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A Bicategorical Approach to Morita Equivalence for von Neumann Algebras

R.M. Brouwer
cwi
P.O. Box 94079, 1090 GB Amsterdam, The Netherlands

ABSTRACT

We relate Morita equivalence for von Neumann algebras to the “Connes fusion” tensor product between corre-
spondences. In the purely algebraic setting, it is well known that rings are Morita equivalent if and only if they
are equivalent objects in a bicategory whose 1-cells are bimodules. We present a similar result for von Neu-
mann algebras. We show that von Neumann algebras form a bicategory, having Connes's correspondences as
1-morphisms, and (bounded) intertwiners as 2-morphisms. Further, we prove that two von Neumann algebras
are Morita equivalent if and only if they are equivalent objects in the bicategory. The proofs make extensive
use of the Tomita-Takesaki modular theory.
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I. INTRODUCTION

A recent trend in the interaction between operator algebras and quantum physics is the appearance
of the notion of Morita equivalence [17] in both string theory [20] and quantization theory [18, 13].
Furthermore, the tensor product between so-called correspondences of von Neumann algebras con-
structed by Connes [7] and Sauvageot [19] has played a useful role in conformal field theory [24] as
well as in the theory of constrained quantization [15]. This tensor product is defined through the
modular theory of operator algebras due to Tomita and Takesaki [21, 11, 7], whose importance in
quantum field theory has been particularly empasized by Borchers [3].

The purpose of the present paper is to relate the Connes—Sauvageot tensor product to Morita
equivalence for von Neumann algebras. This will be done in a certain categorical setting, which
itself was inspired by quantum field theory [14]. Namely, we work in the framework of bicategories
[2, 16]. Introduced by Bénabou in 1967 [2], bicategories form a generalization of monoidal categories
(a monoidal category is a bicategory with one onject). Monoidal categories now form a standard
tool in the analysis of superselection sectors [8]. Our main result is that von Neumann algebras form
a bicategory in which the morphisms are correspondences composed by the above-mentioned tensor
product, and that two von Neumann algebras are Morita equivalent iff they are equivalent objects in
this bicategory. This insight should have important applications to all areas mentioned.

The notion of Morita equivalence was originally introduced for rings. Two rings R,S are called
Morita equivalent when their respective categories of right modules, 9 and Mg, are equivalent.
Rieffel introduced the notion of Morita equivalence for von Neumann algebras [17]. He called two von
Neumann algebras 91,9 Morita equivalent when their categories of normal unital *-representations,
Rep(9t) and Rep(M), are equivalent, where the equivalence is implemented by a normal *-functor. In
this paper we will use an equivalent definition: Two von Neumann algebras 91,91 are Morita equivalent
when a correspondence MM — H «— D exists for which the representation of 9t on H is faithful and
M’ ~ N°P holds. The goal of this paper is to show a similarity between Morita equivalence for rings
and for von Neumann algebras.



As a tool, we will use bicategories [2, 16]. Bicategories allow a composition of arrows that is as-
sociative only up to a family of isomorphisms. Strictly associative bicategories are 2-categories. For
instance, the class of categories as objects, functors as 1-morphisms and natural transformations as
2-morphisms form a 2-category. Another example is the 2-category of topological spaces as objects,
continuous maps as 1-morphisms, and homotopy classes of continuous maps as 2-morphisms. Each
(relaxed) monoidal category M forms a bicategory, which in general is not a 2-category. This bicate-
gory consists of one object (M); the objects of the category M form 1-morphisms of the bicategory. A
composition functor M x M — M that is associative up to isomorphism exists, since M is monoidal.
The arrows M; of the category M form the 2-morphisms of the bicategory. The natural isomorphisms
that are associated to the monoidal category ascertain that the coherence axioms for a bicategory are
satisfied.

Further instructive examples of bicategories are the bicategory [Rings] and the bicategory [W*].
The bicategory [Rings| consists of rings as objects, bimodules as 1-morphisms, and bimodule maps as
2-morphisms. Similarly, but adding the appropriate analytical structure, the bicategory [W*] consists
of von Neumann algebras as objects, correspondences as 1-morphisms, and bounded intertwiners as
2-morphisms.

Although from a categorical point of view the fact that Morita equivalence for rings is equivalent
to equivalence in the bicategory is straightforward [2, 5, 16](and some would say tautological, see
c.f. [22, 23]), the corresponding situation for von Neumann algebras is highly nontrivial for analytical
reasons. For example, the fact that the coherence axiom in the definition of a bicategory is satisfied
in our case has to be proved with the aid of Tomita-Takesaki modular theory. The same is true for
our second main result, which we have already mentioned: two von Neumann algebras are Morita
equivalent iff they are equivalent objects in [W*].

