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ABSTRACT

This paper studies coalgebras from the perspective of finite observations. We in-
troduce the notion of finite step equivalence and a corresponding category with
finite step equivalence-preserving morphisms. This category always has a final ob-
ject, which generalises the canonical model construction from Kripke models to
coalgebras. We then turn to logics whose formulae are invariant under finite step
equivalence, which we call logics of rank w. For these logics, we use topologi-
cal methods and give a characterisation of compact logics and definable classes of
models.
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0 Introduction

Coalgebras for an endofunctor 7" on Set encompass many types of state base sys-
tems, including Kripke models and frames, labelled transition systems, Moore-
and Mealy automata and deterministic systems, see e.g. Rutten [28]. The re-
search on modal logics as specification languages for coalgebras began with
Moss [20] and was taken up in e.g. [17, 27, 25, 8, 9].

The relationship between modal logic and coalgebras has been explained in
[15] as follows. If Z denotes the carrier of the final coalgebra, we can consider
the semantics of a modal formula ¢ as the subset [¢] C Z of states which satisfy
. Intuitively, the elements of Z are behaviours, and every modal formula ¢
determines a set of behaviours which satisfy . In case the logic is fully expressive
in the sense that it allows to define all subsets of Z, we can identify modal
formulae with subsets of Z, resulting in an algebraic approach to investigate
modal logics, see [15, 16].

In general however, finitary modal logics are not fully expressive. It is the
main issue of this paper to present a semantic representation, which fits finitary
logics as nicely as the representation as subsets of the final model suits fully
expressive logics.

We use the so-called terminal sequence (T™1) of the underlying endofunctor
to capture the notion of finitely observable behaviour. The terminal sequence
can be understood as approximating the final coalgebra, see [2]. Intuitively, the
elements of the n-th approximant represent the behaviour that can be observed
in n transition steps. Following [21, 22|, we represent the semantics of a modal
formula ¢ of rank n as subset [¢], C T™1.

The terminal sequence also gives rise to a notion of finite step equivalence.
Intuitively, two processes are n-step equivalent iff they show the same n-step
behaviour, that is, if their projections into 7"1 coincide. The main novelty of
the paper is probably the introduction of the category Beh,, (T") that has coalge-
bras as objects and functions that preserve finite-step behaviours as morphisms
(Section 3). This paper argues that the role of Beh,,(T) for finitary logics is the
same as that of Coalg(T) for fully expressive logics. In Section 4, we show that
Beh,, (T) always has a final object, the subsets of which represent formulas of
finitary logics. Moreover, we show that the final object in Beh,,(T") generalises
the canonical model construction from Kripke models to coalgebras.

In Section 4, we begin the study of logics whose formulae are invariant under
finite step equivalence. These logics are called logics of rank w. In case that the
semantics of every formula can be represented as subset [¢], C T"1, n < w,
we speak of logics of finite rank. Whereas fully expressive modal logics allow to
express all predicates of the carrier of the final coalgebra, logics of rank w do not
allow to express all predicates on the final object of Beh,,(7"). This is the reason
to consider topologies on coalgebras. The main idea here is that clopen subsets
are precisely the predicates which can be expressed through a single formula.

This topology is then used to prove compactness and definability results.
Section 7 shows that—under a mild hypothesis satisfied by all examples of
interest—a logic of finite rank is compact iff the functor 7" weakly preserves
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the limit of the finite part (7"1), <, of the terminal sequence. Section 8 char-
acterises classes of coalgebras, which are definable by a logic of rank w, as being
closed under images, subcoalgebras, coproducts and topological closure.

1 Preliminaries and Notation

Throughout the paper, T" denotes an endofunctor on the category of sets and
functions. A T-coalgebra is a pair (C,~) where C is a set and v : C — TC is
a function. A coalgebra morphism f : (C,v) — (D, d) is a function f: C — D
such that do f = T fo. The category of T-coalgebras and coalgebra morphisms
is denoted by Coalg(T"). Given two T-Coalgebras (C,v) and (D, d), two states
c € Cand d € D are called behaviourally equivalent, if they can be identified by a
morphism of coalgebras, i.e. if there exists (£, €) € Coalg(T), f : (C,v) — (E,¢)
and g : (D,d) — (E,¢) with f(c) = g(d). If Coalg(T) has a final object (Z,()
and o : (C,v) — (Z,¢) and !p : (D, ) — (Z,¢) denote the unique morphisms
into the final object, this is clearly equivalent to !c(c) =!p(d). We think of a
coalgebra (C, v) together with a state c as a process and call !¢(c) its behaviour.

Example 1.1. (Streams) For a set D consider TX = DxX. Given a coalgebra
v = (head, tail) : C'— D x C the behaviour of an element ¢ € C is the infinite list
(head(c), head(tail(c)),

head(tail(tail(¢))),...). Accordingly, the final coalgebra (D%, (head,tail)) is
given by the infinite lists over D.

Example 1.2. (Kripke models) Suppose Prop is a countably infinite set and
TX =PX x PProp. Then T-coalgebras are in 1-1 correspondence with Kripke
models and behavioural equivalence coincides with bisimilarity.

We have seen that the final coalgebra (if it exists) defines a notion of be-
haviour. In general, every state of the final coalgebra represents an infinite
amount of information. This paper suggests a framework to study finitely ob-
servable properties of systems. Hence the final coalgebra (containing the infi-
nite behaviours of all coalgebras) has to be replaced by finitary approximations.
These approximations are provided by the (finitary part) of the so-called termi-
nal sequence of the underlying endofunctor 7.

1.1 The Terminal Sequence

The terminal sequence can be thought of as approximating the final coalgebra.
The following definition has been taken from [31].

The terminal sequence of T is an ordinal indexed sequence of sets (Z,)
together with a family (p}},)m<n of functions p}}, : Z,, — Z,, for all ordinals

m < n such that
o Zyy1 =TZ, and plitY = Tpn, for allm < n

o p =idy, and pp =ptopp, for k <m < n.
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e The cone (Z,,, (p))m<n is limiting whenever n is a limit ordinal.

Thinking of Z,, as the n-fold application of T' to the limit 1 = {0} of the
empty diagram, we write Z,, = T"1 in the sequel. Intuitively, 7™1 represents
behaviour which can be observed in n steps. If, for example TX = D x X, then
T™1 = D™ contains all lists of length n.

