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ABSTRACT

Real-life negotiations typically involve multiple parties with different preferences for the different issues and
bargaining strategies which change over time. Such a dynamic environment (with imperfect information) is
addressed in this paper with a multi-population evolutionary algorithm (EA). Each population represents an
evolving collection of bargaining strategies in our setup.

The bargaining strategies are represented by a special kind of finite automata, which require only two
transitions per state. We show that such automata (with a limited complexity) are a suitable choice in a
computational setting. We furthermore describe an EA which generates highly-efficient bargaining automata in
the course of time.

A series of computational experiments shows that co-evolving automata are able to discriminate successfully
between different opponents, although they receive no explicit information about the identity or preferences
of their opponents. These results are important for the further development of evolving automata for real-life
(agent system) applications.
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1. INTRODUCTION
The rapid growth of a global electronic market place, together with the establishment of standard
negotiation protocols, currently leads to the development of multi-agent architectures in which artificial
agents can negotiate on behalf of their users [7, 14]. Such bargaining agents should be able to deal
successfully with a variety of opponents (with different tactics and different preferences). Furthermore,
these agents should be able to adapt their strategies over time to deal with changing circumstances.

Such a dynamic environment (with imperfect information) is addressed in this paper with a multi-
population evolutionary algorithm (EA). Each population represents an evolving collection of bar-
gaining strategies. This setup can be considered as an abstract model of multiple adaptive agents
who are updating their strategies over time. Our research is thus at the intersection of the fields of
multi-agent systems, learning by co-evolution, and evolutionary computing.

We represent the bargaining strategies by a special kind of finite automata, which require only two
transitions per state. Such automata (with a limited complexity) are a suitable representation in a



computational setting. Computational experiments indeed show that our modelling choice for the
transition function makes it possible for an EA to rapidly find highly-fit solutions. In particular, we
show in this paper that our approach (automata with a limited complexity which are optimized by
an EA) yields very efficient bargaining strategies for complex bargaining problems involving multiple
issues and multiple opponents (with different preferences). Results obtained with the multi-population
EA are in fact close to optimal (from a utilitarian point of view), even though the automata receive
no explicit information about the identity or preferences of their opponents.

The adaptation of finite automata by means of evolutionary computing has received considerable
attention in the past in the field of evolutionary programming (EP) [9, 10, 11]. Recently, several
researchers outside the EP community have also started to use evolving automata to solve various
tasks related to strategic decision-making and prediction. A well-known example is Miller’s work
[15] on the iterated prisoner’s dilemma (IPD). Miller encoded the game-playing automata as binary
strings and adapted them using a genetic algorithm (GA). In 1997, Ashlock [1] introduced a new
type of genetic programming (GP), which he calls “GP-automata”. This technique is a combination
of finite automata with the tree representation of programs which is commonly used in GP. More
precisely, a “GP-automaton” is a modified finite automaton with a parse tree associated with each
state. These automata were used in [1, 2] to evolve strategies for a very simple bargaining problem
(“dividing the dollar”). The suitability of the GP-automata approach for more difficult bargaining
problems has not been established yet.

Carmel and Markovitch [5, 6] have proposed a model-based approach for learning effective strategies
in multi-agent systems. They restrict the agents’ strategies to deterministic finite automata and show
that a best response strategy for a given opponent (with a known strategy) can be derived efficiently.
They furthermore present an unsupervised learning algorithm that infers a model of the opponent’s
automaton from its input/output behavior. These techniques were applied successfully to the IPD
game. Although the framework of Carmen and Markovitch appears to be promising in case of fixed
opponents, the case of non-stationary opponents, which is studied in this paper, is not covered yet by
their methods. A second drawback of their approach is that explicit information about the identity of
the opponents should be available in a setting with multiple opponents (to facilitate the development
of separate finite automaton models for the different opponents). Information about the identity (or
preferences) of the opponents is not used (or needed) in our evolutionary model: the only feedback
used in our model is the average score obtained by the automata against the different opponents.

Our application domain is rather complex compared to the simple games considered in previous
works (e.g., the IPD [15, 22, 5, 6] or dividing the dollar [1, 2]). In this paper, we focus on so-called
multi-issue negotiations. In multi-issue negotiations not just one issue (like the price of a product)
is important, but other aspects are also taken into account (for instance accessories, quality, delivery
time, etc.). A key advantage of these multi-issue negotiations is that often mutually beneficial out-
comes can be obtained if both parties concede on the proper issues. The complexity of the bargaining
problem increases rapidly, however, if the number of issues becomes large. This explains the need for
advanced search techniques (like EAs) to generate successful bargaining strategies.

We show in this paper how successful strategies (represented as finite automata) can be generated
for this class of complex bargaining problems. Computational experiments show that the co-evolving
automata are able to discriminate successfully between different opponents, although they receive no
explicit information about the identity or preferences of their opponents. Moreover, performance of
the evolving automata remains high in case the bargaining problem is (i) stochastic (e.g., because
of stochastic breakdown of the bargaining process or because of noisy communication between the
negotiating parties), (ii) asymmetric (e.g., because the players’ preferences for the valuable items
are not the same), or (iii) time-dependent (e.g., because the players’ preferences are changing over
time). Our evolutionary approach also works well in case of highly complex multi-issue/multi-opponent
bargaining problems. For example, we generated very efficient automata for a problem with 20 co-
evolving populations, where each automaton negotiates with automata from 10 different populations
over 5 issues. The evolutionary techniques developed in this paper are thus important for the further



development of evolving automata for real-life (agent system) applications.

The remainder of this paper is organized as follows. Section 2 contains a description of the multi-
issue bargaining problem that we consider in this paper. Section 3 discusses the generic structure
of the bargaining automata. The genetic representation of these automata is presented in Section 4.
Section 5 gives an outline of the evolutionary system. The EA, which evolves the automata, is also
described in this section. Section 6 gives an overview of the computational experiments. These
experiments are presented and discussed in Sections 7 through 10. Section 11 concludes.

2. THE MULTI-ISSUE BARGAINING PROBLEM

Our bargaining game is essentially a discrete-choice, multi-round, and multi-issue version of Nash’s
demand game [17, 23, 4]. In Nash’s game, the two players simultaneously announce a demand. Their
demands z; and 2 are either compatible or incompatible. They are compatible if the pair (z1,z2) lies
in the set X of feasible payoff pairs. Otherwise they are incompatible. In case of compatible demands,
both players receive what they demand. If the demands are incompatible, both players receive their
disagreement payoffs. This game has an infinite number of Nash equilibria, which creates a major
equilibrium selection problem. Only one equilibrium is stable, however, when the players are not quite
sure what the feasible set X is. Nash proved (see [17]) that, when the uncertainty about the location
of X is sufficiently small, this stable equilibrium corresponds to the regular Nash bargaining solution
(see also the discussion in [23, 4]).