This article is an abbreviated version of [5]. All routine calculations may be found there, including
a simple account of the bicategorical approach to Morita theory for rings.

Section II discusses the case of von Neumann algebras. First, we will prepare for the construction
of the bicategory [W*] of von Neumann algebras. We will use the concept of “Connes fusion” [7, 19]
for the composition functor in this bicategory. This terminology is due to Wasserman [24]. Second,
we will show that von Neumann algebras indeed form a bicategory. Finally, we will prove that two
von Neumann algebras are Morita equivalent iff they are equivalent objects in the bicategory [W*].

II. THE BICATEGORY OF VON NEUMANN ALGEBRAS
As a preparation for the main result of this paper, consider the following definition, due to Connes [7].

Definition I1.1. Let 9, N be von Neumann algebras, H a Hilbert space. Suppose m; is a normal unital
representation of M on H and 7, is a normal unital representation of NP on H (or equivalently, an
anti-representation of M) such that the actions of m (M) and 7,.(N) commute. The triple [m, m, H]
is called a correspondence, denoted by M — H — N. We write xn instead of m(x)n and ny instead
of mp-(y)n, forx € M n e H,y e N.

Viewing a von Neumann algebra as a ring, a correspondence may be seen as a bimodule. Examples
of correspondences are not difficult to find. Suppose we have a normal, unital representation of a von
Neumann algebra 9T on a Hilbert space H. Then we immediately have a correspondence

M — H — (M) (IL1)

We will use the following notation. Let ¢ be a faithful normal semifinite weight on a von Neumann
algebra M. Let My = {z € M | ¢(z*z) < oo} and let Hy be the Hilbert space, formed by completion
of M, in the inner product originating from ¢. The canonical inclusion will be denoted by Ay :
My — He. The associated modular conjugation and modular operator will be denoted by J, and
Ay, respectively. The specific choice of ¢ merely affects these data, known as a standard form of 9,
up to unitary equivalence [10].



Definition II.2. An identity correspondence of a von Neumann algebra 9 is given by a Hilbert space
Hy as above, with left representation m; and right representation m, defined on the dense subspace
Ap(OMy) C Hy by (I1.2) and (IL.3).

m: M — B(Hy);
m(z)Ag(n) = Agp(zn), (IL.2)

and

M — B(Hy);
m(@)As(n) = Jem(z")JpAg(n). (IL.3)

We will subsequently omit Ay when no confusion arises.

Note that an identity correspondence is a special case of (IL.1), since we have J,9MJy = M by
Tomita-Takesaki theory. Since the standard form of a von Neumann algebra is unique up to unitary
equivalence [10], so is an identity correspondence. Hence we will often write

M — L2(IM) — M,

for an identity correspondence, suppressing the weight ¢. The notation £2(9) is chosen in analogy
to measure theory; recall that the latter is considered to be the commutative version of von Neumann
algebras. For 9 = £>°(X, 1) one has £2(9M) ~ £2(X, p).

As a preparation for the construction of the bicategory [W*], we will now review the concept of
Connes fusion, or the relative tensor product, see [7, 6, 19].

Let M — H «— 9t and 9 — K «— P be two correspondences. Let ¢ be an arbitrary faithful normal
semifinite weight on 91. To obtain the relative tensor product 9t — H Ky K «— 3, one defines a form
(, )o on the algebraic tensor product D(H, ¢) ¢ K, quotients by the null space, and completes. Here
D(H, ¢) is the dense subspace of ¢-bounded vectors of H, defined by

D(H,¢) ={ne€H | 3c:Vy €Ny, |[mr-(y)nlln < cod(y™y)}.

Equivalently, one can define D(H, ¢) as the set of n € H for which the operator R;’; : He — H, is
bounded, where R;’75 is defined on the dense subspace 9, C 91 by

RO (Jshg(y*)) = mr(y)n, Yy € Ny.

Recall that Hy is a standard Hilbert space of 9.
For later use, we will state some properties of R, . The proof is easy calculation. For all n,72 €
D(H,¢),x € M, we have
Ry R, €N (I1.4)
ATY2g*AY2R: R, =R R, on £2(N) (IL5)
* /2, A=1/2 _ p* 2
R; R, AY?zA™'?=R: R, . on £*(M). (I1.6)
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Further, we need a subspace 91y C 91 that will be used later (Remark I1.4). Ny is defined as follows.
Let 7¢(z) = Afng;”, x € N, be the modular automorphism group of N, let

Ty = \/Tl/ﬂ'/dt e_"tQTt(x) n=12..

and finally put
Ny = Span{z, |z €Ny, n=1,2,...}.