Note that every coalgebra (C,~) gives rise to a cone (C, (v, : C — T™1))
over the terminal sequence:

Definition 1.3. If (C,v) € Coalg(T), define v,, : C — T"1 to be T, o v, if
n =m + 1 is a successor ordinal, and the unique map satisfying v,, = p}, o 1n
for all m < n, if n is a limit ordinal.

We will often use without further mentioning the following easy
Proposition 1.4. Let n be an ordinal.
1. Let f: (C,v) — (D,6) be a coalgebra morphism. Then 6, o f = ,.

2. Let (C,v) € Coalg(T). Then p™t o T(v,) 0y = Yn-

2 Introductory Examples

For illustration and motivation of our later development, we discuss two different
logics in detail. The main claim which we want to substantiate is that modal
formulas can be semantically represented as subsets of 771, where n is the rank
of the formula.

2.1 Propositional Modal Logic

This section argues that modal formulas of finite rank, interpreted over coalge-
bras, have a natural representation as subsets of some 7”1, where n € w is a
finite ordinal. We start by re-considering Example 1.2 and show, that a formula
of rank n can be represented as subset of 1771,

Suppose TX = PX x PProp as in Example 1.2. Then T-coalgebras are
Kripke models, which is why we use propositional modal logic to describe prop-
erties of T-coalgebras. We denote the language of propositional modal logic by
ML, that is, ML is the least set according to the grammar

ML pu=1f|p|le—y|Op

where p € Prop ranges over the set of atomic propositions.
Given a T-coalgebra (C,7), the semantics [¢] = [¢](c,,) € C of a modal
formula ¢ € ML is then inductively defined by
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o []=0 o [p = vl =(C\[eD) VY]
o [pl={ceClpemor(o)} o [Op] ={ce C|mon(c)C [¢l}

The meticulous reader is invited to check that this definition coincides with
the usual semantics of propositional modal logic (cf eg [7]). Given a formula
p € ML, the rank of ¢, which represents the nesting depth of O-operators, is
then given inductively by rank(ff) = 0, rank(p — 1) = max{rank(p), rank(¢)},
rank(p) = 1 for p € Prop, rank(O¢) = rank(y) + 1.

Semantically, the rank can be thought of the number of transition steps, a
formula contains information about. A similar intuition applies to the approx-
imants 71 of the endofunctor: we think of predicates on 7”1 as representing
behaviour which can be observed in n transition steps. The following proposi-
tion makes this relationship precise:

Proposition 2.1. Suppose ¢ € ML has rank n. Then there exists t C T"1
such that [¢](c.) =, *(t) for all (C,~) € Coalg(T).

Proof. By induction on the structure of formulas: For ¢ = I evidently [¢] =
7o 1(#). For the case ¢ = p for p € Prop let t = {({0},{p})} C T1 (we assume
1 = {0}). Then [p] = v, (). If % € ML with rank(¢) = n,rank(¢)) = m,
put k¥ = max{n,m} and assume that [p] = v, (t), [*'] = 7,,}(s). For u =
(TF1\ (pE)=1(t)) U (pk,)~1(s) C T*1, the fact that (C,(v,)) is a cone over the
terminal sequence implies that [ — ¢ = v, ' (u).

For the most interesting case ¢ = O consider the operation defined by

AX)(x) = {(¥',a) € P(X) x P(Prop) | ' C 1}

where X is a set and ¢ C X. An easy calculation shows, that we can rephrase
the semantics of the O-operator as [0¢] = v~ o A(C)([¥]). Now assume that
¢ has rank n with [i)] = v, (s). Put t = A(T"1)(s). Then [O¢] = v, (¢)
follows from the fact that A : 2 — 2 o T' is a natural transformation, where 2
denotes the contravariant powerset functor. O

This shows, that formulas of rank n correspond to subsets of 771 of the
terminal sequence of 7. In the proof of the above proposition, we used the
fact that atomic propositions can be represented as subsets of 7”1 and that the
semantics of the O-operator can be formulated in terms of a natural transforma-
tion 2 — 2 o T'. Such natural transformations are often called predicate liftings
and have been used by a number of authors [27, 25, 8, 9] to describe the seman-
tics of modal logics over coalgebras. We thus obtain a wealth of examples for
arbitrary endofunctors if we consider modal logics, where atomic propositions
can be represented as subsets of 7'1 and modal operators are interpreted using
predicate liftings, see [21].

2.2 Linear Temporal Logic on Streams

Linear temporal logic L7L (see eg. [12, 18]) is a temporal logic to describe
properties of infinite runs of programs, i.e. streams. We use T-coalgebras for
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TX = X x PProp, with Prop countably infinite, as semantics. This is a slight
deviation from the standard semantics, which is given in terms of infinite se-
quences of subsets of Prop, see Example 1.1 for discussion. The language £L7L
of linear temporal logic is the least set according to the grammar

LTL> o, =M |ple—=v|O¢|Op

where p € Prop ranges over the set of atomic propositions. We read () as
‘next’ and O as ‘always’. Given a T-coalgebra (C,~), we define the semantics
le] = [¥l(c,y) of an LTL-formula ¢ inductively by

e [O¢l ={ce C|mon(c) € [¢l} o [Op] =N, [O"]

where ()" stands for a sequence of n ()-operators and the semantics of boolean
operators and atomic propositions is as in the previous example. In contrast to
the previous example, not all formulas can be represented as subsets of some
approximant 7"1:

Example 2.2. Let p € Prop and ¢ = Op. Then thereisnon < w and t CT"1
with [](c) = 7, ' (t) for all (C,~) € Coalg(T).

We can, however, represent every formula as subset of 7“1 2 (PProp)“:

Proposition 2.3. For all ¢ € LTL there is t C T*1 such that [¢]c) =
W ()

Proof. Consider (K, k) = ((PProp)*, (head, tail)). Then K = T*1 and [¢](c ) =
Vo ([l x))-

Note that, in the proof of the above proposition, (K, ) is actually the final
T-coalgebra.

