 0. Then

v/a
P( sup Ba(s) > u) = P(T* sup Ba(s) >u) ~E( sup Ba(s)| P(T>uz)
s€l0.7] s€(0,1] s€l0,1]

as u — 00.

The main goal of this note is to show that the asymptotics presented in Proposition 1.1
essentially remain the same for a much larger class of Gaussian processes than FBM; this
result is stated in Theorem 2.1. The proof of Theorem 2.1, presented in Section 4, relies
on the fact that (under some regularity conditions), a properly scaled Gaussian process
converges to FBM, see Lemma 4.2. Section 2 also provides lower and upper bounds for

v/
the prefactor E (SUPse[o,l] Ba(s)> *. In Section 3 we apply Theorem 2.1 to the analysis

of the class of Gaussian processes with stationary increments and differentiable sample
paths a.s.



2 Main result

Before stating our main result, we first introduce some notation.
Throughout the paper, X (¢) is a centered Gaussian process with stationary increments,
a.s. continuous sample paths, X (0) = 0, and such that the standard deviation function

ox(t) = /Var(X(t)) satisfies the conditions

C1 ox(t) € C([0,00)) is ultimately strictly increasing;
C2 ox(t) is regularly varying at oo with index a € (0, 1];
C3 ox(t) is regularly varying at 0 with index A € (0, 1].

We denote the generalized inverse function to ox(t) by o' (t) = inf{s : ox(s) > t}.
Moreover, let L(-) denote a function slowly varying at co. We assume that 7" is a nonneg-
ative random variable with regularly varying tail distribution at co with index v > 0, i.e.,
P(T > x) = L(xz)z™". For conciseness, we write ' € RV (v).

For any two real functions f(-) and g(-), we use the notational convention f(u) ~ g(u) as
u — 0o to denote that f(u) = g(u)(1+ o(1)) as u — oo.

Throughout the paper, we assume that 7" and X (¢) are independent.

The following constant plays a crucial role

s€[0,1]

v
E(a,y) = E( sup Ba(s)> )

where a € (0,1], v > 0.

Theorem 2.1 Let T € RV (v). If X(t) is a centered Gaussian process with stationary
increments and variance function Jg( (t) such that conditions C1-C3 are satisfied, then

P( sup X(s) >u) ~E(a,v/a)P(T > J)}l(u)) as u — 0.
s€[0,7

Proof
The complete proof is presented in Section 4.

Remark 2.1 Note that Theorem 2.1 implies that supeo 71 X (s) is regularly varying at co
with indezx v/o.

In the following proposition we calculate the exact value of the constant () for two
special cases of the parameter «, that is for « = 1/2 and a = 1.

Proposition 2.1 Ify > 0, then
(i) £(1/2,7) = L2@+0/2r (11);

(ii) £(1,7) = J=20/°T (25).

Proof
Let o = 1/2. Then P(sup¢jo 1) B1/2(s) > x) = 2¥(z), which combined with the fact that

E(1/2,y) = 'y/ 2V~ P( sup By)(s) > x)dz,
0 s€[0,1]



completes the proof of (i).
In order to prove (ii), it is enough to note that By(t) = N't, where N is a standard normal
random variable. Thus P(supcjo 1) B1(s) > =) = ¥(z). Hence, a similar argumentation
as in the proof of (i) completes the proof.

a

In the following proposition we show that for every fixed v > 0 the function &(-,7) is
decreasing on [0, 1].

Proposition 2.2 Letv> 0. If 0 < a1 < as < 2, then
8(041,’}’) 2 S(Oé?afY)‘

Proof
&2
Let a1, a9 € (0,2] and a1 < as. Moreover, let Y (t) = By, (t“l). Clearly, we have

P( sup Bg,(s) > x) =P( sup Y(s) > ) (2.1)
s€[0,1] s€[0,1]

for all z > 0. Additionally, Var(Y (t)) = Var(Ba, (t)) = t?®2 for every t € [0, 1] and

2001

> [t — 5|**? = Var(Ba, (t) — Bag(s))

ag ag
tar — s«

Var(Y (t) =Y (s)) =

for all s,t € [0,1].
Thus, using the Slepian inequality (e.g. Corollary 2.4 in [1]),

P( sup Y (s) >z) > P( sup Ba,(s) > )
s€[0,1] s€[0,1]

for all > 0, which in view of (2.1) completes the proof.
O

Combining Proposition 2.1 with Proposition 2.2, we obtain the following bounds for
E(a, 7).

Corollary 2.1 Let v > 0.
(i) If a € (0,1/2), then &(a,7) > J=2C+)/2T (%1
(id) If a € (1/2,1), then 12721 (11) < £(a,) < J21+0/2D (331)).