Lemma I1.3. In the above notation, x, — x o-weakly. Moreover, Ny is a o-dense and norm-dense
subspace of Ng. Further, for & € Ny,

AYZEATY2 ey

Proof. Cf. [5] for details. The proof follows from the analyticity of the elements of 9, see [4], and
positivity and modular invariance of the weight ¢. See also [21]. O

To detail, the sesquilinear form ( , )o on D(H, ¢) ®c K is defined by
(771 ® 417772 ® CZ)O =< ClaR;thn2<2 >K

where <, > is the inner product on the Hilbert space K. Note that since R} R, is an element
of M by (I1.4), the second argument of the inner product is indeed an element of K. It is easy to
see that (, )o is a pre-inner product. Hence, if we quotient by the null space ' and complete, we
obtain a Hilbert space, denoted by H X . This Hilbert space H Ky K is an 9 — H Xy £ «— B
correspondence, so that we may regard the above construction as the fusion of correspondences rather
than merely as Hilbert spaces. Namely, we let the representations of 9t on H and of 8 on K descend
to the quotient. Routine verification will show that the null space is closed under the actions of 9t

and ‘P.

Remark 11.4. The relative tensor product Xy has a property analogous to the ’balancedness’ of the
tensor product of bimodules over rings, but with a crucial and interesting modification. Balancedness
for a ring R and bimodules Mg, g N means we have (mr ®g n) = (m ®g rn), for m € Mg,n €
N,r € R. However, for n € H,n € 9Ny, and ¢ € K we have

nn By ¢ = n Ry (AY2nA72)(, (IL7)
and
nRBn ¢ = n(A™Y2nAY?) Ky C. (IL8)

For let ny € D(H, ¢),z € Ny, (2 € K; then

< Cl,R* R CQ >

(nw@ﬁﬂ]z@@)o madin,

= <1, (A71/2$*A1/2)R;1 R, ¢ >k
= < (AY2zATV2)( R R, G >k

= (771 @ (AY22AY2)¢ e @ cz)o, (IL.9)

where the second equality holds because of (IL.5). This implies that

(mr®¢r) — (m @ (AY22A71/2)¢;) belongs to the null space A. Since My is a dense subspace of Ny,
(I1.7) holds for the completion H Xg K. Moreover, for = € My, we have A/2zA~1/2 € N so that all
expressions in (I1.9) are defined. The proof of (I1.8) follows by a similar argument.

Now, we will show that the collection of von Neumann algebras forms a bicategory. This result was
already stated in [14] without proof.

Proposition IL.5. For any two von Neumann algebra’s MM, let (I, N) be the category of corre-
spondences as objects, and bounded linear bimodule maps as arrows. Then there exists a bicategory
[W*] with von Neumann algebras as objects and correspondences as 1-morphisms. The composition
functor (MM, NN) x (N, P) — (I, P) is given by the relative tensor product Ry, and the unit arrow in
(9, M) is given by Iy = M — L£2(M) «— M.



Proof. Unlike the case of rings, a nontrivial issue arises in the verification, related to Remark II.4.
We will only stress the points at which the verification is not straightforward. Note that the unit
arrow Igy is unique up to unitary equivalence, as was mentioned after Definition I[.2. The natural
isomorphism to obtain associativity is defined element wise and hence the existence of associativity
coherence is routine calculation. The difficulty lies in the construction of the left and right identities
and identity coherence.

For each pair of von Neumann algebras (91,91), the so-called left-identity Ly o) is a natural
isomorphism between the functors £2(901) Mgy (—) and the identity functor Idn ) from (9,0N) to
(971, 91). More concretely, recall that A, : My — £2(M) denotes the inclusion map. It satisfies

zhe(y) = Ap(ay)
AN () = Ay (AYPyA Y, (11.10)

for x € M,y € M. See [11].
Let € My, ¢ € K € (M, M). Then we define Lgn,,y on the dense subspace My Kop K by

Lionoy : Ag(@) By ¢ ag. (IL.11)
We will show that the map (II.11) is continuous, so that we may extend it to £2(9%) Koy K. Consider

HA¢(CE) Xon CH2 =< C7RT\¢(9€)RA¢($)C >K -

Observe that in this case,by definition of the right representation of 9 on £2(9M), the operator
R, (x) : £2(O) — £2(M) is given by

Ry @) Joho (") = mr(y)Ap(z) = Joy" Jshy (),

on the dense subspace M.
The following claims lead to continuity of the map (II.11). The proofs are easy calculations.

e For z,2 € My, we have Ry, (,)Ag(2) = Ag(z2).
e For z € My, the operator R} R, equals Ay(z*x) as operators on £2(9).