3 Finite Step Equivalence and the Category Beh,(7)

The previous section has shown, that, for logics interpreted via predicate liftings,
formulas of finite rank can be represented as subsets of the elements 771 of T’s
terminal sequence. For the remainder of the exposition, we take a semantical
view and take subsets of the T™1 as representing formulas of finite rank; this
allows us consider logics for coalgebras in broad generality, without making a
commitment to any particular syntax.

We begin with introducing a notion of equivalence on states, which reflects
the fact that two states cannot be distinguished by a predicate of finite rank.

Definition 3.1. Let n be an ordinal and suppose C = (C,v),D = (D,¢) €
Coalg(T). For ¢ € C we call v, (c) the n-step behaviour of c.

1. Two states (¢,d) € C x D are called n-step equivalent, denoted by ¢ ~,, d,
if yp(c) = dn(d). We call ¢ and d finite step equivalent if ¢ ~,, d for all
n<w.
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2. The systems C and D are n-step equivalent, denoted by C ~,, D, if v,,(C) =
0n(D). They are called finite step equivalent, denoted by C ~, D, if
C~, Dforall n <w.

Under the assumption that the final coalgebra exists, two states of coalgebras
are behaviourally equivalent, if they are identified by the unique morphism into
the final coalgebra. As shown in [2], this is equivalent to 7, (x) = 7, (y) for all
ordinals n. Finite step equivalence, as introduced above, restricts the validity
of this equation to finite ordinals. Note that c,d are finite step equivalent iff
¢ ~, d. In the context of modal logic, (that is, for TX = PX x PProp), finite
step equivalence is (a slight variation of) the bounded bisimulation of modal
logic as studied in [6].

The next proposition clarifies on the relationship between finite step equiv-
alence and behavioural equivalence on states of coalgebras:

Proposition 3.2. Suppose (C,~),(D,d) € Coalg(T) and (¢,d) € C x D.
1. If c and d are behaviourally equivalent, then they are finite step equivalent.

2. If T is w-accessible, then ¢ and d are behaviourally equivalent if and only
if they are finite step equivalent.

Proof. The first claim is an easy induction, the second claim follows by terminal
sequence induction, see Worrell [31] or Theorem 3.4 of [23]. O

In order to obtain an example of two states, which are finite step equivalent,
but not behaviourally equivalent, one therefore needs to consider a functor,
which is not w-accessible.

Example 3.3. Let TX = P(X) and consider C = w+2, y(¢) = Uc. One shows
by induction that ¢, d are n-step equivalent if cNn = dNn, hence w and w—+1 are
finite step equivalent. If they were behaviourally equivalent, one would obtain
Yot1(W) = Ywt1(w + 1), which is not the case.

While finite step equivalence and w-step equivalence defines the same notion
on states, note that w-step equivalence is in general not implied by finite step
equivalence for systems:

Example 3.4. Let TX = {a,b} x X, C the final coalgebra with carrier {a,b}*
and D the subcoalgebra with carrier {s-a“ : s € {a,b}*}. Then C and D are
finite step equivalent, but not w-step equivalent.

In the category Coalg(7T"), morphisms can easily seen to preserve behavioural
equivalence. We now introduce the category Beh,,(T), the morphisms of which
are only required to preserve finite step equivalence. Recall that 6, o f = ~,, iff
dp o f =y, for all n < w whenever (C,~), (D,d) € Coalg(T) and f: C — D is
any function.

Definition 3.5 (Beh,,(T")). The category Beh,, (T') has T-coalgebras as objects.
Morphisms f : (C,v) — (D, d) of Beh,(T) are functions f : C' — D such that
dwo f="w-
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Remark 3.6. Clearly, every morphism of coalgebras f : (C,v) — (D,d) €
Coalg(T) is also a morphism f € Beh,,(T"). We hence obtain a functorial inclu-
sion Coalg(T') — Beh,(T). In order to explain the relationship of Beh, (T to
Coalg(T) consider the following categories

c-Beh(T) —— Beh(T)

L

c-Beh,, (T) = Beh,(T)

which all have coalgebras as objects and morphisms as follows. f : (C,v) —
(D,6) is a Beh(T)-morphism iff v,(c) = §,(f(c)) for all ordinals n and all
¢ € C. The definitions of c-Beh(T) and c-Beh,, (7)) follow the same idea, but
take colourings into account: f : (C,v) — (D,0d) is a c-Beh,(T")-morphism iff
f is a Beh,,(T' x X)-morphism (C, (y,vo f)) — (D, {5,v)) for all X € Set and
v:D— X.

If Coalg(T') has cofree coalgebras then c-Beh(T') = Coalg(T"). If T is finitary (ie.
w-accessible) then Beh,, (T') = Beh(T') and c-Beh,,(T") = c-Beh(T"). Whether the
converse holds, that is, whether c-Beh,,(T") = c-Beh(T") implies that T is finitary
is an open question.

We conclude the section by collecting some simple properties of Beh,,(T), all
of which are also present in Coalg(T):

Proposition 3.7. Suppose U : Beh,, (T') — Set is the forgetful functor.
1. Beh,(T) — Coalg(T) preserves and reflects coproducts.

2. Injective and surjective morphisms form a factorisation system for Beh,,(T').
In particular, every morphism f € Beh,,(T) factors as f = moe with Um
mono, Ue epi.

Proof. The claim on coproducts is immediate. Concerning factorisations, let
f:(C,v) — (D,8) be a morphism in Beh,,(T) and C' % I % D be its epi-mono
factorisation in Set. Choose h with eoh = id; and define ¢ : [ — T'I as Teo~yoh.
Assuming ¢, 0e = 7, we verify ¢,y 10e = Tt 000e = vy, 410hoe = 6,410 fohoe =
On+1© f = Yn+1, showing that e : (C,v) — (I,¢) is a morphism, and hence also
m. We have seen that factorisations exist in Beh,(T"). The remaining conditions
on a factorisation system (see e.g. [1]) are easy to check. O

4 Final and Quasi-Canonical Models

Reasoning about behaviours, the final coalgebra plays a central role because,
given the unique coalgebra morphism !¢ : C — Z from a coalgebra C into the
final coalgebra Z, for every element ¢ of (the carrier of) C, we can consider !¢ (c)
as the behaviour of ¢. Similarly, final objects of Beh,(T") (cf. Definition 3.5)
consist of the finite behaviours. This section shows, that Beh,, (T) always has
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a final object, which generalises the canonical model construction from Kripke
models to coalgebras.