In our version of Nash’s demand game, the two players are negotiating over several discrete issues
(i.e., issues that cannot be divided). The players need to specify in their bids whether they claim a cer-
tain issue or not. If both players claim the same issue, the demands are considered to be incompatible
and no deal is made. We consider a multi-round game, so the players have the opportunity to submit
more than one bid. To perform well in this situation, a player should react on the opponent’s bids
and play differently against opponents with different preferences. In particular, it is important that
a player concedes on a number of issues which are of major importance for the opponent, otherwise
many demands will be incompatible.

We also consider two extensions of this game which are important in practical situations. In the
first extension, the game does not always last a fixed number of rounds. Instead, the game can
terminate prematurely with a certain probability after each round. Such premature termination of
the bargaining process may occur in reality when players get dissatisfied as negotiations take too long.
In the second extension, not all moves made by the opponent are actually received by a player. This
models noisy communication between the two players or (equivalently) players who sometimes ignore
the last move made by the opponent and remain in the same state. These two aspects (a stochastic
risk of breakdown and noisy communication) further increase the difficulty of the bargaining problem.

More formally, we consider a simultaneous-move game which starts at time ¢ = 0 and is terminated
with a certain probability p after each round. The game also stops if the deadline is reached (at t = n).
We set n equal to 10 in this paper. Both players submit demands in each round. When the bargaining
process stops, the last demands made by the players are evaluated. If these demands are compatible
(as specified below), both players receive what they demand. Both players receive nothing, however,
if the demands are incompatible. The probability that a player receives the last bid of the opponent
is denoted as peom- By default, we set peom equal to unity in this paper (unless stated otherwise).

We now specify when two demands are compatible. We denote a multi-issue demand as a vector
Z. The i-th component of this vector, denoted as x;, is equal to unity if the player demands issue 1,
otherwise x; is equal to zero. The index 7 ranges from 0 to m — 1, where m is the total number of
issues. Two demands #4 and #Z are now compatible if 222 + 22 <1 for all i = 0,...,m — 1. Stated
otherwise, two demands are compatible if no issue is claimed by both players. Note that the situation
can occur where an issue is not claimed by one of the two players. In this case, we assume that both
players do not receive this issue. An alternative procedure would be to assign unclaimed issues to one
of the two players (e.g., by assigning each issue which “remains on the table” at random to one of the
players). Additional computational experiments show that the evolutionary techniques developed in



this paper also work when such a procedure is used.
The payoff received by a player is evaluated using an additive utility function. The utility function

— . — -1 — . . . .
u(Z) can then be written as u(&) = Y ;~, w;z;, where @ is an m-dimensional vector of “weights” for

all issues. The weight vector is normalized (i.e., Z;’;Jl w; = 1).

3. BARGAINING AUTOMATA

We represent the bargaining strategies by a special kind of finite automata. Our automata require
only two transitions per state. Their complexity is thus limited, which leads to a good performance
in a computational setting.

Our automata are adaptations of Moore automata [12]. A Moore automaton can be represented
by a four-tuple (S, sinit, h, f) where S = {sg, s1,...,5q_1} is a finite set of g states; sin;s € S is the
automaton’s initial state; h(s) : S — A is an output function, associating an action h(s) from a set
of actions A with every state s € S; and f(s,a) is a transition function identifying the state to which
the automaton shifts after receiving action a € A as an input in state s € S. Note that the set of
possible outputs associated with a state (i.e., the set A) is simply equal to the set of all possible
(multi-dimensional) demands in the negotiation, i.e., {0, 1}™.

We now consider the problem of constructing an efficient transition function for the bargaining
automata. In principle, arbitrarily complex mappings from actions to states are allowed. It is for
instance possible to construct automata with ¢ different transitions per state. Such automata are very
complex, however, and are therefore not useful in a computational setting. We therefore propose a
more efficient transition model, which requires automata with only two different transitions per state.
In our transition model, we first associate an m-dimensional “transition threshold” 7, with each state.
Transition 1 is then selected in this model if z; > 74, ; for all ¢ = 0, ..., — 1. Otherwise, transition 0
is made. This procedure partitions the set A in only two disjunct sets.

For comparison, we also considered a more complex transition model. The 7.-vector is again
attached to each state. The proper transition is selected as follows in this model. First, define an
m-dimensional vector ¢. The i-th component of this vector, c;, is set equal to unity if z; > 74,
otherwise its value is set equal to zero. Transition 4, with 7 equal to Z:.ZBI 2% is then selected by the
automaton. For complex bargaining problems with multiple issues (e.g., for m = 5) the performance
of the computationally simpler transition model (with only two transitions per state) is significantly
better. This indicates that our modelling choice for the transition function increases the efficiency in
EAs for obtaining highly-fit automata.

4. GENETIC REPRESENTATION

A bargaining strategy, consisting of a finite automaton, is represented as an ordered sequence of genes
in our evolutionary model. All genes together constitute the chromosome. The typical structure of
such a chromosome is shown in Fig. 1. Figure la shows the global structure of a chromosome which
encodes a finite automaton with ¢ internal states. States are indexed by the numbers 0, ...,¢—1. From
left to right, the chromosome consists of several packets of genes containing (i) a pointer to the initial
state sin;¢ and (ii) the description of all internal states so, ..., Sq—1. By default, we use automata with
16 states in the experiments reported in this paper (i.e., ¢ = 16).

The structure of a single state is shown in detail in Fig. 1b. One state contains the consecutive
description of the (m-dimensional) demand Z, the components of the transition threshold 7%, and
the components of the transition function f (being two states in our case). Figure lc shows the
genetic code of a simple two-state automaton (which is able to negotiate over 2 issues). Figure 1d is
a graphical description of this automaton.