3 Application to Gaussian integrated processes

In this section we focus on the class of Gaussian processes with stationary increments
that have, in contrast to the fractional Brownian motion analyzed in Proposition 1.1,
differentiable sample paths a.s. In particular, we consider Gaussian processes X (t) such
that

where Z(t) is a centered stationary Gaussian process with continuous covariance function
R(t) = Cov(Z(s + 1), Z(s)).



Proposition 3.1 Let T € RV (v) and fr(t) be the spectral density function of the covari-
ance function R(t) of a centered stationary Gaussian process Z( )
If 0 < fr(0) < oo and R(t) is continuous, then for X (t fO

P( sup X(t) > u) ~ %21"'4‘ (V + %) P(T > 0% (u)) as u — oo.

t€[0,T] ™
Proof
The idea of the proof is to check that condltlons C1 C3 hold and then use Theorem 2.1.
Note that O'X =2 fo ds fo v)dv. Hence ( =2 fo v)dv, which combined with

the fact that
/Ooo R(t)dt = wfr(0) (3.1)

immediately yields that C1 is satlsﬁed
Moreover, (3.1) implies that fo v)dv is slowly varying at co. Hence, by Karamata’s
theorem, 0% (t) is regularly varymg at oo with index 1. Thus C2 holds with a = 1/2.
2
a)§2(t) = R(0), assumption C3 is satisfied with A = 1.
This completes the proof.

Proposition 3.2 Let T € RV (v) and Z(t) be a centered stationary process with continu-
ous covariance function R(t) such that R( ) > 0 and 1s reqularly varying at oo with index
2a — 2, for a € (1/2,1). Then for X (t fo

P( sup X(t) >u) ~ E(a,v/a)(T > o5 (u)) as u — oo.

te[0,T]
Proof
Since the proof is analogous to the proof of Proposition 3.1, we only note that due to
Karamata’s theorem O'X =2 fo ds fo v)dv is regularly varying at oo with index 2a.

Hence following Theorem 2 1, the proof is completed.
O

4 Proof of Theorem 2.1

Before presenting the proof of Theorem 2.1, we first state some lemmas that may be of
independent interest.

Our first result is a property for regularly varying functions which is a variation of Potter’s
theorem, see Theorem 1.5.6 in [4].

Lemma 4.1 If C2-C3 hold, then there exist 5, B > 0 such that for sufficiently large u
and all z € [0, 1],

ox(uz) < BiPox (u). (4.1)

Proof
Take § < v and let z* > 1 be such that Theorem 1.5.6 (iii) of [4] is satisfied. This theorem
implies that there exists an A such that, for z > y > z*, we have

7xW) < p(y/a), (4.2)



with 81 = a — §. Next, note that for y < z*,

ox(z) ox(z*) ox(x)
which follows from Theorem 1.5.6 (iii) of [4] and the fact that ox(x) is regularly varying
at 0. Now, take 5 = min{f;, S2}. Combining (4.2) with (4.3), we conclude that for x > z*
and y > 0, there exists a constant B such that

ox(y)
ox(z)

< B(y/=)"’,

which implies the lemma.
O

The next lemma states the well-known fact that a suitably scaled version of X (s) converges
to FBM (see e.g Proposition 7.2.11 in [11] or [8]). We give a short proof under our specific
assumptions.

For a given function f(u) define Xy,)(s) = fg}%;

Lemma 4.2 Let X (t) be a centered Gaussian process with stationary increments such
that C1-C3 are satisfied and let f(u) > 0 be a function such that lim f(u) = co. Then
U— 00

the process Xy(y)(s) weakly converges in C([0,1]), as u — 00, to Ba(s).

Proof

In order to prove Lemma 4.2, it suffices to show the convergence of appropriate finite-
dimensional distributions of X¢(,)(s) as u — oo and tightness.

Note that for every u > 0, X f(u)(s) is a centered Gaussian stochastic process with station-
ary increments. Moreover, for every s € [0, 1],

: _ Q2
ulglgoVar (Xf)(s)) = s,
and
lim Var(X ) (s1) = Xp)(s2)) = im Var(Xp)(s1 = s2)) = [s1 = s2/**.

Hence, we conclude the convergence of all finite-dimensional distributions.
In order to show tightness, it suffices to prove that for sufficiently large u

ElX pu)(s1) — Xpeuy(s2)]* < Cls1 — so°

for some C, > 0 and all sy, s2 € [0, 1] (see e.g. Theorem 12.3 in Billingsley [3]). Now note
that

E|Xf(u)(sl) — Xf(u)(32)|2 = Var(Xf(u) (s1 — s2))
_ (UX(f(U)(Sl — 52))
ox(f(u))

where the last inequality follows from Lemma 4.1. Thus, the proof is completed.