4.1 Final Objects in Beh, (T

A final object of Beh,, (T') should “realise” all n-step behaviours, n < w. Accord-
ingly, the carrier of a final object in Beh,,(T') will be a subset of T*1.

Recall that, given any structure (C, ), we write -, for the unique mediating
map 7, : C — T¥1l. That is, all w-step behaviours appear as some 7, /(c) in
T“1. On the other hand, it may happen that not every point ¢ € T“1 can be
presented as t = ~,(c) by some structure (C,7) and some ¢ € C. Consider
for example the finite powerset functor T = P,,. Worrell [31] shows, that for
the final T-coalgebra (Z, () the morphism (, : Z — T%1 is (injective but) not
surjective.

Hence we construct the carrier of the coalgebra final in Beh,(T") by collecting
all t € T%1 which can be “realised” by some structure, i.e. for which there are
(C,~) € Coalg(T) and ¢ € C such that v,(c) = t. It then remains to find an
appropriate coalgebra structure.

Throughout, we fix the set K of “realisable” elements ¢ € 7“1, which is given
by
K={teT“1]3(C,v) € Coalg(T) . 3c € C . v,(c) = t}.

For each k € K, we can now choose (C*,+*) € Coalg(T) and c* € C* such that
7¥(cx) = k. Note that K is a set, which enables us to consider

(Cy) = [T ("M
keK

where the coproduct is taken in Coalg(7"). Denoting the coproduct injections
by ing : Cp — C (which, by the construction of coproducts in Coalg(7T) are also
coproduct injections in the category of sets), we are ready to note:

Lemma 4.1. v, 0 ing(c) = 75(c) for all k € K and c € Cy.

Proof. Since ~* is the unique mediating map into the limiting cone with vertex
T1, it suffices to prove that v, o iny(c) = v¥(c) for all n < w. For n = 0, this is
obvious. For the induction step we calculate v,11 0 ing(c) = Ty, 0y o ing(c) =
Tyn 0 Ting 07" (c) = Ty 0 v*(€) = 14 (0). O

We obtain the following immediate corollary:
Corollary 4.2. For all k € K there exists ¢ € C with v,(c) = k.

In other words, ~,, factors through K as v, = m o e, m injective, e surjective.
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Now consider the diagram

TT91 <2 TK <X TC (1)
A
<) TW
|
791 <— K c

o

where o is any one-sided inverse of e, i.e. e 0 0 = id g, the existence of which is
guaranteed by e being a surjection. We let

kK=Teoyoo.

Note that x : K — TK makes K into a T-coalgebra. Denoting the limit
projections by p% : T“1 — T™1, we obtain

Lemma 4.3. For alln < w, Kk, = p om, hence m = K.

Proof. We proceed by induction on n, where the case n = 0 is evident. We
calculate kpy1 = Thpok =T(pY om)oTeoyoo=Tp Y oT(moe)oyoo =
Ty, 0T7.,0700 = T9p0Y00 = V54100 = P}y, 107,00 = P;i 1 0MOe00 = P 1 om
for the induction step, as desired.

The proof of the main theorem of this section is now straightforward.
Theorem 4.4. Beh, (T') has a final object.

Proof. We show that (K, k), as constructed above, is final in Beh,(T"). Take
any object (D,d) € Beh,(T). Consider the mapping J,, : D — T*1, which is
the unique mediating map between the cones (D, (65,)n<w) and (7“1, (p¥)n<w)-
By construction, ¢, factors as d, = m o h where m : K — T*1 is as above. By
Lemma 4.3

0w = Ku O h,

which implies that & is a Beh,, (T")-morphism. & is unique since k,, is injective.
|

Note that final objects in Beh,, (T") are not determined uniquely up to Coalg(T)-
isomorphism. In case that p“*1 : TT“1 — T“1 is surjective!, final objects of
Beh,, (T') arise as (7“1, 0) where 6 is a right inverse of p~*!.

Corollary 4.5. Assume that p=* is surjective. An object is final in Beh,,(T)
iff it is isomorphic in Coalg(T) to some (T“1,0) with p“*! 00 = idp.,

Proof. ‘if’: To show that (71, 0) is final, it suffices to observe that 6, = idpw1.

This follows from 6,, = p¥, n < w, the inductive case being 6,41 = T(0,,) 0 6 =

T(pw)ol =py,opettold=pe,,.

1Which is the case for all examples in this paper with the exception of T' = P,,. A sufficient

condition for pﬁ"’l to be surjective is that 7" weakly preserves limits of w°P-chains.
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‘only if’: Let (C,~) be final in Beh,(T"). Consider a final object (K,x) as
constructed in the proof of the theorem. Let f : (C,v) — (K, k) be the unique
morphism. In particular, f is iso and k, o f = ~,,. Since &, is injective, 7, is as
well. Since, by Proposition 1.4(ii), v, = p“*! o T(v,) 0 v, 7. is also surjective,
hence iso. Now define § = T'(v,,) oy o~ L. O

We conclude with the useful observation that all t € T"1, n < w, are realised
as n-step behaviours in the final Beh,, (T')-coalgebra. We first note that every
element of an ‘approximant’ 71 is realised by a coalgebra.

Proposition 4.6. Let f be any mapping 1 — T1 and (C™,v™) = (T"1,T"f).
Then v, = idcn.

As an immediate corollary we obtain that the maps k,, are surjections:

Corollary 4.7. Suppose (K, k) is final in Beh,(T) and n < w. Then K, is a
surjection.

Proof. Let (C™,4™) be given as in the above proposition. If z € T"1, we
have x = 47'(z) = kpol(x), where ! : (C",4") — (K, k) is the map given by
finality. O

4.2 The Canonical Model
Let M be the functor P x PProp, Prop a countably infinite set.

The canonical model (see for example [4, 7]) for the modal logic ML is the
M-coalgebra (L, (Ar, Av))

L {® C ML : D is maximally consistent}
Ar: L —PL O {U:9pecT = Oy € &}
Ay : L — PProp ® +— &N Prop

The canonical model is final in the category Thas, which has M-coalgebras as
objects and morphisms f : (C,v) — (D, d) are functions f : C — D such that
for all ¢ € C, ¢ and f(c) have the same modal theory.