The initial state of this automaton is state sy (since sin;z = 0). At ¢t = 0, the automaton thus
concedes issue 0 and claims issue 1 (zg = 0 and z; = 1 in state sp). Now suppose that the opponent
of this automaton claims both issues at ¢ = 0. The demands are then incompatible (since both players
claim issue 1). Assume that the game continues at ¢t = 1. The automaton then shifts to state s;



Structure of a bargaining automaton:

(a) Initial State (s,,,), State (s,), ..., State (s,,)
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Figure 1: Genetic representation of an automaton. (a) The global structure of an automaton with ¢
states. The initial state s;,i; refers to one of the ¢ machine states sy — sq—1. (b) Structure of a single
internal state. (c) Genetic code of an example automaton. This automaton has two internal states
and is capable of negotiating over two issues. (d) Structure of the automaton.

because the opponent’s demand at ¢ = 0 is not smaller than the transition thresholds specified in
state sy (the opponent demands g =1 > 0 = 73,0 and ; = 1 = 73,.1). The automaton therefore
selects transition f; = 1. Because fo = fi = 1 in state s;, the automaton will remain in this state
during the remainder of the game.

5. THE EVOLUTIONARY SYSTEM

5.1 QOverview

We continue with a description of the evolutionary system. Our evolutionary system is essentially
a multi-population EA. It is important to note in this respect that we do not allow the migration
of automata from one population to another population. The EA, which evolves the automata, is
described in detail in Section 5.2.

In Section 7, we consider the situation in which automata in 12 separate populations negotiate
with each other over 4 issues. The interactions between the automata in the different populations are
depicted schematically in Fig. 2. Each population of evolving automata is represented by a distinct
node in this figure. The edges between the different nodes indicate which automata negotiate with
each other. The topology of the network in Fig. 2 is such that automata in populations 1 through
6 bargain with automata in populations 7 through 12 (and vice versa). The weight vector w is also
indicated (within the circle) for each population.

The bargaining network shown in Fig. 2 has a large degree of symmetry. We investigate in additional
experiments (see Section 8) whether our approach also works in case of more asymmetric bargaining
problems. The problem studied in Section 8 is depicted in Fig. 3. Note that the weights for the
valuable items are not the same in this case (0.4 and 0.6 instead of 0.5 for both the valuable items).
Furthermore, the weights for populations 2 and 8, populations 3 and 9, and populations 6 and 12 are
different in this case (compare this with the symmetric situation shown in Fig. 2).

In Section 9, we consider situations where the players’ preferences (i.e., weight vectors) are chang-
ing over time. We consider two different scenarios in these experiments. In the first scenario, the
weight vectors of a limited number of populations change abruptly at certain points in time (i.e., the
evolutionary system is perturbed by sudden, but local shocks). In the second scenario, the weight



Pop.: 1 2 3 4 5 6

Pop.: 7 8 9 10 11 12

Figure 2: Topology of the bargaining network that we study in Section 7. Automata in 12 populations
negotiate over 4 issues in this case. Each node in this network (indicated by a circle) represents a
population of evolving automata. An edge between two nodes indicates that automata in the two
connected populations can bargain with each other.

Pop.: 1 2 3 4 5 6

Pop.: 7 8 9 10 11 12

Figure 3: Topology of the asymmetric bargaining network that we study in Section 8.

vectors of all populations are gradually changing over time (i.e., the changes are more gradually, but
affect the entire co-evolving system).

The first (“sudden shock”) scenario is implemented as follows in the computational experiments.
The first 200 generations, the co-evolving populations have the issue weights as shown in Fig. 2.
At generation 200, we then permanently interchange the weight vectors of populations 1 and 2
(i.e., population 1’s weight vector becomes (0,0.5,0.5,0)” and population 2’s weight vector becomes
(0.5,0.5,0,0)T). The weight vectors of populations 10 and 11 are then interchanged at generation 300,
of populations 5 and 6 at generation 400, of populations 8 and 12 at generation 500, of populations 7
and 9 at generation 600, and, finally, of populations 3 and 4 at generation 700. After generation 700,
the weight vectors remain the same.



The second (“gradual transition”) scenario also starts with the bargaining problem shown in Fig. 2.
After generation 500, we then gradually adjust the issue weights in such a way that after 600 genera-
tions the populations have the issue weights as shown in Fig. 3. We thus make a slow transition from
the symmetric bargaining problem shown in Fig. 2 to the asymmetric problem shown in Fig. 3. After
generation 600, the weight vectors remain the same (i.e., as in Fig. 3).

The scalability of our approach is investigated in Section 10. In that section, we consider a highly
complex problem involving automata in 20 populations which negotiate with 10 different opponents
over b issues. This bargaining problem is depicted graphically in Fig. 4.

Pop.:

Pop.:

Figure 4: Topology of the bargaining network that we study in Section 10. Automata in 20 populations
negotiate over 5 issues in this case. Automata in populations 1 through 10 negotiate with automata
in populations 11 through 20 (and vice versa). The weight vector w is again indicated for each
population. (Connections between the different populations are omitted for clarity.)

5.2 The evolutionary algorithm

The EA starts with a randomly initialized population of 4 automata. The fitness of these automata is
determined as follows. First, we select 5 opponent strategies (at random, without replacement) from
each of the connected populations. The fitness of the automaton is then equal to the mean payoff
obtained across all games (i.e., 6 x5 = 30 games in Sections 7-9 and 10 * 5 = 50 games in Section 10).
Recall that the payoff obtained by an automaton is evaluated using an additive utility function (see
Section 2).

Subsequently, A “offspring” automata are produced by the EA. A pair of offspring is created by
(i) selecting two automata in the current “parental” population (at random, with replacement) and
(ii) applying the appropriate genetic operators (i.e., mutation and crossover) to create two offspring
automata from the parents. We use two-point crossover with a crossover probability of 0.6. The
mutation probability is set equal to 0.01 (per bit). We follow the common practice to use a Gray-
code interpretation of the bitstring segments. Additional experiments show that our settings for the
mutation and crossover probabilities are chosen properly.

This process is repeated until A offspring have been created. The fitness of the new offspring is then
determined by negotiation with a pool of opponents drawn from the connected parental populations
(as we described above). The p fittest automata from the parental and offspring populations are then
selected as the new parents. Finally, the fitness of each new parent is re-evaluated in a competition
with a group of opponents from the new parental populations. This completes one iteration (or
“generation”) of the EA.

Our selection scheme is formally denoted as (u + A) selection [3]. We also investigated the perfor-
mance of various alternative selection methods (e.g., fitness proportional and tournament selection).



Results obtained with (u+ ) selection are superior to results obtained with these alternative selection
schemes. By default, we set 4 = A = 25 in the computational experiments. A further increase of
or A has no significant effect, so our settings appear to be a reasonable choice for the problem at hand.