2
) < (Bls1 — sal?)%

X(ox(u)ts
Let Xy.(s) = %

The following corollary will play a crucial role in the proof of Theorem 2.1.

Corollary 4.1 Let € > 0 be such that lim 0;(1 (u)u™€ = oco. Then for every t € [u™¢, A],
uU—r00
the process X +(s) weakly converges in C([0,1]), as u — 00, to By(s).

6



Proof
The proof follows from Lemma 4.2 applied to X, 4(s) with f(u) = o3 (uv)t.

We now state a final preparatory lemma.

Lemma 4.3 Let X (t) be a centered Gaussian process with stationary increments such
that conditions C1-C3 are satisfied. Then for every e > 0 and v > 0,

IP( sup X(s)>u)=o0(u"") as u— o0.
56[0,0';(1 (u)u=e]
Proof
Since 0%(t) is regularly varying at 0 with index 2\, there exists a 7' > 0 such that

0% (t) < 0% (1)t}, and exp (—t)‘) <1- %, for every t € [0,T]. Moreover, let kg € N be

such that 0% (t) > 0% (1) for all t > koT.
Now, for sufficiently large u > 0,
IP( sup X(s)>u) <

sE€ [0,0')_(1 (u)u=e]

< P( sup X(s)>u)+ Z P( sup  X(s)>wu)
5€[0,ko T = se[kT,(k-+1)T]

< P( sup X(s)>u)+ Z P( sup X(e) > —:L >

SE[O,kOT] k=ko SE[kT,(k+1)T] UX(S) UX(UX (u)u_f)

|:a)_(1 (u)u™€ :|
T

< P( sup X(s)>u)+ Z ]P’( sup Xls) > ufa/2> , (4.4)
s€[0,koT] = se[kT,(k+1)T] O X (8)

where the last inequality follows from the fact that u/ox (o' (u)u™°) is regularly varying

with index ea.

Due to the Borell inequality (see Theorem 2.1 in [1]), the first term in (4.4) may be

bounded by

2

Thus it suffices to find a bound for the sum in (4.4).
Let Z(t) be a centered stationary Gaussian process with covariance function

Cov(Z(s +1t),Z(s)) = exp (—t>‘> .
Note that for every s,t € [kT, (k+ 1)T] (k > ko

—Es X(t))?
P( sup X(t) >u) <2exp|— (w "Piclokor] X (1)) as u — 00.
te[0,ko T

X(t) X(s)\ _ o%()+0%(s)
cov <ax<t>’ ax<s>> - 20x (o (5) =
o s okl
- QUX(t)Ux(S) - 20%( 1)
6 s
>1- 00

> exp <—|t . s|)‘> — Cov(Z(s), Z(t)).

7



Thus for every k > ko and sufficiently large u,

IF’( sup X > uw‘/2> < P( sup Z(t) > uw‘/2> (4.5)

telkT,(k+1)7) X (t) te[0,7]

2
— (w2 — E(supye ) (1))
2

IN

2exp (4.6)

where (4.5) follows from the Slepian inequality (see Theorem C.1 in Piterbarg [9]) and
(4.6) is due to the Borell inequality. Combining (4.6) with (4.4), we obtain

[a;(;)u*}
2 P( T i /> -

kT,(k+1)T] OX

2
w!? — Blsupyer Z(1)) i
exp | — 5 =o(u™7)

0;(1 (u)u—¢
T

as u — oo for every v > 0. This completes the proof.

Proof of Theorem 2.1
Let G(z) = P(T < z) be the distribution function of T'. Let a, A > 0 be given and € > 0
be such that oy (u)u™¢ — 0o as u — co. We have, with u™¢ < a < A,

P( sup X(s)>u) = /OOP( sup X (s) > u)dG(t)

s€[0,T) s€[0,¢]
= / sup X(s) > u)dG (o5 (u)t)
€0 UX (u)t]
= / sup X(s) > u)dG(oy (u)t)
0 sE[O O’X (u)t]

+ / B( sup  X(s) > w)dG(og! (w)t)
el (i

A
+/ P( sup  X(s) > u)dG(oy (u)t)
a sE[O,U}l (u)t]

+/ P( sup  X(s)>u)dG(oy'(u)t)
A SG[O,U;(I (u)t]
= Li+DL+ 13+ 14

We analyze each of the integrals I, I2, I3, I4 separately.

Integral I;
According to Lemma 4.3, we have

—€

/ B sup  X(s)>wdGog'(wt) < B sup  X(s) > u)
0 5€[0,0 %" (u)t] s€[0,0%" (u)u—e]

IN

= o(P(T > ox'(u))) as u— oo.