Proposition 4.8. Beh,, (M) = Thy ..

Proof. We have to show that for any coalgebras (C,v), (D, ) and any function
f:C— D,

dw 0 f(¢) =1w(c) & Th(c) =Th(f(c)),
which is equivalent to [Vn < w . §, 0 f(¢c) = W(c)] & [Vn<w .Vo € ML.

rank(p) =n = (clE=¢ < f(c¢) E ¢)] which can be shown using induction on
n. |

It follows that the canonical model is final in Beh,,(M). We show now that,
conversely, every final object in Beh, (M) satisfies the so-called truth-lemma
which is the main property of the canonical model.
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Definition 4.9. A M-coalgebra (L, \) is called a quasi-canonical model if L is
the set of maximal consistent sets of formulae and

(LA, 2y < pe. (2)
forall ® € L.

The canonical model is quasi-canonical. In fact, it is Property (2) which
makes the canonical model useful. Hence, any quasi-canonical model can serve
the same purpose as the canonical model. The following gives a syntax-free char-
acterisation of the quasi-canonical models. Moreover, the theorem shows that
the quasi-canonical models are precisely—up to isomorphism of coalgebras—the
final coalgebras constructed in the previous subsection.

Theorem 4.10. Suppose C is a T-coalgebra. Then C is final in Beh,,(T") iff C
is Coalg(T')-isomorphic to a quasi-canonical model.

Proof. First, every quasi-canonical model is easily seen to be final in Th ¢, and
hence, by Proposition 4.8, final in Beh,(M). Now suppose (C,~) is final in
Beh,, (T). Since the canonical model (L, (Ag, Ay)) is also final in Beh,(T'), the
map f:C — L,c— {p € ML | c = ¢} is a bijection. Let v/ = Tf to~vyo f1.
Then (C,7v) = (L,v') € Coalg(T). It remains to show the truth lemma for
(Ly) (L)@ g & (O (@) o & ge f(f1(D) & ¢e
. O

Since for MX = PX x PProp the projection p“*! is easily seen to be
surjective, Corollary 4.5 shows, that the choice of transition relation on a quasi-
canonical model corresponds to the choice of right inverse of the projection

1
ot

Corollary 4.11. There is a 1-1 correspondence between the set of quasi-canonical
models and the set of right inverses of p~ 1.

5 Logics of Finite Rank and Logics of Rank w

In Section 3, we introduced a notion of finite step equivalence between elements
of coalgebras. This section starts the investigation of logics whose formulas
are invariant under finite step equivalence. Since we do not want to commit
ourselves to a particular syntax, we assume that a logic £ for T-coalgebras
already comes with an interpretation function [-[(c) : £ — P(C) for every
T-coalgebra (C,~), which maps a formula ¢ € £ to the set [¢] C C of states
which satisfy .

Definition 5.1. An abstract logic for T-coalgebras is a pair (£, [-]) where
e [ is the set of formulas and

o [[] is a family of mappings [J(c+) : £ — P(C), indexed by the T-
coalgebras,
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such that £ has (classical) negations and conjunctions, which are interpreted as
complement and intersection, respectively.

For ¢ € £ and t C T"1, we say that ¢ represents ¢ iff [¢](c.,) = 7, ' (t) for
all T-coalgebras (C,~). In this case, we say that ¢ has rank n.

(L, []) is of finite rank iff every ¢ € L has finite rank. We say that (£, [-])
has rank w, if every ¢ € £ has rank w.

If (C,v) is a T-coalgebra, ¢ € C and ¢ € L, we often write ¢ = ) ¢ for
c € [¢](c,y) and drop the subscripts if there is no danger of confusion.

Example 5.2. Propositional modal logic is our prime example of a logic of
finite rank (Proposition 2.1). A logic of finite rank is also of rank w. Linear
temporal logic is an example of a logic of rank w which is not of finite rank
(Example 2.2).

In case that the final coalgebra (Z,() exists, we can represent any logic £
whose formulae are invariant under behavioural equivalence by [](z¢) : £ —
PZ, the [ being determined by [ic.r) = ) © [l(z.c) where !¢ ) :
(C,v) — (Z,¢) is given by finality in Coalg(7T'). Similarly, a logic £ of rank w
can be represented by [-](x .):

Proposition 5.3. Suppose (L, []) is of rank w and (K, k) is final in Beh,, (T).
Then [¢](c) =" ([¢l(x.x)) for all ¢ € L and all T-coalgebras (C,~), where
lo 1 (C,vy) — (K, k) is the unique morphism given by finality.

Proof. Let ¢ € L. By assumption, there is ¢ C 71 such that [¢]c) =75 (t)
for all T-coalgebras (C,+). Since !¢ is a morphism of Beh,,(T), we have 7, =

kwole. Thus [@l(c,y) =70t (1) =!5" o k51 (1) =16 (@] (xm))- 0

We conclude that logics of rank w are precisely those logics, whose formulas
are invariant under finite step equivalence:

Corollary 5.4. A logic is of rank w iff its formulas are invariant under finite
step equivalence, i.e., iff c ~p d = (clE ¢ & dE @) foral p € L,
(C,v),(D,d) € Coalg(T), ce C,d € D, n <w.

Proof. Follows from the above proposition and the observation that, given T-
coalgebras (C,7), (D, d) and (¢,d) € C x D, we have ¢ ~,, d iff lc(c) =!p(d),
where !¢ and !p are the unique morphisms into the final object of Beh,, (7). O

In the general case of (infinitary) logics we called a logic fully expressive if
all subsets of the final coalgebra can be presented as the semantics of a formula.
In our context the following expressiveness condition is suitable.

Definition 5.5. We call a logic L finite step expressive iff for all n < w and all
t CT™1 there is ¢ € L such that ¢ represents (.
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6 The Topology Induced by a Logic

We have seen in Section 5, that logics £ whose formulas ¢ € L are invariant
under finite step equivalence can be represented by []Jx : £ — PK where
K = (K, k) is the final object of Beh, (7). In general, one can not expect of
a logic of finite rank that all subsets of K are expressible in the logic. In this
section, we study logics in terms of the topology generated by the (denotations
of) the formulae of £; introductory material on the relation between logic and
topology can be found in [19, 30]. For the rest of the paper, we assume that
(L,[]) is an abstract logic (Definition 5.1).