We conclude this section with some comments on the complexity of the problem at hand. If we
consider a bargaining problem with 4 issues, and if we assume that each game-playing automaton has
16 internal states, each strategy is encoded by a string of 260 bits (see Section 4). The total number
of different strategies is thus equal to 2260 ~ 1.9 * 107®. Note, however, that the total number of
unique strategies is much smaller, since some of the automata are isomorphic. For example, there are
16! ways to relabel the internal states of each of these machines. Furthermore, an automaton cannot
always access all states (starting from the initial state). Obviously, the structure of the inaccessible
states does not affect the functioning of an automaton. Hence, although the binary encoding of the
inaccessible states can differ, the resulting machines will behave exactly the same. Despite these
considerations, the total number of unique strategies is still huge.!

The above analysis considers the number of different strategies that can be generated using our
finite automaton encoding. It is also useful to consider the number of different allocations that can be
reached in a co-evolving system of automata. An allocation is a distribution of the different issues over
the various players (for each encounter between two competing players, see the appendix for a precise
definition). As an example, we determined the total number of allocations for a bargaining problem
involving 12 players and 4 issues in the appendix. This analysis shows that the total number of
optimal allocations (which is of the order of 10%) is much smaller than the total number of allocations
(which is of the order of 103?). It therefore appears to be infeasible to generate optimal allocations
by brute-force random search.

We also investigated if (near) optimal allocations can be generated by using a simple local search
strategy. For this purpose, we repeated some experiments with a random-mutation hill climber [16,
Ch. 4.2] instead of the (25 + 25) EA which is used by default.?’3 Poor results were obtained in this
case. Our evolutionary approach thus appears to be a proper choice for the bargaining problem at
hand: the search space is huge, the probability of finding an optimal solution by random search is
very small, and the application of a parallel search algorithm appears to be necessary to obtain good
results.

6. OVERVIEW OF THE COMPUTATIONAL EXPERIMENTS

The remainder of this paper, which contains the computational results, is organized as follows. Sec-
tion 7 contains results for the bargaining problem shown in Fig. 2 (where automata in 12 populations
negotiate over 4 issues). The asymmetric bargaining problem shown in Fig. 3 is studied in Section 8.
Section 9 then considers situations where the players’ preferences are changing over time. Finally,
Section 10 contains results for the complex bargaining problem shown in Fig. 4 (where automata in
20 populations negotiate over 5 issues). We refer to Section 5.1 for a detailed overview of the different
bargaining problems considered in this paper.

7. AUTOMATA IN 12 POPULATIONS NEGOTIATE OVER 4 ISSUES

We investigate the performance of the co-evolving automata from three different perspectives in this
section. In Section 7.1, we consider the performance of the entire system of co-evolving populations.
We next investigate the performance of the individual populations in Section 7.2. Finally, we examine
the structure of the evolved automata in more detail in Section 7.3.

IMiller gives an estimate of 102! for 16-state automata with a length of 148 bits [15, p. 94]. Our automata are more
complex, so the total number of unique strategies will be even larger.

2We implemented a random-mutation hill climber by setting 4 = A = 1 in the (u+ ) selection scheme. We performed
experiments in which the mutation probability (per bit) was constant (similar to a zero-temperature Metropolis method).
In addition, we experimented with an exponentially decaying mutation probability (similar to a simulated annealing
approach). Both approaches yield poor results.

3These alternative experiments were performed for the bargaining problem shown in Fig. 2.



7.1 Performance of the entire system of co-evolving populations
Figure 5 shows the performance of the co-evolving automata for the bargaining problem shown in
Fig. 2. We consider the performance of the whole system of 12 co-evolving populations in Fig. 5. We
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Figure 5: Maximum fitness level reached by the system of co-evolving automata for different bargaining
models (across 15 EA-runs). Results are shown for (a) p =0, (b) p = 0.1, (c) p = 0.5, (d) p = 0.5
(after 5 rounds), (e) p =1, and (f) peom = 0.5 (and p = 0).

define the performance of the whole system as the mean fitness across all strategies in the evolutionary
model. Recall that each population consists of 25 strategies (see Section 5.2), so fitness is averaged
across 12 x 25 = 300 strategies in total. We repeated the experiments 15 times (with different random
seeds). The maximum fitness level reached across these runs is reported in Fig. 5.

The performance of the co-evolving automata is compared in Fig. 5 with the theoretical upper
bounds for discriminating and non-discriminating players. Non-discriminating players submit the
same demand to all opponents. This situation also occurs in our bargaining model when the game
only lasts a single round (or, equivalently, when p = 1). In this case, there are basically three options
for a player: claim both issues with a non-zero weight,* or claim only one of the issues. These 3
alternatives for each of the 12 players yield a total of 3'2 (=~ 5.3 x 10%) possible bids. Evaluating all
possibilities, we find that the maximum fitness level that can be reached in this case is ~ 0.486.°

When p < 1, the negotiations can last for more than one round in our bargaining model. This
allows players to adjust their bid, depending on the opponent they are facing. The maximum fitness
level that can be reached in this case is equal to 0.75. This upper bound is reached when each player
receives those issues to which he attaches more weight than his opponent. If both players have an equal
weight for the same issue (arbitrarily) one of the two should receive it. This (utilitarian) bargaining
solution maximizes the sum of utilities obtained by the two parties.

Figure 5 shows that the evolving automata reach the theoretical upper bound for discriminating
players after ~ 500 generations when p = 0 (see curve a). In the long run, the evolving automata
are thus able to discriminate perfectly between all (six) opponents. This is a positive result, since

4Note that only two out of four issues have a non-zero weight for each player, see Fig. 2.

5When we also allow players to claim no issue at all, the maximum fitness level that can be reached is slightly higher
(0.5). These states are not evolutionarily stable, however, because some “altruistic” players receive nothing at the end
of the bargaining game in this case (they concede everything to their opponent). For these players, there is no incentive
to keep conceding everything to their opponent, since they receive the same (namely, nothing) in case of a disagreement.
Less altruistic strategies can thus easily invade such a player’s strategy pool.
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the automata receive no explicit information about the identity or preferences of their opponents. In
fact, the only feedback used by the EA is the average score obtained by the automata against the
different opponents. Furthermore, the automata do not play against all opponents in the connected
populations (see Section 5.2). The EA thus only has an estimate of the performance of an automaton
(i.e., the fitness determination is “noisy”).

Figure 5 also shows that the performance of the evolving automata remains rather high when the
probability of breakdown is small (e.g. 10% per round, see curve b). When this breakdown probability
becomes very large, however, most negotiations are terminated quickly. For example, if p = 0.5 (see
curve ¢ in Fig. 5), 75% of all games terminates after one or two rounds. This diminishes the opportunity
for the automata to discriminate successfully between the different opponents, and, as a result, the
performance level drops. The performance of the bargaining automata improves significantly if a risk
of breakdown only exists after a few negotiation rounds have been played. For instance, if we set p
equal to 0.5 after five negotiation rounds (see curve d), a high fitness level is again reached by the
automata.