Combining the statements above we obtain
146 (2) Ran ¢[|* =< ¢, R} () B, ()¢ >x= [k (I1.12)

Hence Ag(z) Mon ¢ = z( is a continuous map. It remains to show that L gy o) is unitary and hence
a natural isomorphism. We know that it is isometric by (II1.12). Hence it is sufficient to show that
the image of My X K is dense in . Generally, 1 € 9 is not an element of My. But, since My is
norm-dense in 9, we may find a net &, in My, converging in norm to 1. Let ¢ € K. Then

1€aC = Ul < [|€a = Wlon - [[Cllc — 0,

where we used the fact that a representation is norm decreasing. Hence, 9,/ is dense in K.

In contrast to the case of rings, the right identity R o o) is defined differently from the left identity.
The right identity should be a natural isomorphism between the functor (—) Mg £2(M) and the
identity Idgmm). Let H € (MM, N),n € D(H,$),y € No. Then we define Ry oy on the dense
subspace D(H, ¢) Ky Mg by

Ronay : n®nAs(y) — n(d,Pya)?). (IL13)
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Note that A;l/QyA;m e M, for y € Ny, so that n(A;1/2yA;/2) is defined by definition of the right
representation of 9t on H. We will show next that the map (II.13) is continuous, so that we may
extend it to H My £2(91). Consider

17 B Ag ()I* = (Ag (1), By Ry Ao () £2(m).-

In this case, the operator R, : £2(M) — H is defined by

RyJsho(y*) = mr(y)n = ny,
on the dense subspace Mg.
We make use of the following fact, proven by Connes ( [6, Lemma 4]). For ( € D(H, ¢), we have

S(RER:) =[]

Hence, using (I1.5) and (I1.6), we obtain

& AsW)IF = (Ap(y), By R, Ao(y))e2(m)

o(y" Ry R,y)

¢(R;<A;”QyA;/Q)Rn(A;l”yA;”))

= (a5 2ya")3e (IL.14)

Hence n Ky Ay(y) — n(A;ﬂyA;l/z) is a continuous map. It is left to show that R(gn o) is unitary
and hence a natural isomorphism. As above, (II.14) shows that it is isometric, hence it is sufficient to
show that the image of D(H,¢) ¥ Ny is dense in H. As before, we have a net &, in 9y converging
to 1. Consider the net A;/QSQA;UQ. This net is contained in 914, as follows from Lemma IL.3. By
the inclusion My C Ny C £2(N) and the continuity just proven, we have

A8 Ry — o,

for n € D(H, ¢). The right hand side converges to 1 in norm. The observation that D(H, ¢) C H is a
dense subspace finishes the proof.

Finally, we need to prove identity coherence. Let 9%, 0N, B be von Neumann algebras and gnHey and
mKq associated correspondences. It will be shown that the following diagram commutes:

(H Ry £2(N)) g K, — T2 90 (82() R K)

R(H,zz’(mx A%@(ﬁ(m),zc)

H Xy L.

Since the upper arrow 3(H, £2(M), K) is the associativity isomorphism, identity coherence boils down
to

(AP nAY?) By €) = (7 B ),

for n € H, n € £2(MN), ¢ € K. This follows immediately from Remark I1.4.
O

Note that the bicategory of von Neumann algebras, constructed as above, depends on the choice
of a faithful normal semifinite weight for each von Neumann algebra, because the definition of the
composition functor (i.e. the relative tensor product) depends on this choice. However, different
weights lead to unitarily equivalent relative tensor products [19]. Hence the bicategory depends on
the chosen weights only up to isomorphism.



III. MORITA THEORY FOR VON NEUMANN ALGEBRAS

The notion of Morita equivalence for von Neumann algebras was originally introduced by Rieffel.
Two von Neumann algebras 9,91 are said to be Morita equivalent if their representation categories
Rep(M) and Rep(N) are equivalent, where the equivalence is implemented by a normal *-functor.
Here Rep(9M) denotes the category of normal unital *-representations on Hilbert spaces as objects,
and bounded linear intertwiners as arrows. For our purposes, we will use the following (equivalent)
definition.