Definition 6.1 (Topologies 7¢). Suppose (C,7) is a T-coalgebra. The topol-
ogy 7¢ on C'is generated by the basis {[¢](c) | ¢ € L}.

Remark 6.2. Suppose f : (C,y) — (D,d) € Beh,(T). If £ is of rank w,
the semantics of formulae is stable under Beh,, (7)-morphisms (Corollary 5.4),
hence f : (C,7¢) — (D, 7p) is continuous. Since every morphism of coalge-
bras qualifies as a Beh,,(7")-morphism, we have a chain of functors Coalg(T") —
Beh,, (T)) — Top, where Top is the category of topological spaces.

By definition, every formula of a logic of finite rank can be represented as subset
t C T™1 for some n < w. If the approximants 7T"1 are finite it is natural to
assume that all subsets of 7™1 can be expressed by a formula, that is, that £
is finite step expressive (cf. Definition 5.5). Since this is not the case in general
(see eg. propositional modal logic as in Section 2.1), we introduce topologies
also on the approximants 771.

Definition 6.3 (Topologies 7). For n < w, the topology 7,, on T"1 is given
by the basis {¢t CT"1 | 3p € L .t represents p}. If (C,~) is a T-coalgebra, the
topology 7& on C is given by the basis {7, '(U) | U € 7,,n < w}.

The topology on the approximants would not be worth its salt if it would not
turn the connecting morphisms p} : 7”1 — T"™1 into continuous functions:

Remark 6.4. Suppose m < n < w and t C T™1 represents a formula ¢ of
L (that is, t is a basic open of (T"1,7,)). Then (p?)~'(t) also represents ¢,
showing that p], is continuous.

The following easy proposition is useful in that it allows to compute the topolo-
gies 7¢ via the topologies on the approximants 7"1.

Proposition 6.5. Let L be a logic of finite rank and (C,~) a coalgebra. Then
the topologies T¢ and T coincide.

The converse of the proposition only holds if A is compact. Before we turn to
compactness issues, we discuss an important special case:

Definition 6.6 (Cantor space topology). In case that £ is finite step ex-
pressive, that is, in case the topologies 7, are discrete, we call 7& the Cantor
space topology.
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The terminology is motivated by the following example.

Example 6.7. Suppose TX = 2 x X, where 2 = {0,1}. Consider the (final)
T-coalgebra (C,~) with C = 2% = {f : w — 2} and v(f) = (f(0),An . f(n+1)).
Then (C,7¢) is homeomorphic to the Cantor discontinuum C (also known as
middle-third set, see e.g. [11]) via the mapping 2* — C, f + > ;20 321 - f(4).

Remark 6.8. Let (C,v) € Coalg(T) and let, for co,c1 € C, do(co,c1) =
inf{27" : Vk < n . yx(co) = yx(c1)}. Then d¢ is a pseudo-ultrametric on C,
and d¢ is a ultrametric if 7, : C' — T“1 is injective. The Cantor space topology
7o coincides with the topology induced by d¢, as studied in [3, 32].

In the remainder of the section we relate topological and logical notions. All
of the results below are consequences of the following observations

e the basic opens are precisely the subsets expressible by single formulae,
e the basic opens are closed under complements and finite unions,

where the second point is due to the requirement that our logics are closed under
boolean operators, see Definition 5.1.

We shall often require our topologies to be compact and Hausddorff.2 The
relationship of these properties to logical issues is the content of the following
proposition:Recall the notation k = ¢ & k€ [p]and ® =¢ < N{[¢] | ¢ €

@} C [¢].
Proposition 6.9. Suppose (K, k) is final in Beh,T.

1. K is Hausdorff iff for all distinct ky,ko in K there is ¢ € L such that
k1 = ¢ and ko = .

2. K is compact iff for all ® C L, ¢ € L with ® |= ¢ there is a finite subset
o' C O with ' E .

Logically speaking, K is Hausdorff iff £ is expressive in the sense that every
pair of different states can be separated by a formula. The last property says
that if o is a consequence of a set ® of formulas, there is a finite subset &' C ®
such that @ already forces the validity of . For finitary logics with a sound
and complete axiomatisation, this is always the case, since a proof of ¢ from
® can only use finitely many premises. Since we study logics without making
any commitment to a particular syntax, this property is not guaranteed, and
we have to require it for a number of results in the sequel.

The following are easy consequences of the definition of the topologies as
generated by the semantics of modal formulas.

Proposition 6.10. Let (C,v) € Coalg(T). A subset of C is definable by a set
of formulae iff it is closed w.r.t. 7¢.

2A set is compact iff any open cover has a finite subcover. This is sometimes called quasi-
compact. A space (X,7) is Hausdorff if Ve,y € X .z #y = JU,VerT.zcUAyE€E
VAUNV =0.
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Proof. “ =7, since a set expressible by a formula is closed and the intersection
of closed sets is closed. “ <=7, since a set is closed only if there are basic opens
0;, i € I, such that S = ({C\ O; | i € I} and the complement of a basic open
is expressible by a formula. U

Proposition 6.11. Suppose (C,v) € Coalg(T) and (C,7¢c) compact. Then a
subset S C C' is expressible by a single formula in L iff S is clopen.

Proof. “ = 7 is immediate . For “ < 7, let S be clopen. Since S is open, there
are basic opens O;, i € I, such that S = [J{O; |€ I}. S is compact, since S is
closed and C' is compact. Hence there is a finite subcover. Since the basic opens
are closed under finite unions, S is a basic open. O

From a logical point of view, compactness corresponds to finiteness of proofs
and is therefore not an issue for finitary logics, which have a sound and complete
axiomatisation. However, there are models which are not compact:

Example 6.12. Let TX = D x X and consider the final coalgebra (Z, () given
by Z — D*.

1. (Z,() is compact in the Cantor space topology iff D is finite.

2. Suppose D = {a,b}. Then examples of non-compact coalgebras are given
by the carriers Z \ {¥*} and {s-a¥ : s € {a,b}*} (and inheriting the
structure from ().