Curve f in Fig. 5 shows results obtained for p..,, =0.5. In this case, the automata receive the last
bid of their opponent with a probability of only 50%. When an automaton does not receive a new bid,
no transition will be made to a new state. This means that two game-playing automata cannot easily
synchronize their bids, which, as a result, makes it much more difficult for them to reach a jointly
beneficial outcome. Figure 5 shows, however, that a high fitness level is still reached when p.,,, is as
small as 0.5. This indicates that the EA generates bargaining automata which can deal successfully
with opponents who sometimes ignore the last bid and remain in the same state.

To summarize, these results show that the co-evolving system of automata yields near-optimal
outcomes (from a utilitarian point of view) for a multi-issue bargaining problem which involves multiple
opponents (with different preferences). Moreover, performance remains high in case of stochastic
environments (i.e., stochastic breakdown or noisy communication between the automata). In the next
section, we consider the performance of the individual populations of evolving automata.

7.2 Performance of the individual populations

In the previous section, we analyzed the performance of the whole system of 12 co-evolving populations
(we reported the mean fitness across all strategies). We now consider the performance of the individual
populations during the evolutionary experiments. The performance (fitness) is therefore defined in
this section as the mean fitness across all (25) strategies in a population.

It is important to note at this point that an optimal performance of the complete system does not
necessarily imply that the actual outcomes inside the system should be “fair” (i.e., symmetric). Stated
otherwise, there exist asymmetric outcomes which are still optimal from a global (utilitarian) point of
view (see the analysis in the appendix). An example is given in Fig 6. This figure shows the fitness of
each of the 12 populations during one run of the EA (for p = 0 and pcom = 1.0). Note the evolution
of asymmetric outcomes in the long run.

The mean fitness level reached in Fig 6 (across all populations) is ~ 0.727 after 1500 generations.
This means that the system’s performance is very high in the long run (only 3% below the optimum
of 0.75). In the long run, all populations also perform better than non-discriminating players (who
receive at most =~ 0.49, see Section 7).

Note the complex dynamic behavior of the co-evolving system of automata. The fitness of the
populations increases rapidly in the early stages of the evolutionary process. On a longer time scale,
the system goes through periods of stasis (metastable states) interrupted by fast transitions to un-
stable dynamic behavior or to new periods of stasis. This behavior resembles the complex dynamics
encountered in other (computer-based) ecological models, such as Thomas Ray’s Sierra model [19]
or Lindgren’s simulations of the IPD [13]. The differences between the individual populations (see
Fig. 6) are due to stochastic factors in the initial generations. The “lock-in” behavior on longer time
scales is caused by convergence of the separate EAs.

We investigated in a series of additional experiments whether more symmetric outcomes of the bar-
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Figure 6: Fitness of the individual populations during a single run of the EA. Note the complex
dynamic behavior of the co-evolving system. The performance of the complete system is very high in
the long run (close to the utilitarian optimum).

gaining process can be reached in the course of evolution. We experimented for instance with a variety
of different EAs (with different selection schemes, mutation operators, selection intensities, etc.). In
addition, several methods for competitive co-evolution (like fitness sharing, shared sampling, the hall
of fame, or balanced co-evolution) [21, 8, 20, 18] were implemented and evaluated. However, neither
the alternative EAs nor the methods for competitive co-evolution yield more symmetric outcomes in
the long run.

It thus appears to be difficult to generate “fair” automata by competitive co-evolution for the
bargaining problem that we consider here. An explanation for the consistent evolution of asymmetric
outcomes may be that only ~ 3.49 % 10 out of a total of ~ 1.07 x 10° optimal allocations yield
the same fitness for all 12 players (see the analysis in the appendix). Stated otherwise, only a tiny
fraction (= 0.003%) of all possible optimal allocations is symmetric. The probability that an optimal
and symmetric allocation is generated by the multi-population EA is thus very small.

7.8 Analysis of the evolving automata

We start the analysis of the evolving automata with some remarks about their complexity. We then
address an important issue in the field of co-evolutionary learning — the generalization issue. This issue
concerns the question whether the strategies developed by co-evolution are generally applicable, i.e.,
if they also work well against a variety of unseen opponent strategies. We here test the generalization
ability of the evolved automata in two different ways. First, we let the evolved automata compete
against opponents that were generated in independent evolutionary simulations (i.e., experiments
with different seeds for the random number generators). This gives an indication of how strongly the
performance of the evolved strategies depends on stochastic processes which occur in the course of
evolution. We then give an example of an evolved automaton which performs well against different
opponent types. To conclude, we investigate the performance of the evolved automata when playing
against a test suite of non-evolutionary opponents.
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Complezity of the evolving automata

A frequently-used complexity measure is the number of states that is accessible by an automaton.® A
state is accessible if, given the automaton’s starting state, there is some possible combination of moves
by the opponent that will result in a transition to the state. The mean number of accessible states
across all (300) automata in the evolutionary system is equal to 11 + 1 (out of a possible 16).7:8 The
complexity of the evolving automata can vary significantly, however, in the course of the evolutionary
process and from population to population.

Performance against unseen evolutionary opponents
Table 1 gives an overview of the performance of the top-performing automata (after 250 and 1000
generations) against the best automata from the same and other EA runs. We collected the fittest

training length opponents fitness
250 generations | same EA run | 0.71 £+ 0.29
250 generations | other EA run | 0.29 4 0.39
1000 generations | same EA run | 0.73 £+ 0.26
1000 generations | other EA run | 0.30 4 0.40

Table 1: Performance of the top-performing automata (after 250 and 1000 generations) when compet-
ing against the top performers from the same and other EA runs (for p = 0 and peom = 1). Standard
deviations are calculated across all outcomes of the two-player games.

automata of 15 independent EA runs, so each automaton plays against 6 opponents from the same EA
run and 14 * 6 = 84 (unseen) opponents from the other EA runs. Table 1 shows that the performance
of the top-performing automata is very low when they are matched with the top performers of other
EA runs. Stated otherwise, the performance against the unseen opponents is very poor.