Integral I,
According to (4.1), we have ox (0% (u)t) < BtPu and thus

U S 1
ox(ox (w)t) ~ Bt

Hence,

L = / B( sup  X(s) > w)dG(og! (w)t) (4.7)
u™c sef0,0%" (u)t]

a “u X(U;(l(u)ts) u =iy
/““P <86[0p1] ox(ox (u)t) g UX(U)_(I(U)t)> Aot

a 1
A_ﬁ(gﬁ} Xup(s) > Btﬁ> dG(oy (w)t). (4.8)

Note that according to Lemma 4.2, as u — 0o, the process X, +(s) weakly converges to
Ba(s) in C([0,1]) for ¢ € [u™¢, a]. Since the functional sup,c(o 1) f(s) is continuous in the
uniform metric, there exists a constant Cy > 0 such that

IN

IN

IP( sup Xy(s) > C’0> <1/2

s€[0,1]

for sufficiently large v and ¢t € [u™¢, a|. Hence, from the Borell inequality (see e.g. Theo-
rem D.1 in [9])

Pl sup Xyt(s) >z | <2¥(xz— Ch) (4.9)
s€[0,1]
for every x. Combining (4.8) with (4.9),

/. P( sup Xox(s) > #) 4G (o5 (u)t)

s€[0,1]

IN

2 [ 0 ?/B) - Co)iG(ox W)

—€

< 2 / 7 U(t P2 dG (o (u)t)  (4.10)

for sufficiently large u. Now, using integration by parts, we have

a

2 / (PG (o w)t) = —2 / W(EP2)aG (o (w)t)

s —€

= 20 (u?/?)G (o (w)u¢) — 28 (aP/2)G(oy +2/ G(o gt (w)t)dw (t=P/2)

< 20 (uP/?) 42 / _ G(oxt (u)t)dW(tP/?)

< 20 (uP/?) + 2G (0 (u))) / ’ tVTRAW (A2, (4.11)

u—€

where (4.11) follows from Potter’s theorem and the fact that g > 0. Moreover,

a -8
—v—p -B/2\ _ —v—p—(8/2)-1 _t_

_ \/_2_7T/a1 B2 (‘%) dy (4.12)
= o(1) (4.13)



as u — oo and a — 0o, where (4.12) follows from the change of variable y = 1/t.

Thus, combining (4.8) with (4.10), (4.11) and (4.13), we conclude that I> = o(G(c"(u)))
as u — 0o.

Integral I3

We have

A
L = / B( sup  X(s) > u)dG(oy! (w)t)
a 56[0,0';(1 (u)t]

A
= / P( sup Xy :(s) > +> dG(U;(l(U)t)-

s€l0,1] ox(ox" (u)t)

According to Theorem 1.5.2 in [4],
u

ox (o' (u)t)
uniformly for ¢ € [a, A]. Moreover, according to Lemma 4.2, the process X, ;(s), converges
weakly in C([0,1]) to B4(s), uniformly in ¢ € [a, A]. Hence, for sufficiently large u,

I / AP B o <
3~ sup By(s) >t dG(oy (u)t)

s€[0,1]

—tH ag U — 00,

1/H
=P ( sup Ba(s)> T > o0 (u);aoy'(u) < T < Aoyt (u)
s€[0,1]

Integral I,
We have

/OO P( sup  X(s) > u)dG(oy'(u)t) < G(Aoy (u)) ~ A7"G(oy (u)) as u — oo.
A SE[0,0';(]' (u)t]

Now letting a — 0 and A — oo, we obtain that Iy + I + Iy = o(G(cx'(u))). Thus the
main contribution to the asymptotics comes from I3. In order to complete the proof, we
need to show that

v/H
(The lim sup is trivial: take a = 0, A = oo, and use the computation in the Introduction.)
Define B = (supse[o’u Ba(s)>1/H. Note that I3 is asymptotically larger than

P(BT > oy (u)) = P(BT > o' (u); T < aocy'(uw)) — P(T > Aoy (u)).
The last term can be handled in a similar fashion as I4. This leaves us with showing that

P(BT > o5 (u); T < aoy!
lim lim sup ( Ix (u) — 99x (1))
al0 y—oo ]P)(T > Ox (U))

= 0. (4.14)
Set © = a)_( (u) and write, using Markov’s inequality and applying partial integration,

P(BT > ;T < ax) = /GI dG(t)P(B > z/t) <
0

< /0 dG(t)C(x/t)~ / C(z/t) Y “dG(t)
= CP(T > az)a”" ™+ (v+¢)C / G(t)tv e tdt

~ CP(T > az)a’ + C'L(az)z™

10



as T — 0o, where C, C’ are finite constants independent of a. The last equivalence follows
from Karamata’s Theorem (see Theorem 1.5.11 in [4]). The above computation gives the
desired property (4.14), which completes the proof.

a
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