Definition II1.1. Two von Neumann algebras 9, N are called Morita equivalent, if a correspondence
M — H — N exists, where the representation of M on H is faithful and for which

M ~ NP,

Note that faithfulness of 9 directly implies faithfulness for 1. Using somewhat different notation,
Rieffel, [17, Thm 8.5] proves equivalence between the definition above and his original definition. In
this paper, we will not follow Rieffel’s approach, which involves so-called normal M-rigged M-modules,
and interior tensor products of these modules. Rieffel proves an Eilenberg-Watts like theorem ( [17,
Thm. 5.5]), which states that all functors of Rep(9t) to Rep(9M) are equivalent to taking the tensor
product with such a normal M-rigged M-module. However, these modules are not Hilbert spaces,
which is what we would like considering our definition of the tensor product and the bicategory of von
Neumann algebras.

Now we are ready for the main theorem.

Theorem II1.2. Two von Neumann algebras are equivalent objects in the bicategory [W*] iff they are
Morita equivalent.

Proof. First, let us reformulate the first property in the theorem. The property that two von Neumann
algebras 91, 91 are equivalent objects in the bicategory means that there must be an arrow in (99T, N),
i.e., a correspondence 9 — H «— D that is invertible up to isomorphism. In other words, there exists
an arrow 9N — H ™« 90 in (N, M), such that
M— HEp H =M = M — L2(M) «— M in (9, M), (II1.1)
NoH 'R H—N = N—L2N) N in (N,N). (I11.2)
‘=" Let 9, be Morita equivalent. Then we have a correspondence

9N — H < 9, where the representation of M on H is faithful, and M ~ N, From M — H «— N,
we can define a correspondence 9 — H «— M by

nigm :=m*nn*, for neN,meMneH,

where H is H as a set, with the addition operator of H and conjugate scalar multiplication and inner
product. Sauvageot [19, Prop. 3.1] proves that the induced representation of 9t on the relative tensor
product H Ky H is in standard form, hence

M — HBp H M = DM — L2(M) — M. (I11.3)
Applying the same reasoning to 9% — H « M, we obtain M — H — 9 and clearly, we have H="H.
Then

N — H ¥y H — N N — HE¥y H — N

N — L2(N) — N. (I11.4)

IR

Together, (I11.3) and (II1.4) prove that syHe is invertible, its inverse being o Hon.



“

=-:” Suppose we have an invertible correspondence 9 — H «— 9. We need to show that M ~
(M°P)’) and that the representation of 91 is faithful. By definition of a correspondence, we have

M C (NPY, (I11.5)
so, considering the representation of 9t on H Xy H ™!, one has
MK idy—1 C (NP) Kidp-1. (I11.6)

Now we will use a result from Sauvageot [19, Prop. 3.3], who shows that for a von Neumann algebra
P and representations K7 «— B and P — Ko, one has

(P7) Ry ide, = [idg, Byp P’ (IIL7)
in K04 My Ko. Applying (II1.7) to (IIL.6) we obtain

M Koy idy1 C (NP) Rig idyy 1 = [idp Ky W],
hence, using the commutant of (II1.7),
idy Ry N C [ Koy 1] = iy, Kog MP. (I11.8)

Now (II1.8) implies that 9" C 9P by the definition of the representation of 9 on H Ky H L. This,
together with (IIL.5), proves M ~ (M°P)’. It remains to be shown that the representation of 9T on H is
faithful. However, this follows immediately from (II1.1) and the fact that the standard representation
of M on £2(IM) is faithful. O

It is possible to restate Theorem III.2 in terms of representation categories. In the light of the
remarks after Definition III.1, the proof follows from Rieffel [17], but we prefer to prove the corollary
directly.

Corollary II1.3. Two von Neumann algebras are equivalent objects in the bicategory [W*] iff their
representation categories are equivalent, where the equivalence is implemented by a normal *-functor.

Proof. =" The construction of the equivalence functor, given the invertible correspondence, is com-
pletely analogous to the case of rings, c.f. [12, 14]. The fact that this construction yields a *-functor
follows from a trivial computation. An application of [17, Prop. 7.3] shows that this functor is normal.

“<:” Suppose F' : Rep(M) — Rep(M) is a normal *-functor, implementing the categorical equiva-
lence. Consider F(£2(9)), which has a left M-action by definition, and a right 9-action through F.
Applying the Eilenberg-Watts like theorem stated by Sauvageot [19, Prop. 5.3], shows that F(£2(9))
is invertible. C.f. also Rieffel [17, Prop. 5.4, Thm 5.5]. O
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