The poor performance against opponents from other evolutionary runs can be explained as follows.
In the bargaining game considered here (with p = 0 and peom = 1), the automata can exchange offers
“for free” in the first 9 rounds. That is, only the offers made in the 10" (and last) round determine
the payoffs received by the players. Consequently, the sole purpose of the offers submitted in the first
9 rounds is to arrive at the proper state (by a series of transitions) once the final round is reached.
When automata co-evolve, they can coordinate their bids in the first 9 rounds in such a way that they
reach the proper state at the end of the game.

However, when the evolved automata are matched with unseen opponents (from a different EA
run), the probability that the joint moves made by two competing automata lead to the proper end
state becomes smaller (because their moves are probably not the same due to stochastic factors). So,
stated otherwise, the pre-negotiation phase (the first 9 rounds) becomes less effective because the
automata no longer exchange the proper “signalling moves”.

Even when the appropriate end state is reached, coordination problems can occur between two
competing automata from different EA runs. For example, when two automata both value the same
issue, one of the two should concede that issue to the opponent (otherwise the deal is incompatible).
Two automata from different EA runs do not necessarily coordinate their final demands in a proper
way, so many bids will be incompatible. Note also that an automaton can (in principle) demand an
issue which is not valuable for him, as long as its co-evolved opponent does not claim the same issue.
Claiming an issue which is not valuable can, on the other hand, lead to incompatible deals when
playing against unseen opponents from other EA runs (who may claim the same issue).

60ther measures of complexity do exist. See [15] for a further discussion of this topic.

"For p = 0 and peom = 1. The complexity of the evolving automata does not change significantly if we consider
variations of the basic game (e.g., with pcom equal to 0.5 or with p equal to 0.1).

8These statistics were determined after 1000 generations. The mean and standard deviation were calculated across
15 EA-runs.
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A partial solution for the above problems is to make it more difficult for the automata to condition
their behavior precisely on the moves made by their co-evolving opponents. This way, a premature
lock-in to the idiosyncratic behavior of the co-evolving players can be avoided to a certain extent.
We already mentioned experiments in which the communication between the competing automata
was disturbed (in a stochastic fashion). In these experiments, an automaton only receives the last
move of the opponent with a probability pcom < 1. Table 2 gives an overview of the performance of
the top-performing automata (after 250 and 1000 generations) if we generate the automata with the
setting peom = 0.5 (instead of 1 as in Table 1). The results shown in Table 2 are obtained for the

training length opponents fitness
250 generations | same EA run | 0.69 & 0.28
250 generations | other EA run | 0.44 4+ 0.39
1000 generations | same EA run | 0.71 + 0.27
1000 generations | other EA run | 0.44 £+ 0.41

Table 2: Performance of the top-performing automata (after 250 and 1000 generations) when com-
peting against the top performers from the same and other EA runs. These automata were trained
in a game with noisy communication (pcom = 0.5 and p = 0).

same game as in Table 1 (i.e., p = 0 and peom = 1). Note that the performance against the unseen
opponents (from other EA runs) increases (from = 0.30 to & 0.44), while the performance against the
opponents from the same EA run remains high (&~ 0.70). It thus appears to be possible to generate
more robust automata when, during the training phase, the automata sometimes ignore the last move
made by the opponent and remain in the same state. It is important to note here that this stochastic
training method does not produce “random” strategies. This becomes clear when we compare the
performance levels in Table 2 with the (much lower) fitness level that is reached by random players
(0.11 £+ 0.24). An example of a high-performance automaton (produced by the stochastic training
method) is also given below.

In an additional series of experiments, we also studied the generalization ability of the evolved
automata in bargaining games with premature breakdown (i.e., with p > 0). These experiments
show that the performance against unseen automata (from other EA runs) improves in this case. For
example, for a breakdown probability p equal to 0.1 (and peom = 1.0) the performance against the
top performers of other EA runs is equal to 0.45 4 0.40 (instead of only 0.30 £ 0.40 when p = 0, see
Table 1).° The performance against the top performers from the same EA run also remains high in
this case: 0.69 + 0.29.

The improved generalization ability for p > 0 is due to the fact that successful automata should
claim one or more valuable issues in each round in this case (otherwise a player may receive nothing if
the game is terminated prematurely). This makes the behavior of the automata more predictable than
in the game without premature breakdown (p = 0), where the automata can in principle exchange
arbitrary moves as long as the proper issues are claimed in the very last round. Interestingly, the
automata that were generated with the setting p = 0 and pgon, = 0.5 also perform satisfactory in a
game with a small risk of breakdown (p = 0.1 and pcom = 1.0): the score against the top-performers
from the same EA run is equal to 0.64 & 0.33, whereas the score versus the top performers from the
other EA runs is 0.40 + 0.41. (The corresponding numbers for the automata trained with the settings
p = 0 and peom = 1.0 are much lower: 0.46 + 0.40, respectively 0.26 4+ 0.37.) These results indicate
that automata trained in a game with noisy communication may also perform well in a bargaining
game with a premature risk of breakdown.

As we argued above, a natural measure of an automaton’s generalization ability (against evolu-
tionary opponents) is its performance against the unseen top-performers from other EA runs. Using

9 After a training period of 1000 generations.
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this criterion, we selected one automaton (with the highest score against the unseen opponents) for
each population. The fitness statistics across these 12 automata are given in Table 3. To be expected

training length | training setting | min. fitness | av. fitness | max. fitness
250 generations Peom = 1.0 0.35 0.40 0.47
1000 generations Peom = 1.0 0.30 0.40 0.45
250 generations Peom = 0.5 0.51 0.56 0.59
1000 generations Peom = 0.5 0.44 0.54 0.67

Table 3: Performance of the 12 automata (one for each population) with the highest score against the
top performers from the other EA runs. We consider the best automata trained in a game with noisy
communication (peom = 0.5) and the best automata trained in a game with perfect communication
(Pcom = 1). The generalization ability of the automata (as reported in this table) is evaluated in a
game with perfect communication (i.e., with peom = 1).

(given the results shown in Tables 1 and 2), the automata trained with the setting pcom = 0.5 appear
to generalize best across a variety of unseen opponents.

Ezxample of an evolved automaton
An example of an evolved automaton is given in Fig. 7. This automaton was drawn from population

else

always

else

Figure 7: Structure of an evolved automaton. Issues 0 and 2 are valuable for this automaton.

11 after a training period of 250 generations (with the settings peom = 0.5 and p = 0). The valuable
issues for this automaton are issues 0 and 2 (cf. Fig. 2). This automaton can only reach 3 other states
from the initial state; the 12 other (inaccessible) states are not shown in Fig. 7.