Example 6.13. Let TX = {a,b} x X + 1 and consider the final coalgebra
(Z,¢) with Z = {a,b}* U {a,b}*. Then Z is compact in the Cantor space
topology (since the limit of compact Hausdorff spaces is compact Hausdorff, see
[5], 3.2.13) and {a, b}* is not compact. The topology on Z is as follows. A subset
of Z is open iff it is a subset of {a,b}* or of the form V - ({a,b}* + {a,b}*) for
some V C {a,b}*. In particular, every open cover of {a,b}* also covers {a,b}*.

Another example is given by TX = P,,(X) for which the final T-coalgebra is
not compact. This can most easily be seen using the next proposition. Given a
logic £ for T', we call a T-coalgebra (C, ) logically compact, if every set, which
is finitely satisfiable in (C,~) (that is, for every finite subset ® C ® there exists
¢ € C such that ¢ = ®') is satisfiable in (C,~) (i.e. there exists ¢ € C such that
¢ = ®). We are now ready to prove

Proposition 6.14. Let (C,~) € Coalg(T) and L a logic for T. Then (C,7) is
logically compact iff (C,7¢) is a compact topological space.

Proof. We use that C is compact iff every set S C P(C) of closed subsets that
has the finite intersection property® has non-empty intersection.

Assume that (C, ) is logically compact and that S C P(C) is a set of closed sets
having the finite intersection property. Every set S € S is definable by some
®5 C L (Proposition 6.10). It follows from S having the finite intersection

38 has the finite intersection property iff (| S’ is non-empty for all finite S’ C S.
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property that (J{®s | S € S} is finitely satisfiable and hence satisfiable. That
is, there exists ¢ € C such that ¢ = |J{®s | S € S} which implies c € S.

Now assume (C,7¢) is topologically compact and consider a set ® C £ which
is finitely satisfiable. Since [¢] C C is closed by Proposition 6.10, the set
{[e] : ¢ € P} is a set of closed sets having the finite intersection property. By
compactness of (C, 7¢), there exits ¢ € ({[¢] | ¢ € ®}, that is, ¢ = . O

Example 6.15. For finitely branching Kripke structures, ie. 7' = P,, it is not
difficult to write down formulae ,, which force any point satisfying ¢,, to have
at least n successors. The set ® = {,, | n < w} is then finitely satisfiable, but
not satisfiable by a P,-coalgebra.

7 Compactness for Logics of Rank w

In (standard) modal logic, compactness is not an issue, since it is inherited from
the compactness of first order logic via van Benthem’s standard translation
[29, 4]. Generalising to coalgebras, the standard translation is no longer avail-
able. Moreover, compactness fails for example in the case of image-finite Kripke
models (i.e. T = P, cf. Example 6.15). Hence we are drawn to investigate
sufficient and necessary conditions for the compactness theorem to hold.

We say that a set ® C L is satisfiable, if there exists a T-coalgebra (C,~)
such that @ is satisfiable in (C,~v). We call ® finitely satisfiable, if every finite
subset of ® is satisfiable. Finally, a logic £ is compact, if every finitely satisfiable
set of formulas is satisfiable. Using this terminology, we are in the position to
present the first version of the compactness theorem.

Theorem 7.1. Suppose L is of rank w. Then L is compact iff Beh,(T) has a
compact final object.

Proof. ‘only if’: By Theorem 4.4 there exists a final object (K, k) € Beh, (7).
We show that (K, k) is logically compact, from which the result then follows
by Proposition 6.14. So suppose ® C L is finitely satisfiable in (K, k). By
compactness, ® is satisfiable. Hence there is (C,~) and ¢ € C such that ¢ =, ®.
Since (K, k) is final in Beh,(T'), there is a mapping u : (C,v) — (K,k) €
Beh,, (T). By definition of morphisms in Beh,,(T), we obtain u(c) =, ®. Hence
® is satisfiable in (K, k).

‘if”: Let (K, k) be compact and final in Beh,,(T") and suppose ® C L is finitely
satisfiable. Then — by finality and by definition of morphisms in Beh,, (T') — ®
is finitely satisfiable in (K, k), hence satisfiable in (K, k) by compactness and
Proposition 6.14. O

We now proceed to characterise those endofunctors T' for which Beh,, (7') has
a compact final object. Concerning the logics, we need to impose the following

Condition 7.2. The topologies 7,, are compact and Hausdorff.
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Logically, Condition 7.2 means that £ can separate distinct w-step behaviours
and that every property that is semantically implied by a set of formulas is
already implied by a finite subset, see Proposition 6.9.

It will turn out that Beh,, (7T') has a compact final object iff T" weakly pre-
serves the limit of its final sequence up to w. More precisely, we say that T" weakly
preserves the limit of the sequence (T"1),cw, if the cone (TT¥1, (TP )new) is
weakly limiting.*

We now show that the carrier of a compact final object in Beh,,(7) is isomorphic
to T“1. This is the crucial step in our proof.

Lemma 7.3. Assume Condition 7.2. If (K, k) is compact and final in Beh, (T'),
then K, : K — T“1 is iso.

Proof. It follows from the construction of (K, k) that x,—called m in Diagram
(1)—is mono. To see that k,, is epi consider ¢ € T¥1. The elements of the set
S =1{r;1{p?(t)}) | n € w} are closed (since in a Hausdorff space one-element
sets are closed) and non-empty (follows from Corollary 4.7). It follows from
5 (D2 N (P2 0) = Fond o (5 (D)) that S has the finite
intersection property. By compactness, there is k € (\S. Since &, (k) = p¥(¢)
for all n € w, it follows k(k) = t. d

Observing that T weakly preserves the limit of (7™1),cy iff p~*! has a
one-sided inverse i, p“*1 0i = idr.1, we are now able to prove the following
theorem.

Theorem 7.4. Let L be a logic of finite rank satisfying Condition 7.2. The
final object of Beh, (T') is compact iff T weakly preserves the limit of (T™1)pen-

Proof. “ = 7. Let (K, k) be final and compact in Beh,,(T'). Due to the lemma
above, we can define i = Tk, 00k !. It remains to check that indeed p~*toi =
p$+1 oTk,0KO n:jl = Ky O K:jl = idqwi.