Despite its simple structure, the automaton reaches a high score (0.56 & 0.32) against the unseen
top-performers from other EA runs (i.e., its generalization ability appears to be good). The automaton
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starts by claiming issues 0, 2, and 3 in the initial state (sp). The automaton then makes a transition
to state s; if the opponent also claims issue 2. It then concedes issues 2 and 3 to the opponent and
only demands issue 0. Note that conceding issue 3 is not a “real” concession for the automaton, since
it attaches no weight to this issue. When the opponent also claims issue 0 in state s1, the automaton
returns to the initial state. If, starting from the initial state, the opponent does not claim issue 2,
the automaton shifts to state sy and responds by demanding issues 0 and 2. If the automaton is in
state s; when the opponent demands issue 0, the automaton switches (permanently) to state s3 and
concedes issue 0 to the opponent (while standing firm on issue 2).

The automaton in Fig. 7 has thus clearly adapted its transition thresholds to detect whether the
opponent is claiming an issue which is important for the automaton as well. In this case, a transition
is made to another state and a proper concession is made on one or more issues. This behavior results
in mutually beneficial deals against a variety of opponents: depending on which issues are claimed by
the opponent, the automaton is able to rapidly switch to the proper state and avoid the occurrence
of incompatible bids.

Performance against non-evolutionary opponents

We now consider the generalization ability of the evolved automata when competing against a test
suite of non-evolutionary opponents. For this purpose, we generate test opponents in a similar fashion
as done by Darwen and Yao [24, 8]. They propose to choose the test strategies from a large random
sampling of all possible strategy genotypes. Choosing the test strategies this way means that there
is no human input about what a “good” strategy ought to be, i.e., any human favoritism is avoided.
Strategies which are selected from a large sampling of genotypes also have the advantage that they
perform acceptably against a broad range of opponents (i.e., they are not brittle).

We select the test strategies in the following way. First, we generate 12 groups of test strategies.
Each group of test strategies consists of 250 randomly initialized automata. The test strategies
from the different groups then compete with each other (given the topology shown in Fig. 2). After
evaluating the performance of all test strategies, the best automaton of each of the 12 groups is stored.
This procedure is repeated 15 times with different seeds for the random generators, yielding a total
of 15 % 12 = 180 test strategies in total.

The performance of the top-performing automata (from 15 independent EA runs) against these test
opponents is summarized in Table 4. Table 4 shows that the top-performing automata perform well

training length | training setting | fitness automata | fitness test opponents
250 generations Peom = 1.0 0.39 £0.41 0.32+0.34

1000 generations Peom = 1.0 0.39 £ 0.42 0.32+0.34
250 generations Peom = 0.5 0.41 +0.39 0.36 +0.35

1000 generations DPeom = 0.5 0.42 4+0.41 0.35+0.34

Table 4: Performance of the top-performing automata (after 250 and 1000 generations) when com-
peting against the suite of (non-evolutionary) test opponents. The test opponents reach a fitness level
of 0.37 + 0.35 when they compete against each other.

against the collection of non-evolutionary test opponents. In fact, their mean performance level exceeds
the fitness level reached by the test opponents when they compete against each other (0.37 £ 0.35).

8. ASYMMETRIC BARGAINING PROBLEMS

Figure 8 shows the performance of the co-evolving automata for the asymmetric bargaining problem
shown in Fig. 3. The performance of the co-evolving automata is again compared with the theoretical
upper bounds for discriminating players (=~ 0.772) and non-discriminating players (=~ 0.528). Note
that the results shown in Fig. 8 are very similar to the results for the symmetric bargaining problem
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Figure 8: Maximum fitness level reached for an asymmetric bargaining problem. As in Fig. 5, results
are shown for (a) p = 0, (b) p = 0.1, (c) p = 0.5, (d) p = 0.5 (after 5 rounds), (e) p = 1, and (f)
DPcom = 0.5 (and p= 0)

(cf. Fig. 5). In particular, performance is again high (in the long run) for the corresponding curves
(a,d,f). We performed additional experiments for other (asymmetric) bargaining problems. The long-
run performance of the evolving automata remained consistently high in these experiments. We can
thus conclude that our approach works well for both symmetric and asymmetric bargaining problems.

9. TIME-DEPENDENT PREFERENCES

Figure 9 shows the performance of the co-evolving populations in case the players’ preferences are
changing abruptly at certain points in time (the scenario with “sudden shocks” described in Sec-
tion 5.1). Results are shown for p = 0 (and pcom = 1.0). From generation 0 to generation 200, the
fitnesses of the evolving populations increase rapidly to a high level. At generation 200, the issue
weights of populations 1 and 2 are interchanged. This leads to an immediate drop in fitness for these
populations. After generation 200, the automata in populations 1 and 2 are re-optimized given the
modified weights attached to the different issues. Figure 9 clearly shows that this adjustment process
leads to a rapid increase in fitness of populations 1 and 2. It is important to note that the fitnesses
of the other populations remain approximately the same after the change at generation 200. This
indicates that the co-evolving system is rather robust: a local perturbation does not undermine the
(high) performance of the other parts of the system.

At generation 300, the preferences of populations 10 and 11 are interchanged. Again, the fitness of
these populations drops significantly initially, but then returns to high values afterwards (while the
performance of the other populations remains high). At generation 400, the preferences of populations
5 and 6 are switched. Note that this leads to a very large drop in fitness for these two populations
(compared with the fitness collapses after 200 and 300 generations). This can be explained by the
fact that the issue weight vectors for these two populations do not overlap. That is, an issue which
is valuable for the automata in one population is not valuable at all for the automata in the other
population. Consequently, the evolved automata in populations 5 and 6 claim the wrong issues when
the issue weights are interchanged at generation 400. Note, however, that the fitnesses of populations
5 and 6 increase rapidly after generation 400.

After the next perturbations at generations 500, 600, and 700, the issue weights remain constant.
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Figure 9: Performance of the co-evolving populations when the players’ preferences are suddenly
changing at certain points in time (at generation 200, 300, ...,700). (Standard deviations are omitted
for clarity.)

In the long run, the co-evolving system reaches very high performance levels. In some runs, optimal
outcomes (yielding a global fitness level of 0.75) were in fact reached. The co-evolving system thus
appears to be able to “recover” successfully from a series of sudden shocks.

We now consider the scenario where the players’ preferences are gradually changing over time (see
Section 5.1). Until generation 500, the preferences of the players are as shown in Fig. 2. From
generation 500 to generation 600 we then gradually adjust the issue weights in such a way that after
600 generations the populations have the issue weights as shown in Fig. 3. Figure 10 shows the
performance of the co-evolving system of automata for this scenario. We set p = 0 and peom = 1.0
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Figure 10: Performance of the co-evolving system of automata when the players’ preferences are
gradually changing from generation 500 to generation 600.
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in these experiments. Note that the evolution towards higher fitness levels is not disturbed by the
gradually changing preferences (from generation 500 to generation 600). The co-evolving system of
automata thus continues to operate at a high performance level when the players’ preferences are
gradually changing over time.

10. AUTOMATA IN 20 POPULATIONS NEGOTIATE OVER 5 ISSUES

We now investigate the scalability of our approach by considering a much more complex bargaining
problem. This bargaining problem involves 20 co-evolving populations, where each automaton ne-
gotiates with automata from 10 different populations over 5 issues (see Fig. 4). We set p = 0 and
DPcom = 1.

The theoretical upper bound for this bargaining problem is equal to 0.7. The upper bound for non-
discriminating players cannot be determined quickly by means of exhaustive search for this network
[there are 7 alternatives for each of the 20 populations yielding a total of 720 (~ 8.0 x 10'%) possible
bids]. We therefore estimated this upper bound based upon simulations with our multi-population
EA.1° The best outcome (for non-discriminating players) that we generated this way has a fitness
level of =~ 0.49.

The maximum fitness level that is reached by the system of co-evolving automata (in 15 independent
EA-runs, with each run lasting 1200 generations) is much higher (= 0.673, i.e. only 4% below the
theoretical upper bound of 0.7). We can therefore conclude that our evolutionary approach continues
to work very well in case of highly complex multi-issue/multi-opponent bargaining problems.

11. CONCLUSIONS

We have shown in this paper how bargaining strategies can be generated that are able to distinguish
successfully between different opponents (with different preferences). We represent the bargaining
strategies by a special kind of finite automata, which require only two transitions per state. Such
automata (with a limited complexity) are a suitable representation in a computational setting. Com-
putational experiments indeed show that our modelling choice for the transition function makes it
possible for an EA to rapidly find highly-fit solutions. In particular, we show in this paper that our
approach (automata with a limited complexity which are optimized by an EA) yields very efficient bar-
gaining strategies for complex bargaining problems involving multiple issues and multiple opponents
(with different preferences).

Results obtained with the multi-population EA are in fact very close to the (utilitarian) optimum,
even though the automata receive no explicit information about the identity or preferences of their
opponents. Moreover, performance of the evolving automata remains high in case the bargaining
problem is (i) stochastic (e.g., because of stochastic breakdown of the bargaining process or because
of noisy communication between the negotiating parties), (ii) asymmetric (e.g., because the players’
preferences for the valuable items are not the same), or (iii) time-dependent (e.g., because the players’
preferences are changing over time). Furthermore, our evolutionary approach appears to scale well for
more complex bargaining problems. We generated for instance very efficient automata for a problem
with 20 co-evolving populations, where each automaton negotiates with automata from 10 different
populations over 5 issues. The evolutionary techniques developed in this paper thus appear to be
important for the further development of evolving automata for real-life agent system applications.

APPENDIX

1. FURTHER ANALYSIS OF THE BARGAINING PROBLEM
This appendix further analyzes the bargaining problem shown in Fig. 2 (involving 12 players and 4
issues). We determine the total number of allocations for this problem in Appendix 1.1. An allocation

10By setting p = 1 in the bargaining model.
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is defined here as a distribution of the different issues over the various players (for each encounter
between two competing players). Two allocations are considered to be similar if they differ only in the
allocation of an issue to a player who has a zero weight for that issue. We do not distinguish between
such (payoff-equivalent) allocations, and, instead, count them as only one distinct allocation.

We then calculate the total number of optimal allocations in Appendix 1.2. An allocation is said to
be optimal (in a utilitarian sense) if the outcome of an encounter between a pair of competing players
maximizes the sum of their utilities. We furthermore require that both parties receive a positive payoff
(to avoid optimal solutions that are evolutionarily unstable). Appendix 1.3 reports the total number
of optimal allocations which are symmetric (i.e., yield the same payoff to all players).

1.1 Number of Allocations

Assume that player 1 reaches a deal with player 7 (see Fig. 2). Now consider the issues valued by
these two players (issues 0 and 1). There exist 3 possible allocations of each of these two issues (either
player 1, or player 7, or none of the two players receives the issue), so we have 9 possible allocations of
issues 0 and 1 in total (the allocation of issues 2 and 3 is not considered, since both players attach a
zero weight to them). When player 1 meets player 8, 12 allocations are possible: 2 possible allocations
of issue 0 (which is only valued by player 1), 2 allocations of issue 2 (which is only valued by player 8),
and 3 for issue 1 (which is valued by both players). Similarly, the number of possible allocations when
player 1 meets player 10, 11, or 12 is also equal to 12. There exist 16 possible allocations when player
1 meets player 9 (each issue is valued by only one of the two players). The total number of possible
allocations involving player 1 is thus equal to 9 x 16 x 124 = 2985984. By repeating this procedure for
players 2-6, it becomes clear that the total number of allocations is equal to 29859846 ~ 7.09 * 1038,

1.2 Number of Optimal Allocations

Assume that player 1 reaches a deal with player 7 which maximizes the sum of their utilities. As-
sume furthermore that both players receive a positive payoff (we ignore optimal solutions that are
evolutionarily unstable). In that case, either player 1 receives issue 0 and player 7 receives issue 1, or
vice versa (again, the allocation of issues 2 and 3 is not considered, since both players attach a zero
weight to them). Similarly, assume that player 1 reaches an optimal deal with player 8. Again, two
possibilities exist: player 1 receives issue 0 and player 8 issues 1 and 2 or player 1 receives issues 0
and 1 and player 8 issue 2. Similarly, two optimal allocations exist when player 1 meets player 10, 11,
or 12. When player 1 meets player 9, however, only one optimal allocation exists (player 1 receives
issues 0 and 1 and player 9 receives issues 2 and 3). The total number of optimal allocations involving
player 1 is thus equal to 25. By repeating this procedure for players 2-6, it becomes clear that the
total number of optimal allocations is equal to (25)° = 230 & 1.07  10°. The total number of optimal
allocations is thus a very small fraction of the total number of allocations.

1.8 Number of Symmetric Optimal Allocations

We determined the number of symmetric optimal allocations (34944 in total) by generating all optimal
allocations (on a computer) and filtering out the symmetric ones. Note that the total number of
symmetric optimal allocations is a very small fraction of the total number of optimal allocations.
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