“ <" Let p2T oi = idpw1. It was shown in Corollary 4.5 that (T*1,i) is final
in Beh, (T). It is compact since T%1 is the limit of compact Hausdorff spaces
and the induced topology on a limit of compact Hausdorff spaces is compact

Hausdorff (see [5] 3.2.13). O

Remark 7.5. An inspection of the proof shows that “ = ” also holds for logics
of rank w. Moreover, for “ = 7, we can weaken Condition 7.2 and only require
that elements of T"1, n < w, are closed wrt. 7,,. On the other hand, “ < ” does
not hold for logics of rank w as can be seen be the example of LTL (Section 2.2).
Indeed, {O"p | n < w} U {—-Op} is finitely satisfiable but not satisfiable.

For the cantor space topology, we have the following;:

Corollary 7.6. Let T map finite sets to finite sets. The final object of Beh,,(T')
1s compact in the Cantor space topology iff T weakly preserves the limit of
(Tnl)neN-

4A weak limit is defined like a limit but the mediating morphism need not be unique.
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8 Definability for Logics of Rank w

In this section we prove a Birkhoff-like characterisation result for classes of
coalgebras definable by logics of rank w. The main idea is again to replace
Coalg(T) by Beh,,(T") and to reuse well-known techniques®. We begin by relating
morphisms of Beh,,(T") and Coalg(T")-morphisms.

Proposition 8.1. For any injective Beh, (T')-morphism m : (C,v) — (D,?)
there is &' such that m : (C,v) — (D,d") is a Coalg(T)-morphism and idp :
(D,d") — (D, 9) is a Behy, (T)-morphism.

Proof. Let L be the image of m, mg : C — L the induced mapping, and
R=D\L. Define \: L - TD as Tmoyomy' and ' : D=L+ R — TD as
[A,00inr]. Then m is a Coalg(T")-morphism since 6’ om = Aomg = Tmo~. To
see that idp is a Beh,,(T')-morphism assume ¢/, = §,, and consider the following
two cases: for d € L, 0], 1(d) = yni1(m™1(d)) = dpi1(m(m=1(d))) = 0p11(d);
for d € R, 0}, ,,(d) =T6], 00" (d) =Ty, 00(d) = dp41(d). O

In addition to the classical closure operators we need a further one accounting
for the restricted expressiveness of logics of rank w.

Definition 8.2. Let £ be a logic and (K, %) the final object in Beh,,(T"). Define

a relation ~~ on coalgebras via

(C,y) ~5 (D,6) <= d(lc(C)) =d(p(D))

where | denotes the morphisms given by finality of (K, ) and cl denotes the
closure w.r.t. (K, 7x) (Definition 6.1).

Theorem 8.3. Let L be a logic of rank w. A class B of T-coalgebras is definable
by a set of formulae iff B is closed under coproducts, subcoalgebras, and ~~.

Proof. Since L is of rank w, Proposition 5.3 shows, that £ can be represented
by [Jk : £ — PK, where K = (K, k) denotes the final object of Beh, (T).
Recall that C = (C,v) E ¢ < 1c(C) C [¢] where I¢ is the morphism given
by finality. From this observation ‘only if’ follows easily (for closure under ~%
recall Proposition 6.10).

For ‘if’, note first that the assumed closure conditions imply: C — D a surjective
Beh,, (T")-morphism only if C€ B < D € B; and C — D a Beh,,(T)-morphism
only if D € B = C € B (use Proposition 8.1); and for a class {f; : C; — D |
i € I} of Beh, (T)-morphisms with C; € B, the union of the images of the f;
carries a coalgebra structure and is in B (use Proposition 3.7). Let S = (S, 0)
be the coalgebra given by the union of the images of all Ip : D — K, D € B.
By Proposition 6.10, cl is expressible in £ by a set of formulae ®. We show
that B = Mod(®). For D € B we have, by definition of S, D |= ®. To show
B D Mod(®), define S = (5,5) as the largest subcoalgebra of cl(S). Since

5See e.g. [1], Chapter 16 for a textbook presentation and [14], Chapter 2 for applications
to modal logic.
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S C S Ccl(9), it follows cl(S) = cl(S), hence S ~% S. Since B is closed under
images and coproducts, B is also closed under unions, hence S € B, hence S € B.
Now assume C = ®, that is, !c(C') C cl(S) and hence !c(C) C S, i.e. there is a
morphism C — S. Since B is closed under domains of morphisms, C € B. O

For the Cantor space, we obtain:

Corollary 8.4. Let L be a finite step expressive logic of finite rank. A class B
of T-coalgebras is definable by a set of formulas iff B is closed under coproducts,
subcoalgebras, and ~~,.

9 Conclusions and Related Work

We have studied definability and compactness for finitary coalgebraic modal
logic. The main instrument through which finitary logics have been studied is
the terminal sequence and the shift from the category Coalg(T') to the category
Beh, (7).

In this category, points (or states) can be distinguished iff their finite be-
haviour differs. Also, Beh,,(T) provides the right framework in which the con-
struction of canonical models can be generalised to a coalgebraic setting. The
main handle which allows to formalise the finitary character of the logics con-
sidered is to identify finitary predicates with subsets of 7™1, where n is a finite
ordinal. The idea of interpreting formulae on the elements 71 of the terminal
sequence was already used in [21]. The same idea (without the restriction to
finite ordinals) also prevails in Moss [20]. There, formulae are constructed using
infinitary conjunctions (which do not change the degree of the formulae) and the
application of the signature functor T (increasing the degree of the constructed
formulae by 1).

The signature functors (and hence the logics) which have been discussed in
the present paper are all one-sorted. The passage to multi-sorted signatures, i.e.
endofunctors Set™ — Set” is standard and allows to include the logics discussed
in [10, 26], which also rely on (syntactically defined) predicate liftings. Since
the endofunctors discussed in loc. cit. are all w-accessible, final coalgebras and
canonical models coincide for these logics (which is also reflected by the fact
that they are strong enough to characterise behavioural equivalence).

A coalgebraic representation of the Cantor discontinuum has also been given
in [24] in the category of posets. The cantor space topology discussed in the
present paper arises in a different way: We start with a final coalgebra on the
category of sets, which is then equipped with a natural topology.
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